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ANALYSIS OF AN AGE-STRUCTURED MSEIR MODEL

Abstract. In this paper we study the properties of an age-structureBIR®pidemic model.
Existence, uniqueness and positivity of the strict solubbthe problem are proved by using
semigroup techniques. Moreover, the expression of thegotaulation density by means of
a suitable nonlinear semigroup is given. Finally, a sengalifiystem of ODE is proposed and
the equilibrium solutions with stability results are anad.

1. Introduction

In the framework of epidemic models, many kinds of mathecaatnodels have been
investigated: the most common ones are the so called SIR [&hch&dels. The first
type analyzes the theoretical number of people infecteddpntagious iliness. In the
modeling transmission dynamics of a communicable diseéasecommon to divide
the population into distint classes whose sizes change timith. The name SIR is
due to the fact that this kind of models involves ordinaryediéntial equations for the
number of Susceptible, Infected and Recovered individuals the simplest examples
is the Kermack-McKendrick model, proposed to study Londafiolera of 1865 and
Bombay'’s plague of 1906, [6]. Talking about the second ty®l& models take into
consideration a group of diseases for which infection dagsanfer immunity (e.g.,
gonorreha); a Susceptible can become Infective and Suisleeagain, [8].

In most of cases, the set of individuals studied in SIR andr&d8els depends
only on timet, whereas the variable agedoes not effect the epidemic dynamics.
However, since many diseases, such as measles or chickepgrimarily diseases
of children (see, for istance, [2], [3] and [4]), only suhiding the population into
differing age-classes we can be able to capture age-steactcansmission in more
detail.

In this work, we shall study an age-structured MSEIR epidemddel, where,
besides Susceptibles (S(a,t)), Infectious (I(a,t)) anch®Re=d (R(a,t)), a class of indi-
viduals protected by Maternal antibodies after their bfitt{a,t)) and a class of indi-
viduals Exposed to the disease but not yet infected (E@¢)considered. This last
choice is due to the fact that many diseases, such as meadi@susmps, are charac-
terized by a latent period. Literature in the framework of M8 models is not wide:
an example is given by [13] (see also the references quogeditt), where existence
and uniqueness of positive steady states for an age-steddSEIR epidemic model,
similar to that proposed here, is proved. Our model is impdosonsidering the total
populationN not only depending on the age variabléout also on the time variabte
Moreover, whereas in [13] many manipulations to the modehaade and the authors
used the positive invariant sets theory, we study the protdienply as a semilinear
problem, by using the classical semigroup theory, ([1],[9loreover, we prove that
the nonlinear term of the system is Frechet differentiabtetae expression of the total
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population density, by means of a suitable nonlinear sesjgris given.

The paper is organized as follows: after the epidemic modstiuption, in
Section 2, by using semigroup techniques ([1],[9]), we &sidjlobal existence and
unigueness of the model solution and we prove that M, S, E,(I,eR the densities
of individuals protected by maternal antibodies, susbtégdj exposed, infective and
removed, respectively) are positive and regular functidrie results provide the ex-
plicit form of the total population density and also a priestimates of the functions
S, E, I, which allow to get positivity and global existenceuks. Finally, under some
homogeneity assumptions, last Section is devoted to darsyestem of ordinary dif-
ferential equations for the total number of individualsteaied by maternal antibody,
susceptibles, latents, infectives and removed ones; thiéilgqum solutions and their
stability are also analyzed. Note that the results of thiepagree with those present
in literature (see, for instance, [11]).

A further work will be dedicated to the study of an MSEIR modih vacci-
nation effects: the idea is that of using mathematical teghes similar to those used
in the present paper (see [12], for numerical simulation).

2. The epidemic model

Assume an isolated population of individuals of age a, aettnino immigration or
emigration process is considered), can be divided into afséte disjoint classes,
dependent upon their experience with respect to a giveasksdrelated to each group
we consider:

1. M = M(at): density of individuals protected by maternal antibodies;
2. S=S(a,t): density of susceptibles;

3. E=E(at): density of people exposed to the disease but not yet ioiesiia-
tents);

4. 1 =I(a,t): density of infectives;
5. R=R(a,t): density of removed (or immunes).
The total population density = N(a,t) will be such that:
1) N=M+S+E+I1+R 0<a<ryt>0,

with r,y < 40 the highest age attended.
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The spread of disease can be described by the followingmyatpartial integro-
differential equations:

Mt +Ma = —(U+O)M,
S+S=M—(U+A)S
2) Et + Ea=AS— (L+Q)E,

li+1a=OE — (4 y)l,

R+Ra=Vyl —pR

where

Ht:%H(a,t), Ha:%H(a,t), H=M,SE,I,R, ac (0,rm),t>0,

the costant® 1, a1,y represent the mean period protected by maternal antihodies
the mean latent period and the mean infectious period, cgply, whereas withu =

H(a) we indicate the instantaneous death rate atade order to have attainable finite
age, we assume that:

Hpl: pis a nonnegative locally integrable function, such tf&a‘tu(a)da: +o00,

Finally, the termA = A(a,t) represents the so-called force of infection and it is given
by the following function:

Mat) = OrmB(a,o)I(o,t)do,

wheref(a, o) is the probability, per unit of time, that a susceptible oé agneets an
infectious of agey and the first becomes latent: this means that, attjrite probabil-
ity a susceptible became latent during the intefeah + da) is given byA(a,t)da It
is reasonable to assume:

Hp2: B(a,0) is an essentially bounded function over the inter@tmy) x (O,rm):
0<B<B

System (2) is supplemented with the boundary conditions:
M(0,t) =qg> 0, H(0,t) =0, H=SE,IR
and the initial conditions:
H(a,0) = Ho(a) > 0, H=M,SE,I,R
REMARK 1. From now on, we often use the following definition:

H =Hl(a), H=N,M,SEIR,
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with a
I(a) = exp[/o u(s)ds.
and the following notations:

A= JH(@t), Aa= ~A@t), A=NWSETR ae(0fm) >0

Ho(a) =Ho(@)l(a), H=N,M,SE,,R ac[0rm.

By summing all equations of system (2) and taking into actdefinition (1),
we have the following system:

N+ Na = 0,
(3) { @(Ovt) =4q, _
N(a,0) = No(a)l(a) = No(a),

whereNp(a) = Mo(a) + S(a) + Eo(a) + lo(a) + Ro(a) (see also Remark 1).
Let us consider the Banach spate- L*(0,ry,), with norm

@ 1= ["lf@ida viex
and positive cone ([7], [10])
Xt ={f eX, f(a)>0,a.e.in0,rm)}.

It is easy to prove that the solution of system (3) has the form

5) N(a,t){ et et

If No is a bounded function, a suitable> 0 exists such thafNo(a)| < k, for any
ac [0,ry| and

(6) IN(a,t)| <K, vt >0,a€[0,ry),

with K = max(k, Q).
Since the first equation of system (2) is similar to the firs ofi(3), the solution

of L _
Mt + Mg = —0M,
M(Ovt) =4q,
{ M(a,0) = Mo(a)l(a) = Mo(a),
is given by:

S Mo(a—t)exp—dt))], a>t,
) M(a,t){ qeoxp(—éa), a<t.
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REMARK 2. Note thaM e X, provided thaﬂ(l(a) > 0forac [0,ry]. More-
over, since it is reasonable to assujiig(a)| < k, thenM satisfies estimate (6).

Since from definitions (1) and Remark 1
R=N-M-S—E—I,

system (2) will be completely solved, if we find the solutiarfishe following system :

S+S=M-2S
Et Jr~Ea = )\S,~
) Iy + T.0E = Vi

SOt =EQOt)=I(0t)=0, -
S(a,0) = S(a),E(a,0) = Eg(a),1(a,0) = Ip(a),

whereM is given by (7) (see also Remark 1).
Define the operator:

9) Lf=—f, DL)={feX, f'eX, f(0)=0}, R(L)CX.

Note thal is a linear operator, because its domain contains the honeoges boundary
condition. We prove it generates a lin€x—semigroup, [1].

In order to study system (8), we prove three preliminary lexam

LEMMA 1. The operator L satisfies the following properties:

) I L) 2g) < 3ol vgex;

i) D(L) is densein X;

i) L is closed.
Proof. Consider the equation

Al -L)f=g
where the unknowri must be sought ib(L). Hence the solution of
f'=—-Af+g, f(0)=0,
is given by: .
f(a) = /o g(s)exp—A(a—s)]ds O<a<rm.

Moreover, from (4):

m m 1
Ifll< [ ela(g)as [ e da< 1igl.

Thus, f belongs toD(L). Propertyii) follows from the fact thaD(L) D Cg(0,rm),
which is dense irK. Finally, sinceD((Al —L)~%) = X and (Al — L)1 is a bounded
operator(Al — L)~ is a closed operator. Hence, alse= —(Al —L) + Al is a closed
operator, [5]. O
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REMARK 3. Lemma 1 proves that the operatat — L)~ exists, it is defined
on the whole spac¥ and is a bounded operator; hence, it is the resolvent operato
R(A,L) of L, [5].

LEMMA 2. L isthe generator of ag-semigroup Zt) = {exp(tL),t > 0}, such
that
1ZO)F < [IF]]-

The semigroup &) maps the positive cone*™Xinto itself.

The proof of the theorem follows directly from the Hille Ydai Theorem, [5],
[9].

Define the operator

'm

Jf = B(a,0)f(0o)do, D(J) =X, R(J) C X.
0
The following lemma holds.

LEMMA 3. Jis a bounded operator anf|| < Brm. Moreover, J fe L*(0,rm),
forany fe X, and||J || < B f||, where| - ||~ is the norm in (0, rp).

To study system (8), consider the Banach space
X*¥=XxXxX,

with norm

f1 3
=1 f2 |lI=SIfi]. vfeX,
f3 i;

whereX = L1(0,ry) and| fi|| is given by (4), withf; € X,i = 1,2, 3.
Define the following operators

Lfy 0 0
L*f = 0 sz—dfz 0 ,
0 0 Lf3—yf3
D(L*) =D(L) x D(L) x D(L), R(L*) C X*,

—f1Jf3
(10) Ff= fiJfs |, D(F)=X* R(F)cX".
a f2
By using operatoL* andF, the abstract version of (8) becomes:
d
d—u(t) =L"u(t)+Fu(t)+g(t), t>0,
(11) '

u(0) = up,



Analysis of a MSEIR model 119

where

Uy (t) S(..t) SM(.,t) S
(12 ut)=| w(t) | =1 E(t) |; 9ot)= 0 i Uo=| Eo |-
us(t) 01 0 lo

LEMMA 4. The linear operator L is the generator of a gsemigroup
{exp(tL*),t > 0}, given by

exp(tL) 0 0
exp(tL*) = 0 exp(—at) exp(tL) 0 ,
( 0 0 exf—yt) exp(tL) )

with L given by (9). Moreover,
(| exp(tL?)[| < 1.
Letr be a given positive number, the following subsekdéfcan be defined
Dr = {f e X, [[fl|" <r}.
LEMMA 5. F satisfies a Lipschitz condition on @nd
(13) IF(f) ~ F(@)ll. <Tlf —gll.,
withT = 2fr +a.
Proof.
IF(F) =F(9)ll+ = [[f1d s — 010l + [/ f2I f3 — 91| + [lafa —age|| <
<2||f1df3 — flgs|| + 2| fidgs — g1d || +al| f2—g2||, Vf,ge€Dy.
From Lemma 3, we have:
IF(f) =F(@)l« < 2Br||fs — gsll +2Br|| fr — gu]| + o]l f2— g2} < (2Br + ) [f — g ..
O

LEMMA 6. F is Fréchet differentiable in Xand the derivative {As continuous
with respect td € X*.

Proof. The following equality must be proved, for any giveh € X*:
F(f+h)—F(f) =F¢(h)+G(f,h),
whereF is a linear bounded operator which depend$ erX* andG(f, h) is such that

G(f,h)

=0 [[hll
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Since
—fiJh—hJf3—hyJhg
F(f4+h)—F(f) = fiJhg+hJfz+hdhg |,
dhz
by defining

—f1Jhg —hyJfs —h1Jhg
Ff(h) = filhg+hyJfz , G(f7 h) = hiJhg ,
C(hz 0

we have that

IG(f,h)]l =
— 72" — |im 2B|h|l,=0.
Ihj.—0  [[h]|. Ihl.—0 Bl

Since B
IF() . = 2]/ 130+ hud fal + all ezl < (4Bl +a) 1]l

F is linear and bounded. Moreover, since
[If1Ihs +h1J f3 — g1Jhg — haJgs|| < [|(f1 — g1)Ihg|| + [[h1(I f3 — Jgg) || <
< BlIhalll(f2 — ga) | +Bliha || [ fs — gall < 2B]hl|.If g,
the continuity of/s with respect td € X* is proved, i.e.,

lim ||R(h) —Fy(h)|« =0.
[[f-gl-—0

O

THEOREM 1. System (11) has a unique strict solutior= u(t) defined on a
suitable intervalO, T].

The proof of the theorem follows directly from Lemmas 4, 5,r@ldy the
definition ofg, given by (12), [1]. Such a solution can be found by using asssive
approximation procedure for the integral equation

(14) u(t) = exp(tL*)ug+ /Ot exp[(t —s)L*][g(s) + F(u(s))]ds

Since we proved thﬁ(a,t) is a bounded and positive function (see (6)), it is quite
reasonable to think that also the solution of (11) (or edeivdy the solution of the
integral equation (14)) has bounded and positive compsnéntorder to prove this,
let us introduce the space

Xao = Xoo X Xoo X Xoo = L¥(0,rm) x L*(0,rm) x L*(0,rm),

with norm

3
o= I, VTeX:,
2
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where|| fi||» = sup{fi(a),ac (0,rm)},Vfi € X»,i = 1,2,3. For a suitablen™ 0, define
the set:
S(m) = {f e X*NXZ, ||f||le < M}

It can be proved the®(h) is a not empty closed set ¥ (see Example 1.23 of [1]).
LEMMA 7. If f € (), thenexp(tL*)f € S(h) and F(f) € S(2BA7 + arh).

The proof of the lemma follows from Lemmas 3, 4, definition Hhd the
properties ofS(rh).
Define the space
X =C([0,T[;X"),

(T will be chosen in the sequel), with the norm
[flle = max{[[f(t)[l.,t € [0, T]}, vFeXc.
Consider the following closed subsetXy:
A() = {f e X, f(t) e S(M),t € [0,T]}.
The nonlinear Volterra integral equation (14) can be wmitis
u=Qu,
where:
(15) Q) =exatl)uo+ [ explit— L] [g(s) + F())Jds
with D(Q) = X&,R(Q) C X¢.
LEMMA 8. If up € S(A), with i a given positive constant, then:
i) Qf e A(Mp(T)), for f € A(h);
i) 1Q(f) = Q(9)llc < P(T)[If —gllc, for f,g € A(),

where
A+expT —1

p(T):[ (5K+2rfFE+2ﬁFErm+am)]

Proof. From definitions (15), we have:
_ t
1QU() ]l < A+ (6K+28r?12+orm)/ expt — )ds< mp(T).
0

Moreover, iff,g € A(h), from Lemma 5, we have:

1Q(F) — Q(g)lle < /Ot exp(t - s)|[F(f(s) = F(g(s)lleds < p(T)IIf - glfc.
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REMARK 4. If we choosen< 1, thenTIirra p(T) =hA/m< 1, i.e., a suitably

small T exists, such thap(T) < 1. This means tha® mapsA(h) into itself and is
strictly contractive oA(h). Note that the relevance of this result is due to the fact that
even if T could be really small, after finding an a priori estimate af tiorm of the
solution, it permits to prove the existence and uniquengtfrecsolution for each > 0
(see in the sequel and [9], Theorem 1.4, Chapter 6).

THEOREM 2. If up € S(A) and m > A, then system (11) has a unique strict
solutionu = u(t) defined on a suitable intervad, T] and such thau(t) € S(m),t €
[0,T].

S
Chooseug = ( Eo ) € §(A) andm > fA. From system (11), we have:
lo

ul(t) = exp(tL)e*ﬁ‘@ojL/Ot exp|(t —s)L] e ™ =S 5M (s)ds+

+/0t exp[(t —s)L] e ™ Sy (s) (h— Jug(s)) ds

(16) Uz (t) = exp(tL)e o+ /Ot exp|(t —s)L] e =Sy (s)Jug(s)ds,

us(t) = exp(tL)e MEp+ /0t exp|(t —s)L] e Y Yauy(s)ds

THEOREM 3. Each component;(t),i = 1,2,3, of u(t) belongs to X, for any
t u;j is defined.

It is possible to prove the theorem by a successive appraiximgrocedure.

From Theorem 3, since it can be easily proved #aR ¢ X*, from (6) we
have that|u(t)||, < Krm. This a priori estimate proves the existence of a uniquetstri
solutionu(t) of the Eq. (14), for each > 0 (see [1] and [9], Theorem 1.4, Chapter
6)). From Lemma 6 and the regularity properties of the knosvmig(t), follows the
differentiability ofu(t). Itis easy to prove that aldd andRare differentiable functions
both with respect t@ andt. Hence, the following result holds (see [9], Theorem 1.5,

Chapter 6).

THEOREM4. System (8) has a unique classical solution defined for ezch t
and whose components belong t6,Xrovided that the initial conditions belong to"™X

REMARK 5. Defining the nonlinear operator

Af=—f, DA ={feX, ' eX, {0 =ql},
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it can be easily proved thAtgenerates a nonlinear semigroup of contractiahiét ), t >
0} given by (5) and the solution of the evolution problem s gibgw(t) =W(t)No,t >
0. Note that the operatdris nonlinear because of its domain.

3. A simplified model

The aim of this section is to derive a system of ordinary déffgial equations which
simplify system (2) and to study the stability propertie#®equilibrium solutions. In
order to make this section more readable and less boringytwaliice some notations
and omit to write many calculations.

Define the following quantities:

‘mu(a)H(a,t)da

~ Jo _

o Jo"p@S(atyda s"B(a,0)l (0,t)do
S]] ]l

To get a simplified model, we make the following assumption:

, with p(a) =

,ae (0,rm).

Hp3: the quantities defined in (17) are constant and such that:
A= =Ps=Tie = i = i
Even if Hp3 seems very restrictive, estimates found in $a@ican be used to evaluate
H,H=M,SE,I,R
Integrating equations of system (2) with respect iothe interval0, r|, taking

into account the properties ™, S E, |, R, and using the notatioffH ||; = %HH I,H=
M,SE,|,R, we have:
MOy = a— (H+3) [M)]],
ISl = SIM )| = RIS =M SO 1)
IE®)]l =mi[SOI[ 1O —HIEM® —alED)],
MO = o [[EQ[ =R O =yIr®l,
IRl = YT = HIR®)I,

HO)|=Ho  H=M,SE,ILR

(18)

Solving the first equation of (18), we get

— o (B}t q (ot
a9) M) = P o] + 5 (1 1)
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Note that q -
Jim M) = - =M,
whereM is the equilibrium solution and it results asymptoticaligise.
By summing all equations of system (18), and using (19),etisy to prove that

. q q6
Jim (SO +IEOT+ O+ [IRO]) = :fm o)

In order to simplify (18), we shall consider the system fagkatime, and we put

IM®)] =M

ISl = — (E+miOD SO,

u+5
IE®) Il =mlISO T — (F+a) [EW)]
MOl = al[E = @E+V) IO

RO = yITO —RIRO)I
[HO)|=[Holl H=SE,I,R

The equilibrium solutio{S E,T,R) of (20) satisfies the following system:

(20)

oq U
=— _ ]
T (H+mi)S,
(21) 0=mSI — (i+a)E,
0=0aE— (H+Y)T,
0=yl -fR
From the last two equations of (21), we get
22) rR=Yr E-HYp
vl a

Hence, by substituting (22) into the first two equations df)(2ve have

5 -
0= 9 sng,
lit+o
23 o g B [EY)
a

I = 0is a solution of the second equation of (23); since from (22)getR = E = 0,
from the first of (23):

oq

@4) S=Hfro)
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If we define:

(25) s =[SO =Sz =[EMWI, 1) =Dl

system (20) becomes:

St=—(H+mi)s ﬁ(rgiqé)l’
mo! ~
(26) th[merﬁ(Tf&]l—(qua)z,

I =QaE 7(ﬁ+y)17

5(0) = S0, (0) = £0,1(0) = Io.

Since the Jacobian matrix of the right hand side of (26),w&atald in the equilibrium
solution(0,0,0) is

_ mdq
— 0 R —
H H(E+9)
J(0,0,0) = . mdq
» 0 — +a - ’
(H+a) H(p+9)
0 o —(A+y)

its eigenvalues are given by:

—(Fa) — ([ y) £ 4/ (a —y)? + damba/R(+ )

A=—H Aoz= > :
Whereas\; is always a negative real numbgsg,# A3 are negative real numbers if
~ ~ amdq
H+a)(H+Y) > —= .
HrOEEY > Gy

With this assumption, the equilibrium soluti@f,0,0) is asymptotically stable; the
number of susceptiblegS(t)|| tends toS, whereas both the number of latents and the
number of infectives tend to zero. Moreover, it can be shdva &lso the number of
removed individuals tends to zero, for large time. Note,tiiat

~ ~ amdq
27 —+a +Y) =0,
(27) W+ o)(H+Y) = 7075
one of the eigenvalues df0,0,0) is zero; hence the stability dD,0,0) has to be
analized in another way. For example, by summing all eqoatmf (26) with the
fourth of (20) and defining (t) = ||R(1)], since

S +E @)+ 1(t)+ =R (t) = (So+ Eo+ Io+ Ro) €M,
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we get

(28) IHTOOS('[)-FE('[)-FI(I)-I—R('[) =0.

If So,E0,Io,Ro € RT, (||So|| > Sfrom (25)), hences (t), £ (t),1(t),% (t) € R*,t >0
and (28) implies that each term of the sum tends to 0. In paaticif ||S|| > S (for
instanced or g or both are small quantities), the number of susceptiblesedses to
S, whereas the number of latent, infectious and removed ithatals tends to zero.

In a similar way, ifso < 0 (||So|| < Sfrom (25)),Z0, o, Ro € RT, hences (t) <0,
E£(t),1(t),% (t) € RT, t > 0. Infact, with (27), system (26) becomes:

St=—(p+mr)s —[(A+a) (A+y)1]/a,
£y = m[S + (f+a) (B+y)/a]l — (F+a) £,
I =QaE 7(ﬁ+y)17

Rt =Yl — PR,

$(0) = 50, £ (0) = £0,1(0) = 1o, %.(0) = Ro.

Since by summing the second, the third and the fourth equatibthe previous system
(E4+T14+R),=mS+[{+0a)(f+y)1/a—HR +E+1),
£(0)+1(0)+ =% (0) = Zo+ Io+ Ro,

by applying Gromwall's inequality, we get:

(t)+1(t) + R () < (Zo+ Io+ Ro) expl(mS— ],
where we used (24) and (27). As a consequence, if
< R
2 -

(29) S< -

the sume (t) + 1 (t) + % (t) goes to zero, as— +. Sincez, 1, € R", itresults that

tIiT (1) :tliT I(t) :tﬂm ®_(t) = 0. Hence, from (28), we getthtat+lim(t) =0,

that ist IiJrrn IS(t)|| =S. Thus, if (27) holds and (29) is fulfilled (for instance, ifeth

latent period or the force of infection or both are smallg gguilibrium(S 0,0,0) is
such thaStends toS.
Finally, if
mdq

~ - a
(30) (H+o)(p+y) < SRR

one of the eigenvalues df0,0,0) is positive and the equilibrium solutidi®,0,0) is
unstable.
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Let us come back to system (23){if 0 the solutions are given by

(31) §:W7 f:h, éh<“_+y)7 ﬁzhz,
ma o} vl

where

32) _ oqa H

(F+3) (i+0a) (A+y) m’

Values in (31) have biological meaninghf> 0. Since this agrees with (30), we have
that the condition which makes the equilibrium solut{@0,0,0) unstable, provides
also the existence of the biological equilibrium solutien%, 1, % ). Moreoverh=0
represents (27) and yields to the equilibrium solutigy0,0,0) again.

Assumingh > 0, let us analyze the stability ¢S E, I R). Since, by using
definitions (31) and the following notation

H(O)=[HOI-A, H=SIR
system (20) becomes:
St =—m|S|7 - (mh—{s,
(33) £ =m(||S|1 +hS) — (i+a)Z,
h=0az — (fi+y)7,

the unique equilibrium solution i€, 0,0) and the Jacobian matrix of the right hand
side is:

—(mh+ ) 0 -mS
J(0,0,0) = mh —(A+a) mS
0 a = (A+y)

Since the characteristic equation0, 0,0)
(34) A3+ A2 (a+b+h+f) —A(a+b)(h+) +abh=0,

(with a = i+ a,b = i+ ) has three solutions whose product is given by the known
termabh> 0, it follows that the matrixJ(0,0,0) has at least one positive eigenvalue.
In fact, if (34) admits only one real solution, it must be pivgi, because the product of
the other two complex conjugate solutions is positive. Gndther hand, if there are
three real solutions, by examining all the possibilities, fimd that at least one of these
is positive. This means that the equilibrium pofft0,0) is unstable for system (33)
and thus the equilibrium solutiot§, E, I, R) is unstable for system (20).

Note that the stability analysis is quite similar to that m&aor other epidemic
models (see, for instance, the more complicated model ptedén [11]). In particular,
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we can conclude that if the coefficiemtis very small or the mortality coefficiemtis
very high, the number of susceptibles tends to the equilibrvalueS # 0, whereas
the number of latent, infective and removed individualsigeto zero. In this case, as
in the simpler Kermack Mc Kendrick model, the disease st@rsabse there are not
yet infectives and there are some individuals who do not imecofective in any case.
On the other hand, if > 0 (see (32)), i.e., if the mortality coefficiefitis small or
m is high, there is a non trivial equilibrium solution, (enderateady state solution)
(SE,I,R), which is unstable (see [11]).

All the results of this section can be summarized in the foithg theorem.

THEOREM5. The simplified system (20) has two equilibrium soluti@, 0, 0)
and (SE,,R). The first solution is asymptotically stable ih0 and is unstable if
h < 0, with h given by (32). The second solution has biologicalmiegif h > 0 and it
is unstable. If h= 0, only the equilibrium solutioS, 0,0, 0) exists and it is such that
£,1,% — 0ands(t) — S, provided thaS < fi/m.
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