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GREEN OPERATORSIN THE EDGE CALCULUS

Abstract. The task to construct parametrices of eliptic differentia operators on a mani-
fold with edges requires a cdculus of operators with a two-comporent principal symbalic
hierarchy, consisting o (edge-degenerate) interior and (operator-valued) edge symbals. This
so-cdled edge-algebra can beinterpreted as ageneralisation o the (pseudo-differential) alge-
bra of boundxry value problems withou the transmisson property at the boundary. We study
new properties of the edge-algebra, in particular, what concerns the role of Green operators
and their kernel representations.

Introduction

This paper is aimed at charaderising the structure of Green operators that occur in
Green's functions of €lli ptic boundary value problems (withou or with the transmis-
sion property at the boundary) or, more generally, in elli ptic (so-cdl ed) edge problems.
A boundiry or an edge represents a singuarity of the aconfiguration, and this causes a
typicd singuar behaviour of solutions to such problems, here expressed in terms of
discrete or continuows asymptotics. The Green operatorsjust encode such asymptotics.
At the sametimeit isinteresting to understand the kernel structure of trace ad pden-
tial operators in the boundry (edge) cdculus; thisis of a similar kind as the one of
Green operators.

By amanifold M with edgeY we understandatopdogicd spacesuch that M\ Y
andY areC™ manifolds, andY hasaneighbouhoodV in M equipped with the structure
of an X”-bunde over Y for a dosed compad C* manifold X; here X* := (R, x
X)/({0} x X) is the infinite cone with base X. In additionV is the quatient space
of an R, x X-bunde V over Y where V — V is defined by the fibrewise projedion
R, x X — X2. From the definition it follows that M itself is the qudient spaceof a
C* manifold M with boundry 0M, and dM is an X-bunde over Y. Locdly nea Y
the manifold M has the structure of awedge X2 x Q, Q C R% open, g = dimY, and
M, the so-cdl ed stretched manifold of M, islocdly nea oM of theform R, x X x Q.
The starting pdnt of our discusson are diff erential operators on Mg := M\ 0M with
smocath coefficients that are edge-degenerate nea oM, i.e., locdly, in the splitting of
variables (r,x,y) € Ry x X x Q of theform

d j
M A=t S an(ny) (—r—) (1Dy)?
j+%§u J or ’

with coefficients ajq € C*(R; x Q, Difft=(+10)(X)). Here Diff"(-) denotes the space
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of al differential operators of order v onthe manifold in parentheses. If Aiséellipticin
the sense of standard €lli pticity in Meg, together with the condtionthat for every fixed
y the expresson
> aja(0,y)(~ip)'n”
j+lo]<p

represents a parameter-dependent elli ptic family of diff erential operatorson X with the
parameters (p,n) € R (in the sense of Agranovich and Vishik, cf. [1]), we may
ask the (pseudo-differential) nature of a parametrix of A and the Fredhdm property
in suitable weighted Sobdev spaces on M. It turns out that such a charaderisation of
the solvability properties of the equation Au = f induces alarge variety of additional
structures of an ‘unexpeded complexity.

Comparing the situation with boundry value problems (taking into acount
that a, say, compad, C* manifold M with boundry is a particular manifold with edge,
where the aove mentioned cone bunde nea the edge dM can be identified with the
inner normal bunde) we seethat the solvabilit y shoud be discussed in conredionwith
extra condtions of trace(and, in general, also paential) type with resped to the edge,
analogously as elli ptic boundiry condtions. In addition the edge-degenerate nature of
the operators makes it necessary to refer to spedfic weighted edge spaces rather than
‘standard’ Sobdev spaces. This asped requires some spedal attention, and there ae
many possble choices of such spaces. Answers of the éove mentioned solvability
problem (together with the construction o the additional edge condtions) for a ceatain
spedal classof such spaces, includingthe charaderisation o the structure of paramet-
rices, may befoundin[14], [15].

Analogously asin the case with boundry, when M is a manifold with edge we
talk abou an edge problem for A. To be more predse, by an edge problem we un-
derstand the construction (or charaderisation) of a solution u to the equation Au = f
on amanifold with edge Y under suitable trace(or edge) condtionsonu at Y and, if
necessary, additional potentials Kv of distributionsv onY which areto be added to Au
in theimage of A.

Formally, Green operators have an analogous origin as Green's functionsin the
parametrices of elli ptic boundiry value problems (Green's function has the form of a
sum E + G where E is afundamental solution ar a parametrix of the given elli ptic op-
erator and G a Green operator in our sense). However, in the edge case (or when the
transmisson property is violated) the Green operatorsare ‘loaded’ with a huge variety
of asymptotic information at the edge, coming from the zeos of the conarmal sym-
bal of the given operator, seethe formula (3) below. In the speda case of boundry
value problems with the transmisson property the asymptotics are nathing else than
smoothnessup to the boundxry, see for instance, [3], and kernel charaderisations of
correspondngGreen symbols may befoundin[16]. Kernel charaderisationsfor Green
operators of the mne cdculus are given in [18]; the cae of Green edge symbals is
treaed in[17], dthoughthisrefersto projedivetensor productsof spaceswith discrete
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asymptotics, here we take another (completely adequate but more convenient) tensor
product and also study the case of continuows asymptotics, see dso [20]. The discrete
case makes snse for y-independent asymptotics. |n the y-dependent caseiit i's reason-
able to formulate the phenomenain the frame of continuows asymptotics (detail s will
be explained below). Green operators are smoothing onMeg. Close to Mgng := M
they can be charaderised (moduo a ceatain kind d global smoothing operators of the
edge cdculus) as pseudo-differential operators on the edge with (classcd) operator-
valued symbals, with ‘twisted’ homogeneity. Green operators formally appea in a
pseudo-differential cdculus containing the operator A together with its parametrix in
the dliptic case. To ill ustrate that a littl e more we write

A=0p(a) = Ftya(y,n)Fy-n,
(also denoted by Op (a)) with the Fourier transform F iny € RY, and

j
@ ) i=r 5 ayalry) (~rgr ) ().

j+aj<p

Here a(y,n) isinterpreted as an operator-valued amplitude function, operating
in suitable weighted distribution spaces on the infinite (open stretched) cone X" :=
R4 x X with base X. Sincethe spedfic information is coming from a neighbouhood
of r =0, wemay (and will) assume that the coefficients ajq(r,y) are independent of r
for r > Rfor some R > 0. The behaviour of A nea the edge Y very much depends on
the so-cdl ed principal edge symbal

or(A)(y,n) i=r1H Z aJ(X 0y) ( r%) (rm)®,

+la|<

(y,n) € T*Y'\ 0, and the subardinate cnarmal symbol

n

€) 0c0n(A)(Y,2) == ¥ ajo(0,y)Z
2%

whichis(in the present case of adiff erential operator) an entirefunctionin ze C taking
valuesin Diff*(X). As auch it is ahdomorphic family of Fredhdm operators

4 0cOA(A)(Y,2) : H(X) — HTH(X)

in standard Sobdev spaces on X. Parametrices of A are to a large extent determined
by the inverse of (4) which is a meromorphic operator function. Poles and multiplici-
ties may depend ony; this givesrise to clouds of pointsin the complex plane, and the
y-dependent nature of meromorphycan be described in terms of (operator-valued) ana-
Iytic functionalsin the complex plane, pointwise discrete and branching, but smoaothly
depending onthe edge-variabley (with resped to the Fréchet topdogy o the spaceof
analytic functionals). Now the Green operators of the edge cdculus which participate
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in the parametrices of elli ptic operators inherit a part of this dructure and affed the
elli ptic regularity of solutions. To briefly recdl the ideg an equation Au = f with el-
liptic A is multiplied from the |eft by a parametrix P of A; then using PA=1 — G with
a Green operator G we obtain

(5) PAU=Pf = u=Pf+Gu

If Pis ®nsitive enough(which isthe casein the correspondngedge cdculus) to
transform agiven f with asymptoticsto afunction Pf with some resulting asymptotics
and if G produces from any weighted distribution u (withou asymptotics) a smocoth
function with asymptotics, from (5) we immediately conclude the asymptotics of u.
Note that a similar philosophyworks in every cadculus with parametrices of elliptic
elements (with or withou asymptotics), for instance, in the edge cdculus of [ 6], where
the base spaces of model cones may have non-constant dimension.

In other words, it is interesting to uncerstand the nature of Green operatorsin
the edge cdculus. Moreover, having at hand a detail ed description d the kernel of such
operators can be very useful. For instance to prove the existence of bounded imagi-
nary powers AY of a cone diff erential operator A ona (stretched) manifold with conica
singuarities B (under suitable dlipticity condtionson A, cf. [4]), it isuseful to know
the kernel structure of parameter-dependent Green operators appeaingin the resolvent
of A. A similar procedure was used in the situation of conic manifoldswith boundry,
cf. [5]. Let usalso nae that the ebove-mentioned trace ad pdential operators with
resped to the edge can also be subsumed under the concept of Green operators.

In the first sedion o this paper we study Méllin operatorsin the distance vari-
abler € R, to the singuarity and recdl the elge quantisation o edge-degenerate
symbalsin r-diredion. After that we formulate the concept of discrete and continu-
ous asymptotics for r — 0 in weighted cone Sobdev spaces. Green symbals of the
edge cdculus are formulated as classca symbals with twisted homogeneity, mapping
weighted distributionsinto smoath functionswith such asymptotics. In the secondsec
tion we give the first of the main results of this paper, see Theorem 2.1, where we
derive a dharaderisationfor Green symbolswith discrete asymptoticsin terms of ker-
nels, depending on \ariables and covariables on the edge, where the edge covariables
are multi plied bythe axial variablesr andr’, respedively.

Inthethird part we ded with continuous asymptotics, that are mainly motivated
by variable discrete asymptotics, where in general the asymptotic data depend onthe
edge variable y. We give adefinition o weighted spaces with continuous asymptotics
and write them as projedive limits of suitable Hilbert spaces. Moreover we ill ustrate
the conredion o such variable asymptotic data with varying and kranching pdes (of
variable multi pli city) of meromorphic Melli n symba sof the cdculus. Finally we prove
the seacondmain result of the paper, see Theorem 4, akernel charaderisation d Green
edge symbolswith continuous asymptotics dmilarly asin the discrete cese.
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In the last sedion we give an ideaon hav the Green operators of the edge cd-
culus are organised, and we then have alook at a parameter-dependent variant and
formulate aresult on kernel cut-off which yields holomorphic dependenceon parame-
ters, in the case of constant discrete or continuows asymptotics.

1. Edge symbols and weighted Sobolev spaces

1.1. Operator functionson theinfinite stretched cone

Let X be a dosed compad C* manifold, and let LY (X;R') denate the spaceof clas-
sicd parameter-dependent pseudo-diff erential operators on X of order p € R, with
the parameter A € R! (that is, the locd amplitude functions are dasscd symbalsin
(&,N) e R™ n=dimX,andL=°(X;R') = s (R',L=°(X)), whereL=*(X) isthe space
of smoathing operators on X, identified with the space of operators with kernels in
C*(X x X) via aRiemannian metric on X). Anaogously as the operator functions (2)
in the pseudo-differential case we consider

r~Yop:(p)(y:n)
for an operator family p of the form

p(r,y.p.n) := P(r.y,rp,rn)
where p(r,y,p,R) € C*(R; x Q, L5 (X; R%tq)) and

» =l

p (P = [[ & Pp(r.y,p.n)u(r)dr'dp.

dp := (2m)~1dp. Let M be the Mellin transform on R, i.e., Mu(z) =[5 r? tu(r)dr,

first for u € C3(R) and then extended to more general function and dstribution

spaces, also vedor-valued ones. Concerning detail s on the Mellin transform in con-

nedion with edge-degenerate operators, see[15] or [8]. Set 5 := {z€ C: Rez= 0}

for any & € R, and define the weighted Mellin transform with weight y as the map

My:u— M“(Z)‘r;,vv ue Cy(R4). With My we can associate weighted Melli n pseudo-
2

differential operators op,(f) with scdar as well as operator-valued amplitude func-
tions f. Note that Mellin operators have been widely used in Eskin’'smonogaph[9] in
conredion with boundary value problems without the transmissgon property, see dso
[11]. Inthe edge cdculus we take parameter-dependent famili es of pseudo-differential
operators f(r,y,z,n) € C*(Ry x Q,LY (X; i, x RY)); here (z,n) € My, % RY plays
the role of parameters while (r,y) are alditional variables. The sswciated operators
have the form

—y+ip) 1 _ dr’
®  opl(f)(vn)u(r) —// f(ry. 5 —y+ip,nu(r’) —-dp.
Inthe example of (2) we can write

prypf) = 5 au(ny)(-ip)'n

J+\0\<u
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thena(y,n) = r~Hop (p)(y;n), and
a(y.n) :=r Hopfy (f)(y,n)

for f(rayazan) = N(I',y,Z,I'I']), f~(r»y727ﬁ) = Zj+\0\§uaj0(r>y)zjﬁa and any B €eR (at
this moment a(y,n) is interpreted as an operator function in the sense C3 (X") —
C®(X"); later onwe ded with weighted spaceson X" = R, x X).

Observethat the correspondencep — f in the case of adifferential operator (1)
iscanonicd, i.e., we havein thiscase

A=r"*Op,(op;(p)) =rHOpy(opyy(f)),
for anyredy, or, dternatively,

@ op:(p)(y;n) = opf (f)(y,n)

as elements of C*(Q, LY (X";R%)). However, in the pseudo-diff erential case the cor-
responcence p — f has to be ahieved by a more subtle quantisation which leaves
smoathing remainders that are not necessarily vanishing. It is known that such quan-
tisations exist, indeed, see[15], and that for every p there ae dements f(r,y,z 1)
C*(Ry x Q,L(Ej (x;r%_y x RY)) such that for the ssciated f the relation (7) holds
moduo such remainders. We even find hdomorphic functionsin z, see dso Sedion
3.2, and (7) then hdds for arbitrary y € R. The pseudo-differential edge cdculus of

[15] contains amplitude functions of the form
a(y.n) = rHo{a(rin))oply *(F)(y.n)@(r' )

+(1—a(r[n]))on (p) () (1 — &' [N)))}5,

n=dimX, where w,®, @ and 0,0 are ait-off functions on the half axis, i.e., elements
in Cg(R.) which are egual to ore nea zero, and with the property @ < w < @, where
¢ < Y meansthat Y = 1 inaneighbouhood d suppé. In additionn — [n] isastrictly
pasitive C* functioninn € R% such that [n] = |n| for [n| > C with someC > 0.

In order to complete operators Op,(a) to an algebra we have to add ather
operator-valued symbals, mainly (so-cdled) Green symbolsand also smoathingMellin
operator famili es, seeSedion 32 below. Those ae encodingthe asymptotic properties
of solutionsto dlli ptic equations when they are coming from a parametrix.

1.2. Weighted spaces with discrete asymptotics on cones

Green operatorsin the context of classcd boundxry vaue problems are (locdly in a
collar neighbouhood d the boundiry) pseudo-diff erential operators alongthe bound
ary with symbals ading as operators normal to the boundxry. More predsely, the val-
ues of the symbols are operators G in L?(R ., ) such that G,G* : L2(R,; ) — s (R.)(=
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S (R)|g, ) are continuous (this concernsthe so-cal ed type zeo; otherwise the operators
are combined with diff erentiations transversal to the boundxry). In the generalisation
to the case of a manifold with edges we replacethe inner normal R by a nontrivial
model cone XA := (R, x X)/({0} x X) belongngto correspondngloca wedges, and
the spacesL?(R ;) and s (R ) by weighted spaces % %Y(X") and 5£ (X", respedively,
on the open stretched cone X” := R, x X > (r,x) with a cetain behaviour for r — 0,
encoded by a so-cdled asymptotic type 2. In simplest cases asymptotics will have the
form

(8) urx) ~y ZJ cik()r Pilog’r  for r—0
] k=0

with a sequenceof triples 2 := {(pj,mj,L;j)}j=01,.n, N € NU{}, pj e C,m; € N,
and finite-dimensional subspaces L; ¢ C*(X), such that cjx € Lj for al 0 < k < myj,
andall j. For dimX = 0 we have, in particular, a natural identification o s (R ) with

in thiscase). Let us now passto the predse definitions.

We say that 2 is asciated with weight data (y,©) for a weight y € R and
© = (9,0] for some —e0 < § < 0if the set e = {pj } ;. i cOntained in the strip
{4 —y+8 <Rez< L —y} n=dimX, e finite for finite 9, and Repj — —oo
asj—oowhend = —c0o andN = oo,

Given 7 asciated with (y,©) for afinite weight interval © and a fixed cut-off
function w we set

N m

£y (X") 1= { Zozgw(r)cjkr‘pi log‘r :cjk e Ljfor0<k<m;,0<j < N}.
E=

. Moreover, let #7SY(X") for s€ N, y € R, dencte the subspaceof al u(r,x) €
rY=2L2(X") (with L? referringto drdx) such that

(rd;)*D2u(r,x) € rY-2L2(X")

forevery k € N, a € N", k+ || < s; here DS := V(... .- v means the diff erentiation
with arbitrary vedor fields v; on X. In particular, we have #%9(X") = r—2L2(X").
Then dudlity and interpolation gve us adefinition o 7 SY(X") for arbitrary s € R.

Thereis another useful scae of weighted spaces on X" defined by

KX = {wf + (1-w)g: f € #3Y(X"), g€ Hepre(X") }

for some aut-off function w; seg for instance, [12] or [15]. The spaceHS,(X") is
defined to be the set of al g € H (R x X)|r, xx such that for every chart x : « — B
onXtoB:={xeR": |x <1} andevery ¢ € C(u) wehave

(1-)oge (Bo(1xx)) HYR™)|r
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for 7= {(r,rx) e R™1:r e Ry, xe B}, n=dimX, andB: Ry x B— T, B(r,x) :=
(r,rx), (L xx)(r,-) ;= (r,X(-)), seepicture below.

The spaces % 3Y(X") can be endoved with scdar products such tpat they are
Hil bert spacesin anatural way; in particular, % %0(X") = #99(X") = r=2L2(X").

For afiniteweight interval © = (§,0] we set

©) K3¥(X") 1= lim xSV RT (X)
NeN

which is a Frécdhet spacein the projedive limit topdogy, and
%0, (X") = &GV (XM + 20 (X1,

asadirea sum, for every asymptotic type # which is asociated with the weight data
(Y,®©). For purposes below for every N € N andfor y= 0, we now form the spaces

(10) BN = (r) M x MO(X")
and
(1) AN = () NN (X)) 2 (X = w O BN 42, (XN,

here, w(r) := 1+ (r — 1)w(r).

These ae Hilbert spacesin a natural way, and we set

SOXM) :=1limBY,  s2(X") = limA}.
NeN NeN

More generaly, we can form

SY(XM) i=wisO(X) and sY,, (X) i=wis2(XM),
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where T Yo = {(pj =Y, mJ"LI')}j:O,A..,N'

REMARK 1. (i) There ae caronicd continuows embeddings

(12) A!Zf [N A§_17 BN s BN—l
foral N > 1;

(i) let us =t
(13 (Kyu)(r,x) 1= )\n_}lu(}\r,x),

n=dimX, A € R;. Thenwe obtain strondy continuowus groups of isomorphisms
Ky AN — AN aswell as k; :BN — BN
for every N € N, seethe following Definition 1

DerFINITIONL. (i) A Hilbert (or Banach) space H is sid to be endowed
with a goup ationk = {Kj }cr, if K isa group d isomorphismsk, : H — H,
A € R, where KyKy = K, for evay A,v € R, andk is grongy continuows
(i.e, A — Kyhrepresentsa functionin C(R,H) for eveyh e H).

(i) We say that a Frédhet space E, written as the projedive limit of a sequence of
Hilbert spaces El, j € N, with continuous embeddings ... — EI*1 — El —
...— E%for all j, isendowed with a group ation {K) }ycr, » if {Ka}rcp, iS@
group action onE® and {K, g; Frer, definesa group action onEl for evey j.

1.3. Green edge symbols

Green symbads will be particular operator-valued symbals within the framework of
twisted hamogeneity. Homogeneity in that sense means the following. Let E be a
Hilbert space @dowed with a group adion {Kj } er, Cf. Definition 1abowve. If E is
another Hilbert spacewith group adion {Kj }xcr., @ C* function ag,(y,n) in Q x
(R9\ {0}), Q CRY open, with valuesin £ (E,E) iscdled homogeneousof order pe R
if
agy (Y, An) = ARy (v, n)k,

foral A e R,.

Let us give the definition o the spaceof symbols S4(Q x R%;E, E). This pace
consists of the set of all C* functionsa(y,n) in Q x RY with valuesin £ (E,E) such
that

14 sup () P—# ||k -1 {peDPacy,n) Lk
(14 y€£<n> H <n>{ yUn (yn)} n)
neRrd

£(E,E)
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isfinite for every K cC Q andevery a,3 € N9; here (n) := (1+ m|2)%. Moreover, we

denoteby S(Q x R%E,E) := Nuer S(Q x RYE, E) the spaceof symbals of order
minus infinity.

Symbals of that kind form a Fréchet spacewith the expressons (14) as smi-
norms. They are ‘twisted’ analogues of Hormander's symboal spaces from the scaar
case (i.e., when E = E = C, k), = Ky, = idc for dl A € R;). Standard manipulations
known from the scdar case dso make sense in analogous form in the operator-valued
case. In particular, we can form asymptotic sums of sequences a;(y,n) of symbolsthe
order of which tendto —w as j — . Now

(15) S(Q x R%E,E)

is defined as the subspaceof a(y,n) € S(Q x RY;E, E) which admit asymptotic ex-
pansions into symbdls of the kind x(n)aq.—j)(y,;n), j € N, where a,,_j)(y;n) is ho-
mogeneous in the above sense, of order p— j and x(n) an excision function, i.e., any
X € C*(RY) that vanishesnea n = 0 andisequal to 1for |n| > C for someC > 0.

REMARK 2. Let x(n) be an excision function, and let a,(y,n) be homoge-
neous of order | as above; then

a(y.n) == x(Magy (%:n) € $(Q x RGE,E).
In symbol spaces of the kind (15) for E and E we will t ake, for instance,

(16) xV(X") and sP(xM),

P

respedively, for some discrete asymptotic type 2 (asociated to weight data (3, ©), cf.
Sedion 1.2). The spaces (16) will be considered with the groupadion (13).

In the following definition we gply symbals of the dasses S‘cll(Q x RY;E,E)

in the variant that E is a Fredhet space E = limE/, endowed with a groupadion (see
jeN
Definition 1). Then

F(QxR%EE) = () &(QxRGE,E)).
jeN
DEFINITION 2. An operator function g(y,n) € C*(Q x RY, L (xV(X"),

% %B(X"))) is said to be a Green symbal of order p € R, with (discrete) asymptotic
types » and Q (as®ciated with (B,©) and (—vy,®), respedively) if g(y,n) has the

properties
(17) g(y,n) € S (Q x R% % 3Y(X"), sB(x1))
and

(18) g (y.n) € §(Q x RE x5 7B(X"),5,Y(X"))
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for all s€ R. Hereg* denotesthe (y,n)-wise formal adjoint with resped to the respec
tive sesquili near pairings

xSB(XM) x x STB(XMN) = C
induced by the % %9(X") scalar product, for arbitrary s, € R.

REMARK 3. Observethat the Green operators of type 0 in the cdculus of clas-
sicd (pseudo-differential) boundry value problems are operators with spedal such
symbals. In this case it sufficesto replacex SY(X”) and % S~B(X") by L2(R, ) (with
R beingtheinner normal to the boundary in consideration) andsg(XA) andsgy(XA)
by s(R.), cf. [16].

REMARK 4. The mndtions(17) and (18) are dlightly stronger than necessary.
It sufficesto require them for s = O; however, thisis not the main pant of our consid-
eration. What we can seeimmediately is that it suffices to require the condtions (17)
and (18) for dl s e Z owed by the interpolation property of the spaces £ SY(X") ins.
It foll owsthat the spaceof Green symbals of order pandfixed 2, Q isaFrédet space

From the Green symbals which are known from the cdculus of operators on
a manifold with edges we know in fad more, namely, that the spaces x 3Y(X"\) and
% >B(X") may even be replacel by the spaces (r)) x SY(X") and (r)J x ~B(X"), re-
spedively, for arbitrary j € N. Therefore, we start with that property. In that case it
is known that the kernels of the homogeneous comporents g,,_ ;) are C* functions of
(y,n) € Q x (RY\ {0}) with valuesin the space

{sﬁ(xA)@s *V(XA)} N {5 B(XA)@»{%V(XA)}
where sB(X") = IjieLgU)"?(m*B(XA) forany B € R. Here @ := {(1;,n;,Lj) } ,, when
Q= {(qj,nj,Lj)}jeN, and @y denates the (completed) projedive tensor product be-
tween the respedive Frédhet spaces. In this conclusion we employ the fad that when
an operator g: H — F iscontinuows from a Hil bert spaceH to anuclea Frécdhet space
F (written as limF; for Hilbert spaces Fj with nuclea embeddings Fj1 — F; for all
JEN
j), the operator g hasakernel in limFj @y H* = limFj@nH* = F&nH*, cf. [10].
JEN JEN

2. Discrete asymptotics

2.1. Green symbols

Let f(r,x,r’',X;y,n) be afunctionin the space

19 {5 VX f{sPX)Ers (X | Brsh M@ xS,
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Y,B,1€ R, n=dimX, andlet n — [n] dencte ay strictly pasitive C* functionin R
such that [n] = |n| for |n| > C for some constant C > 0. Form the operator function

(20 g(y,n)u(r,x) // f(r nl,X;y,mu(r’,xX)(r')Mdr'dx.

Then we get aGreen symbal of order Lin the sense of Definition 2 For purposes below
we set

(21) gr(y,n) :==g(y;n)-

THEOREM 1. Every Green symbal g(y,n) of order u as in Definition 2 has a
representation o the form (20) for anelement f(r,x,r’,X’;y,n) in the space (19).

Proof. For convenience we consider a Green symbal with constant coefficients, i.e.,
g =9g(n) (the generalisation of arguments to the y-dependent case is graightforward
andwill be omitted). First observe that asimple composition o g with suitable powers
inr andr’, alows us to consider the cae 3 = y = 0. Moreover, without lossof gen-
erality we may assume p = O (it suffices to replaceg by [n]"g). In other words we
start with g € S (R%; % 30(X"),59(X")) with the homogeneouscomporentsg,_)(n),
j € N. We use the fad that the series

~ v eu N
(22 g(n) = J;x(cj )9(-

converges in d' (RY; xS0(X"),s9(X")) for every | € N. Here x(n) is any excision
functionin RY, and c; are mnstants tending to « sufficiently fast. Then g(n) —a(n),
for g(n) :=go(n), is of order —co in the sense of the first part of Definition 2 In a
similar manner we can proceed with the formal adjoint and chocse, if necessary, the
constants c; once ajain larger, such that g*(n) — g*(n) is of order —c in the sense of
the second part of Definition 2

Setting
(23 sp(XMBrsg(X") 1= {82 (X)@ns (XM} N {sO(X")@rsg(X") ],

the comporentsg,_;y(n) can be identified with an n-dependent kernel function o the
form |n|™1-ie. (rm\xrm\x',w) n # 0, for e j(rinl.xrinlx;d) €

co (sl s g(X/\)®rSE(XA)),WIthSq 1 being the unit spheremR%suchthat
—p(mu(r,x) =

™ [ eIl In] s oute’ ) .

If E isaFrédet spacewith the courtable semi-norm system (px)ken We dencte
by (RY,E) the set of all a € C*(RY,E) such that

sup (n) 1% p(Dda) < oo
neRrd

(29
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for al o € N9, k € N. Thereisthen the subspaceS} (RY, E) of classcd E-valued sym-
basin terms of asymptotic expansions of elements X (n)ay,j)(n) with hanogeneous
comporentsay,_jy(n) € C*(R9\ {0},E) of order p— j.

Setting

(29 hi(rx,r'.Xin) = x(cﬂ,-)[n]”“*"e<-j><r,x,r’X: |2_|)

we obtain el ements
(26) hj € 57 (R S2(X)Brs2(X")).

Choasing the monstants ¢j > 0 increasing sufficiently fast as j — o« we obtain con-
vergence of g (n) := 3% hj(n) in Sg“*'(Rq,sg(XA@rs%(XA)) for every | € N.
Clealy we can take the same constants asin (22); it suffices to take the maximums of
both choices. Note that hj(r,x,r’,x’;n) may be replacel by

n
Bk

when we choase ¢p sufficiently large and ¢j > cp for al j > 1. According to (21)
we obtain associated Green symbols gy, (n), and Y, gn; () convergesto g () with
some g, seenotation (21), in the Frécdhet spaceof Green symbals of order —I for the
givenfixed 2, Q; thishddsfor every | € N. Thusit followsthat c(n) := g(1n) — ga,(N)
is a Green symbal of order —co. It remains to prove that thereis an m(r,x,r’,x’;n) €
S (RY,59 (XA)<§r5%(XA)) such that ¢(n) = gm(n). The Green symboal ¢(n) is of order
—oo; then thereisa

hy ()% ], X5n) :x(cﬂj)lnl””’jem(rInI,x,r’In\,%;

(27 k(rx,r',Xin) € 5 (R, 52 (X")&rsg(X"))
such that -
c(n)u(r,x):// k(r,x,r",x;mu(r’,x) (r")"dr'dx'.
xJo
InLemma 1 below we will show that
r/

r
(29 k(m,x, a

Xin) =il Xin) € s (B s2(X)Brs2(x").

Then we obviously obtain c(n) = gm(n). O
LEMMA 1. We have (27) = (28).

Proof. The proof is elementary though vduminous. Therefore, we only describe the
typicd steps. By virtue of (23) it sufficesto show that

(29) kes(RYsI(XMBrs°(X")) = me s (RY, 52X Drs O(X™))
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and a similar relation for Schwartz functions with values in the second spaceof (23).
Let us consider, for instance, the case (29). We now observe that

SIXMBrsO(X") = lim AN @y BN
NeN

for the spaces AN := AN and BN, cf. Sedion 12, with @y being the Hil bert tensor
product. Then we have

§ (R4 sI(XMBrs®(XM)) = lims (R, AN @y BY).
NeN

As the semi-norm system for this gpacewe can take

r

n]

rl

(30 el ]

nera

7X7

(n)'Dhk( Xin)

AN®HBN
foral I,N € N, B € NU.
It sufficesto show that for every |, 3,N there aefinitely many triples (I, 8',N’)

such that

I’ ~B r r' /.

Dp k( —,%, —,X;
" ORK(o* i)
for al thase (I’,/,N) impliesthat (30) is finite.

(39) sup

neRrda

AN @BV

Let uslookat the cae g =1 andn= dimX = 0; the general caseis completely
analogous, and let first B = 0. We use the fadt that when {Kj }\cz, isastrongy con-
tinuows group d isomorphisms on a Hil bert spaceE, there ae mnstantsc,M > 0 such
that

_1\M
(32 kall, g < c(max(\, A1)

for dl A € R;. From (a dight modification o) Remark 1 we know that u(r,x) —
u(Ar,x), A € R;, induces grondy continuous groups of isomorphisms on the spaces
AN andBN for all N € N. Then (32) yields estimates of the kind

ST T

for al n, with suitable constants ¢, M > 0, for all k € AN @y BN. This gives usimme-
diately the conclusion (31) = (30) with ' =0andl’ =1+ M.

M /.
AN®HBN S C<n> ||k(|’,l’ !n>||AN®HBN

Let usnow asaime 3 = 1. Inthiscase we obtain

d ror’o\ 3., Lr_/
ﬁk(m,m,n) = ({0rd: +¢r'dy +n } K) (m], [m,n)
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with a uniformly bounded function ¢ (n) and d/0n denctingthe derivative in the third
variable. Then

< cC

AN@H BN

o' (59) G i) ' 1000 (- i

N—

l. rl.

(P, rr |
+ C r'opk) | —, — + H onk) | —,—
'K (g ) et 1O (g )
with some ¢ > 0. The operator ro; is continuowsin the sense
(34) ot AN - AN BN - BNt
for every N > 1. In combinationwith the estimates (33) thisimplies
o' (G )| = e ke
dn /\[n]" [n] ANy BN AN-Ly BN
1+M . 1+M .
oM | ot [ ek )

The desired estimate then follows from Remark 1 (i). In an analogous manner
we can tred the semi-normswith higher n-derivatives. O

REMARK 5. Theorem 1 remainstruein analogowsform if wereplace[n] inthe
formula (20) by any cther strictly positive C* function p(n) such that c[n] < p(n) <
c/[n] for all n, with suitable cnstants0 < ¢ < ¢'. In particular, we may take p(n) = (n).

2.2. Traceand potential symbols

The Definition 2 can be generalised to 2 x 2 block matrix-valued functions g(y,n) €
S (Q x R% % %Y (X") & C, x %F(X") & C) such that

gy,n) € H(Q xR%Ex (XM e C,sb(xM e C)

and
g (y.n) € H(QxREx S PXM) @ C,s, (XM @ C)

for al se R, with suitable g-dependent discrete asymptotic types 2, Q (the pointwise
adjoints refer to correspondng sesquili nea pairings induced by the scdar product of
x%9(X") @ C). In C we dways assume the trivial group adion, i.e., k) ads as the
identity for all A € Ry.. Writing g(y,n) = (gjj (y,r]))i‘j:1_27 we cdl go1(y,n) atrace
symboal and gi2(y,n) apotential symbal of order p € R (of the edge cdculus). Clealy
g22(y,n) isnothing else than a dasdcd scdar symbal of order L.



44 B.-W. Schulze- A. Volpato

Examples of trace ad pdential symbols may be obtained by functionsin

- nt1
(35 5Ny 7 (Qx RY 3 fau(,X3yi0)
and

—~ nt1
(36) SEXMBSTT (Q X RY) 3 fa(r,xyN),

respedively; as usual, n = dimX. The symbals themselves are obtained by integral
representations of the kind

(37) 921(Y,H)U=/x/ow fa1(r'[n], Xy, )u(r’,X) (r")"drdx,
u(y,n) € x8Y(X"), and
(39 g12(y,n)e(r,x) = cfia(r[n], x;y,n),

c € C, respedively.

THEOREM 2. (i) Every trace symbd go1(y,n) can be written in the form
(37) for anelement (35);

(i) evey potential symbal g12(y,n) can be written in the form (38) for an element
(36).

The proof employs analogous arguments as thase for Theorem 1.

3. Continuous asymptotics

3.1. Green symbols

In Sedion 12 we have formulated spaces «.Y(X") with discrete asymptotics of type
2 forr — 0, cf. theformula (8). Asisknown, cf. [15], asymptotics of that form can
also be written as

(39) u(rx) ~ ¥ @)
J

where {; are C*(X)-valued analytic functionals carried by the paints p; € C which are
of finite order (in fad, derivatives of the Diracdistributionat p; of order mj +1in the
notation o the formula (8)).

For an open w C C and for a Frédet spaceE, we denote by 4 (u,E) =
4(u)®nE the spaceof al holomorphic E-valued functionsin . Let 2’ (K,C*(X))
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(= 42" (K)®xC*(X)) dencte the spaceof al analytic functionals caried by a com-
pad set K ¢ C. From generdlities on analytic functionals it follows that every { €
4’ (K,C*(X)) can be represented in the form

1
(40) he = /C f(2)h(z)dz

for some f € 2 (C\ K,C*(X)), whereC isaC® curve murter clockwise surroundng
K (such that the winding number with resped to every z€ K is equal to 1). In other
words, to express (39) it suffices to represent {j by a meromorphic function with a
pole & pj of order m; + 1 and Laurent coefficients belongng to the spacelL ; (cf. the
notationin Sedion 12).

Now an element u(r,x) € % Y(X") is sid to have continuows asymptotics (first
inafiniteweight strip ©) if thereisanelement { € 2’ (K,C* (X)) for asuitable compad
K C {z:Rez< ™1 —y} n=dimX, suchthat

u(r,x) = 0(r)(g,r%) + ue(r,X)

for some ug € x5Y(X"); here, asusual, wisa ait-off function.

In order to unify notationin connedionwith discrete or continuouws asymptotics
we ansider the space

(41 {w(r)({@,r*:2ea’(K,C*°(X))}.

The qudient spaceof (41) with resped to the equivalence relation u ~ v <
u—ve xg5"(X") is caled a continuows asymptotic type 2, asciated with weight
data (y, ©). The aut-off function wis fixed, but the quatient spaceis independent of w.
Dendting the space(41) by £, (X") we then define

(42 %, V(XN = &gV (XM + 20 (X1)

inthe Fréchet topdogy o the non-dired sum. To recdl the terminology, the non-dired
sum of two Frédhet spacesE and F (embedded in aHausdorff topdogicd vedor space
isdefinedasE+F :={e+ f :ec E, f € F} endoved with the Frédhet topdogy from
E+F~E®F/A where A:= {(e,—e):ec ENF}. Note that » only depends on
the set KN {Rez> M1 —y+8}. For ageneralisation to infinite weight intervals we
define the system %’ of closed subsetsV C C suchthat V N {c < Rez < ¢} iscompad
for every ¢ < . Thenfor every V € ¢ contained in {Rez < "% —y} we can consider
Vs :=VN{Rez> ™! —y4§ — 1} andthe sswciated continuousasymptotic type 2g.
We then have continuows embedding

Ko (X") = 2 (X)

for every § < 9', andwethen set %" (X") := lim %> (X") in the Fréchet topdogy of

the projedive limit taken over any monaonicaly deaeasing sequenceof negativereds



46 B.-W. Schulze- A. Volpato

9. Thesubscript 2 incorporatesa continuowsasymptotic type asociated with (y, ©) for
O = (—,0], and standsfor the equivalence dassrepresented by such asequence{ ey }
with § running over any monaone sequencetendingto —. The equivalencerelation
just means the equdlity of the respedive projedivelimits. ThesetV iscdled a carier
set of the asymptotic type # (when 9 = —oo, otherwise V N {Rezz &21 —y+6} is
cdled the carier of the crrespondng?).

We do nd ned the sets V in full generality. Let us content ourselves with
thoseV that are anwvex inimaginary diredion, i.e., 25,21 € V and Rezg = Rez; imply
Azp+ (1—AN)zz €V for dl 0 <A < 1. Thereis then an obvious one-to-one crre-
sponcence between such V contained in {Rez < %1 — Y} and aswociated continuous
asymptotic types by the ebove construction.

If » isa mntinuous asymptotic type, we set

SPOXY) = lime) N (X
NeN

which isanuclea Frédet spacein the topdogy d the projedive limit.

L et us make some remarks about the motivation o continuous asymptotics. As
noted in the introductionthe dli ptic regularity of solutionsto elli ptic equations Au = f
onawedge X" x Q, Q C RY open, and A edge-degenerate of the form (1), contains a
statement on asymptoticsof u(r, x,y) for r — O, evenif we ae consideringC” functions
onX” x Q. Similarly as (8) the asymptotics have the form

m; (y)

(43 u(r,x,y) ~ c-k(x,y)r’pimlod(r for r—0,
2 2,

where the exporents — pj (y) andthe numbersm; (y) are determined by those pointsz €
C wherethe operators (4) are not bijedive, cf. [13]. These points (aswell asthe m;(y))
may depend ony in avery irregular way. This may happen even for n = dimX = 0.
Theinverse of (4) isthen afamily of meromorphic functions, and the main ingredients
of the parametrices P of A are Mdllin operators with such symbads. Applying P to
functions(say, with compad suppat withresped tor € R, ) givesusfunctionsu(r, x, y)
of abehaviour like (43). If we consider the Mélli n transform (M(wu)) (z,x,y) (for any
cut-off function w(r) on the half-axis) we obtain a family of meromorphic functions
in the complex plane the poles and multi pli cities of which inherit the correspondng
behaviour of the Méellin symbals. Now the parameter-dependent asymptotics of u can
be interpreted in terms of functions {(y) € C* (Q, a2’ (K,C*(X))) for suitable compad
K, such that {(y) is pointwise discrete and o finite order but of the ebove mentioned
irregular behaviour. Here ‘ pointwise discrete’ meansthat ({(y),r %) hasthe form (43)
for certain pj € K, m; € N foreveryy € Q.

ProPOSITION 1. For evey continuowsasymptotic type ¢ asociated with weight
data (y,0) there is a scale of Hilbert spaces A!j, N € N, with nuclear embeddings



Green operators in the edge cdculus 47

AN < Al"! for every N > 1 such that

SHX) = lim Al
NeN

The spaces A)} can be chosen as cortinuously embedded subspaces of % %Y(X") such
that (13) induces a strondy continuows group d isomorphisms

Ky o AN — AN
for evay N € N.

Proof. We first asaume the weight interval © to be finite. Similarly as (42) we write
5} (X") asa(non-dired) sum of Frédhet spaces, namely,

SEXM) = lim(r) N&xg V(X" + ., (X").
NeN

We then consider the spaces
(44) Ry = () N MY (X + N (XN,

The meaning o the first summand is clea, cf. aso the formula (9); so it remains to
define E;}'(XA). Recdl that the space(41) may be described in terms of a compad
setK:=VN{Rez>"! —y+§ -1} withasetV C {Rez< ™! —vy} of the abowe
mentioned kind. Choose any C* curveCy C C\ K courter clockwise surroundng K,
such that thewinding number with resped to any z€ K isequal to 1and dst(z K) < %
(it iswell known that such curves always exist). Then the weighted Melli n transforms

(My,r,zwu) |cy belongto C*(Cy) (concerning ndationabou the weighted Melli n trans-

form, cf. Sedion 11). By £}}(X") we then denote the completion of {(My,gu) ley :

u€ £, (X") inthenorm of HN(Cy), the Sobdev spaceof smoathnessN onthe arve
Cn. ThisisaHilbert space andwe have £, (X") = lim N (XM).
NeN
It is now clea that the space(44) is nuclealy embedded into a correspondng
spaceof anaogous dructure belongngto N’ < N when N — N’ is asfficiently large.
This alows us to find a sequence of Nj, j € N, with Nj1 > N;j such that, if we set

Ai, = K’;i , we have nucleaity of Aifl — Aij foral j. Wethen have
SY(X") =limAb.
jeN
It remains to nate that the groupadionk, : u(r,.) — )\%lu()\r,.) restricts to a group

adion onthe spaceAi, for every j. It suffices to chedk that for the spaces (44). The

fador A"3" isnot esential, so we haveto look at the influenceof rescdingto the space
£N(X"). By definition we restrict the Mellin transform to the aurve Cy and measure
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the result in HN(Cy). The Mellin transform of the rescaed function is obtained by

multi plying the original one by A~2. The continuous dependenceof the HN(Cy )-norm

onA € R, isthen obvous. For the infinite weight interval © = (—oo, 0] we first write

sy(X") =limsy (X") for asequence of finite 9m < 0 tending to —eo and form the
meN

spaces A'&\’lsm for every 9 of this ssquence, such that 52{9

=1limAN . Thenwe can set
M m P9\
S

N._ AN
A=A O

REMARK 6. Definition 2 hes an immediate generalisation to Green symbols
with continuous asymptotic types 2 and Q , asociated with weight data (,©) and

(—v,©), respedively.

3.2. Méllin symbols

As noted in the beginning Green operators on a manifold with conicd singuarities be-
longto the dgebra of cone pseudo-differential operators. Technicdly they appea as
remainders in some typicd operations with so-cdled smoathing Melli n operators, cf.
(6), aso defined in terms of asymptotic data. Recdl that M denotes the Mellin trans-
formonR,i.e., Mu(z) := J5’r? u(r)dr, and Melli n operatorsonan infinite stretched
cone X" occur with operator-valued symboals taking valuesin the cdculus of operators
onthe cne. In this connedion the Méllin symbals depend onedge variables and co-
variables, and the mapping properties refer to asymptotic datafor r — 0. It istypicd
that the Melli n amplitude functions are not only defined onr%7y but in the complex z-
plane, upto asubset VV which encodes asymptotic properties, similarly asin the context
of functions with (discrete or continuous) asymptotics. We give adefinition and then
observe the way how Green operators are induced by Mellin operators with asymp-
totics.

From now on, we ss3umethe setsV € ¥ to be mnvex inimaginary diredion. A
V-excisionfunctionisany x € C*(C) suchthat x(z) = Owhen dist(z V) < £, X(2) =1
for dist(z,V) > €; for certain 0< gy < €3.

By My, *(X) we denote the spaceof al f(z) € 2 (C\V,L~*(X)) such that

X@ @)l €5 (Fp, L (X))

for every V-excision function x and every red 3, uniformly in compad p-intervals.
Moreover, let MY (X), p € R, denote the spaceof al h(z) in the spacea (C, LY (X))
such that

h(@)r, € L§(X;Tp)

for every red (3, uniformly in compad B-intervals.

The spaces My, *(X) andM!) (X) are nuclea Fréchet spacesin anatural way.
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Let us st
MY (X) = M (X) + My *(X)
in the Frédhet topdogy o the nonrdiredt sum. Then, for every f(r,r’,z) belongngto
the spaceC® (R x Ry, MY(X)), we can form associated weighted Mellin operators
opﬁ,,(f), for every weight 3 € R suchthat V N F%iﬁ =0.

THEOREM 3. For evay f(r,r’,z) € C*(Ry xRy, MY (X)), suchthatVlog
=0, n = dimX, the operator OJOp\,\/A_E (f)o (with cut-off functions w, @) induces con-
tinuous operators

wopl 2 (1)@ x3(X") — x5 H(X")
and .
woply ? (Ho: £, (X" — x5 (X"

for evey s€ R andevey continuows asymptotic type » with some resulting continuos
asymptotic type Q , asciated with the weight data (y, ©) for evey © = (9,0], —o0 <
9 <0.

Thisresult is known, cf. [15]. Recdl that the main ideaof the continuity in
spaces with continuows asymptoticsis to charaderise the Méelli n transforms of wu as
holomorphic functionsoutside the union o V andthe carier set of the asymptotic type
2; then we obtain another carrier set which just determines the esymptotic type Q .

Méllin operatorsasin Theorem 3 belongto theingredients of parametricesof el-
liptic (pseudo-diff erential) operators on manifolds with conicad singuarities (modell ed
onX") or edges (modell ed onX"x Q for some open set Q C RY). These operators are
combined with other operators of the cdculus.

To seehow Green operators appea in the set-up of conicd singuarities, con-
sider the following (known) result.

PROPOSITION 2. Consider an element f € My, *(X); let j > 0, pe R, andlet
v—j <B,d < yfor somereals 3,0, such that

VOF%LB :er%l%:o
For the operator
g:= cor*““opﬁ,fg (Ho— (;or’“ﬂop,ef,fg (Ho,

n = dimX, there are cmntinuows asymptotic types » and Q asciated with the weight
data (y— p,©) and(—y,©), respedivdy, such that

(45) g: (! x3V(X") — sIHXY)
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and
(46) g (N' STV = 5 (XN
are ontinuowsoperators for all se R, | € N.

For aproof, see[15].

Let us consider what are cdled Méllin edge symbals. Such symbadls are finite
linea combinations of operator famili es of the form

@7) m(y.n) = e(r[n])r *oph 2 (fia) (Y)N®aA(rn])

for cut-off functions w, @, and fjq(y) € C* (Q,M,“(X)) for aset V € ¥ such that
er%_liyj =0, Q C RY open. In such expressonswe have j e N, a € N9, |a| < j,
andtheweightsy; € R are asumed to satisfy the condtion

(49 y=i<y <y
for every j € N. Then (47) isaC™ family of continuows operators
m(y,n) - K SY(X") — sV HX"),
cf. Sedion 12. We have, in fad, more, namely
m(y,n) € S (Q x RY . 3Y(X"),s¥H(X"))

for every se R, cf. notation (15), and
m(y,n) € (Q x R, :fcjy(XA)J{“(XA))

for every continuous asymptotic type # with some resulting continuous asymptotic
type @ (associated with the weight data (y,©) and (y— |, ©), respedively). Moreover,
the pointwise formal adjoint m*(y,n) (cf. aso Definition 2), has a similar structure &
(47),i.e.,, we have

m(y,n) € S (Qx RY 50 VXM, 57V (X))

and
m(y,n) € S (Q x R% x5 VH(XY), 5 7Y(X"))

foral se R.

There ae now severa esential operationsin the edge symbalic cdculuswhich
produce Green symbals in the sense of Remark 6. More predsely, we obtain Green
symbasg(y,n) of thekind

(49 gn) € & (@ % R% () x2V(X"), 51 H(x),
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such that
(50 g () € S (Qx RY (1) x5V H(X), 5, V(X))

for suitable continuows asymptotic types ¢ and @ asciated with the weight data
(Y— I, 0©) and (—v,0), respedively, foral | e N, se R.

REMARK 7. An element m(y,n) of the form (47) is a Green symbal for every
j > —9, where® = (9, 0] isthefinite weight strip which playstherolein the continu-
ous analogue of Definition 2

Ancther point concernsthe fad that there may be different choices of y; (when
j >0, otherwisefor j = 0 we haveyg = y) such that (48) holds. Lety; dencte any other
choice Then we have the foll owing result:

REMARK 8. Let j > 0, and let y; and y; dencte different weights stisfying
(48). Consider the operators (47) for both weights, e.g.,

M(y,n) 1= e(r[n))r +oply 2 (fja) (y)N°@(r(n)).
Thenwehavem(y,n) = M(y,n) moduoaGreen symba with continuowsasymp-
totics, cf. Remark 6.
3.3. Integral representations

Let f(r,x,r’,X;y,n) be afunctionin the space
(59 { VXN s ™ xA)} {5V HXM) DS V(XA)}®HS”+n+l(Q><]Rq)

now for continuous asymptotic types # and @ . Then the integral representation

(52 g(y,n)u(r,x) // f(r nl,X;y,mu(r’,x)(r")"dr'dx,

n = dimX, gives us peda Green symbals with the properties (49) and (50) for all
|l eN,seR.

THEOREM 4. Let g(y,n) satisfy the condtions (49) and (50) for all | € N,
se R. Thenthereisan f(r,x,r’,X;y,n) in the space (51) such that the integral repre-
sentation (52) holds.

Proof. The proof employs analogows geps as that of Theorem 1; so we only discuss
themainideas. For simplicity we omit again the y-variable and write the Green symbol
g(n) as an asymptotic sum of the kind (22), modu o a Green symbal of order —oo. For
the homogeneous comporents we take the integral representation (24) for al j, then
form the functions (25) and oltain the symbals (26). This yields the correspondng
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analogue of ga,(n) which is of the desired integral form, moduo a Green symbal
of order —co, given by a kernel like (27). It then remains to show the analogue of
Lemma 1 for the case with continuows asymptotics. The proof of that is a purely
technicd (but elementary) construction in terms of the scdes of spaces AN and BN.
The spaces BN are the same &s before, while the AN are constructed in Propasition
1. The main new asped to be employed in the prodf is the first of the relations (34).
In the present case we have to look at (44). The first summandis asin (11), and it
remains to observe that —rd, transforms the spacez(X") to £N~1(X"), moduo a
flat contribution which is absorbed by the first summand in (44). Applying —rd; to
the secondfador of w(r)(Z,r~%) € £ (X"), cf. (41), we obtain w(r)(, zr 2); thuswe
remain in the space £, (X") and hence, from the continuity of £, (X") — £, (X"),
o(r)(Z,r %) — w(r)(Z,zr %) andthe definition of £ (X"), weimmediately obtain the
desired relation, i.e.,
—rdr 2N (XN — N (XM,

The other elements of the proof are very close to the ones of Lemma 1 and will be
omitted. O

Analogously as the discrete case, we can consider 2 x 2 block matrix-valued
functionsg(y,n) € S (Q x R% x %¥(X") & C, x “B(X") & C) such that

(53 a(y,n) € §(Q qu;ycs*V(XA)ea(C,sﬁ(XA)@(C)
and
(54) g (y:n) € H(QxRExSPXN) @ C,5, (XM @ C)

for al se R, with suitable g-dependent continuousasymptotictypes?, Q . Letg(y,n) =
(Gij (¥:n))i.j=1.2; thenwe cdl gz1(y,n) atracesymbal andga2(y,n) apotential symbol
of order pe R, whilegoa(y,n) isnothingelsethan a dasscd scdar symbal (of order ).

Let for € 5V(X")@nSy" " (QxRY) and f1p € sPX)Brd " (Q x RY),
and consider theintegral representations

59 gaaymu= [ [ taalr I Xiyemu(e' ) ().
u(r,x) € xY(X"), and

(56) g12(y;n)c(r,x) = cfia(r[n], X y,n),

¢ € C. Then we have (trace ad pdential) symbols satisfying the mapping properties
(53) and (54).

THEOREM 5. (i) Every trace symbol g21(y,r]) can ke written in the form
(55) for anelement fo1(r',x';y,n) Slcj, (Q x RY);
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(i) evey potential symbal gi(y,n) can be written in the form (56) for an element
- ni1
fia(r,xy,N) € SE (XM &S, 7 (Q x RY).

This can be proved by analogous arguments as for Theorem 4. Here, as usua,
n=dimX.

REMARK 9. (i) Green symbadsin the sense of block matrices (53) can be
compaosed within the respedive spaces of Green symbals (with discrete or con-
tinuows asymptotics) and the homogeneous principal comporents behave multi -
plicaively.

(i) The dasss of Green symbadls (with discrete or continuows asymptotics) are
closed under asymptotic summation when the involved asymptotic types are the
same for al the summands.

Let usconcludethis sdionwith afew intuitive remarks onthe nature of contin-
uous asymptoticswhich giveriseto some* unexpeded’ examplesof Green, trace or po-
tential operatorsin that context. First note that when w(r) isany fixed cut-off function
andze C, Rez< M2 —y, then we have w(r)r ~%c(x) € x *¥(X") for any c € C*(X).
Recdl that such functions may be interpreted as snguar functions of the discrete cone
asymptotics for r — 0 with exporent —z. Now if {(y) € C*(Q,a2’(K,C®(X))) isany
family of analytic functionals caried by a wmpad set K ¢ {Rez< 5t —y}, the
function

(57) w(r){C(y),r )

may be interpreted as the linea superposition o singuar functions for the discrete
asymptotics with the (y-dependent) density {(y). Such ‘densities’ may be organised as
follows. Chocse an arbitrary function f(y,z) € C*(Q x (C\ K),C>(X)), holomorphic
inze C\ K that extends for every y € Q to a catain (C*(X)-vaued) meromorphic
functionin z € C with pdes pj(y) € K, j =1,...,N(y), of multiplicities m;(y) + 1.
These palesincluding multi pli cities may be not constant in y. Then, setting

%)@ — 5 [ @)z

whereC C {Rez < %1 — y} isa compad (say, C*) curve oourter clockwise surround
ingthe set K such that C hasthewinding number 1 with resped to every point of K, we
obtainan element {(y) € C*(Q,2'(K,C®(X))) such that (57) has discrete asymptotics
of the kind (43) for every fixed y. Now

C3cmc-a(rin) " @€y). () 2

defines a patential symbal of order p in the frame of continuows asymptotics which
just produces functions with pantwise (in y) discrete but branching asymptotics. In a
similar manner we can organise tracesymbols which refled such asymptotics as well
as more general Green symbals of that kind. Constructions of that kind may also be
foundin[15].
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4. Green operators

4.1. Green operatorson a manifold with edges

Let M be a ®mpad manifold with edgeY, localy nea anyy € Y modelled onX” x R,
where X is a dosed compad C* manifold. Recdl that transition functions between
(open) stretched wedges R+ x X x RY 3 (r,x,y) are asumed to be C* uptor =0. In
addition we choose the global atlas by such singuar charts nea Y in such away that
the transition functions are cnstant with resped tor for 0 < r < € for some e > 0. By
M we dencte the stretched manifold assciated with M, seethe introduction.

We onsider the weighted edge Sobdev spacew SY(M) that is defined as the
subspaceof al u e HZ (intM) which locdly nea Y in the cordinates (r,x,y) belong

to wS(RY, x SY(X")). Here w S(RY, E) for a Hilbert spaceE with groupadionk,, is
the completion of s (RY, E) with resped to the norm

{ [

with ((n) being the Fourier transform of u in RY. In a similar manner we define
w S(RY,E) for a Fréchet spaceE which is the projedive limit of Hilbert spaces E!
with groupadions, with continuows embeddings. .. — El*1 < El < ... < E%for all
j € N, such that the groupadion onE! isthe restriction of the one on E° for every j.
This al ows us to define subspaces

1
o] Lan}

(58) w S(RY, 5¥ (X))

of w S(RY, % SY(X")) for any (discrete or continuous) asymptotictype 7, usingthefad
that 51 (X") is a Frédhet spacewith groupadioninduced by k; on % SY(X"), se R.
Globally on M we then define w,¥(M) to be the subspaceof v $¥(M) locdly nea
the edge described by (58).

DEFINITION 3. A Green operator G (of the type of an upger left corner) with
(discrete or continuouws) asymptotics is an operator that islocally near Y in stretched
coordinates (r,x,y) of theform

opguty) = [, [ @9 Mgun)uy)dyan,

dn := (2m)~9dn, for a Green symba g(y,n) of order y, moduo a gobd smooth-
ing operator, characterised by the property to define a continuous map w SY(M) —
W;’ Y7H(M) for evey s and some asymptotic type » and asimilar property of the

formal adjoint.

ReEMARK 10. If g(y,n) is a Green symbad of the kind (49), then for every
¢(r) € C5(R+.) the operators $Op, (g) and Op(g)$ are smoothing onRR . x R x X.
In particular, we seethat the singuarities of Green operators are amncentrated onthe
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boundry {0} x Q x X asisexpeded in analogyto a wrrespondng behaviour of Green
operatorsin classcd boundry value problems.

In fad, the operators of multiplicaion 24y by ¢ generate (non-classcd) sym-
bolsary € S°(Q x RY,  SY(X"), k SY(X")) for every y € R. Moreover, the multi pli ca:
tion byr—N¢ for any N € N is of similar behaviour. Then,

og(y;n) =r NorNg(y.n) =r Non] N (rin)Ng(y,n).

Sincethe order of (r[n])Ng(y,n) isthe same asthat of g(y,n) andthe multi plication by
[n]~N gives rise to an order shift by —N we obtain that ¢g(y,n) is an operator-valued
symbol of order —oo, and hence $Opy (9) = Op, (¢g) is smoocthing.

Observethat a Green operator G on M induces continuous operators
wSY(M) — w,y WY HM)

for every s€ R, where 2 is a (discrete or continuous) asymptotic type associated with
G. Thisis a consequenceof general continuity on Sobdev spaces.

REMARK 11. Green operators on a (stretched) manifold M with edges form
an algebra, and the compasition is compatible with the locd symbadlic structure; in
particular, the homogeneous principal symbals (in the sense of twisted hamogeneity)
behave muilti pli catively.

REMARK 12. Thereis a dightly modified global edge cdculus, based onthe
spaces
KSVS(X") 1= {r) Ox V(X"

for g = s— yrather than % 5Y(X"), andthe groupadion
K 1 u(r,x) — AT"E U, X),

A € Ry, instead of (13). Edge spaces w S(RY,E) modelled onE = % SY9(X") with
aternative group adions of that kind have been suggested in [2], in conredion with
the solvability of hyperbadlic equations. In addition, following a remark of [19], the
resulting gobal edge spaceson'W have then particularly natural i nvariance properties.
All considerations here on Green symbadls and Green operators easily generali se to the
modified spaces. For simplicity we return to the case withou g; then in order to have
invariance of the global objeds we need to choose an atlas on W with some spedfied
behaviour of transition maps.

4.2. Green operatorswith parameters

The concept of operator-valued symbols as in Sedion 13 has a parameter-dependent
analogue, when we replacethe covariablen € R9 by (n,\) € R9 x R and require the
symboalic estimates with resped to (n,A). In particular, we obtain a generalisation of



56 B.-W. Schulze- A. Volpato

Definition 2to the A-dependent case, cf. also Remark 6.

The oonstructions of the precaling sedion yield parameter-dependent fami-
lies of Green operators. According to the iterative concept of building up peudo
differential cdculi onmanifoldswith higher (polyhedral) singuariti eswe may employ
such parameter-dependent famili es as (operator-valued) symboals of a next generation
of operators, for instance, on the infinite (stretched) cone R, x M with base M. Con-
structionsin that sense may be foundin the paper [7], in particular, a number of kernel
cut-off results for such operator functions.

Kernel cut-offs can be organised onthe level of symbals. In order to ill ustrate
the dfedswe want to consider Green symbols with discrete asymptotics as in Defini-
tion 2which belongto spaces of the kind

(59 F1(Q x RIxR'; & 3Y(X"), 5B (x"))

such that g*(y,n,A) belongsto correspondnganaogue of the spacein (18). For | =1
we dsowritel 5 instead of R when A isinvolvedintheformz= 6+ iA for somed € R.
Moreover, let

S (QxRIXC; KS’V(X/\),STB(XA))

denate the spaceof al g(y,n,z) whichareholomorphicinze C suchthat g(y,n,5+iA)
belongsto (59) (for | = 1) for every 6 € R, uniformly in compad &-intervals, and where
g*(y,n,z) satisfies an analogous condtion.

THEOREM 6. For evey 6 € R thereisa continuows map
F(Q xRIx T xY(X"), sB(X)) — H(Q x RIx C; % 3¥(X"), s B(x1),
g(y,n,8+iA) — h(y,n,d+iA), such that

9(%,N,2) — (YN, 2)[axraxrs € S (Q x RIx [5 % 3Y(X"), 58 (x"))

for evey s€ R andsuch that the pointwise formal adjoint havean andogous property.

Theorem 6 can be proved by applying a kernel cut-off argument as used in an
analogots context in [7]. A similar result holds for Green symbals with continuows
asymptotics. According to Theorem 1 the holomorphic symbad h(y,n,z) has afamily
of integral kernels

(60) fREZ(r[nvaxvr/[n’)‘}vxlay»na)\)v

A =Imz via arepresentation o the form (20). Thisisvalid for every fixed Rez, how-
ever, the holomorphic dependenceof (60) onzis by nomeansobvious. In other words,
kernel cut-off constructionswhich produceholomorphic dependenceona complex co-
variable are better applied to the symbalsin their original definition rather than their
integral kernels.
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