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ESSENTIAL SELF–ADJOINTNESSAND GLOBAL

HYPOELL IPTICITY OF THE TWISTED LAPLACIAN

Abstract. A scale of Sobolev spaces is introduced to measure the global hypoelli pticity of
the twisted Laplacian. The essential self-adjointnessof the twisted Laplacian is established
and the domain of the unique self-adjoint extension is determined in terms of the Sobolev
spaces. The global hypoelli pticity of the twisted Laplacian in the Gelfand–Shilov spaces is
also proved.

1. The twisted Laplacian

Let ∂
∂z and ∂

∂z be linear partial differential operatorsonR2 given by

∂
∂z

=
∂
∂x

− i
∂
∂y

and
∂
∂z

=
∂
∂x

+ i
∂
∂y

.

Then wedefine the linear partial differential operator L onR2 by

L = −1
2
(ZZ+ZZ),

where

Z =
∂
∂z

+
1
2

z, z= x− iy,

and

Z =
∂
∂z

− 1
2

z, z= x+ iy.

The vector fields Z and Z, and the identity operator I form a basis for a Lie algebra in
which the Lie bracket of two elements is their commutator. In fact, −Z is the formal
adjoint of Z andL is an elli ptic partial differential operator onR2 given by

L = −∆ +
1
4
(x2 +y2)− i

(

x
∂
∂y

−y
∂
∂x

)

,

where

∆ =
∂2

∂x2 +
∂2

∂y2 .

∗This research has been supported by the Natural Sciences and Engineering Research Council of
Canada.

75



76 A. Dasgupta - M.W. Wong

Thus, L is the ordinary Hermite operator −∆ + 1
4(x2 + y2) perturbed by the partial

differential operator −iN, where

N = x
∂
∂y

−y
∂
∂x

is the rotation operator. As such, we call L the twisted Laplacian. The vector fields Z
andZ, andthetwisted Laplacian L arestudied in thebooks[9, 10, 11]. The connection
of the twisted Laplacian L with the sub-Laplacian onthe Heisenberg groupH

1 can be
foundin [10]. By way of comparison, the sub-Laplacian ∆

H1 on theHeisenberg group
H1 is given by

−∆
H1 = −∆− 1

4
(x2 +y2)

∂2

∂t2 +N
∂
∂t

.

The twisted Laplacian L can be factored as

L =

(

Dx−
1
2

y

)2

+

(

Dy +
1
2

x

)2

.

Its symbol σ is given by

σ(x,y;ξ,η) =

(

ξ− 1
2

y

)2

+

(

η+
1
2

x

)2

for all points (x,y) and (ξ,η) in R2. Thus, L is elli ptic, but not globally elli ptic. It is
not globally elli ptic even in the sense of [8]. In other words, we cannot find positive
constantsC andRsuch that

|σ(x,y;ξ,η)| ≥C(1+ |x|2+ |y|2 + |ξ|2+ |η|2)

for |x|2+ |y|2+ |ξ|2 + |η|2 ≥ R. While the local solvabilit y andlocal regularity of L are
well understood, the corresponding global propertiesare not clear.

Besidesthesetraditional questions, thetwisted Laplacian L isclosely connected
with themathematicsof pseudo-differential operators in the framework of Weyl trans-
formsandWigner transforms. Thisperspective ismost important about thisoperator.

The aim of this paper is to study the essential self-adjointnessand the global
hypoelli pticity of the twisted Laplacian. See[7] and [2] for detailed expositions on,
respectively, essential self-adjointnessand global hypoelli pticity.

UsingtheWeyl transformsandtheFourier–Wigner transformsof Hermitefunc-
tions, which we recall i n Sections2 and 3, we can construct the heat kernel and Green
function of the twisted Laplacian L. As is shown in [13], the Green function can be
used to provethat the twisted Laplacian L is globally hypoelli ptic in thesense that

u∈ S ′(R2), Lu∈ S (R2) ⇒ u∈ S (R2).

Theheat kernel, theGreen functionandtheglobal hypoelli pticity of the twisted Lapla-
cian L aredescribed in Section 4. In Section 5weshow that the twisted Laplacian L is
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essentially self-adjoint. A scaleof Sobolev spacestailored to thetwisted Laplacian L is
constructed in Section 6. The domain of the uniqueself-adjoint extensioncan then be
computed explicitly. The global hypoelli pticity of the twisted Laplacian L using these
Sobolev spaces is given in Section 7. In Section 8, Gelfand–Shilov spaces are first
recalled and then used to have another lookat the global hypoelli pticity of the twisted
Laplacian.

2. Weyl transforms

Let f and g be functions in the Schwartz spaceS (R) on R. Then the Fourier–Wigner
transformV( f ,g) of f andg is defined by

V( f ,g)(q, p) = (2π)−1/2
Z ∞

−∞
eiqy f

(

y+
p
2

)

g
(

y− p
2

)

dy

for all q and p in R. It can be proved that V( f ,g) is a function in the Schwartz space
S (R2) onR2. We definethe Wigner transformW( f ,g) of f andg by

W( f ,g) = V( f ,g)∧,

where F̂ is the Fourier transform of F , which we chooseto defineby

F̂(ζ) = (2π)−n/2
Z

Rn
e−iz·ζF(z)dz, ζ ∈ R

n,

for all F in the Schwartz spaceS (Rn) onRn. It can beshown that

W( f ,g)(x,ξ) = (2π)−1/2
Z ∞

−∞
e−iξp f

(

x+
p
2

)

g
(

x− p
2

)

dp

for all x andξ in R. It isobviousthat

W( f ,g) = W(g, f ), f ,g∈ S (R).

Now, let σ ∈ Lp(R2), 1 ≤ p ≤ ∞, and let f ∈ S (R). Then we define Wσ f to be the
tempered distribution onR by

(Wσ f ,g) = (2π)−1/2
Z ∞

−∞

Z ∞

−∞
σ(x,ξ)W( f ,g)(x,ξ)dxdξ

for all g in S (R), where (F,G) is defined by

(F,G) =
Z

Rn
F(z)G(z)dz

for all measurable functionsF and G on Rn, provided that the integral exists. We call
Wσ the Weyl transform associated to the symbol σ. It should be noted that if σ is a
symbol in S (R2), thenWσ f is a function in S (R) for all f in S (R).
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3. Four ier–Wigner transformsof Hermite functions

For k = 0,1,2, . . . , the Hermite functionek of order k is the function onR defined by

ek(x) =
1

(2kk!
√

π)1/2
e−x2/2Hk(x)

for all x in R, whereHk is theHermitepolynomial of degreek given by

Hk(x) = (−1)kex2
(

d
dx

)k

(e−x2
)

for all x in R.

For j,k = 0,1,2, . . . , we definethe functionej ,k onR2 by

ej ,k(x,y) = V(ej ,ek)(x,y)

for all x andy in R. Then we havethe following fact, which isTheorem 21.2 in [11].

THEOREM 1. {ej ,k : j,k = 0,1,2, . . .} is an orthonormal basis for L2(R2).

Thespectral analysisof thetwisted Laplacian L isbased onthefollowingresult,
which isTheorem 22.1 in [11].

THEOREM 2. For j = 0,1,2, . . . , k = 1,2, . . . ,

Zej ,k = i(2k)1/2ej ,k−1

andfor j,k = 0,1,2, . . . ,
Zej ,k = i(2k+2)1/2ej ,k+1.

REMARK 1. In view of Theorem 2, we call Z and Z the annihilation operator
and the creation operator, respectively, for the functionsej ,k, j,k = 0,1,2, . . . , onR2.

An immediate consequenceof Theorem 2 is the followingtheorem.

THEOREM 3. For j,k = 0,1,2, . . . ,

Lej ,k = (2k+1)ej ,k.

REMARK 2. Theorem 3 says that for k = 0,1,2, . . . , the number 2k+ 1 is an
eigenvalueof the twisted Laplacian L, and the functionsej ,k, j = 0,1,2, . . . , on R2 are
eigenfunctionsof L correspondingto the eigenvalue2k+1.

4. Global hypoelli pticity

Using Weyl transforms and Fourier–Wigner transforms of Hermite functions, we get
the heat kernel κt , t > 0, of the twisted Laplacian L given by

κt(z,w) =
1
4π

1
sinht

e−
1
4 |z−w|2cothtei 1

4 [z,w],
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for all zandw in C, where [z,w] is thesymplectic form of zandw given by

[z,w] = 2Im(zw).

The Green functionG of the twisted Laplacian L can then be obtained simply by inte-
grating theheat kernel κt from 0 to ∞ with respect to t. Theresult is

G(z,w) = ei 1
4 [z,w] 1

4π
K0

(

1
4
|z−w|2

)

for all zandw in C, whereK0 is themodified Bessel function of order 0 given by

K0(x) =

Z ∞

0
e−xcoshtdt, x > 0.

The Green function can then be used to prove that the twisted Laplacian L is globally
hypoelli ptic. Moreprecisely, we have the followingtheorem.

THEOREM 4. Thetwisted LaplacianL isglobally hypoelli ptic in thesense that

u∈ S ′(R2), Lu∈ S (R2) ⇒ u∈ S (R2).

Theresults in this sectioncan be foundin [13].

5. Essential self-adjointness

Since−Z is theformal adjoint of Z, it followsthat thetwisted Laplacian L isasymmet-
ric operator from L2(R2) into L2(R2) with densedomain S (R2). As such, it isclosable
andwe denote the closureby L0.

PROPOSITION 1. L0 is closed andsymmetric.

Proof. That L0 is closed is obvious. Now, let u and v be in the domain D (L0) of L0.
Then let {ϕl}∞

l=1 and{ψl}∞
l=1 besequences in S (R2) besuch that

ϕl → u,

Lϕl → L0u,

ψl → v

and
Lψl → L0v

in L2(R2) as l → ∞. So,

(L0u,v) = lim
l→∞

(Lϕl ,ψl ) = lim
l→∞

(ϕl ,Lψl ) = (u,L0v),

andL0 is symmetric.
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In fact, we can prove astronger result than Proposition 1.

THEOREM 5. L0 is self-adjoint.

Proof. Since L0 is closed and symmetric, it follows that L0 is self-adjoint if we can
provethat theresolvent set ρ(L0) of L0 containsareal number. (See, for instance, page
137 of [7].) It is sufficient to prove that the range R(L0) of L0 is dense in L2(R2) and
there existsapositive constant C such that

(1) ‖L0u‖2 ≥C‖u‖2, u∈ D (L0).

Thedensity followsfrom theglobal hypoelli pticity of L in thesenseof Schwartz func-
tionsand distributionsgiven in Theorem 4. To provethe inequality (1), let ϕ ∈ S (R2).
Then, by Parseval’s identity,

‖Lϕ‖2
2 =

∥

∥

∥

∥

∥

∞

∑
j=0

∞

∑
k=0

(2k+1)(ϕ,ejk)ejk

∥

∥

∥

∥

∥

2

=
∞

∑
j=0

∞

∑
k=0

(2k+1)2|(ϕ,ejk)|2

≥
∞

∑
j=0

∞

∑
k=0

|(ϕ,ejk)|2

= ‖ϕ‖2
2.

COROLL ARY 1. The twisted Laplacian L from L2(R2) into L2(R2) with dense
domain S (R2) is essentially self-adjoint.

6. Sobolev spaces

For s∈ R, we defineHs,2 by

Hs,2 =

{

u∈ S ′(R2) :
∞

∑
j=0

∞

∑
k=0

(1+k2)s|(u,ejk)|2 < ∞

}

.

It is easy to seethat Hs,2 is an inner product spacewith inner product ( , )s,2 and norm
‖‖s,2 given by

(u,v)s,2 =
∞

∑
j=0

∞

∑
k=0

(1+k2)s(u,ejk)(ejk,v)

and

‖u‖2
s,2 =

∞

∑
j=0

∞

∑
k=0

(1+k2)s|(u,ejk)|2

for all u andv in Hs,2.
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THEOREM 6. Hs,2 is a Hilbert spacewith respect to the inner product ( , )s,2.

Proof. First we lookat the casewhen s≥ 0. Then thedomainD (Ls
0) of theself-adjoint

operator Ls
0 from L2(R2) into L2(R2) isaBanach spacewith respect to thegraph norm

| |s given by
|u|2s = ‖Ls

0u‖2
2+‖u‖2

2, u∈ D (Ls
0).

But for all u inD (Ls
0),

‖Ls
0u‖2

2 =
∞

∑
j=0

∞

∑
k=0

(2k+1)2s|(u,ejk)|2 ∼ ‖u‖2
s,2.

So, ‖‖s,2 isanorm in Hs,2. For s< 0, wesee easily that Hs,2 can be identified with the
dual spaceof H−s,2 via the pairing 〈 , 〉 given by

〈u,v〉 =
∞

∑
j=0

∞

∑
k=0

(1+k2)s/2(u,ejk)(1+k2)−s/2(ejk,v)

for all u in Hs,2 andv in H−s,2. So, Hs,2 is complete.

From theproof of Theorem 6, we obtain the followingresult.

THEOREM 7. D (L0) = H1,2.

7. Sobolev inequali ties

Thefollowingtheoremgivesanother measureof theglobal hypoelli pticity of thetwisted
Laplacian L using theSobolev spaces in theprecedingsection.

THEOREM 8. Let s∈ R. Then

u∈ S ′(R2), Lu∈ Hs,2 ⇒ u∈ Hs+1,2.

In fact, there exist positive constantsC1 andC2 such that

C1‖u‖s+1,2 ≤ ‖Lu‖s,2 ≤C2‖u‖s+1,2, u∈ Hs+1,2.

Proof. For all u∈ Hs+1,2,

‖Lu‖2
s,2 =

∞

∑
j=0

∞

∑
k=0

(1+k2)s(2k+1)2|(u,ejk)|2

∼
∞

∑
j=0

∞

∑
k=0

(1+k2)s+1|(u,ejk)|2

= ‖u‖2
s+1,2.
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The inequaliti es in Theorem 8 are the analogues for the twisted Laplacian L of
theAgmon–Douglis–Nirenberginequaliti esfor elli ptic boundary valueproblemsin [1]
andelli ptic pseudo-differential operators, i.e., Proposition 13.13, in [12].

REMARK 3. The Sobolev spaceHs,2 is the same as the Shubin Sobolev space
Qs,2 given by

Qs,2 = {u∈ S ′(R2) : Lsu∈ L2(R2)}
andequipped with the norm ‖‖Qs,2, where

‖u‖Qs,2 = ‖Lsu‖2, u∈ Qs,2.

Let u∈ Hs,2. Then Lsu∈ L2(R2). SinceLs is a locally elli ptic operator of order 2s, it
follows from the standard theory of elli ptic regularity that u is locally in the standard
Sobolev spaceof order 2s.

8. Gelfand–Shilov spaces

Let µ and ν be positive real numbers such that µ+ ν ≥ 1. Then the Gelfand–Shilov
spaceSµ

ν(R
n) isdefined to betheset of all functionsϕ inC∞(Rn) for which there exists

a positive constant C such that for all multi -indicesα and β,

|xα(∂βϕ)(x)| ≤C|α|+|β|+1(α!)ν(β!)µ, x∈ R
n.

It can beshownthat afunctionϕ is in Sµ
ν(R

n) if and only if there exist positive constants
C and ε such that for all multi -indicesα,

|(∂αϕ)(x)| ≤C|α|+1(α!)µe−ε|x|1/ν
, x∈ R

n.

Thischaracterizationtellsusthat a functionin aGelfand–Shilov spacehasexponential
decay at infinity. Another interestingcharacterizationis that afunctionis in aGelfand–
Shilov spaceif and only if thefunctionitself anditsFourier transformhave exponential
decay at infinity. Moreprecisely, a functionϕ is in theGelfand–Shilov spaceSµ

ν(R
n) if

and only if there exist positive constantsC andε such that

|ϕ(x)| ≤Ce−ε|x|1/ν
, x∈ R

n,

and
|ϕ̂(ξ)| ≤Ce−ε|ξ|1/µ

, ξ ∈ R
n.

Moreover, theGelfand–ShilovspaceS1
1(R

n) isthesame asthespaceF of test functions
for Fourier hyperfunctions. In fact, F is theset of all functionsϕ in C∞(Rn) for which
there exist positive constantsC, ε and δ such that for all multi -indicesα,

|(∂αϕ)(x)| ≤Cδ|α|α!e−ε|x|, x∈ R
n.

SeeChapter 4 of [6] and the paper [5] for details on Gelfand–Shilov spaces. Recent
applicationsof Gelfand–Shilov spaces in the regularity andexponential decay of solu-
tionsof partial differential equationscan be foundin [3, 4].
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The following theorem tells us that the global hypoelli pticity of the twisted
Laplacian can also bemeasured by theGelfand–Shilov spaces.

THEOREM 9. The twisted LaplacianL is globally hypoelli ptic in the Gelfand–
Shilov spaces. Moreprecisely, let µ andν bepositivereal numbers such that µ+ν≥ 1.
Then

u∈ S ′(R2), Lu∈ S µ
ν (R2) ⇒ u∈ S µ

ν (R2).

For a proof of Theorem 9, we make use of an estimate in [13] for the modified
Bessel function K0 of order 0, which comes up in the Green function for the twisted
Laplacian described in Section 4. For the sakeof completeness, werecall it here.

PROPOSITION 2. For every positivenumber η, there exists a positive constant
Cη such that

|K0(x)| ≤Cηx−η, x > 0.

Proof of Theorem9. Since f ∈ Sµ
ν(R

2), it followsthat there existsapositive constant C
such that for all multi -indicesα and β,

(2) |zα(∂β f )(z)| ≤C|α|+|β|+1(α!)ν(β!)µ, z∈ C.

Let f = Lu. Then

u(z) = (L−1 f )(z) =

Z

C

G(z,w) f (w)dw =

Z

C

g(w)ei 1
4 [z,w] f (z−w)dw

for all z in C, where

g(w) =
1
4π

K0

(

1
4
|w|2

)

, w∈ C.

For all multi -indicesβ, we write for all z in C,

(∂βu)(z) =

Z

C

g(w)∂β
z

(

ei 1
4 [z,w] f (z−w)

)

dw.

To seethat the interchangeof differentiationand integration is permitted, we write
Z

C

|g(w)|
∣

∣

∣
∂β

z

(

ei 1
4 [z,w] f (z−w)

)∣

∣

∣
dw = I1(z)+ I2(z),

where
I1(z) =

Z

|w|≤1
|g(w)|

∣

∣

∣
∂β

z

(

ei 1
4 [z,w] f (z−w)

)
∣

∣

∣
dw

and
I2(z) =

Z

|w|≥1
|g(w)|

∣

∣

∣
∂β

z

(

ei 1
4 [z,w] f (z−w)

)
∣

∣

∣
dw.

To estimate I1(z), we use the inequality (2) and Leibniz’ f ormula to obtain a positive
constant C1 such that

I1(z) ≤C|β|+1
1 (β!)µ

Z

|w|≤1
|g(w)|dw, z∈ C.
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By Proposition 2, weseethat

Z

|w|≤1
|g(w)|dw < ∞

and hencewe get a positive constant C2 for which

I1(z) ≤C|β|+1
2 (β!)µ, z∈ C.

Similarly, weseethat there existsa positive constant C3 such that

I2(z) ≤C|β|+1
3 (β!)µ

Z

|w|≥1
|w||β||g(w)|dw, z∈ C.

By Proposition 2, weseethat there existsapositive constant C4 such that

I2(z) ≤C|β|+1
4 (β!)µ, z∈ C.

Now, let α andβ be arbitrary multi -indiceswith α 6= 0. Then for all z in C,

|zα(∂βu)(z)| ≤ 2|α|(J1(z)+J2(z)),

where

J1(z) =

Z

C

|w||α||g(w)|
∣

∣

∣
∂β

z

(

ei 1
4 [z,w] f (z−w)

)
∣

∣

∣
dw

and

J2(z) =

Z

C

|g(w)| |z−w||α|
∣

∣

∣
∂β

z

(

ei 1
4 [z,w] f (z−w)

)∣

∣

∣
dw.

As in the case when α = 0, we can get a positive constant C5 such that

J1(z) ≤C|α|+|β|+1
5 (α!)ν(β!)µ, z∈ C.

Now, wenotethat by Leibniz’ f ormula andtheinequality (2), weget apositive constant
C6 such that

J2(z) ≤C|α|+|β+1
6 (α!)ν(β!)µ

Z

C

|w||β||g(w)|dw, z∈ C.

So, as in the case when α = 0, we can estimate
R

C
|w||β||g(w)|dw by breaking C into

|w| ≤ 1 and |w| ≥ 1. Hencethere existsa positive constant C7 such that

J2(z) ≤C|α|+|β|+1
7 (α!)ν(β!)µ, z∈ C.

Thiscompletestheproof.
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