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AN ELECTRO-VISCOELASTIC CONTACT PROBLEM WITH
ADHESION AND DAMAGE

Abstract. We consider a quasistatic frictionless contact problemafoelectro-viscoelastic
body with damage. The contact is modelled with normal coamgé. The adhesion of
the contact surfaces is taken into account and modelled lyface variable, the bonding
field. We derive variational formulation for the model whighin the form of a system
involving the displacement field, the electric potentidifjthe damage field and the adhesion
field. We prove the existence of a unique weak solution to thelpm. The proof is based
on arguments of time-dependent variational inequalifiesabolic inequalities, differential
equations and fixed point.

1. Introduction

The piezoelectric phenomenon represents the couplingeegishe mechanical and
electrical behavior of a class of materials, called piezcteic materials. In simplest
tems, when a piezoelectric material is squeezed, an @ettarge collects on its sur-
face, conversely, when a piezoelectric material is subgetd a voltage drop, it me-
chanically deforms. Many crystalline materials exhibigzielectric behavior. A few
materials exhibit the phenomenon strongly enough to be insapplications that take
advantage of their properties. These include quartz, Rleckalt, lead titanate zir-
conate ceramics, barium titanate and polyvinylidene ftiri(a polymer film). Piezo-
electric materials are used extensively as switches andhléctin many engineer-
ing systems in radioelectronics, electroacoustics andsureay equipment. However,
there are very few mathematical results concerning coptattiems involving piezo-
electric materials and therefore there is a need to extemddbults on models for
contact with deformable bodies which include coupling eswmechanical and elec-
trical properties. General models for elastic materiath\wiezoelectric effects can be
found in[11,12,13,21,22] and more recently ifil, 20]. The adhesive contact between
deformable bodies, when a glue is added to prevent relatdt@mof the surfaces, has
also received recently increased attention in the matheabditerature. Analysis of
models for adhesive contact can be found3m,6,7,15,16,17] and recently in the
monograph$18,19]. The novelty in all these papers is the introduction of a sigfa
internal variable, the bonding field, denoted in this papeabwhich describes the
pointwise fractional density of adhesion of active bond$tencontact surface, and is
sometimes referred to as the intensity of adhesion. Fatigyd, 7], the bonding field
satisfies the restriction€ a < 1, whena = 1 at a point of the contact surface, the ad-
hesion is complete and all the bonds are active, when0 all the bonds are inactive,
severed, and there is no adhesion, when® < 1 the adhesion is partial and only a
fractiona of the bonds is active.

The importance of this paper is to make the coupling of antededscoelastic
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problem with damage and a frictionless contact problem waithesion. We study a
guasistatic problem of frictionless adhesive contact. Véglehthe material behavior
with an electro-viscoelastic constitutive law with damagel the contact with normal
compliance with adhesion. We derive a variational fornmataand prove the existence
and uniqueness of the weak solution.

The paper is structured as follows. In section 2 we presetation and some
preliminaries. The model is described in section 3 where/éinmtional formulation is
given. In section 4, we present our main result stated in fldra@ and its proof which
is based on arguments of time-dependent variational ingigsaparabolic inequali-
ties, differential equations and fixed point.

2. Notation and preliminaries

In this short section, we present the notation we shall udesame preliminary mate-
rial. For more details, we refer the reader{205,14]. We denote by& the space of
second order symmetric tensorsf (d = 2,3), while ”.” and | . | represent the inner
product and the Euclidean norm &4 andRRY, respectively. We recall that the inner
products and the corresponding normsiShand<? are given by

1
u.v=uv, |v|=(v,v)2 vuveRY

1
o.1=0iTj, |T|=(1,1)2 Vo,1e,

respectively. Here and below, the indi¢esd | run from 1 tod, the summation
convention over repeated indices is used and the indexdahawvk a comma indicates
a partial derivative with respect to the corresponding congmt of the independent
variable.

Let Q c RY be a bounded domain with a regular boundargnd letv denote
the unit outer normal ofi. We shall use the notation

H=L%Q)={u=(u)/ucl?Q)},
HY Q)= {u=(u)/ucHYQ)},
# ={o= (o) / oy =0 € LX(Q) },
H1={oeH /DivoeH},
we consider that: H1(Q)4 — # andDiv : #; — H are the deformation and divergence
operators, respectively, defined by

g(u) = (&j(u)), &j(u)= %(Ui,j +uji), Divo = (aij j).

The spacesl, HY(Q)Y, # ands; are real Hilbert spaces endowed with the canonical
inner products given by

(u,v)H:/u.vdx Yu,v e H,
Q
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(U, V)2 = /Qu v dx+/QDu .Ovdx  vu,ve HY(Q)Y,

where
Ov=(vij) WWeHYQ),

(O’,T)H:/O'.de Yo,1€ H,
Q

(0,1),, = (0,1),, +(Divo,Div)y  VO,T€ #.

The associated norms on the spatgsH!(Q)Y, # and #; are denoted by . |4,
| Iuriqes | - |, @nd| . |, respectively. LeHr = HZ (M) and lety: H(Q)Y — Hr be
the trace map. For every element H1(Q)9, we also use the notatianto denote the

traceyv of v onl” and we denote by, andv; the normal and the tangential components
of v on the boundary given by

(1) Vy =V.V, V{ =V—WV.

We note thaty, is a scalar, whereas is a tangent vector tb. In particular, in what
follows, u, andu; will represent the normal and tangential displacement. ilSity,
for a regular (sayC!) tensor fieldo : Q — & we define its normal and tangential
components by

(2) Oy = (0V) .V, Oy =0V — OV,

and we recall that the following Green’s formula holds :
(0,6(V)),; + (Div o,V)y = / ov.vda vveHY(Q)"
r

Finally, for any real Hilbert spacX, we use the classical notation for the spaces
LP(0,T;X) andWkP(0,T;X), where 1< p < +o andk > 1. We denote byC(0, T; X)
andC'(0, T; X) the space of continuous and continuously differentiaetions from
[0,T] to X, respectively, with the norms

f 3= max | f(t
| flcorx) [max | (1) [x,

f w= max |f(t) [x + max [f (t) |x,
[Flesorag=max 1(0) -+ max [ (1)Ix
respectively. Moreover, we use the dot above to indicatelénwative with respect to
the time variable and, for a real numbrewe user ;. to represent its positive part, that
isry =max0,r}. For the convenience of the reader, we recall the followiegion
of the classical theorem of Cauchy-Lipschitz (see, ¢€1§,p.48)).

THEOREM 1. Assume thatX, | . |x) is a real Banach space and ¥ 0. Let
F(t,.): X — X be an operator defined a.e. (B T) satisfying the following conditions:
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1- There exists a constahi= > 0 such that
[F(t,X) —F(t,y) Ix<Le | x—y|x VX y€EX, aete(0,T).

2 - There existsp > 1 such that — F(t,x) € LP(0,T;X) Vxe X.
Then for anyxo € X, there exists a unique functionc WL P(0, T; X) such that

X (t) = F(t,x(t)) a.ete(0,T),

X(0) = Xo.
Theorem 1 will be used in section 4 to prove the unique solipabif the intermediate

problem involving the bonding field. MoreoverXi andX; are real Hilbert spaces then
X1 x Xz denotes the product Hilbert space endowed with the canlaniver product

(-7-)X1XX2'

3. Mechanical and variational formulations

We describe the model for the process, we present its vamitformulation. The
physical setting is the following. An electro-viscoeladibdy occupies a bounded do-
mainQ c RY (d = 2,3) with outer Lipschitz surfacg. The body undergoes the action
of body forces of densitfy and volume electric charges of density It also undergoes
the mechanical and electric constraint on the boundary. d¥sider a partition of
into three disjoint measurable paftg ' andl 3, on one hand, and in two measurable
partsly andlp, on the other hand, such thaieas(';) > 0, meas(I';) > 0 andl3
CTp. LetT > 0 and let[0, T| be the time interval of interest. The body is clamped on
1 x (0,T), so the displacement field vanishes there. A surface tractd densityf,
actonlz x (0,T) and a body force of densify acts inQ x (0, T). We also assume that
the electrical potential vanishes &g x (0, T) and a surface electric charge of density
g is prescribed ol x (0, T). The body is in adhesive contact with an obstacle, or
foundation, over the contact surfalcg We suppose that the body forces and tractions
vary slowly in time, and therefore, the accelerations inghigtem may be neglected.
Neglecting the inertial terms in the equation of motion é&ala quasistatic approach
of the process. We denote lthe displacement field, by the stress tensor field and
by e(u) the linearized strain tensor. We use an electro-viscaelemtstitutive law with
damage given by

0 = () + G (e(u),B) — £ E(9),

D = z&(u) +BE(d),

where 4 is a given nonlinear functiorE(¢) = —O¢ is the electric fieldz = (&)
represents the third order piezoelectric tengor,is its transpose anB denotes the
electric permittivity tensorg represents the elasticity operator wh@ris an internal
variable describing the damage of the material caused Isfieldeformations. The
differential inclusion used for the evolution of the daméigéd is

B—kAB+30k(B) > S(e(u), B),
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whereK denotes the set of admissible damage functions defined by
K={EcH(Q)/0<E<1 ae.inQ},

k is a positive coefficien@¢k denotes the subdifferential of the indicator functinn
andSis a given constitutive function which describes the sosiafehe damage in the
systemWhenf3 = 1 the material is undamaged, whge- 0 the material is completely
damaged, and for & B < 1 there is partial damage. General models of mechanical
damage, which were derived from thermodynamical consitersiand the principle of
virtual work, can be found if8] and[9] and references therein. The models describe the
evolution of the material damage which results from the sg¢ension or compression

in the body as a result of applied forces and tractions. Mattieal analysis of one-
dimensional damage models can be founfd.bj.

To simplify the notation, we do not indicate explicitly thegbndence of various
functions on the variablese QUT andt € [0, T]. Then, the classical formulation of
the mechanical problem of electro-viscoelastic matefiitionless, adhesive contact
may be stated as follows.

Problem P Find a displacement fieldi : Q x [0, T] — RY, an electric potential
field ¢ : Q x [0,T] — R, a damage field3 : Q x [0,T] — R and a bonding fielda
: 3% [0,T] — R such that

(3) o =2ag(u)+g(g(u),B)+£*0dp in Qx (0,T),
(4) D=zg(u)—BOpinQx (0,T),

(5) B—kAB+0¢k(B) > S(e(u),B) in Q% (0,T),
(6) Divo+fo=0 inQx(0,T),

(7) divD=qoin Q x (0,T),

(8) u=0 on N x(0,T),

9) ov=f, on I2x(0,T),

(10) —0y = py(W) —Wa?Ry(w) on F3x(0,T),
(11) ~0r = pe(@)Re(Ur) o0 T3 (0,T),

(12) a=— (O((Vv(RV(UV))ZJFVT | Re(u) [2 )*“Za)Jr on T3x(0,T),
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(13) %:o on I'x(0,T),
(14) $=0 on Max(0,T),
(15) D.v=g on Tpx(0,T),
(16) u(0) =uo,B(0) =Ro InQ,
(17) a(0)=ap on Is.

First, 3 and 4 represent the electro-viscoelastic conisttlaw with damage,
the evolution of the damage field is governed by the inclusigparabolic type given
by the relation 5, wher8is the mechanical source of the damage growth, assumed to
be rather general function of the strains and damage idglf,is the subdifferential
of the indicator function of the admissible damage fundisetk. Equations 6 and 7
represent the equilibrium equations for the stress andredatisplacement fields while
8 and 9 are the displacement and traction boundary congdigpectively. Condition
10 represents the normal compliance condition with adinesiterey, is a given ad-
hesion coefficient ang, is a given positive function which will be described below.
In this condition the interpenetrability between the bodg ¢he foundation is allowed,
thatisuy can be positive ofi3. The contribution of the adhesive to the normal traction
is represented by the terga?Ry (w ), the adhesive traction is tensile and is propor-
tional, with proportionality coefficieny,, to the square of the intensity of adhesion and
to the normal displacement, but as long as it does not ex¢eeddnd length.. The
maximal tensile traction ig,L. R, is the truncation operator defined by

L ifs<—L,
Ry(s)=< —s if —L<s<0,
0 ifs>0.

HereL > 0 is the characteristic length of the bond, beyond which ésdoot
offer any additional traction. The introduction of the omterR,, together with the op-
eratorR; defined below, is motivated by mathematical arguments lmihibt restrictive
from the physical point of view, since no restriction on tlimesf the parametdr is
made in what follows. Condition 11 represents the adhesimact condition on the
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tangential plane, in whichy is a given function an&; is the truncation operator given
by

This condition shows that the shear on the contact surfgoentks on the bond-
ing field and on the tangential displacement, but as longaéases not exceed the bond
lengthL. The frictional tangential traction is assumed to be muchlEmthan the
adhesive one and, therefore, omitted.

Next, the equation 12 represents the ordinary differeetiplation which de-
scribes the evolution of the bonding field and it was alreagbdun|3], see als¢18, 19
for more details. Here, besidgg two new adhesion coefficients are involvggdand
€a. Notice that in this model once debonding occurs bondingnatbe reestablished
since, as it follows from 12¢< 0. The relation 13 represents a homogeneous Neu-
mann boundary condition Whelg@ represents the normal derivative pf 14 and 15
represent the electric boundary conditions. 16 represkatsitial displacement field
and the initial damage field. Finally 17 represents theahdondition in whichag is
the given initial bonding field. To obtain the variationalfwlation of the problem
3-17, we introduce for the bonding field the set

Z={8cC(0,T;L%(3)) /0<B(t) <1Vt €[0,T], a.e. o3},
and for the displacement field we need the closed subspad&(e)® defined by
V= {ve HY(Q) /v = 00nr1}.

Sincemeas('1) > 0, Korn's inequality holds and there exists a cons@nt- 0, that
depends only o andl 1, such that

| E(V) |}[Z Cx | \ |H1(Q)d Vv eV.

A proof of Korn’s inequality may be found ifL4,p.79. On the spac¥ we consider
the inner product and the associated norm given by

(18) (U V)v = (e(U),€(V))y s |VIv=[e(V) [y VuveEV.

It follows that| . [41q)e and| . |v are equivalent norms ovf and therefore
(V,| . |v) is a real Hilbert space. Moreover, by the Sobolev trace Téra@nd 18, there
exists a constarily > 0, depending only 0, I'1 andl 3 such that

(19) |V |L2(F3)USC0 |V|V Yv e V.
We also introduce the spaces

W= {peHY(Q)/@=00nly},
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w ={D = (Dj)/Dj €L%Q), divD € L¥(Q)},

wherediv D = (D). The space$V and w are real Hilbert spaces with the inner
products given by

(¢,<p>wz/gm¢  Ogdx

(D.E), :/D.de+/divD.divde
Q Q

The associated norms will be denoted by and| . |,, , respectively. Moreover, when
D ew is aregular function, the following Green’s type formuldds

(D, 0@ + (divD, @) 2(q) = /r D.v@da Ve HY(Q).

Notice also that, sinceneasla) > 0, the following Friedrichs-Poincaré inequality
holds:

(20) | 00[H=Cr | @[h1(q) VOEW,

whereCg > 0 is a constant which depends only @nhandrl . In the study of the
mechanical problem 3-17, we assume that the viscosity ifamet : Q x & — &
satisfies

21
@ (a) There exists a constaht; > 0 Such that

| 4(x,61) —A(X,&2) |<Lg |€1—82| Ver,82€ ¥, aexe Q.

(b) There exists a constant, > 0 Such that

(4(X,€1) —A(X,82)) . (E1—€2) >my |€1—2]% Ver,e2€ §, aexe Q.
(c) The mapping — 4 (x,€) is Lebesgue measurable @nfor anye € §°.
(d) The mapping — 4 (x,0) belongs tax .

The elasticity Operatog : Q x ¥ x R — S satisfies

(22)
(a) There exists a constaht > 0 Such that
| G(x,€1,01) — G (X, €2,02) |[< Lg (| &1 —€2 |+ | a1 —02])
Ve, &0 € ¥, Vag,ao e Raex e Q.
(b) The mapping — ¢ (x,€,0) is Lebesgue measurable &n
foranye € ¥ anda € R.
(c) The mappink — ¢ (x,0,0) belongs tax .

The damage source functi® Q x & x R — R satisfies
23
. (a) There exists a constahg > 0 such that
| S(x,€1,01) — S(X,€2,002) [< Ls(| €1 €2 | + [ a1 — a2z )
Ve, e € F, Vag, oo e Raexe Q.
(b) For anye € ¥ anda € R, x — S(x,£,0) is Lebesgue measurable tn
(c) The mapping — S(x,0,0) belongs td_?(Q).
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The electric permittivity operatd = (bjj): Q x RY — RY satisfies

(24)
(a) B(x,E) = (bij (X)Ej) VE = (E)) € RY, a.ex € Q.
(b )b.l_bj., bij e L*(Q), 1<i,j<d.
(c) There exists a constamig > 0 such that

BEEE>mg |E|? VE=(E)<cRY ae.inQ.

The piezoelectric operatar : Q x S — RY satisfies
(25)
{ (@ z(x,1)=(ajk (¥)TK) VI=(1;) €S aexecQ.
(b) @jk =exj €L(Q), 1<, j,k<d.

The normal compliance functign, : 's x R — R satisfies

a) There exists a constah{ > 0 such that
pv(X,r1) — pu(X,r2) |< Ly [ri—r2| Vri,rp e R, aexerls.
b) The mappingk — py(X,r) is measurable ohs, for anyr € R.

(26) )
c) pv(x,r)=0forallr <0, a.exerls.

(
|
(
(

The tangential contact functign : '3 x R — R satisfies

(a) There exists a constabt > 0 such that
| pe(X,di) — pr(X,d2) [< Ly |dh—do | Vdi,d2 €R, a.e.Xx €T3,
(27) (b) There existd; > 0 such that| p;(x,d) |[< M; Vd € R,a.e.x €T3.
(c) The mapping — p(x,d) is measurable ohs, for anyd eR.
(d) The mapping — pr(x,0) € L2(T'3).
We also suppose that the body forces and surface tractieegiaregularity
(28) foe C(0,T;H), f2€C(0,T;L*(r2)%),
(29) do € C(0,T;L*(Q)), g2 € C(0,T;L*(Iy)).
(30) g2(t)=00nl3 Vvte[0,T].

Note that we need to impose assumption 30 for physical reasudeed the foundation
is assumed to be insulator and therefore the electric chdvggich are prescribed on
'y, D I'3) have to vanish on the potential contact surface. The adhesiefficients
satisfy

(31) Yo, ¥r € L(T'3),8a € L?(T'3), W, Vt,€a > 0 @.€. 0o 3.
The initial displacement field satisfies

(32) U €V,
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the initial bonding field satisfies

(33) ag e L?(M3),0<ap<1la.e. oms,
and the initial damage field satisfies

(34) Bo € K.

We define the bilinear forra: H(Q) x HY(Q) — R by
(35) a(€,¢) = k/ 0 . Of dx

Q
Next, we denote bf:[0,T] — V the function defined by

(36) (f(t),v)V:/Qfo(t) v+ [ fat) . vdaweV.te 0T,

and we denote by : [0, T] — W the function defined by

37)  (at).ow :/qu(t) _pdx — /rqu(t) _pdavpeWw, te[0,T].

Next, we denote by : L*(I'3) xV x V — R the adhesion functional defined by
38) j(a,uv)= [ pult)w dat | (%G Ru() W+ pi(@)Ri(ue) . v) da

Keeping in mind 26 and 27, we observe that the integrals 38vatiedefined and we
note that conditions 28 and 29 imply

(39) feC(0,T;V), qeC(0,T;W).

Using standard arguments we obtain the variational fortimraof the mechanical
problem 3-17.

Problem PV Find a displacement field : [0, T] — V, an electric potential field
¢ :[0,T] — W, adamage fiel@ : [0,T] — H1(Q) and a bonding field : [0, T] — L*
(F3) such that

(A&(U (1)),(V))r + (G (E(U(), B(t)),€(V))sr + (£ 0D (t),6(V))

(40) +j(a(t),ut),v) = (f(t),v)v WeV,te(0,T),

B(t) eKforallt e [0,T], (B (t),&—B(t))2q) +a(B(t),E —B(t))
(41) > (S(e(u(t),B(1)),€ = B(t))2q) VEEK,
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(42)  (BOO(t),00)n — (£&(u(t)), Do) = (q(t),@w YeeW,t € (0,T),

43) A (t)=—(at)(WwRy(W(1)*+ Ve | Re(e(t)) | ) —¢a), @€t €(0,T),

(44) u(0) = uo,B(0) = Po,a(0) = do.

We notice that the variational probldrY is formulated in terms of displacement field,
an electrical potential field, damage field and bonding fi€hte existence of the unique
solution of problenPV is stated and proved in the next section. To this end, we con-
sider the following remark which is used in different placéshe paper.

REMARK 1. We note that, in the problemand in the problen®V we do not
need to impose explicitly the restriction<Oa < 1. Indeed, equation 43 guarantees
thata(x,t) < ap(x) and, therefore, assumption 33 shows théat,t) < 1 fort > 0,
a.e.x € '3. On the other hand, ii(x,tp) = 0 at timety, then it follows from 43 that
a (x,t) = 0 for all t > to and thereforep(x,t) = 0 for allt > tg, a.e. x € 3. We
conclude that X a(x,t) < 1forallt € [0,T], a.ex eTl3.

4. An existence and uniqueness result

Now, we propose our existence and uniqueness result.

THEOREM 2. Assume that 21-34 hold. Then there exists a unique solution
{u,0,B,a} to problem PV. Moreover, the solution satisfies

(45) ueCH0,T;V),

(46) ¢ €C(0,T;W),

(47) B e W2(0,T;L3(Q))NL2(0,T;HY(Q)),
(48) a e Wh*(0,T;L?(M3))NZ.

The functionsy, ¢, g, D, B anda which satisfy 3-4 and 40-44 are called a weak
solution of the contact problem Ve conclude that, under the assumptions 21-34, the
mechanical problem 3-17 has a unique weak solution saig#5-48. The regularity
of the weak solution is given by 45-48 and, in term of stresses

(49) 0€C(0,T;#1),

(50) DeC(O,T;w).
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Indeed, it follows from 40 and 42 th&iv o(t) +f,(t) =0, div D = qgo(t) for all t
€ [0,T] and therefore the regularity 45 and 46ucdind¢, combined with 21-29 implies
49 and 50.

The proof of Theorem 2 is carried out in several steps thatraegin what fol-
lows, everywhere in this section we suppose that assungtibiiheorem 2 hold, and
we consider that is a generic positive constant which dependQoh1, "3, py, Pr, W, Yt
andL and may change from place to place. het C(0,T;V) be given, in the first step
we consider the following variational problem.

Problem P\. Find a displacement field,, : [0, T] — V such that

(51)  (a&(Uy (1)),&(V))y +(N(®),V)v = (f(t),v)v  WeV, te[0T],

(52) un (0) = uo.
We have the following result for the problem.

LEMMA 1. There exists a unique solution to problem PWhich satisfies the
regularity 45.

Proof. We define the operatéy:V — V such that

(53) (Au,v)y = (a&(u),g(v)),, VYu,veVv.

It follows from 53 and 21(a) that

(54) |[Au—Av |y<Lz;|u—Vv|y Vuvev,

which shows thaf :V — V is Lipschitz continuous. Now, by 53 and 21(b), we find
(55) (Au—Av,u—v), >m, [lu—v[Z vuveV,

i.e., thatA:V — V is a strongly monotone operator ¥n ThereforeA is invertible and
its inverseA—! is also strongly monotone Lipschitz continuous\énMoreover using
Riesz Representation Theorem we may define an elefpent(0,T;V) by

(fa (), v)v = (F(t),v)v — (n(t),V)v.

It follows now from classical result (see for examp®) that there exists a unique
functionv, € C(0, T;V) which satisfies

(56) Avi (t) = fo ().

Letuy : [0, T] — V be the function defined by

(57) Un(t) = /Ot Vo (s) ds+ o ¥t € [0, T].
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It follows from 53-57 thaty, is a solution of the variational probleRV, and it satisfies
the regularity expressed in 45. This concludes the exist@act of lemma 1. The
unigueness of the solution follows from the uniqueness efsthiution of the problem
56. O

In the second step, lgte C(0, T;V), we use the displacement fielg obtained
in lemma 1 and we consider the following variational problem

Problem Q. Find the electric potential fieldy, : [0, T] — W such that
(BUGn (1) D@)n — (£&(un(t)), Ho)n

(58) = (q(t)a(p)W VoeW, te (OaT)a

we have the following result.
LEMMA 2. QV, has a unique solutioth, which satisfies the regularity 46.

Proof. We define a bilinear fornb(.,.) : W x W — R such that
(59) b(¢,) = (BIO, Dp)n Vo, @ W.

We use 20 and 24 to show that the bilinear fdoris continuous, symmetric
and coercive oV, moreover using Riesz Representation Theorem we may define a
elemeny, : [0, T] — W such that

(@ (1), @w = (a(t), Pw + (£e(un (1), DP)u VoW, te (0,T).

We apply the Lax-Milgram Theorem to deduce that there exastmique element
¢n(t) € W such that

(60) b(¢n(t),®) = (ah (1), PYw YeeW.

We conclude thad, (t) is a solution ofQVy, , letty,to € [0, T], it follows from 20, 24
and 58 that

[ §n(t) = dn(t2) lw< C(J un(t) —Un(t2) Iv + [q(ts) — a(t2) lw),
the previous inequality and the regularitywf andq imply that¢, € C(0,T;W). O

In the third step, we le € C(0,T;L?(Q)) be given and consider the following
variational problem for the damage field.

Problem PV. Find a damage fiel@g : [0, T] — H(Q) such that
Bo(t) € K. (Bo (1).& —Ba(t))L2(a) +a(Bo(t).& — Bo(t)
(61) > (8(1),& —Bo(t)) 2o VEEK aete(0,T),

(62) Be(0) = Po.

To solvePVg, we recall the following standard result for parabolic a#idnal
inequalities (see, e.d19,p.47)).



164 L. Selmani - N. Bensebaa

THEOREM3. LetVCH c V' be a Gelfand triple. Let K be a nonempty closed,
and convex set of \MAssume thatf,.) : V xV — R is a continuous and symmetric
bilinear form such that for some constaidts- 0 and @,

a(v,v)+co|V[E>T|v]Z WveV.

Then, for every g€ K and f € L?(0,T;H), there exists a unique function
u € HY0,T;H)NL2(0,T;V) such that Y0) = up, u(t) € K for all t € [0, T], and for
almost allte (0,T),

(u(t),v—u(t)), . +a(ut),v—u(t)) > (f(t),v—ut))n vwekK.
We apply this theorem to probleRV.
LEMMA 3. Problem P\ has a unique solutiofig such that
(63) Bo € W12(0,T;L%(Q))NL%(0, T;HY(Q)).

Proof. The inclusion mapping ofH(Q),| . lh1(q)) into (L2(Q),]| . |L2(q)) is contin-
uous and its range is dense. We denotgi¥(Q))" the dual space ofi(Q) and,
identifying the dual oL2(Q) with itself, we can write the Gelfand triple

!

HY(Q) c L2(Q) c (HY(Q)).

!

We use the notatiof, .) 1),
andH(Q). We have

(BaE)(Hl(Q))’XHl(Q) = (BvE)LZ(Q) Va € LZ(Q)aE € Hl(Q)a

' «H1(q) to represent the duality pairing betwe@h'(Q))

and we not thak is a closed convex set H1(Q). Then, using the definition 35 of the
bilinear forma, and the fact thgbg € K in 34, it is easy to see thatlemma 3 is a straight
consequence of Theorem 3. O

In the fourth step, we use the displacement figjabbtained in lemma 1 and we
consider the following initial-value problem.

Problem P\4. Find the adhesion fieldy, : [0, T] — L2(T"3) such thatfor a.e.
te (0,T)

(64) 0 (t) = — (an(t) (W (Ru(Uny (1)) + Ve | Re(une(t)) [ ) —2a) , ,

(65) o (0) = ao.
We have the following result.

LEMMA 4. There exists a unique solution, € W= (0,T;L2(I"'3)) NZ to prob-
lem P\4.
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Proof. For the sake of simplicity we suppress the dependence ajuafunctions on
I"3, and note that the equalities and inequalities below areleaé. on" 3. Consider
the mapping, : [0, T] x L?(I'3) — L2(I"3) defined by

(66) Fqy(t,a)=— (G(VV(Rv(UHV(t))>2+VT | Re(Une(t)) |2 )*Sa)+,

for allt € [0,T] anda € L?(T'3). It follows from the properties of the truncation op-
eratorR, andR; thatF, is Lipschitz continuous with respect to the second variable
uniformly in time. Moreover, for albtr € L?(I"3), the mapping — F,(t,a) belongs to
L®(0,T;L?(I'3)). Thus using a version of Cauchy-Lipschitz Theorem givenlied-
rem 1 we deduce that there exists a unique funaigre W-*(0, T;L?(I'3)) solution

to the problenPV,. Also, the arguments used in Remark 1 show that@, (t) <1
forallt € [0,T], a.e. onl3. Therefore, from the definition of the st we find that

ap € Z, which concludes the proof of the lemma. O

Finally as a consequence of these results and using therfiespa the operator
G, the operatore, the functionalj and the functior§, for t € [0,T], we consider the
element

(67) A(,0)(t) = (A1(n,8)(t),A2(n,B) (1)) €V x LA(Q),

defined by the equalities

(A1(n,8)(1),V)y = (G (e(un(t)),Ba(t)),&(V))y + (£ 0bn(t),6(v)),

(68) +j(an(t),uq(t),v) WeV, te|0,T],

(69) A2(n,0)(t) = S(e(un(t)),Boe(t)), t € [0,T].
We have the following result.

LEMMA 5. For (n,8) € C(0,T;V x L?(Q)), the functionA(n,8) : [0,T] —
V x L%(Q) is continuous, and there is a unique elemgrit,6*) € C(0,T;V x L2(Q))
such thatA(n*,0*) = (n*,0).

Proof. Let (n,8) € C(0,T;V x L?(Q)), andty,tp € [0, T]. Using 19, 22, 25, 26 and 27,
the definition ofR,, R; and the remark 1, we have

| A1(n,6)(t1) — A1(n,6)(t2) v
<| G (&(un(t1)),Be(t1)) — G (e(un(t2)),Be(t2)) |4
+ | £°00n(t2) — ("0 (t2) |
+C | py(Unv(tr)) — Pu(Unv(t2)) liz(ry)
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+C | 0 (t1)Ry (Unu (t1)) — A3 (t2)Ry (Uny (t2)) |i2(r)
+C | pr(an (t2))Re(Une(t1)) — Pe(an (t2))Re(Une(t2)) [L2(ry) -
< C(l Un(tr) —un(t2) v + | dn(te) — oy (t2) lw
(70) + | Ba(t2) — Bo(t2) |L2(q) + | An(t2) — 0n(t2) [L2(ry))-

Recall that abover,y anduy denote the normal and the tangential component of the
functionuy, respectively Next, due to the regularities of,, ¢, Bs anday expressed

in 45, 46, 47 and 48, respectively, we deduce from 70Man,8) € C(0,T;V). By a
similar argument, from 69 and 23 it follows that

| A2(n,6)(t1) — A2(n,0)(t2) | 2(q)

(71) < C(lun(ta) —un(t2) Iv + | Be(tr) — Be(t2) [12())-

Therefore,A2(n,8) € C(0,T;L?(Q)) and A(n,8) € C(0,T;V x L?(Q)). Let
now (n1,81), (N2,082) € C(0,T;V x L2(Q)). We use the notationy, = uj,Un,= Vp, =
Vi, bn; = ¢i,Bg; = Bi anday, = a; for i = 1,2. Arguments similar to those used in the
proof of 70 and 71 yield

| A(N1,81) (1) = A(N2,82)(1) 5, 2(q)
< C(| uz(t) —uz(t) [§ + | da(t) — da(t) iy

(72) + | Ba(t) — B2(t) |EZ(Q) + | aa(t) —ax(t) |Ez(r3>)_

Since .
ui(t):/O vi(s)ds+up, te][0,T],

we have
(73) us(t) — ua(t) [2< /Ot Ivi(9) —va(s) [2 ds Vte[0,T].
Moreover, from 51 we obtain that

(ag(v1) — A€(v2), (V1 —V2)) s + (N1 —N2,V1—V2)v =0.
We use the assumption 21 and condition 18 to find that
(74) | Va(t) = Va(t) [G<CIna(t) —n2(t) |7 -
We use 58, 24, 25 and 20 to obtain

(75) | d1(t) — da(t) [3< Clua(t) —u(t) |2 .
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On the other hand, from the Cauchy problem 64-65 we can write

(t) =00 [ (@(9W(R(6(9)+ ¥ | Re(tie(5) ) ea) s

and then
| aa(t) —o2(t) |2y,

t
< C/o | 01(8) (Ry (U (9)))? — t2(8) (Ry (U (9)))? lL2(ry) ds
t
+C/O | a1(s) | Re(Ure(9)) 2 —0t2() | Re(Uzt(9)) || 2(r,) ds
Using the definition oR, andR; and writinga; = a; — a2 + a2, we get
| as(t) —az(t) |2y
<c/ | aa(8) — () |z(ry) ds+/ [ Us() — Uz(S) |-y 99
Next, we apply Gronwall’s inequality to deduce
t
[0a(t) = 0tz(t) iz C | a(9) ~ Ua(9) 20 A
and from the relation 19 we obtain
t
(76) [ oa(®) ~ 0a(t) oy <C [ Ua(9) - z(9)§ s
From 61 we deduce that

(B1 — B2,B1— B2)2(q) +a(B1 — Bz,B1— B2)

< (81—62,B1—B2)2q) aete(0,T).
Integrating the previous inequality with respect to timsing the initial conditions
B1(0) = B2(0) = Bo and inequalitya(B1 — B2, P1 — B2) > 0 to find

31810~ B2(0) o< [ (83(9) 02(5),B1(5) - B9z

which implies that

| Ba(t) —Ba(t) 20

Q)
t
< [[16,69-8.09) o ds [ 1B,(9)~B.(9) o U

This inequality combined with Gronwall’s inequality lead t

t
(1) 1B~ Palt) )< C [ 18:(9)~82(9) [23 IVt [0.T].
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We substitute 75 and 76 in 72 and use 73 to obtain

| /\(r]]_,ej_)(t) _A(r]Zaez)(t) |\2/><L2(Q)
t
<Clua(t) = uzV) [ + [ | uals) —a(s) § dst-| Bult) = Balt) )

t
<C( [ va(s) —vals) ff dst | Ba(t) = Balt) [22q)

It follows now from the previous inequality, the estimatdsand 77 that

| AML81) (1) = A(N2,82) (1) 2,20

t
(78) < C/0 | (N12,81)(8) — (N2,82)(9) [ 2 IS

thus
| A(N1.81) (1) = A(N2:82)(1) [, 20

< Ct | (r]17 el) - (ﬂz, 92) |é(O,T;V><L2(Q)) .

Using the inequality 78 wit{n1,061) and (n2,02) replaced byA(n1,081) and
A(n2,82), respectively, we obtain

| A%(N1,80) (1) = A°(N2,82)(1) 7,20
t
<C [ 1AML02)(9 ~AM2.82)(8) }.,z0) IS

t
<[] (12,82~ AM2.82) Bgry.i2(0), 95

C2
T2
Reiterating this inequalityn times leads to

t? | (N1,61) —A(n2,02) |é(o,T;vXL2(Q)) ds

| Am(nlael) - Am(nZaBZ) |%(O,T;V><L2(Q))

CmT m
m!

| (N1,01) — (n2,62) |(2:(0,T;VxL2(Q)) .

Thus, form sufficiently large,A™ is a contraction on the Banach spa®@®, T;V x
L?(Q)), and so\ has a unique fixed point. O

Now, we have all the ingredients to prove Theorem 2.
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Proof. Existence. Letn*,0*) € C(0,T;V x L?(Q)) be the fixed point oA\ defined by
67-69 and denote

(79) Uy = Up*, &y = G, Bi = Bor, 0 = Q.
Leto,:[0,T] — A be defined by

(80)  0.(t) = Ag(u. (1)) + G (E(U«(1)),B(1)) + 70+ (t) V€ [0,T],
and letD,: [0, T] — H the function be defined by

(81) D.(t) = —BO¢.(t) + £e(u.(t)) Vte[0,T].

We prove that the quadrupléd.., §.,B.,0.) satisfies 40-44 and the regularity 45-48.
Indeed, we write 51 fon = n* and use 79 to find

(82)  (ag(u.(1)),e(V))y +(N*(1),v)v = (f(t),v)v WWeV,te[0,T],
and we write 61 fob = 8* and use 79 to obtain

B*(t) € Ka ( B* (t)azf B*(t)>L2(Q) +a(B*(t)azf B*(U)

(83) > (0°(t),E—B.(t)) 2q) VEEK aete(0,T).
EqualitiesA1(n*,0%) = n* andAz(n*,6*) = 6* combined with 68-69 show that

(N*(1),V)v = (G (e(Us (1)), B+ (1)), (V) 5 + (£700+(t),8(V)) 5

(84) +ij(o.(t),u.(t),v) WWeV,

(85) 07(t) = Se(u« (1)), Bx(t))-

We now substitute 84 in 82 to obtain

(A8(U. (1)),8(V) s + (G (E(U (1)), Bu(t)),8(V)) s + (£ 00 (t),€(V))

(86) +i(as(t),u(t),v) = (f(t),v)v  WeV,te(0,T),
and we substitute 85 in 83 to have

B.(t) eKforallt € [0, T], (B, (t),&—B:(t))i2(q) +alBx(t),& —Bi(t))

(87) > (S(e(U« (1)), Bs (1)), € = Bu(t))12() VEEK,
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we write now 58 fom = n* and use 79 to see that

(88)  (BOO«(t), DQ)n — (£&(u.(1)),00)n = (q(t), Yw VOeW,t € (0,T),
and we write 64 fon = n* and use 79 to find

(89) G (t) = — (0 (t) (W (Ry(Uaw (1)) + Ve | Re(Ux(t)) | ) —£a) , @t €(0,T).

The relations 86, 87, 88 and 89 allow us to concludehatp.., B, a..) satisfies
40-43. Next, 44 and the regularity 45-48 follow from Lemma13 and 4, since
(u., ¢.) satisfies 45-46, it follows from 80 that

(90) 0, €C(0,T;#).
We chooser = w € D(Q)? in 86, we use 80 and 36 to obtain
Divo,(t) = —fo(t) Vte[0,T],

whereD(Q)9 = {u= (u) / ui € D(Q)} andD(Q) is the space of infinitely differen-
tiable real functions with a compact supportmwe use 28 and 90 to find

0. €C(0,T; #1).
Letts,to € [0, T], by using 24, 25, 18 and 81 we deduce that
| Di(t1) = Du(t2) [H< C(] 04 (tr) — §u(t2) lw + | Us(t1) — Us(t2) v),
the previous inequality and the regularitywaf andd., given by 45-46 imply
(91) D. € C(0,T;H).
We choosep € D(Q) in 88 and use 37 we find
divD.(t) = qo(t) WVt e][0,T],

by 29 and 91 we obtain
D, e C(O,T; w).

Finally we conclude that the weak solutidn,,o.,¢.,D.,Bs,a.) of the piezoelec-
tric contact probleni has the regularity 45-50, which concludes the existencegbar
Theorem 2.

Uniqueness. The uniqueness of the solution is a conseqoétieeunigueness
of the fixed point of the operatdy defined by 67-69. O
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