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ESENTIAL SELF-ADJOINTNESSAND GLOBAL
HYPOELL IPTICITY OF THE TWISTED LAPLACIAN

Abstract. A scde of Sobdev spaces is introduced to measure the global hypcelli pticity of
the twisted Lapladan. The esentia self-adjointness of the twisted Lapladan is established
and the domain of the unique self-adjoint extension is determined in terms of the Sobdev
spaces. The global hypodli pticity of the twisted Lapladan in the Gelfand-Shilov spaces is
also proved.

1. Thetwisted Laplacian

Let 2 and 2 belinea partial differential operatorsonR? given by

9_090_,9

0z 0x oy
and

2.0 0

0z ox oy

Then we define the linea partial differential operator L onR? by

L=—%(ZZ+ZZ),
where
Z—g—i—lz Z=X—I
_az 2 ) - y7
and
_—g—}z Z=X+i
ez 27 T Y

The vedor fields Z and Z, and the identity operator | form a basis for aLie dgebrain
which the Lie bradket of two elements is their commutator. In fad, —Z is the formal
adjoint of Z and L is an €lli ptic partial diff erential operator onR? given by

N N
L=—0+7( +y?) —i (Xayyax>’

where 5 5
P
ox2 - 0y?
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Thus, L is the ordinary Hermite operator —A + % (x? +y?) perturbed by the partial
differential operator —iN, where

0 0
N=x3 Yax

isthe rotation operator. As auch, we cdl L the twisted Lapladan. The vedor fields Z
andZ, andthe twisted Lapladan L are studied in the books[9, 10, 11]. The cmnredion
of the twisted Lapladan L with the sub-Lapladan onthe Heisenberg groupH* can be
foundin [10]. By way of comparison, the sub-Lapladan Ay onthe Heisenberg group

H?! isgiven by
1

02
2
By = D=7 (X +y2)—52+N

Thetwisted Lapladan L can be fadtored as

1)\? 1\2
L= (Dx_§y> + (Dy+ §X> .
Its ymbal ¢ isgiven by

2 2
o(x,y;&,n) = <E ;y> + (n + ;X>

for all points (x,y) and (£,n) in R2. Thus, L is eliptic, but not globally eliptic. It is
not globally elli ptic even in the sense of [8]. In other words, we canna find paitive
constants C and R such that

9
o

lo(x.y;€,n)| = C(L+ x>+ |yl + €[>+ n|?)

for X2+ |y|? 4 €[>+ n|? > R While the locd solvability andlocd regularity of L are
well understood the correspondng dobal propertiesare not clea.

Besidesthese traditional questions, thetwisted Lapladan L isclosely conreded
with the mathematics of pseudo-diff erential operatorsin the framework of Weyl trans-
forms and Wigner transforms. This perspedive is most important abot this operator.

The dm of this paper is to study the esential self-adjointnessand the global
hypadli pticity of the twisted Lapladan. See[7] and [2] for detail ed expositions on,
respedively, esentia self-adjointnessand gobal hypalli pticity.

Usingthe Wey! transformsand the Fourier—Wigner transforms of Hermite func-
tions, which werecdl in Sedions 2 and 3 we can construct the hea kernel and Green
function o the twisted Lapladan L. Asis shown in [13], the Green function can be
used to provethat the twisted Lapladan L is globally hypcelli ptic in the sense that

ue s’(R?), Lue 5(R?) = ue s(R?).

The hea kernel, the Green function and the global hypaelli pticity of the twisted Lapla-
cian L aredescribedin Sedion 4. In Sedion 5we show that the twisted Lapladan L is
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esentialy self-adjoint. A scde of Sobdev spacestail ored to thetwisted LapladanL is
constructed in Sedion 6. The domain of the unique self-adjoint extension can then be
computed explicitly. The global hypcelli pticity of the twisted Lapladan L using these
Sobdev spaces is given in Sedion 7. In Sedion 8 Gelfand-Shilov spaces are first
recdl ed and then used to have anather look at the global hypcelli pticity of the twisted
Lapladan.

2. Weyl transforms

Let f and g be functionsin the Schwartz spaces (R) onR. Then the Fourie—Wigner
transformV (f,g) of f and g is defined by

V(f,9)(a,p) = (2ﬂ)‘1/2/joéqyf (y+3)a(y-3)ay

for al gand pinR. It can be proved that VV(f,g) isafunctionin the Schwartz space
S (R?) onR2. We define the Wigner transformW(f,g) of f andg by

W(f,g)=V(f,9)",

where F isthe Fourier transform of F, which we chooseto define by

F(Q) = (2m) ™2 /R e F(9dz TeR",

for al F inthe Schwartz spaces (R") onRR". It can be shown that

Wit.gxe) =20 ¥ [ et (x+5)a(x-F)d

—00

foral xand& inR. It isobviousthat

W(fag):W(g7f): f,gES(R).

Now, let 0 € LP(R?), 1 < p< o, andlet f € 5(R). Then we define W f to be the
tempered distribution onR by

Wotg) = @m Y2 [ [ olx EW(F.0)(x8)dxck
foral gins(R), where (F,G) is defined by
(F,G) :/ F(2G(z) dz
Rn

for al measurable functionsF and G onR", provided that the integral exists. We cal
W the Weyl transform associated to the symbal o. It shoud be noted that if o isa
symbal in s (R?), then W f isafunctionin s (R) for al f ins(R).
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3. Fourier-Wigner transfor ms of Hermite functions

Fork=0,1,2,..., the Hermite function e of order k isthe function onR defined by

&(x) = e X*/2Hy(x)

1
(2Kt \/T0)1/2
for al xin R, where Hy isthe Hermite polynomial of degreek given by

d\¥ 2
H — _1k 2 el — X
0= (04 () @)
for all xinR.
For j,k=0,1,2,..., we define the functione; x onRR2 by
ej,k(xvy) :V(ejver()(xvy)
for al x andy in R. Then we have the following fad, whichis Theorem 21.2in [11]].

THEOREM 1. {gjx: j,k=0,1,2,...} isan athonamal basisfor L2(R?).

The spedral analysisof thetwisted Lapladan L isbased onthe foll owingresult,
whichisTheorem 22.1in[11].

THEOREM 2. For j=0,1,2,...,k=1,2,...,
Zejy=1(2k)"2ej )1
andfor j,k=0,1,2,...,
ZeLk = i(2k+ 2)1/2ej7k+1.

REMARK 1. In view of Theorem 2, we cdl Z and Z the annihilation operator
andthe aedion operator, respedively, for the functionsejk, j,k=0,1,2,...,0n R2.

Animmediate consequence of Theorem 2 is the foll owing theorem.

THEOREM 3. For j,k=0,1,2,...,
Lejk = (2k+1)ej k.

REMARK 2. Theorem 3 says that for k =0,1,2,..., the number 2k+ 1 is an
eigenvalue of the twisted Lapladan L, and the functionse;jx, j =0,1,2,..., 0n R? are
eigenfunctions of L correspondngto the egenvalue 2k + 1.

4. Global hypodllipticity

Using Wey! transforms and Fourier—Wigner transforms of Hermite functions, we get
the hed kernel k¢, t > 0, of the twisted Lapladan L given by
1 1

1 2 i1
- = — 7|z—w|“cotht 4 7 [zw]
amsnnt e,

Kt (Z, W)
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for al zandwin C, where [z, w] is the sympledic form of zand w given by
[z,w] = 2Im(ZW).

The Green function G of the twisted Lapladan L can then be obtained simply by inte-
grating the hed kernel k; from 0 to co with resped tot. Theresultis

gl Ly (Lo wp
G(z,w) =¢€4 4nK0 4\2 w]

for al zandw in C, where K is the modified Bessl function o order O given by
Ko(x) :/ g xesigt x> 0.
0

The Green function can then be used to prove that the twisted Lapladan L is globally
hypcelli ptic. More predsely, we have the foll owing theorem.

THEOREM 4. Thetwisted LaplacianL isglobaly hypoelli ptic in the sense that
ue s'(R?), Lue s(R?) = ue s(R?).

Theresultsin this sdion can befoundin [13].

5. Esential self-adjointness

Since —Z istheformal adjoint of Z, it foll owsthat the twisted L apladan L isasymmet-
ric operator from L2(R?) into L?(R?) with dense domain s (R?). As such, itisclosable
and we dencte the dosure by L.

PROPOSITION 1. Lgisclosed andsymnetric.

Proof. That Lo is closed is obvious. Now, let u and v be in the domain » (Lo) of Lo.
Then let {¢}7>, and {Y };>, be sequencesin s (R?) be such that

¢ —u,
Lo — Lou,

Y —v

and
LYy — Lov

inL2(R?) as| — . So,
(Lou,v) = lim(Lor, i) = im(¢r, L) = (u,Lov),

andLg is ymmetric. O
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Infad, we can prove astronger result than Propasition 1
THEOREM 5. Lgis Ef-adjoint.

Proof. Since Lg is closed and symmetric, it follows that Lo is sif-adjoint if we can
provethat the resolvent set p(Lo) of Lo containsared number. (Seg for instance, page
137 d [7].) Itis sufficient to prove that the range R(Lo) of Lo is dense in L?(R?) and
there exists apaositive constant C such that

) [Loullz > C|ull2, u€ D(Lo).

The density foll ows from the global hypcelli pticity of L in the sense of Schwartz func-
tions and dstributions given in Theorem 4. To prove the inequality (1), let ¢ € 5 (R?).
Then, by Parseval’s identity,

2

0o 00

J;)kgo(ZH 1)(d,ejk)ejk

J;k;(ZKJr 1)/(0,ej) |2

Jikimejk)ﬁ

19113

ILo)3

vV

O

COROLLARY 1. Thetwisted Laplacian L from L?(R?) into L2(R?) with dense
domain s (R?) is esentially self-adjoint.

6. Sobolev spaces

For s € R, we define H? by

0o 0o

HS2 = {u €s'(R?): JZOkZO(H K%)°|(u, e | < °°} :

It is easy to seethat HS2 is an inner product spacewith inner product (, )s2 and nam
[I1ls:2 given by

(U,V)s2 = Jioéo(l—i_ kz)s(u, ejk)(ejk, V)

and

lullg, = Z)kzo(H K2)*) (u, e |2
J=0k=]

foral uandvin HS2,
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THEOREM 6. HS2 isa Hilbert spacewith resped to the inner product (, )s2.

Proof. First welookat the case when s> 0. Then thedomain o (L3) of the self-adjoint
operator L§ from L2(R?) into L?(R?) is a Banach spacewith resped to the graph nam
| |s given by

uf = [ILgull3+IIull3, ue D(LY).

But for al uin o (L§),
IL3ulE = 5 5 @+ 1€l ~ ulZe
J=0k=0

S0, ||||s2 isanormin HS?. For s < 0, we see eaily that HS2 can be identified with the
dual spaceof H~S? viathe pairing (, ) given by

(u,v) % 2 (1+K)¥2(u, ejk) (1 + k) 52 (gjk, V)
J=0k=0
forall uin HS2 andvin H—52. So, H3? is complete. O
From the proof of Theorem 6, we obtain the foll owing resullt.

THEOREM 7. D (Lg) = HY2.

7. Sobolev inequalities

Thefoll owingtheorem givesanother measure of the global hypoelli pticity of the twisted
Lapladan L usingthe Sobdev spacesin the precaling sedion.

THEOREM 8. Letse R. Then
ue s'(R?), Lue H%? = ue HS™12,
In fact, there exst positive mnstantsC; andC; such that
Ci|jullst1.2 < |ILUlls2 < Co|ul|st12, UE HS+L2.

Proof. For all ue Hst1:2,

2
ILulls2

%z (1+K3)%(2k+1)?| (u, ey) 2

~ _zOkg<1+k2>S“|<u,e,-k>|2
j=0k=l

2
= [ullsiz2:
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The inequaliti esin Theorem 8 are the analogues for the twisted Lapladan L of
the Agmon-Doudi s—Nirenberginequaliti esfor elli ptic boundry value problemsin [1]
and dlli ptic pseudo-diff erential operators, i.e., Propasition 1313, in[12].

REMARK 3. The Sobdev spaceHS? is the same & the Shubin Sobdev space
Q32 given by
Q%2 ={uec s'(R?) : Lue L?(R?)}

and equipped with the norm || || gs2, where
[ullgse = [IL%ll2, ue Q2

Let uc H?. Then LSu € L?(R?). SinceLS is alocdly €lli ptic operator of order 2s, it
foll ows from the standard theory of elli ptic regularity that u islocdly in the standard
Sobdev spaceof order 2s.

8. Gefand-Shilov spaces

Let pand v be paositive red numbers such that p+v > 1. Then the Gelfand-Shilov
spaceS(R") is defined to be the set of all functions in C*(R") for which there exists
apositive cnstant C such that for all multi-indicesa and 3,

[x*(0P9)(x)] < CIAHPFA(at) (B, x e R".

It can beshown that afunctiond isin S(R") if and orly if there exist pasitive constants
C and € such that for all multi-indicesa,

[(0%)(x)| < C‘“'*l(a!)“e"”x‘l/v, x € R".

This charaderizaiontell s usthat afunctionin a Gelfand-Shil ov spacehas exporential
decy at infinity. Another interesting charaderizationisthat afunctionisin a Gelfand—
Shilov spaceif and only if thefunctionitself andits Fourier transform have exporential
decyy at infinity. More predsely, afunction ¢ isin the Gelfand-Shil ov spaceS} (R") if
and orly if there eist positive constants C and € such that

x)| <Ce " xeRrn
[6(X)] : ,
and y

B(8)| <Ce M, gern

Moreover, the Gelfand-Shil ov spaceSH(R") isthe same asthe spaces of test functions
for Fourier hyperfunctions. In fadt, 7 isthe set of al functions¢ in C*(R") for which
there exist positive mnstantsC, € and 6 such that for all multi-indicesa,

1(0%9)(x)| < Cl%atetM,  xeR".

See Chapter 4 of [6] and the paper [5] for detail s on Gelfand-Shil ov spaces. Recent
applicaions of Gelfand-Shil ov spacesin the regularity and exporential decey of solu-
tions of partial differential equations can befoundin [3, 4].
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The following theorem tells us that the global hypaelli pticity of the twisted
Lapladan can also be measured by the Gelfand-Shil ov spaces.

THEOREM 9. Thetwisted LaplacianL is globdly hypoelli ptic in the Gelfand—
Shilov spaces. More predsely, let 1 andv be positivereal numbers such that p+v > 1.
Then
ue s'(R?), Lu e sH(R?) = u e sH(R?).

For a proof of Theorem 9, we make use of an estimate in [13] for the modified
Bes=l function Kq of order 0, which comes up in the Green function for the twisted
Lapladan described in Sedion 4. For the sake of completeness we recdl it here.

PROPOSITION 2. For evey positive number ), there exsts a pasitive mnstant
C,, such that
Ko(X)| <Cyx ", x> 0.

Proof of Theorem 9. Since f € §(R?), it foll ows that there exists a positive cnstant C
such that for all multi-indicesa and 3,

) 12(3Pf)(2)| < COHIB+L @)V (BNH, zeC.
Let f =Lu. Then

u(z) = /G (z,w) f (W) dw = / g(w)e 72 f (z— w) dw
foral zin C, where

4
For all multi-indices 3, we writefor al zin C,

(Pu)(2) = /(C g(w)o (€2 (z-w)) dw

To seethat the interchange of diff erentiation and integrationis permitted, we write

/ o) [0 (329 f(z—w) )| dw=11(2) +12(2).
C
where

h(@) =, lotw) |a (412 w)) [aw

and

lo(2) = /W|21\g<w>| 08 (42 (z—w)) | aw

To estimate 11(z), we use the inequdlity (2) and Leibniz' formulato ohtain a positive
constant C; such that

[B]+1
l1(2) < P B /‘W‘ﬂm(vv)\dw, zeC.
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By Propasition 2 we seethat

[ lgwldw<e
jw|<1
and hencewe get a positive aonstant C, for which

l(z) <P, zec.

Similarly, we seethat there exists a positive mnstant Cs such that

12(2) <P [ wiPllgw)law zeC.

wi>1
By Propasition 2, we seethat there exists a positive constant C4 such that
lo(z) <CPT M, zec.
Now, let a and 3 be abitrary multi-indiceswith a # 0. Then for al zin C,
12 (0Pu)(2)| < 2% (A1(2) + (2),

where
2@ = [ wllgw) [0 (€12 (z—w) )| dw

2(2) = [ low)| 2wl |0} (37 (2 w)) | dw
C
Asinthe case when a = 0, we can get a positive cnstant Cs such that
Ji(2) <COTEF Qv H zec.

Now, we notethat by Leibniz' f ormula and theinequality (2), we get apositive constant
Cs such that

3(2) < c P oy (B [C wiPljg(w)|dw, ze C.

So, asin the cae when a = 0, we can etimate [ |w|'Pl|g(w)|dw by bresking C into
|w| < 1and|w| > 1. Hencethere exists a pasitive mnstant C; such that

J(2) <R qrvpnH, zeC.

This completesthe proof.
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