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ANALYSIS OF AN AGE-STRUCTURED MSEIR MODEL

Abstract. In this paper we study the properties of an age-structured MSEIR epidemic model.
Existence, uniqueness and positivity of the strict solution of the problem are proved by using
semigroup techniques. Moreover, the expression of the total population density by means of
a suitable nonlinear semigroup is given. Finally, a semplified system of ODE is proposed and
the equilibrium solutions with stability results are analized.

1. Introduction

In the framework of epidemic models, many kinds of mathematical models have been
investigated: the most common ones are the so called SIR and SIS models. The first
type analyzes the theoretical number of people infected by acontagious illness. In the
modeling transmission dynamics of a communicable disease,it is common to divide
the population into distint classes whose sizes change withtime. The name SIR is
due to the fact that this kind of models involves ordinary differential equations for the
number of Susceptible, Infected and Recovered individuals: one the simplest examples
is the Kermack-McKendrick model, proposed to study London’s cholera of 1865 and
Bombay’s plague of 1906, [6]. Talking about the second type,SIS models take into
consideration a group of diseases for which infection does not confer immunity (e.g.,
gonorreha); a Susceptible can become Infective and Susceptible again, [8].

In most of cases, the set of individuals studied in SIR and SISmodels depends
only on timet, whereas the variable agea does not effect the epidemic dynamics.
However, since many diseases, such as measles or chickenpox, are primarily diseases
of children (see, for istance, [2], [3] and [4]), only subdividing the population into
differing age-classes we can be able to capture age-structured transmission in more
detail.

In this work, we shall study an age-structured MSEIR epidemic model, where,
besides Susceptibles (S(a,t)), Infectious (I(a,t)) and Removed (R(a,t)), a class of indi-
viduals protected by Maternal antibodies after their birth(M(a,t)) and a class of indi-
viduals Exposed to the disease but not yet infected (E(a,t))are considered. This last
choice is due to the fact that many diseases, such as measles and mumps, are charac-
terized by a latent period. Literature in the framework of MSEIR models is not wide:
an example is given by [13] (see also the references quoted therein), where existence
and uniqueness of positive steady states for an age-structured MSEIR epidemic model,
similar to that proposed here, is proved. Our model is improved considering the total
populationN not only depending on the age variablea, but also on the time variablet.
Moreover, whereas in [13] many manipulations to the model are made and the authors
used the positive invariant sets theory, we study the problem simply as a semilinear
problem, by using the classical semigroup theory, ([1],[9]). Moreover, we prove that
the nonlinear term of the system is Frechet differentiable and the expression of the total
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population density, by means of a suitable nonlinear semigroup, is given.

The paper is organized as follows: after the epidemic model description, in
Section 2, by using semigroup techniques ([1],[9]), we studies global existence and
uniqueness of the model solution and we prove that M, S, E, I, R(i.e., the densities
of individuals protected by maternal antibodies, susceptibles, exposed, infective and
removed, respectively) are positive and regular functions. The results provide the ex-
plicit form of the total population density and also a prioriestimates of the functions
S, E, I, which allow to get positivity and global existence results. Finally, under some
homogeneity assumptions, last Section is devoted to derivea system of ordinary dif-
ferential equations for the total number of individuals protected by maternal antibody,
susceptibles, latents, infectives and removed ones; the equilibrium solutions and their
stability are also analyzed. Note that the results of this paper agree with those present
in literature (see, for instance, [11]).

A further work will be dedicated to the study of an MSEIR modelwith vacci-
nation effects: the idea is that of using mathematical techniques similar to those used
in the present paper (see [12], for numerical simulation).

2. The epidemic model

Assume an isolated population of individuals of age a, at time t (no immigration or
emigration process is considered), can be divided into a setof five disjoint classes,
dependent upon their experience with respect to a given disease. Related to each group
we consider:

1. M = M(a, t): density of individuals protected by maternal antibodies;

2. S= S(a, t): density of susceptibles;

3. E = E(a, t): density of people exposed to the disease but not yet infectious (la-
tents);

4. I = I(a, t): density of infectives;

5. R= R(a, t): density of removed (or immunes).

The total population densityN = N(a,t) will be such that:

(1) N = M +S+E+ I +R, 0≤ a≤ rm,t ≥ 0,

with rm < +∞ the highest age attended.
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The spread of disease can be described by the following system of partial integro-
differential equations:

(2)





Mt +Ma = −(µ+ δ)M,

St +Sa = δM− (µ+ λ)S,

Et +Ea = λS− (µ+ α)E,

It + Ia = αE− (µ+ γ)I ,

Rt +Ra = γI −µR,

where

Ht =
∂
∂t

H(a, t), Ha =
∂

∂a
H(a,t), H = M,S,E, I ,R, a∈ (0, rm),t > 0,

the costantsδ−1,α−1,γ−1 represent the mean period protected by maternal antibodies,
the mean latent period and the mean infectious period, respectively, whereas withµ =
µ(a) we indicate the instantaneous death rate at agea. In order to have attainable finite
age, we assume that:

Hp1: µ is a nonnegative locally integrable function, such that
R rm

0 µ(a)da= +∞.

Finally, the termλ = λ(a, t) represents the so-called force of infection and it is given
by the following function:

λ(a, t) =

Z rm

0
β(a,σ)I(σ,t)dσ,

whereβ(a,σ) is the probability, per unit of time, that a susceptible of age a meets an
infectious of ageσ and the first becomes latent: this means that, at timet, the probabil-
ity a susceptible became latent during the interval(a,a+ da) is given byλ(a,t)da. It
is reasonable to assume:

Hp2: β(a,σ) is an essentially bounded function over the interval(0, rm)× (0, rm):
0≤ β ≤ β̄.

System (2) is supplemented with the boundary conditions:

M(0, t) = q > 0, H(0,t) = 0, H = S,E, I ,R

and the initial conditions:

H(a,0) = H0(a) > 0, H = M,S,E, I ,R.

REMARK 1. From now on, we often use the following definition:

H̃ = Hl(a), H = N,M,S,E, I ,R,
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with

l(a) = exp[
Z a

0
µ(s)ds].

and the following notations:

H̃t =
∂
∂t

H̃(a, t), H̃a =
∂

∂a
H̃(a,t), H̃ = Ñ,M̃, S̃, Ẽ, Ĩ ,R̃, a∈ (0, rm),t > 0,

H̃0(a) = H0(a)l(a), H̃ = Ñ,M̃, S̃, Ẽ, Ĩ ,R̃, a∈ [0, rm].

By summing all equations of system (2) and taking into account definition (1),
we have the following system:

(3)





Ñt + Ña = 0,

Ñ(0, t) = q,

Ñ(a,0) = N0(a)l(a) = Ñ0(a),

whereN0(a) = M0(a)+S0(a)+E0(a)+ I0(a)+R0(a) (see also Remark 1).

Let us consider the Banach spaceX = L1(0, rm), with norm

(4) ‖ f‖ =

Z rm

0
| f (a)|da, ∀ f ∈ X,

and positive cone ([7], [10])

X+ = { f ∈ X, f (a) ≥ 0,a.e. in(0, rm)}.

It is easy to prove that the solution of system (3) has the form:

(5) Ñ(a, t) =

{
Ñ0(a− t), a≥ t,
q, a < t.

If Ñ0 is a bounded function, a suitablek > 0 exists such that|Ñ0(a)| ≤ k, for any
a∈ [0, rm] and

(6) |Ñ(a, t)| ≤ K, ∀t ≥ 0,a∈ [0, rm],

with K = max(k,q).

Since the first equation of system (2) is similar to the first one of (3), the solution
of 




M̃t + M̃a = −δM̃,

M̃(0, t) = q,

M̃(a,0) = M0(a)l(a) = M̃0(a),

is given by:

(7) M̃(a, t) =

{
M̃0(a− t)exp(−δt))], a≥ t,
qexp(−δa), a < t.
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REMARK 2. Note thatM̃ ∈ X+, provided thatM̃0(a) ≥ 0 for a∈ [0, rm]. More-
over, since it is reasonable to assume|M̃0(a)| ≤ k, thenM̃ satisfies estimate (6).

Since from definitions (1) and Remark 1

R̃= Ñ− M̃− S̃− Ẽ− Ĩ ,

system (2) will be completely solved, if we find the solutionsof the following system :

(8)





S̃t + S̃a = δM̃−λS̃,

Ẽt + Ẽa = λS̃,

Ĩt + ĨaαẼ = γĨ
S̃(0, t) = Ẽ(0, t) = Ĩ(0,t) = 0,

S̃(a,0) = S̃0(a), Ẽ(a,0) = Ẽ0(a), Ĩ(a,0) = Ĩ0(a),

whereM̃ is given by (7) (see also Remark 1).

Define the operator:

(9) L f = − f ′, D(L) = { f ∈ X, f ′ ∈ X, f (0) = 0}, R(L) ⊂ X.

Note thatL is a linear operator, because its domain contains the homogeneous boundary
condition. We prove it generates a linearC0−semigroup, [1].

In order to study system (8), we prove three preliminary lemmas.

LEMMA 1. The operator L satisfies the following properties:

i) ‖(λI −L)−1g‖ ≤
1
λ
‖g‖, ∀g∈ X;

ii) D(L) is dense in X;

iii) L is closed.

Proof. Consider the equation
(λI −L) f = g

where the unknownf must be sought inD(L). Hence the solution of

f ′ = −λ f +g, f (0) = 0,

is given by:

f (a) =

Z a

0
g(s)exp[−λ(a−s)]ds, 0 < a < rm.

Moreover, from (4):

‖ f‖ ≤
Z rm

0
eλs|g(s)|ds

Z rm

s
e−λada≤

1
λ
‖g‖.

Thus, f belongs toD(L). Propertyii) follows from the fact thatD(L) ⊃ C∞
0 (0, rm),

which is dense inX. Finally, sinceD((λI − L)−1) = X and(λI − L)−1 is a bounded
operator,(λI −L)−1 is a closed operator. Hence, alsoL = −(λI −L)+ λI is a closed
operator, [5].
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REMARK 3. Lemma 1 proves that the operator(λI −L)−1 exists, it is defined
on the whole spaceX and is a bounded operator; hence, it is the resolvent operator
R(λ,L) of L, [5].

LEMMA 2. L is the generator of a C0−semigroup Z(t) = {exp(tL),t ≥ 0}, such
that

‖Z(t) f‖ ≤ ‖ f‖.

The semigroup Z(t) maps the positive cone X+ into itself.

The proof of the theorem follows directly from the Hille Yosida Theorem, [5],
[9].

Define the operator

J f =

Z rm

0
β(a,σ) f (σ)dσ, D(J) = X, R(J) ⊂ X.

The following lemma holds.

LEMMA 3. J is a bounded operator and‖J‖ ≤ βrm. Moreover, J f∈ L∞(0, rm),
for any f ∈ X, and‖J f‖∞ ≤ β‖ f‖, where‖ · ‖∞ is the norm in L∞(0, rm).

To study system (8), consider the Banach space

X∗ = X×X×X,

with norm

‖f‖∗ = ‖




f1
f2
f3


‖ =

3

∑
i=1

‖ fi‖, ∀f ∈ X∗,

whereX = L1(0, rm) and‖ fi‖ is given by (4), withfi ∈ X, i = 1,2,3.

Define the following operators

L∗f =




L f1 0 0
0 L f2−α f2 0
0 0 L f3− γ f3


 ,

D(L∗) = D(L)×D(L)×D(L), R(L∗) ⊂ X∗,

(10) F f =




− f1J f3
f1J f3
α f2


 , D(F) = X∗, R(F) ⊂ X∗.

By using operatorL∗ andF, the abstract version of (8) becomes:

(11)





d
dt

u(t) = L∗u(t)+Fu(t)+g(t), t > 0,

u(0) = u0 ,
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where

(12) u(t) =




u1(t)
u2(t)
u3(t)


=




S̃(.,t)
Ẽ(.,t)
Ĩ(.,t)


 ; g(t) =




δM̃(.,t)
0
0


 ; u0 =




S̃0

Ẽ0

Ĩ0


 .

LEMMA 4. The linear operator L∗ is the generator of a C0-semigroup
{exp(tL∗), t ≥ 0}, given by

exp(tL∗) =




exp(tL) 0 0
0 exp(−αt)exp(tL) 0
0 0 exp(−γt)exp(tL)


 ,

with L given by (9). Moreover,

‖exp(tL∗)‖ ≤ 1.

Let r be a given positive number, the following subset ofX∗ can be defined

Dr = {f ∈ X∗,‖f‖∗ ≤ r}.

LEMMA 5. F satisfies a Lipschitz condition on Dr and

(13) ‖F(f)−F(g)‖∗ ≤ l‖f −g‖∗,

with l = 2βr + α.

Proof.

‖F(f)−F(g)‖∗ = ‖ f1J f3−g1Jg3‖+‖ f1J f3−g1Jg3‖+‖α f2−αg2‖ ≤

≤ 2‖ f1J f3− f1Jg3‖+2‖ f1Jg3−g1Jg3‖+ α‖ f2−g2‖, ∀f,g∈ Dr .

From Lemma 3, we have:

‖F(f)−F(g)‖∗ ≤ 2βr‖ f3−g3‖+2βr‖ f1−g1‖+ α‖ f2−g2‖ ≤ (2βr + α)‖f −g‖∗.

LEMMA 6. F is Fréchet differentiable in X∗ and the derivative Ff is continuous
with respect tof ∈ X∗.

Proof. The following equality must be proved, for any givenf,h ∈ X∗:

F(f +h)−F(f) = Ff (h)+G(f,h) ,

whereFf is a linear bounded operator which depends onf ∈ X∗ andG(f,h) is such that

lim
‖h‖∗→0

G(f,h)

‖h‖∗
= 0.
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Since

F(f +h)−F(f) =




− f1Jh3−h1J f3−h1Jh3

f1Jh3 +h1J f3 +h1Jh3

αh2


 ,

by defining

Ff(h) =




− f1Jh3−h1J f3
f1Jh3+h1J f3

αh2


 , G(f,h) =




−h1Jh3

h1Jh3

0


 ,

we have that

lim
‖h‖∗→0

‖G(f,h)‖∗
‖h‖∗

= lim
‖h‖∗→0

2β‖h‖∗ = 0.

Since
‖Ff(h)‖∗ = 2‖ f1Jh3+h1J f3‖1 + α‖h2‖1 ≤

(
4β‖f‖∗+ α

)
‖h‖∗,

Ff is linear and bounded. Moreover, since

‖ f1Jh3 +h1J f3−g1Jh3−h1Jg3‖ ≤ ‖( f1−g1)Jh3‖+‖h1(J f3−Jg3)‖ ≤

≤ β‖h3‖‖( f1−g1)‖+ β‖h1‖‖ f3−g3‖ ≤ 2β‖h‖∗‖f −g‖∗,

the continuity ofFf with respect tof ∈ X∗ is proved, i.e.,

lim
‖f−g‖∗→0

‖Ff(h)−Fg(h)‖∗ = 0.

THEOREM 1. System (11) has a unique strict solutionu = u(t) defined on a
suitable interval[0,T].

The proof of the theorem follows directly from Lemmas 4, 5, 6 and by the
definition ofg, given by (12), [1]. Such a solution can be found by using a successive
approximation procedure for the integral equation

(14) u(t) = exp(tL∗)u0 +

Z t

0
exp[(t −s)L∗] [g(s)+F(u(s))]ds.

Since we proved that̃N(a, t) is a bounded and positive function (see (6)), it is quite
reasonable to think that also the solution of (11) (or equivalently the solution of the
integral equation (14)) has bounded and positive components. In order to prove this,
let us introduce the space

X∗
∞ = X∞ ×X∞×X∞ = L∞(0, rm)×L∞(0, rm)×L∞(0, rm) ,

with norm

‖f‖∞ =
3

∑
i=1

‖ fi‖∞, ∀f ∈ X∗
∞,
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where‖ fi‖∞ = sup{ fi(a),a∈ (0, rm)},∀ fi ∈ X∞, i = 1,2,3. For a suitable ˆm> 0, define
the set:

S(m̂) = {f ∈ X∗∩X∗
∞,‖f‖∞ ≤ m̂}.

It can be proved thatS(m̂) is a not empty closed set ofX∗ (see Example 1.23 of [1]).

LEMMA 7. If f ∈ S(m̂), thenexp(tL∗)f ∈ S(m̂) and F(f) ∈ S(2βm̂2 + αm̂).

The proof of the lemma follows from Lemmas 3, 4, definition (10) and the
properties ofS(m̂).

Define the space
X∗

c = C([0,T];X∗) ,

(T will be chosen in the sequel), with the norm

‖f‖c = max{‖f(t)‖∗,t ∈ [0,T]}, ∀f ∈ X∗
c .

Consider the following closed subset ofX∗
c :

∆(m̂) = {f ∈ X∗
c , f(t) ∈ S(m̂),t ∈ [0,T]}.

The nonlinear Volterra integral equation (14) can be written as

u = Qu,

where:

(15) Q(f(t)) = exp(tL∗)u0 +

Z t

0
exp[(t −s)L∗] [g(s)+F(f(s))]ds,

with D(Q) = X∗
c ,R(Q) ⊂ X∗

c .

LEMMA 8. If u0 ∈ S(n̂), with n̂ a given positive constant, then:

i) Qf ∈ ∆(m̂ p(T)), for f ∈ ∆(m̂);

ii) ‖Q(f)−Q(g)‖c ≤ p(T)‖f −g‖c, for f,g∈ ∆(m̂),

where

p(T) =

[
n̂+expT −1

m̂

(
δK +2m̂2β+2m̂2βrm+ αm̂

)]
.

Proof. From definitions (15), we have:

‖Q(f(t))‖∞ ≤ n̂+(δK +2βm̂2 + αm̂)

Z t

0
exp(t −s)ds≤ m̂p(T) .

Moreover, iff,g∈ ∆(m̂), from Lemma 5, we have:

‖Q(f)−Q(g)‖c ≤

Z t

0
exp(t −s)‖F(f(s))−F(g(s))‖c ds≤ p(T)‖f −g‖c.
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REMARK 4. If we choose ˆn < m̂, then lim
T→0

p(T) = n̂/m̂ < 1, i.e., a suitably

small T exists, such thatp(T) < 1. This means thatQ maps∆(m̂) into itself and is
strictly contractive on∆(m̂). Note that the relevance of this result is due to the fact that,
even if T could be really small, after finding an a priori estimate of the norm of the
solution, it permits to prove the existence and uniqueness of the solution for eacht ≥ 0
(see in the sequel and [9], Theorem 1.4, Chapter 6).

THEOREM 2. If u0 ∈ S(n̂) and m̂ > n̂, then system (11) has a unique strict
solutionu = u(t) defined on a suitable interval[0,T] and such thatu(t) ∈ S(m̂),t ∈
[0,T].

Chooseu0 =




S̃0

Ẽ0

Ĩ0


 ∈ S(n̂) andm̂> n̂. From system (11), we have:

u1(t) = exp(tL)e−m̂tS̃0 +

Z t

0
exp[(t −s)L]e−m̂(t−s)δM̃(s)ds+

+

Z t

0
exp[(t −s)L]e−m̂(t−s)u1(s)(m̂−Ju3(s))ds,

(16) u2(t) = exp(tL)e−αt Ĩ0 +

Z t

0
exp[(t −s)L]e−α(t−s)u1(s)Ju3(s)ds,

u3(t) = exp(tL)e−γt Ẽ0 +
Z t

0
exp[(t −s)L]e−γ(t−s)αu2(s)ds.

THEOREM 3. Each component ui(t), i = 1,2,3, of u(t) belongs to X+, for any
t ui is defined.

It is possible to prove the theorem by a successive approximation procedure.

From Theorem 3, since it can be easily proved thatM,R∈ X+, from (6) we
have that‖u(t)‖∗ ≤ Krm. This a priori estimate proves the existence of a unique strict
solutionu(t) of the Eq. (14), for eacht ≥ 0 (see [1] and [9], Theorem 1.4, Chapter
6)). From Lemma 6 and the regularity properties of the known termg(t), follows the
differentiability ofu(t). It is easy to prove that alsõM andR̃are differentiable functions
both with respect toa andt. Hence, the following result holds (see [9], Theorem 1.5,
Chapter 6).

THEOREM 4. System (8) has a unique classical solution defined for each t≥ 0
and whose components belong to X+, provided that the initial conditions belong to X+.

REMARK 5. Defining the nonlinear operator

A f = − f ′, D(A) = { f ∈ X, f ′ ∈ X, f (0) = q},
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it can be easily proved thatA generates a nonlinear semigroup of contractions{W(t),t ≥
0} given by (5) and the solution of the evolution problem is given byw(t)=W(t)N0,t ≥
0. Note that the operatorA is nonlinear because of its domain.

3. A simplified model

The aim of this section is to derive a system of ordinary differential equations which
simplify system (2) and to study the stability properties ofits equilibrium solutions. In
order to make this section more readable and less boring, we introduce some notations
and omit to write many calculations.

Define the following quantities:

(17) µ̃H =

R rm
0 µ(a)H(a,t)da

‖H(t)‖
, H = M,S,E, I ,R,

m=

R rm
0 p(a)S(a, t)da

‖S(t)‖
, with p(a) =

R rm
0 β(a,σ)I(σ,t)dσ

‖I(t)‖
, a∈ (0, rm).

To get a simplified model, we make the following assumption:

Hp3: the quantities defined in (17) are constant and such that:

µ̃= µ̃M = µ̃S = µ̃E = µ̃I = µ̃R.

Even if Hp3 seems very restrictive, estimates found in Section 2 can be used to evaluate
µ̃H ,H = M,S,E, I ,R.

Integrating equations of system (2) with respect toa in the interval[0, rm], taking
into account the properties ofM,S,E, I ,R, and using the notation‖H‖t = d

dt‖H‖,H =
M,S,E, I ,R, we have:

(18)





‖M(t)‖t = q− (µ̃+ δ)‖M(t)‖ ,

‖S(t)‖t = δ‖M(t)‖− µ̃‖S(t)‖−M ‖S(t)‖‖I(t)‖ ,

‖E(t)‖t = m‖S(t)‖‖I(t)‖− µ̃‖E(t)‖−α‖E(t)‖ ,

‖I(t)‖t = α‖E(t)‖− µ̃‖I(t)‖− γ‖I(t)‖ ,

‖R(t)‖t = γ‖I(t)‖− µ̃‖R(t)‖ ,

‖H(0)‖ = ‖H0‖ H = M,S,E, I ,R.

Solving the first equation of (18), we get

(19) ‖M(t)‖ = e−(µ̃+δ)t ‖M0‖+
q

µ̃+ δ

(
1−e−(̃µ+δ)t

)
.
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Note that
lim

t→+∞
‖M(t)‖ =

q
µ̃+ δ

= M,

whereM is the equilibrium solution and it results asymptotically stable.

By summing all equations of system (18), and using (19), it iseasy to prove that

lim
t→+∞

(‖S(t)‖+‖E(t)‖+‖I(t)‖+‖R(t)‖) =
q
µ̃
−

q
µ̃+ δ

=
qδ

µ̃(µ̃+ δ)
.

In order to simplify (18), we shall consider the system for large time, and we put
‖M(t)‖ = M:

(20)





‖S(t)‖t =
δq

µ̃+ δ
− (µ̃+m‖I(t)‖)‖S(t)‖ ,

‖E(t)‖t = m‖S(t)‖‖I(t)‖− (µ̃+ α)‖E(t)‖ ,

‖I(t)‖t = α‖E(t)‖− (µ̃+ γ)‖I(t)‖ ,

‖R(t)‖t = γ‖I(t)‖− µ̃‖R(t)‖ ,

‖H(0)‖ = ‖H0‖ H = S,E, I ,R.

The equilibrium solution(S,E, I ,R) of (20) satisfies the following system:

(21)





0 =
δq

µ̃+ δ
− (µ̃+mI)S,

0 = mSI − (µ̃+ α)E,

0 = αE− (µ̃+ γ) I ,

0 = γI − µ̃R.

From the last two equations of (21), we get

(22) R=
γ
µ̃

I , E =
µ̃+ γ

α
I .

Hence, by substituting (22) into the first two equations of (21), we have

(23)





0 =
δq

µ̃+ δ
− µ̃S−mSI ,

0 = mSI −
(µ̃+ α)(µ̃+ γ)

α
I .

I = 0 is a solution of the second equation of (23); since from (22), we getR= E = 0,
from the first of (23):

(24) S=
δq

µ̃(µ̃+ δ)
.
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If we define:

(25) S (t) = ‖S(t)‖−S, E (t) = ‖E(t)‖, I (t) = ‖I(t)‖,

system (20) becomes:

(26)





S t = −(µ̃+mI )S −
mδq

µ̃(µ̃+ δ)
I ,

E t = [mS +
mδq

µ̃(µ̃+ δ)
]I − (µ̃+ α)E ,

It = αE − (µ̃+ γ)I ,

S (0) = S0,E (0) = E0, I (0) = I0.

Since the Jacobian matrix of the right hand side of (26), evaluated in the equilibrium
solution(0,0,0) is

J(0,0,0) =




−µ̃ 0 −
mδq

µ̃(µ̃+ δ)

0 −(µ̃+ α)
mδq

µ̃(µ̃+ δ)

0 α −(µ̃+ γ)




,

its eigenvalues are given by:

λ1 = −µ̃, λ2,3 =
−(µ̃+ α)− (µ̃+ γ)±

√
(α− γ)2 +4αmδq/µ̃(µ̃+ δ)

2
.

Whereasλ1 is always a negative real number,λ2 6= λ3 are negative real numbers if

(µ̃+ α)(µ̃+ γ) >
αmδq

µ̃(µ̃+ δ)
.

With this assumption, the equilibrium solution(0,0,0) is asymptotically stable; the
number of susceptibles‖S(t)‖ tends toS, whereas both the number of latents and the
number of infectives tend to zero. Moreover, it can be shown that also the number of
removed individuals tends to zero, for large time. Note that, if

(27) (µ̃+ α)(µ̃+ γ) =
αmδq

µ̃(µ̃+ δ)
,

one of the eigenvalues ofJ(0,0,0) is zero; hence the stability of(0,0,0) has to be
analized in another way. For example, by summing all equations of (26) with the
fourth of (20) and definingR (t) = ‖R(t)‖, since

S (t)+E (t)+ I (t)+R (t) = (S0 +E0+ I0 +R0)e−µ̃t,
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we get

(28) lim
t→+∞
S (t)+E (t)+ I (t)+R (t) = 0.

If S0,E0, I0,R0 ∈ R+, (‖S0‖ > S from (25)), henceS (t),E (t), I (t),R (t) ∈ R+, t ≥ 0
and (28) implies that each term of the sum tends to 0. In particular, if ‖S0‖ > S (for
instance,δ or q or both are small quantities), the number of susceptibles decreases to
S, whereas the number of latent, infectious and removed individuals tends to zero.

In a similar way, ifS0 < 0 (‖S0‖< Sfrom (25)),E0, I0,R0 ∈R+, henceS (t) < 0,
E (t), I (t),R (t) ∈ R+, t ≥ 0. In fact, with (27), system (26) becomes:





S t = −(µ̃+mI )S − [(µ̃+ α)(µ̃+ γ)I ]/α,

E t = m[S +(µ̃+ α)(µ̃+ γ)/α]I − (µ̃+ α)E ,

It = αE − (µ̃+ γ)I ,

R t = γI − µ̃R ,

S (0) = S0,E (0) = E0, I (0) = I0,R (0) = R0.

Since by summing the second, the third and the fourth equations of the previous system
{

(E + I +R )t = m[S +(µ̃+ α)(µ̃+ γ)]I /α− µ̃(R +E + I ),
E (0)+ I (0)+R (0) = E0 + I0 +R0,

by applying Gromwall’s inequality, we get:

E (t)+ I (t)+R (t) ≤ (E0 + I0+R0)exp[(mS− µ̃)t],

where we used (24) and (27). As a consequence, if

(29) S<
µ̃
m

,

the sumE (t)+ I (t)+R (t) goes to zero, ast →+∞. SinceE , I ,R ∈R+, it results that
lim

t→+∞
E (t) = lim

t→+∞
I (t) = lim

t+→∞
R (t) = 0. Hence, from (28), we get that lim

t→+∞
S (t) = 0,

that is lim
t→+∞

‖S(t)‖ = S. Thus, if (27) holds and (29) is fulfilled (for instance, if the

latent period or the force of infection or both are small), the equilibrium(S,0,0,0) is
such that̃Stends toS.

Finally, if

(30) (µ̃+ α)(µ̃+ γ) <
αmδq

µ̃(µ̃+ δ)
,

one of the eigenvalues ofJ(0,0,0) is positive and the equilibrium solution(0,0,0) is
unstable.
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Let us come back to system (23); ifI 6= 0 the solutions are given by

(31) Ŝ=
(µ̃+ α)(µ̃+ γ)

mα
, Î = h, Ê = h

(
µ̃+ γ

α

)
, R̂= h

γ
µ̃
,

where

(32) h =
δqα

(µ̃+ δ)(µ̃+ α)(µ̃+ γ)
−

µ̃
m

.

Values in (31) have biological meaning ifh > 0. Since this agrees with (30), we have
that the condition which makes the equilibrium solution(S,0,0,0) unstable, provides
also the existence of the biological equilibrium solution (S ,E , I ,R ). Moreover,h = 0
represents (27) and yields to the equilibrium solution(S,0,0,0) again.

Assumingh > 0, let us analyze the stability of(Ŝ, Ê, Î ,R̂). Since, by using
definitions (31) and the following notation

Ĥ (t) = ‖H(t)‖− Ĥ, H = S, I ,R,

system (20) becomes:

(33)





Ŝ t = −m‖S‖Î − (mh− µ̃)Ŝ ,

Ê t = m(‖S‖Î +hŜ )− (µ̃+ α)Ê ,

Ît = αÊ − (µ̃+ γ) Î ,

the unique equilibrium solution is(0,0,0) and the Jacobian matrix of the right hand
side is:

J(0,0,0) =




−(mh+ µ̃) 0 −mŜ

mh −(µ̃+ α) mŜ

0 α −(µ̃+ γ)




.

Since the characteristic equation ofJ(0,0,0)

(34) λ3 + λ2(a+b+h+ µ̃)−λ(a+b)(h+ µ̃)+abh= 0,

(with a = µ̃+ α,b = µ̃+ γ) has three solutions whose product is given by the known
termabh> 0, it follows that the matrixJ(0,0,0) has at least one positive eigenvalue.
In fact, if (34) admits only one real solution, it must be positive, because the product of
the other two complex conjugate solutions is positive. On the other hand, if there are
three real solutions, by examining all the possibilities, we find that at least one of these
is positive. This means that the equilibrium point(0,0,0) is unstable for system (33)
and thus the equilibrium solution(Ŝ, Ê, Î ,R̂) is unstable for system (20).

Note that the stability analysis is quite similar to that made for other epidemic
models (see, for instance, the more complicated model presented in [11]). In particular,
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we can conclude that if the coefficientm is very small or the mortality coefficient̃µ is
very high, the number of susceptibles tends to the equilibrium valueS 6= 0, whereas
the number of latent, infective and removed individuals tends to zero. In this case, as
in the simpler Kermack Mc Kendrick model, the disease stops because there are not
yet infectives and there are some individuals who do not become infective in any case.
On the other hand, ifh > 0 (see (32)), i.e., if the mortality coefficientµ̃ is small or
m is high, there is a non trivial equilibrium solution, (endemic steady state solution)
(Ŝ, Ê, Î ,R̂), which is unstable (see [11]).

All the results of this section can be summarized in the following theorem.

THEOREM5. The simplified system (20) has two equilibrium solutions(S,0,0,0)
and (Ŝ, Ê, Î ,R̂). The first solution is asymptotically stable if h> 0 and is unstable if
h < 0, with h given by (32). The second solution has biological meaning if h> 0 and it
is unstable. If h= 0, only the equilibrium solution(S,0,0,0) exists and it is such that
E , I ,R → 0 andS (t) → S, provided thatS< µ̃/m.
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