RENDICONTI
DEL SEMINARIO
MATEMATICO

Universita e Politecnico di Torino

Second Conference on Pseudo-Differential Operators
and Related Topics: Invited Lectures

CONTENTS
L. Cohen,The Weyl transform and its generalization . . . . . . . ... . .. 259
G. GrubbKrein resolvent formulas for elliptic boundary problemsionsmooth
domains. . . . . .. e 271

S. Pilipovi€ - N. Teofanov - J. TofiVave-front sets in Fourier Lebesgue space299

P. R. PopivanovHypoellipticity, solvability and construction of solutis with
prescribed singularities for several classes of PDE hagymplectic char-

acteristics . . . . . . . . 321
M. Ruzhansky - J. WirthDispersive estimates for t-dependent hyperbolic sys-
tems . . . e 339

Volume 66, N. 4 2008



DIRETTORE
CATTERINA DAGNINO

COMMISSIONE SCIENTIFICA (2006—-08)

C. Dagnino (Direttore), R. Monaco (Vicedirettore), G. Alla, S. Benenti, A. Collino,
F. Fagnani, G. Grillo, C. Massaza, F. Previale, G. Zampieri

CoMITATO DIRETTIVO (2006—08)
S. Console, S. Garbiero, G. Rossi, G. Tedeschi, D. Zambella

Proprieta letteraria riservata

Autorizzazione del Tribunale di Torino N. 2962 del 6.VI.198
Direttore Responsabile: ZTERINA DAGNINO

QUESTO FASCICOLCI‘E‘ STAMPATO CON IL CONTRIBUTO Dil:
UNIVERSITA DEGLI STUDI DI TORINO
POLITECNICO DI TORINO



Preface

The presentissue of Rendiconti del Seminario Matematidedysita e Politec-
nico di Torino contains the texts of the plenary talks deteeby Professors L. Co-
hen (City University of New York), G. Grubb (Copenhagen Wsity), S. Pilipovié
(Novi Sad University, Serbia), P.R. Popivanov (Bulgariazademy of Sciences, Sofia)
and M. Ruzhansky (Imperial College, London) at the Seconaf€ence on Pseudo-
Differential Operators and Related Topics held in Vagiaeden, June 23-27, 2008.

Topics for the conference include Spectral Theory, Timegbency (Gabor)
Analysis and Localization Operators, Positivity and LoBeund Problems, Operators
on Singular Manifolds, Fourier Integral Operators, Eltgnd Hyperbolic Problems.

The Vaxjo Conference is part of the activities of the Inetional Society for
Analysis, its Applications and Computation (ISAAC) for thiear 2008. ISAAC is a
non-profit organization established in 1994 to promote ahdhace analysis, its ap-
plications, and its interactions with computation. Thereat President is Prof. M.W.
Wong (York University, Toronto).

During the conference the participants have honoured, edicasion of his
60th birthday, Professor Luigi Rodino of Torino Universiffhe event at Vaxjo was
particularly significant in view of the fact that Professardto began his long and pro-
ductive scientific career in the field of pseudo-differerdf@erators at Lund University
and Mittag-Leffer Institute in 1973-74.

The presentissue of Rendiconti del Seminario Matematidedysita e Politec-
nico di Torino is dedicated to Professor Luigi Rodino.

The meeting was organized with 45-minutes plenary talk&énnhorning and
three parallel sessions of 30-minutes communicationseénafternoon. There were
about 80 talks altogether the whole Conference. Contohstfrom other participants
will be published in a second issue of Rendiconti del Sennslatematico Univer-
sitd e Politecnico di Torino, the journal “CUBO” (PernansbuJniversity, Brazil) and
“Complex Variables and Elliptic Equations” (Taylor & FraacOxford).

The scientific organizers thank the Vaxjo University, tfetenskapsradet (Swe-
dish Science Council) and the Mathematics Departements&ipe Peano” of Torino
University for the financial support and moreover Karoliohdnsson and Haidar Al-
Talibi of Vaxjo University for the technical support ashd organizers.

G. Garello (Torino University, Italy)
J. Toft (MAxjo University, Sweden)
M.W. Wong (York University, Toronto, Canada)
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Second Conf. on Pseudo-Diff. Operators: Invited Lectures

L. Cohen'

THE WEYL TRANSFORM AND ITS GENERALIZATION  *

Abstract. Procedures that allow one to associate operators to oydinactions are called
correspondence rules, rules of association, or just wamsf There have been a number
of such rules studied, among them the Weyl transform and yheretrization rule. We
present a generalization that allows one to generate arténfinmber of such transforms.
The advantage of the formulation is that all such transfotersbe studied in a simple and
consistent fashion.

1. Introduction

The concept of associating ordinary functions with opesswose in many areas of
analysis but took particular importance with the discovargjuantum mechanics. For
the two most fundamental quantities, position and momenituimecame clear that the
operators are and Th% respectively (in the position representation) wharis the
Planck constant. Procedures to construct other operagémedaped into the subject
now known as correspondence rules, that is, rules to assaminordinary function
with an operator. It is clear that there is an infinite numbieways to associate an
ordinary function with a corresponding operator becausé@ary variables commute
but operators do not. Some correspondence rules that haveshedied are the Weyl
[4,12,15], normal ordering, and symmetrization rule, amothers [2,4, 11]. Itis
the aim of this paper to develop a methodology where all gpoadence rules can be
characterized and studied in a unified way.

1.1. Notation, terminology, and conventions

“Symbol”, “classical function”, and “c-function”, are terms used in different fields to
signify the same things, namely an ordinary functiafx, ¢), of two variablesx andg.
This is the common notation used in mathematics, while irspsyit is position and
momentum signified bg(q, p) [8], and in time-frequency analysis [3,4] one generally
writes a(t,w). In this paper we will use the mathematics notation and asarsdstrd
define the conjugate operatortdy D, where

1d
D=7ax

The commutator betweenandD is denoted byx, D] and is given by

[x,D] =xD—Dx =i

*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
TWork supported by the Air Force Office of Scientific Research.
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260 L. Cohen

Also, we will occasionally us®y = Tldiy, wherey is an arbitrary real variable.

The phrasesdperator transform”, “correspondence rule”, “rule of assm-
tion”, will all mean the same thing, namely the association of arraipea,(x,D)
with a symbola(x,&). The association is symbolized by

2a(x,D) < a(x,&)

Generally speaking operators suchaasx, D) will be denoted by script letters although
there will be exception®) being one of them.

The word ‘transform” by itself will mean the operation of4(x,D) on an ar-
bitrary function, sayu(x), and will be denoted by;[u(x)] or just byAy[u] when it is
clear what the variable is. That s,

1) Aa[U] = Aa(x, D)u(x)

The Fourier transform of the symbail(x, §), will be denoted bya(6, 1) and the
normalization is taken so that

ae,t) = #//a(x,ﬁ)e”ex*”zdxdi
a(x,&) = //ﬁ(e,r) ¥+ dpdr

Integrals without limits imply integration over the reals,
/=1

2. The generalized operator transform

We define the generalized operator transform associatédhétsymboh(x, &) by
) 22(x,D) = / / a(6,1)d(6,7) €%+ dodr

where®(6,1) is a two dimensional function called the kernel [2]. The le@rcharac-
terizes a specific transform and its properties. Since [14]

eieerirD _ eier/Zeie XeiTD _ efier/ZeirD eiex

we have that

3) 2% (x,D) = / / a(6,1)d(6,7) €°7/2 4% g0gdr
@) _ / / a(6,1)®(6,7) e 19/2 g™ g gt
Equivalently,

2% (xD) = 4—1[2 / / / / a(x, &) ®(8, 1) d00X)+t(0-&) ggdr dy d’
_ 1 / 01/2 0(x—X) HT(D—E) /
= 4T[z////a(>(,5 ) ®(8,1) €%/2g% ) TP-5)dgdrdx dE
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3. The generalized transform

We now consider the operation af® (x,D) on an arbitrary functiony(x). Using Eq.
(3) we have

A®[u] = 22 (x, D) u // a(6,1)(6,7) &9/2 % y(x +1)dBdT
where we have used the fact tlePu(x) = u(x+ 1). Equivalently,
5) / a(6,T— X)D(B, T — x) €8T H/2 y(1)dBdt

We callA2[u] the generalized transform. Writing [u] in terms of the symba(x', &)
directly one obtains

© A= 45 /[ < + = ) -10a-i(t0% (9, T — x) u(r) drdg dEdl8

Notice &(0,T — x)®(8, T — x) €9/ is a function oft — x andT + x and hence we
write

7) AC[] = / K(T+%,T — X)u(t) dt
with
®) K(x,T) = / a6, 1)d(6,7)€%/2 de

9) = 4—:[2// a(q+x/2,8)e "% o8, 1) dqdt de

3.1. From transform to symbol

We now describe how starting with the operator transfaafi, one can obtain the
corresponding symbol(x,&). First we describe a notation that is helpful. For any
operatorq (x,D) we defineRa(x, &) by the following procedure

Ra(x,&§) = the rearrangement of (x,D), so that all thex factors
are to the left of thé® operators; then one repladesy &.

The rearrangementis achieved by ugi®)] = i. Applying this procedure ta P (x, D)
as given by Eqg. (3) and noting that it is already in the appateiform, (since the
factors are already to the left of tiefactors), we immediately have

(10) RO(x,£) = / / a(6,1)d(6,7) /2% g dpdr

Inverting we have,

A ' 1 O i
a(6,1)0(6,1)%/2 = / RO (x, £)e 1% dx
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which gives

1 e i0t/2
6
00 = 412 d(6,T)
and from whicha(x,§) can be obtained by inversion.

We now derive an alternate form. We first state the followhngptrem. Suppose
we have two function$(6,7) and&(, 1), then it is easily shown that

(11) / £(6,71)a(6, 1) €% dadr — f (%a% Tla%) a(x, &)

Q)

/ RG) XE —i1Ox— 'TEdXdE

Taking f(8,1) = ®(0,1)€°/2in Eq. (11) we have

oe) —exp( L0 2\ o120 10
(12) REE) —exp( 5 33 ) @ (Tt op ) 3068
and hence

B 100, 4,(10 10

(13) a(x,§) = exp [ Za_xﬁ}cb (Ta_x Taz)R (&)
These can be writen in a somewhat more compact way,
(14) R¢u£)_em( Dg%)qungaug)
(15) a(x, E)exp[ DXDE] @1 (Dy, Dg) RE (%,€)

4. Constraints on the kernel

The advantage of the above formulation is that one can seabikin conditions on
the kernel corresponding to properties we desire in thestoam. We now list some
possible properties and the constraints on the kernel to@#ise requirement is met.

(i) Hermiticity. If the symbol is real an@(6,1) = ®*(—0, —1)thena?(x,D)
is a Hermitian operator. That is, for any two functiar{g) andv(x)

/ v () 2Lu(x)dx = / ux) (a2v) dx it o0,T) = & (6, 1)

(i) Unit correspondence. If we want the correspondenceséen the number
one and the unit operator: | then we must také(0,0) = 1. That is

-1 if ®0,0)=1

(iif) Symbols ofx or & only. Suppose we want to be certain that for a symbol
that is a function ok or § only the operator should be the same functior ahdg then
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the condition on the kernel is,

a5 (x,D) =a(x)
a5 (xD) = a(g)

a(x) if $d0,1)=1
a(D) if ®(6,0)=1

(iv) Translation invariance. Consider the symlag(x,&) = a(x— x0,& — &o),
then -
8(8,7) = €0 a0, 1)

and substituting in Eqg. (3) we have that
Ag (x,D) = 27 (X+X0,D + &)

This is true for all kernels that are functions of oflandrt.

5. The Fourier, polynomial, and delta function associatios

The above formulation can be viewed profitably from différparspectives in ways
that we now discuss.

5.1. The Fourier association

One can think o8 ®+® as a symbol with parameteisandt and associate®*™ to
®(6,1)%+ ™ Thatis

(16) a1 (8,T) = ®(B,T) @¥HTD o, gox+iTE

whereas (8,1) is called the characteristic function operator. We cak thie Fourier
association. Hence, one argues, for a general symbol, dxparsymbol in terms of
its Fourier transform

(17) a(x,&) — / / a(6,7) %+ godr

and then one substitutes Eq. (16) into this to obtain Eq. (2).
We note that

M (G,T)M (617.{[) _ q)(e,.[) q)(el7.rl) eie'[/z eie/'[//zeie Xei'[Deie/ XeiT/D

GCRIGCRY) d(O-er)/2

(18) C D0+0,T+T)

M(O+0,1+T)

5.2. The Taylor series association

Suppose that there is an operator correspondencgddrand we denote it by
Anm(X7 D)7
an( X7 D) > XnEm
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We call this the polynomial association. Now, expand thelsyiha(x, &), in a Taylor
series

00 1 an+m nem
ax&= ) {W a(X7§)|x,zo} X'

nymon!m!
and define the operator transform by

n+m
{a—gna—zm a(XaE)|x,E:O}

(19) Aa(xD)= Y —

n,m=0

Pam(x, D)

To makea, ( x,D) as given by Eq. (19) equal o (x,D) as given by Eq. (2) the same
one takes

1 an+m

(20) Pam( %, D) = M 3gngTm

CD(G, .[) eier/Z eie XeiTD

(_)XnEm
6,1=0

5.3. The Delta function association
Starting with the identity
a(x, &) = / / a(x, &')3(x — X)3(E — §')dX dE’
we write the correspondence betwe®(x)3(¢) and the corresponding operator by

As(x,D) as
As(x,D) < 8(x)3(&)

Hence, we define
Aa(%,D) = //a(x’,ﬁ’)Ag,(x— XD — &')dXde’

We call this the delta function association [7,11, 16]. Fram (2) we immediately
have that we must take

As(xD) = 4—11T_2//¢(9,T)eiex+“DdedT < 3(x)3(8)

5.4. General association

A more general approach that encompasses the above is tmeoas orthogonal
complete set of functions(x; 8),and expand an arbitrary symbol as

21) a(x &) = / / a(6, T)v(x; B)V(x;£)dOdt

Since we assume thatx; 8) are complete and orthogonal we have

ae,1) — / / a(x, &)V (x; O)V* (&;T)dxCE
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Now, suppose the operator associationviog 0)v(x; 1) is 7 (8, T;x,D),
V(0,T;%,D) < v(X; 0)v(X; 1)
Substitting in Eq. (21) we have
2%(x,D) = / a(6,1)v (8,7;x,D)dodt

This general approach will be developed in a future paper.

6. Transformation between transforms

Suppose we have two different transforms characterizeehyetsd,(6,1) and
CD]_(e, T)

Simple manipulation of Eq. (8) leads to

L

Also, using Eq. (10) one can show that the correspondingadpes transfroms are
related by

CDZ li7li
(22) RqA)z(x,E) _ MRfl(x,E)
®1(15.1%)
which can be writen as
®2 (Dx, D) o
23 RY(%,£) = Ryt
( ) ‘A (X,E) q) (Dx, DE) (X E)

7. Relation between transforms and phase-space distribuins

Shortley after the invention of quantum mechanics, Wigri& jand Kirkwood [6]
addressed the issue of quantum statical mechanics in toevfioly way. They devised
a distribution function (different ones) aimed to calcalguantum averages by way
of phase space averaging. Here is the fundamental idea [@)pdse we have the
association

g (x,D) < a(x&)
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We want to find a distributiorC(x, &) so that

(24) /u*(x) a? (x, D)u(x)dx://a(x,E)C(x,E)dxdE

whereu(x) is an arbitrary function, which in qguantum mechanics isezhlhe wave
function. The left hand side is the quantum mechanical wayatifulating expectation
values and the right hand side is the standard probabitistithod. This formulation
has become known as the phase space of quantum mechanica. [IM¥ywvas the first
to understand the relationship between the Wigner digtabwand the Weyl rule and
Cohen [2] gave the general formulation for arbitrary rulad arbitrary phase space
distributions.

Starting with Eq. (6) multiply it byu*(x) and integrate both sides. After some
manipulation one derives that we must take [2]

Cx&) =7 2/// X —1/2)0(6,1) &% 1Ty (X 1 1/2)dBdTdX

to satisfy Eq. (24). Also, one can readily prove that for twhitaary functions/(x) and

u(x)
/\f*(x),q;')(x,D)u(x)dx: //a(x,E)Chg(x,E)dxdE

if we indeed take

Cul(%,E) = 4—1112 / / / V(X — 1/2)®(8,T) & —1OTy(x | 1/2)dodtdX

We also point out that if we have two distributions chardzest by ®; and®,
then the corresponding distributions are related by

B(xX)—it(E-)
Cax8) = 75 // Ci(x &) dOdtdxXde’

This can be written in operational form,

St - E

8. Examples

We now give a number of examples and in particular we consini@e of the historical
rules.
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8.1. Weyl transform
The Weyl case is obtained by taking
dw(6,1)=1
giving
dOHTE | (i61/246 X g TD Weyl D (8,1) =
From Eq. (4) and (6) we have

a¥(xD) = / / a(6,1) €2 *g™dpdr

$lu) = %{//a(%,p) PO y(1)drdp

and also from Eq. (9) we obtain
_ i —iTE
kx1) = 5= [aby2.8)e ™ dg
We also mention that from Eq. (18) we have that

a (0,1)9 (8,7) = @029 (940 14T

which is well known. We also point out that and using Eq. (12)have

1 m m—/
== /Z) <m> D x'Df
0,1=0 2 = ¢

which was first derived by McCoy. Also, using Eq. (22) we have

ﬂW(X )7 1 omm éer/zéex itD
a A BT nim . ggnaTm

Ra(x,§) = e%%ia(x,i)

8.2. Margenou-Hill, normal, and antinormal
Before we discuss these specific rules we consider takinfptiogving kernel
CDC(G,T) _ eiCST/Z

wherec is a real number. Boggiatto, De Donno, and Oliaro [1] have enadareful
study of this kernel and showed the relationship with otrenkls. We rederive some
of their results. Using Eg. (4) and Eg. (6) we obtain

ﬂa(X,D)Z%T//a(Q+T(1+C)7p) e P dPdpdr
A= o f[a (5 + 5o p) e ) dpar
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Consider now the case where the symbol is

a(x,&) = f(x)h(&)

then it follows that

2 (14c\" 10"f(x) 0"h(D)
lea(X,D)n%< 2| > E axn aEn

IMD) means that after we differentiatét) we sett = D If we further take

where 3En

f(x)h(§) = ™™

then
4, (X D) _ i(c+1)9T/ZeiTxeirD _ ei(cfl)BT/ZeirDeirx

If we takec = —1 andc = 1 we obtain the socalled normal and antinormal cases,
gHE , @™ andx'E™ — x'D™  normal: Oy (8,T) = e 102

gOHE , dP*  andx'E™ - D™"  antinormal:  ®A(8,T) = €°7/2

Now consider the cag®(0,1) = cogcOt/2). We obtain
2a(x,D) = % {ei(C+1)9T/2eiTxeiTD+efi(C+1)9T/2eiTDeiTx
and if we takec = 1 then we obtain the Margenau-Hill [9] or symmetrizatiorerul
g % [e“D % 4 eiexe“D} symmetrization ~ ®yp (8,T) = cosBT/2
and

XEM — x"D™ -+ DX" symmetrization ~ ®yn(8,T) = cosBt/2

8.3. Born and Jordan association

Perhaps the first rule that was proposed historically wasahaorn and Jordan ,
ngm 1 Al m—{ ,n¢
— D)=——3% D™*"D*
X E Anm(xa ) m+ 120 X
Using Eq. (20) on obtains the kernel [2],

sinBt/2
*61) = evé




The Weyl transform and its generalization 269

8.4. Choi-Williams kernel
Choi and Williams [5] devised a kernel that mitigates thecatled cross terms of the

Winger distribution but non the less satisfies the importamiditions for a representa-
tion. The kernel is

(25) Pew(0,T) = e O/

Where o is a positive constant. Note that as— o, the kernel approaches one,
®(6,1) — 1, which is the kernel for the Weyl case. Using Eq. (12) we have

RYOY(x.€) = exp[iliDz} exp[éDiDé] a(x£)
(26) = exp[%DiDg] ROV (x,€)

WhereRfW (x,&)is the Weyl case. As an example consider the case
ax, &) =x§
Then, we have
RZ"N(X,E)XE = exp[%DxDz} x§=x§—i/2
and also

i 1
aPw (x,D) =xD— 12 = 5 [xD+DX

Itis clear from Eq. (26) that
27) RAOW(x,&) = exp[—c—ljD)%Dg] (0E—i/2)=(€—i/2)

Thus the Choi-Williams association is the same as the Weypl@ation fora(x, §) = x§.
Now consider the case

a(x,§) = x°€?
then

RYY (x, &)x2E2 = exp[lzDXDE} X282 = X282 2ix& —1/2
and

RYOW(x,E) = exp[—c—ljD)z(Dg] [X2E2 — 2ixE —1/2] = x?E2 — 2ixE —1/2— g
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G. Grubb

KREIN RESOLVENT FORMULAS FOR ELLIPTIC
BOUNDARY PROBLEMS IN NONSMOOTH DOMAINS *

Abstract. The paper reports on a recent constructioMefunctions and Krein resolvent for-
mulas for general closed extensions of an adjoint pair, leid implementation to boundary
value problems for second-order strongly elliptic operattn smooth domains. The results
are then extended to domains wigh! Holder smoothness, by use of a recently developed
calculus of pseudodifferential boundary operators withsmooth symbols.

1. Introduction

In the study of boundary value problems for ordinary difféi@l equations, the Weyl-
Titchmarshm-function has played an important role for many years; iwd a re-
duction of questions concerning the resolvght- \)~* of a realisatiorA to questions
concerning an associated famM(\) of matrices, holomorphic i € p(A). More-
over, there is a formula describing the difference between A)~1 and the resolvent
of a well-known reference problem in termsMfA), a so-called Krein resolvent for-
mula. The concepts have also been introduced in connectibrilve abstract theories
of extensions of symmetric operators or adjoint pairs irbklit spaces, initiated by
Krein [22] and Vishik [32]. The literature on this is abumiaand we refer to e.g.
Brown, Marletta, Naboko and Wood [10] and Brown, Grubb ando@/{Q] for ac-
counts of the development, and references. For elliptiigatifferential equations
in higher dimensions, concrete interpretationdvidfA) have been taken up in recent
years, e.g. in Amrein and Pearson [5], Behrndt and Langeaf&] in [10]; herévi(A)

is a family of operators defined over the boundary. In thegepaper we report on
the latest development in nonsymmetric cases worked o@fjit uses the early work
of Grubb [14] as an important ingredient.

The interest of this in a context of pseudodifferential @pers is thatV(A)

in elliptic cases, and also in some nonelliptic cases, iseagadifferential operator
(wdo), to whichpdo methods can be applied. The new results in the present aagpe
concerned with situations with a nonsmooth boundary. Oatesyy here is to apply
the nonsmooth pseudodifferential boundary operatmbp) calculus introduced by
Abels [3]. We show that when the domair$! and the given strongly elliptic second-
order operatoA has smooth coefficients, then indeed ktdunction can be defined as
a generalizedido over the boundary, and a KreTn formula holds. Selfatigases have

been treated under various nonsmoothness hypotheses ite8&esnd Mitrea [12],

Posilicano and Raimondi [29], but the present study allomsselfadjoint operators,
and includes a discussion of Neumann-type boundary conditi Besides bounded
domains, we also treat exterior domains and perturbedjzalés.

*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
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The author thanks Helmut Abels for useful conversations.

2. Abstract results

We begin by recalling the theory of extensions &ndunctions established in works
of Brown, Wood and the author [9] and [14].

There is given an adjoint pair of closed, densely definedalirperator#\nin,
Al In a Hilbert spaced:

Amin C (A:*nin)* = Amax, A:nin C (Amm)* = At/*nax-

Let a4 denote the set of linear operators lying between the minamdlmaximal op-
erator:

M :{'E‘lAmmCKCAmaX}a M/:{'E‘llA;ninC'&,CA;nax}-

Write Au asAu for any A, andA'u asA'u for any A'. Assume that there exists an
Ay € o with 0 € p(Ay); thenAj € ar" with 0 € p(A)). We shall defineM-functions

for anyclosedﬂ eEM.
First recall some details from the treatment of extensiorj$4]: Denote

Z=kerAmax, Z =KkerA .
Define the basic non-orthogonal decompositions
D(Amax) = D(Ay)+Z, denotedi = uy+ ug = pr,u+prz u,
D(Amax) = D(A})+Z’, denoted = vy + Vg = pr, V+pry V;
here py = A, *Amax, Pr; =1 —pr,, and pyy = (A) "Alax Pl =1 —pr,. By pR,u=uy
we denote therthogonal projectiorof u ontoV.

The following “abstract Green'’s formula” holds:
1) (Auv) — (U, AV) = ((Au)z/, Vgr) = (U, (A'V)z).
It can be used to show that whére 97 and we setV = m then
{{uz, (Auw} | u € D(A)} is a graph.
Denoting the operator with this graph by we have:

THEOREM1. [14]For the closedA € a7, there is al-1correspondence

T:V — W, closed, densely defined

A closed —— )
withV c Z, W c Z/, closed subspaces.
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Here D(T) = pr; D(A), V =D(T), W = pryy D(A), and

Tu; = (Au)w for all u € D(A), (thedefining equation).

In this correspondence,
0] A corresponds similarly to T: W — V.
(i) kerA=kerT; ranA=ranT + (HSW).
(i) WhenA is invertible,
Al= A\T1+ iv_H Tilpl’w.
Here i,y indicates the injection of into H (it is often left out).
Now provide the operators with a spectral paramgtden this implies, with

7, = ker(Amax—N), Zy= ker(A{naXfX),
D(Amax) =D(A))+2Z), U=U)+U} =pryu+pru, etc.:

COROLLARY 1. LetA € p(Ay). For the closedA € a7, there is al—1corre-
spondence

Ao {TA :Vy — W, closed, densely defined

with\\ C Z,, Wy C Zi, closed subspaces.

Here D(T*) = pry D(A), V4 = D(T}), W, = pr}, D(A*), and

T = ((A—Nu)w for all u € D(A).

Moreover,

(i) ker(A—\) =kerT?;  ran(A—\) = ranT? + (H o W).

(i) Whenh € p(A) Np(A),
(A=)t = (Ay=N) T +iy—n (T plge

This gives a Krein resolvent formula for any closed a1 .

The operatord andT? are related in the following way: Define
EM=1+AA AL PP =1-aAT
EI)\ =1 +X(A;FI 7X)717 F/)\ =1 fX(A;F,)il,

thenE*F* = FAEN = |, EAFA = FAE? = | onH. Moreover,E* andE™ restrict to

homeomorphisms B
EY:VEW, EYwSw,

with inverses denotef} resp.F\,’é. In particularD(T*) = E}D(T).
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THEOREM2. Let G}, = — pry AE iy _n; then
2) (EQ)TE) =T+ Gy,

In other words, T and T are related by the commutative diagram (where the horizonta
maps are homeomorphisms)

A
Vy Ny
T T+GY D(TM) = E)D(T).
W _ w
(EM)

This is a straightforward elaboration of [16], Prop. 2.6.

Now let us introduce boundary triplets akdfunctions. The general setting is
the following: There is given a pair of Hilbert spaces x and two pairs of “boundary

operators”
M H F’l U
:D(Amax) — X, "D(Afa) — X,
) X r6 H

bounded with respect to the graph norm and surjective, $wath t
D(Amin) = D(Amax) Nkerr1nkerTo,  D(Ain) = D(Anay) Nkerry Nkerrg,
and for allu € D(Amax), V € D(Alha0)s
(AU,V) — (U, A'V) = (T1u,T V), — (Tou, F7V) .

Then the three pairsr , X }, {1, o} and{I'}, I} are said to form doundary triplet
(See [10] and [9] for references to the literature on this.)

Note that under our assumptions, the choice

o wenxen ()-(40) ()-(4)

defines a boundary triplet, cf. (1).

Following [10], the boundary triplet is used to define operaAr € ¢ and
AL, € ar’ for any pair of operator§ € £ (X ,# ), T' € L(#, %K) by

(4) D(Ar) = ker(T1 —Tlg), D(A}) =ker("}, — T'Tp).

Then they show:
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ProPOSITIONL. For A € p(At), there is a well-defined M-functionf\iA) de-
termined by

Mr(A):ranlF1—Tlo) — X, My(F1—Tlou=Touforallue z,.
Likewise, forh € p(A},), the function M, (A) is determined similarly by
My (A) iranTy —T'Tg) — o, ML (T —T'To)v=Trgvforallve Z;.
Here, wherp(Ar) # 0,
(Ar)* = At

This was set in relation to Theorem 1 in [9]: Take the boundapjet defined
in (3). Then the formula foD(Ar) in (4) is the same as the defining equation (2)
for D(ﬂ). For the sake of generality, allow also unbounded, densefined, closed
operatorsT : Z — Z'; then in fact the formulas in Proposition 1 still lead to a el
definedM-functionMr (). We denotédr by AandMr (A) by Mz(A), when they come
from the special choice (3) of boundary triplet. Then we have

THEOREM3. LetA correspond to T Z — Z' by Theoreni. For anyA € p(A),
Mi(A) isin £(Z',Z) and satisfies
Mz(A\) = prz(1 = (A= A) " (Amax— M)A, Hizp -
Moreover, Mi(A) relates to T and T by:

Maz) = —(T+Gh ) 1 = —F2(TY)1(F2)", for A € p(A) Np(Ay).

This takes care of those operatdksfor which pr D(A) is dense inZ and
pr; D(A*) is dense inZ'. But the construction extends in a natural way to all the
closedA € a1, giving the following result:

THEOREM4. LetA correspond to TV — W by Theoren. For anyA € p(A),
there is a well-defined (A) € £(W,V), holomorphic in\ and satisfying

() MzN) = prz (I = (A= N) " (Amax— A)A, Liwh -

(i)) When € p(A) Np(Ay),

MzN) = —(T +Gw)

(iii) For A € p(A)N p(Ay), it enters in a Krén resolvent formula

(A=N)"E= (A=) iy, 1 EYME(N) (ED)” Py -

Other Krein-type resolvent formulas in a general framévadrelationscan be
found in Malamud and Mogilevskii [26, Section 5.2].
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3. Neumann-type conditions for second-order operators

The abstract theory can be applied to elliptic realisationsise of suitable mappings
going to and from the boundary, allowing an interpretatioiteirms of boundary con-
ditions. We shall demonstrate this in the strongly elligécond-order case.

Let Q be an open subset ®" of one of the following three types: X} is
bounded, 2)2 is the complement of a bounded set (i.e., is an exterior doynai 3)
there is a balB(0, R) with center 0 and radiuR such thatQ \ B(0,R) = R \ B(0,R)
(we then callQ a perturbed halfspace). More general sets or manifoldsidmaikcon-
sidered in a similar way, namely the so-called admissibleifolils as defined in the
book [19].

The sets will in the present section be assumed t6dater from Section 5
on they will be taken to b€%Y, wherek is an integer> 0 ando €]0,1]. (Recall that
the norm on the Holder spa@9 (V) is

[Ullgkoryy = sup [Du(x)|+ sup [D%u(x)—Du(y)||x—y|"°.)
la|<kxeV |o|=kx#y

We then denot&+o =T.

of 0Q such that by an affine coordinate change for epdly is a box{max.n |yx| <
a;j}, and

QNU; =1y ) [ maxiyd| <aj, fj(y) <yn <aj},
0QNU;j = {(¥,yn) | maxiy <aj yn = fj(y)},

with Ck9-functionsf; such thatfj(y')| < aj for max.n |yk| < aj. The diffeomorphism
(coordinate change)

(5) Fi: (Y.yn) = (Y, yn— fi(Y))

is then alsaC*°. The setdJj must be supplied with a suitable bounded operi et
with closure contained i, to get a full cover of2.

For exterior domains, we coveq similarly, then this must be supplied with
a suitable open sé&iy with closure contained if to get a full cover ofQ; hereUp
contains the complement of a bdlly > R"\ B(0,R)).

For a perturbed halfspace, we cog€ NB(0,R+ 1) as above, and supply this
with Ug = {X| Xn > —¢,|X| > R} to get a full cover ofd.

The boundaryQ will be denoted. We assume in the present section fas
C%; thenX is an(n— 1)-dimensionaC*® manifold without boundary.

LetA= z‘a‘gzaaD“ with C* coefficientsay given on a neighborhocﬁ of Q
(containingUg in the perturbed halfspace case), and uniformly strondjiytie!:

Re $ aa(0& > cof¢? allxe Q. € R",
la]=2
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Cop > 0. The formal adjoin®y’ = 3 ja|<2 D%q = Y |q<28,D? likewise hasC® coeffi-

cientsay and is strongly elliptic o. We asume that the coefficients and all their
derivatives are bounded.

We denote byAmax resp.Amin the maximal resp. minimal realisations Afin
L2(Q) = H; they act likeA in the distribution sense and have the domains

D(Amax) = {u€ L2(Q) | Au€ L2(Q)},  D(Amin) = H5(Q)

(usingLz Sobolev spaces). Similarljy,,, andA ;. denote the maximal and minimal
realisations irL2(Q) of the formal adjointy’; hereAmax = A", Amax= Amin"-

Denoteyju= (aﬂ,u) |z, wheredy, is the derivative along the interior norniaht>.
Letso(X) be the coefficient of-02 whenA is written in terms of normal and tangential
derivatives aK’ € Z; it is bounded with bounded inverse. Denoting

Soy1 =V1, Soy1=Vi,
we have the Green’s formula févvalid for u,v € H3(Q),
6)  (AuV), @) — (UAV) ) = (V1U,YoV)L,() — (YU, VIV + AgYoV)L,(s),

wherezy is a certain first-order differential operator overThe formula extends e.g.
touc H?(Q), ve D(A,), as

(@) (AuV), ) — (UAV) L) = (Vi Yov)3 1 — (You,Viv+ ﬂéYoV)g’,g,

where(-, -)s—s denotes the duality pairing betwekli(%) andH ~5(%). (Cf. Lions and
Magenes [24] for this and the next results.)

The Dirichlet realisatior® is defined as usual by variational theory (the Lax-
Milgram lemma); it is the restriction oAnax with domain

D(Ay) = D(Amax) NHG(Q) = HA(Q) NHE(Q),

where the last equality follows by elliptic regularity thrgoBy addition of a constant to
Aif necessary, we can assume that the spectrulisfcontained ifA € C | ReA > 0}.
ForA e p(Ay), se R, let

Z3(A) ={ue H%Q) | (A—Nu=0};

itis a closed subspace Bff(Q). The trace operatosg, y1 andvs extend by continuity
to continuous maps

Yo ZH(A) — HZ2(2), yi,vi:Z§(A) — HS¥(3),

for all se R. WhenA € p(A)), let K& : ¢ — u denote the Poisson operator from
Hs 32 (%) to H3(Q) solving the semi-homogeneous Dirichlet problem

(8) (A—MNu=0inQ, yu=¢onZ.
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It is well-known thaﬂ(& maps homeomorphically
1 ~
K} tHS 2(2) S Z3(A),

for all s € R, with yp acting as an inverse there. The analogous operatdk’fer)_\ is
denoteck;}.

We shall now recall from [9, 14] how the statements in Sec®@ne interpreted
in terms of boundary conditions. In the rest of this sectioa abbreviatéiS(Z) to HS.
With the notation from Section 1,

M=z ZAN)=Z, ZAN=2, ZK)=Z
We denote by, the restriction ofy to a mapping fronZ, (closed subspace bb(Q))
1 . .. 1
toH™z;its adjomtygA goes fromH 2 to Z,:
Yz, 12y & H’%, with adjointyy, : H2 > 7.

There is a similar notation for the primed operators. WhenO, this index is left out.
These homeomorphisms allow “translating” an operatoZ — Z’ to an oper-
atorL:H" 2 — H%, as in the diagram

z— Y K3

(9) T L D(L) =yoD(T),

NI

whereby(TzZ) = (Lyoz,yoz’)%ﬁ%.
We moreover define the Dirichlet-to-Neumann operatorséoha < p(Ay),

(10) P

_ A A oy .
Yo,V1 = V1K, P\I/o,v’l _VlKV )

they are first-order elliptic pseudodifferential operatover, continuous fromHs—2

to HS 3 forall se R, and Fredholm in cask is bounded. (Their pseudodifferential
nature and ellipticity was explained e.g. in [15]).

For general trace maffisandn we write
(11) PonBu—NU, ueZy(A),

when this operator is well-defined.

Introduce the trace operatdrandr’ (from [14], where they were called and
M’) by

(12) M=vi— P\%,leO = VlA\TlAmax; M= Vll - P\//gy\,/lyo = V/l(p\*/)ilA:*nax-
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Herel andl"" mapD(Amax) resp.D(Anay) continuously ontHz. With these pseu-
dodifferential boundary operators there is a generalizezb@s formula validor all
U € D(Amax), V€ D(Al 20"

(13) (AU V)L, () — (UAV) ) = (Fu,yov)3 _1 = (You, r/V),%,%-
In particular,
(14) (Au,w) = (Fu,yow)%i% forallwe Z3(A) =27

(Cf. [14], Th. Il 1.2.) By composition with suitable isomiasA; : HS(Z) — HS (),
(13) can be turned into a standard boundary triplet formula

(15) (AUV) L, (0) — (U, AV) ) = (MU, ToV) L) — (Tou, F1V) L (s),

with M1 :/\%F, F’l :/\%F’, M= F6 = /\,%VO and# = K = Lz(Z).

There is a general “translation” of the abstract resultssiati®n 1 to statements
on closed realisation& of A. First letA correspond td : Z — Z' (i.e., assum¥ = Z,
W = Z'). Then in view of (9) and (14), the defining equation in Theorkis turned
into
,allZ eZ.

(T'u,yoZ) = (Lyou,YoZ)

Nl

1 1_
2 2

1
2
SinceyoZ runs through—F%, this means thdtu = Lypu, also written

viu= (L+ P%vl)you.*

ThusA represents Aleumann-type condition

(16) viu = Cypu, withC =L+ P?

Yo,V1*

This allows all first-ordetpdo’sC to enter, namely by letting act asC — P%vl.
The elliptic caseConsider a Neumann-type boundary condition

17) viu = Cyou,
whereC is a first-order classicaido onZ. LetA be the restriction ofmaxWith domain
D(A) = {u € D(Amax) | viu = Cyou}.

Now the boundary condition satifies the Shapiro-Lopatihs@ndition (iselliptic) if
and only ifL is elliptic; then in fact

(18) D(A) = {u € H?(Q) | viu = Cyou}.

Then the adjoinﬁ* equals the operator that is defined similarly fréhby the bound-
ary condition
viv= (C* —A0)vov,
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likewise elliptic.

When we do the above considerations £or A, we getl? satisfying the dia-
gram

P S N W
T+G), T 1*  D(M) =D(L).
z 5 H?
G N D

A
Here the horizontal maps are homeomorphisms, and they cseng@gyz, E% =Yz,

() "HF2)" = (v) ™% s0

L =y (T+ G2V
In terms ofL*, the boundary condition reads:
viu= (L + P&ovl)you.

=C=L+P)

0V1’

Note thatl* + P}

Yo,V1

Lr=L+P2, —P

Yo,V1 Yo,V1*

As shown in [9], this leads to:

THEOREM 5. Assumptions as in the start of Secti®nwith C* domain and

operator. LetA correspond to T: Z — Z, carried over to L H-3 — H3. ThenA

represents the boundary conditi¢h6). Moreover:
(i) For A e p(Ay), PO, —P} € r(H 2,HZ)and

' Yo V1 Yo,V1

P=L+P0, —P

Yovi T MYove
(i) For A € p(A), there is a related M-functios £ (H i , H*%)

ML) =vyo(l — (A=N)"H(Amax— )Ay iz/—H Yz
(iii) For A € p(A) Np(Ay),

ML(A) = —(L+P?

Yo,V1

—RRy) t= -
(iv) For A € p(Ay),

ker(A—A) = K} kerL?,

ranfA—\) = Yz ranL? + ran(Amin — A),
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so that H\ (ranA—\)) = Z\ (Vg ranL?).

(v) For A € p(A) N p(Ay) there is a Krén resolvent formula:

(A=N) "= (A=At —izn VZAlML(A)(VE/X)fl Prz

(19) = (Ay—A) T KM (KD

(vi) In particular, if C is aydo of order1 such that G- RS |, is elliptic, and
p(A)Np(A,) £ 0, then DL) =HE, and

(20) ML(\) = —(C—P)

is elliptic of order—1 for all A € p(A). HereA satisfieg18) with (16).
Note that with the notation (11§; — P\%,vl = _P\%,vrcvw andM_(\) = P\TrCVo,vO'
Observe the simple last formula in (19), whﬂ& is the Poisson operator for
A— A, the adjoint being a trace operator of class zero.
The Kreln formula is consistent with formulas found forfadjoint cases with
Robin-type conditions in other works, such as Posilicarg],[Posilicano and Rai-
mondi [29], Gesztesy and Mitrea [12], when one observes that

1) (KN =va(Ay—N) Y

this follows from the fact that fop H*%(Z) andv = K{,Xq), f e Ly(Q) andu=
(Ay—\)~1f, one has using Green’s formula (7):

(f, KM = (A= M)u,v) ) — (u, (A — X)V)L2(0)
= (VluaVOV) 1= (y0u7v/lv+ﬂéyov)g7fg = (Vl(AV_)\)ilpr)

_1.
T2

Nl

1
27

N

For the general case &‘corresponding td@ : vV — W with subspace¥ C Z,
W c Z, there is a related “translation” to boundary conditionstdils are given in [9],
let us here just mention some ingredients:

We use the notation in (15) ff. Set

X1 = roD(A) = /\7%V0V C Lz(Z), Y= roD(A*) = /\7%V0W C Lz(Z),
wherel g restricts to homeomorphisms

Mov :V = X1, Tow:W VY.
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ThenT :V — W is carried over td; : X1 — Y; by

Fov

\%

X1

T Ly D(L1) =ToD(T),

Y,
ow +

The boundary condition is:
FoueD(L1), LaFou=pr,1u.
There is a similar reduction fok— A when) € p(Ay), and we find that
Lg\. - Ll + erl/\% (Pyoo,vl - P&O-,Vl)/\% ixlﬂLz(z) .

There is arM-functionM, (A) : Y1 — X defined forA € p(A). It equals—(L})~when

A € p(A)Np(Ay), and there is then a Kreln resolvent formula

(A=2)" = (Ay=N) =iy Mo ML () (M) 2Py

= (Ay=2) 71 = K, MLy (V) (KJ, )

A1 A
hereKly @ X1 C La(2) —= H-2(%) X, L2(Q).

For higher order elliptic operators, and systems, thersian#éar results orM-
functions and Krein resolvent formulas, see [9]. In sudesahere occur interesting
subspace situations wheXeandY are (homeomorphic to) full products of Sobolev
spaces oveX.

4. The nonsmoothyidbo calculus

The study of the smooth case was formulated in [9] in termé&@fiseudodifferential
boundary operatonj(dbo) calculus, which was initiated by Boutet de Monvel [8flan
further developed e.g. in Grubb [17], [19] (we refer to theseks or to [20] for details

on the calculus). Thevdbo theory has been adapted to nonsmooth situations by Abels
in [3], by use of ideas from the adaptationydlo’s to nonsmooth cases by Kumano-
go and Nagase [23], Taylor [30]. The operators consideredli®ls have symbols
that satisfy the usual estimates in the conormal variablgsnn, pointwise in the
space variablg, but are only of clas€%9 in x (so that the symbol estimates hold with
respect taCk%-norm inx). (Fort = k+ o integer, one could repladg® by the so-
called Zygmund spacg' = B, .,, which is slightly larger, and gives the scale of spaces
slightly better interpolation properties, cf. Abels [1, Blit we shall let that aspect lie.)
We call(k,0) the Holder smoothness of the operator and its symbol.
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The theory allows the operators to act bewdgrbased Besov and Bessel-
potential spaces (£ p < ), but we shall here just use it in the cgse- 2 (although
an extension t # 2 would also be interesting). Some important results of {8] a

THEOREMG6. 1° One has that the continuous mapping property

P.+G K\ HUMRLN  HeE)Y
a4 = : X — X
T S/ HStM-3 (RN-1)M HS3 (Rn—l)M’

holds whenz is a Green operator ofR"} of order me Z and class r, with Blder
smoothnesgk, 0), provided that (witht = k+ o)

1. | <Tif N'#0,
2. |s— 3| <tTifM’#£0,
3.s+tm>r— % if N = 0 (class restriction).

2° Leta; and 4, be as inl1°, with symbols aresp. & and constants o, Ty,
my,Ny,... resp. ke, 02,T2,Mp, N, ... Assume that N= Ni,M, = M, so that the op-
erators can be composed. Let¥ min{ky,k2}, 03 = min{o1,02}, 13 = min{11,12},
0 < 8 < min{1,12}. The boundary symbol composition a is a Green symbola
of order my = my + my, class g = max{ri + mp,r2} and Holder smoothnesgs, 03),
defining a Green operatotz. The remainder is continuous:

HSFMs=8(RN )Nz HS(RT )M
A1402 — A3 X — X ,
HS+m37%79(Rn71)M2 Hsfé(Rnfl)M/l
if the following conditions are satisfied:
1. |s<tzands— 0> —12ifN; >0, |s— 3| <t1zands— 3 — 6> -1, if M} >0
2. T+ 0<s+mM <TifN1 >0, ~To+0<s+m— 3 <T2if M1 > 0;

3. s+m>r1—3if Ny >0, s+mg—6>r,— 3 if N2 > 0 (class restrictions).

3° Let 4 be as in1°, and polyhomogeneous and uniformly elliptic with prin-
cipal symbol & (here N= N’ > 0). Then there is a Green operata? (the operator
with symbol(a®)~1 if m = 0) of order —m, class r— m and Hlder smoothnesg, o),
continuous in the opposite direction af such thatt = 23°— 1 is continuous:

HOO@IN SR
R . X — X
Hs—e—% (Rn—l)M’ H s—3 (Rn—l)M

)

if, witht = k+ 0o,
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1. —1+06<s<T;
2. s—3>-1+08ifMorM’' >0;

3.5-0>r—m— % (class restriction).

See [3] (Theorems 1.1, 1.2 and 6.4). For integethe results are worked out
there for symbols in Zygmund spaces, but they imply the tesuith Holder spaces,
see also [1,2]. The class restrictions are imposed even Wigeoperators have™
coefficients.° is called a parametrix of .

Abels has also generalized the calculus of [19] for symbelgetiding on a
parametept to nonsmooth coefficients; again the estimates in the cetangriables
&', &,nn,uare the usual ones, but validxw.r.t. Holder norms.

We recall from the theory ofydo’s thatP is said to be “inx-form” resp. “in
y-form”, when it is defined from a symbal by

Pu—c [ €*p(x £)0(&) &, respPu—c [ & Ep(y.E)u(y)dycE,

c = (2m)~"; the concept extends tpdbo’s. In Theorem 6, all the operators labeled with
2 are inx-form. So is3° whenm = 0; otherwise it is a composition of an operator
in x-form with an order-reducing operator system to the lefe Remark 1 below.
The adjoints of operators ix-form are operators ig-form. [3] does not discuss the
reduction fromy-form to x-form; some indications may be inferred from Taylor [31],
Ch. 1 89. For operators iprform one has at least the results that can be derived from
the above results by transposition.

REMARK 1. An important tool in the calculus is “order-reducing cgters”.
There are two types, one acting over the domain and one amterghe boundary:

AL = OP(8) HU(RT) = HE(RY),
My = OP((€)) - H{(RM) 5 HETR D), allte B,

with inverses/\:fJr resp./\;". HereA" is the “minus-symbol” defined in [18] Prop.
4.2 as a refinement dfi€’) —i&,)". In Theorem 6 3, whereass® is the operator
with symbol (a%)~* whenm = 0, one applies the zero-order constructionatp=

A0 ) , </\m 0 >
a + 7| to defines® = + 2 ) 3%whenm# 0.
( 0 A" 0 A™) 71

It should be noted that when eR. is as in Theorem 6°1 then
(22) AL Py i HSMRY) — HS(RY) for —1<s<T,

whereas the composition rule Theorem“sRows that\" | P, can be written as the
sum of an operator in the calculus QF_ , on p(x,&);) in x-form and a remainder,
such that the sum map-b‘”m*’(RQ) — HS'(RQ) for —1 < § < 1; this gives a mapping
property like in (22) but with-t+r < s< 1+4r. This apparently extends the range, but
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the decompositions into a primary part and a remainder ar¢hecsame/N\" | P, is
not inx-form but is an operator ir-form composed to the left with” , not equal to
OF"()\Q+ on P(x,€)+). Compositions to the right with”  are simpler and preserve
x-form directly. We shall say that operators formed by conipgan operator ix-form
with an order-reducing operator to the left are “in ordedtreedx-form”.

Coordinate changes give some inconveniences in the nonkmalzulus be-
cause, in &k9-setting, the action oD; after aCk9-coordinate change gets Jaco-
bian factors that ar€%~1.9, and higher power®® get coefficients irCk-19/:9 (when
k—la] = 0).

We say that an operator is a generalized Green operator éobfotine respec-
tive types) if it is the sum of an operator defined from symhbwolthe calculus and a
remainder of lower order (fagin an interval, specified in each case or understood from
the context).

5. Resolvent formulas in the case of non-smooth domains

To treat one difficulty at a time, we consider in the followihg case where the domain
is nonsmooth, but the operatéris given with smooth coefficients (this includes of
course constant coefficients).

Let Q be an open set ilR" of one of the three types described in Section 3, of
classCk. We still takeA with C*-coefficients on a neighborho6of Q, as described
in Section 2.

Recall from Grisvard [13] (Th. 1.3.3.1,1.5.1.2,1.4.1.8.3.4):

THEOREM7. LetQ be bounded and'®, lett = k+0o.

1° When® is a C<°-diffeomorphismy integer, then i HS . = uo® e HS_
for || <T.

2° One can forlg| < 1, integer, define K(Z) to be the space of distributions
u onZ such that for each j, u Ffl is in H% on {y’ | max|yx| < a;}. The trace map
Yo: H3(Q) — Hs—2 (%) is well-defined for% < s<T1, and the trace mag : H3(Q) —
Hs-3 (%) is well-defined for% < s< 1. There is a continous right inverse of each map,
and of the two maps jointly fo% <s<T.

3° Let be G291, 11 = k; + 03, then u— ¢u is continuous in B(R") for |s| < 11
if 11 is integer,|s| < 11 if T1 is non-integer.

4° Whent > 2 and A is a second-order differential operator @nin a diver-
gence form (A= — 3 ;  djajk0k + ¥k a0k + ao) With C%1-coefficients, and we define the
associated obligue Neumann trace operators by

(23) VA= %njajkyoak, vy = %nkfﬂkvoaj,
B B
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there holds a Green’s formula

(24)  (AuV)iy(0) — (UAV)L @) = (VAU YOV)Ly(z) — (YoU, VAV = 3 | @YoV) 1, ()
foru,ve H%(Q).

The Green’s formula (24) can be reorganized as (6); forAwith smooth
coefficientsyy, v; anda} getCk—10-coefficients wher® is C°.

We define the Dirichlet realisatiofy, of A, with domainD(Ay) = D(Amax) N
H&(Q) by the usual variational construction, and we shall asstvag; is invertible.
Its adjoint is the analogous operator fgr

By the difference quotient method of Nirenberg [27] one Heet D(A)) =
H2(Q) NH(Q) whent > 2 (this fact is also derived below); detailed proofs are
e.g. found in the textbooks of Evans [11] (I6f-domains) or McLean [25] (fo€11-
domains).

Also the extended Green’s formula (7) is valid wheh 2; this follows by an
extension of the proofin Lions and Magenes [24], as mentdam§l 3] Remark 1.5.3.5.
It follows that the generalized Green'’s formula (13) holdbenl” andl™ are defined

by
(25) M= VlAJlAmam r= Vll(A\*/)ilA;nax-

The local coordinates (cf. (5)) are used to reduce the cusitedtion to the flat
situation; then the boundary becomes straight but nongmess is imposed on the
symbols.

In the following we work out what the nonsmoafidbo method can give for
the Dirichlet problem; this can be regarded as a basic eseeinithe calculus (some
other cases appear in works of Abels and coauthors).

First we consider the case of a uniformly strongly ellipgcand-order operator
onR" — which we for simplicity of notation also calh — with Holder smoothness
(k1,01) andty1 = k1 + 01, together with a Dirichlet trace operator,

A HE(®?)
z( >:HS+2(R”+)H X ;
Yo H%%(Rnfl)
it is continuous for
(26) ~T1<S<T1, S$>-3,

extended tds| < 13 if integer (cf. Theorem 7 3. To prepare for an application of
Theorem 6, we apply order-reducing operators (cf. Remario *gduce to order 0O,
introducing

- ANZZ, H(RE)
(27) a1 = (O /\2) gA:?+ = , : HS(R”Jr) N X )
0 AGYoN=Z,
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for sas in (26) ff. By Theorem 6 it has a parametrix;f of order 0 and class-1
defined from the principal symbols,

H(R?)
(28) 3p=(R Kp): X  —HERD),
Hsﬁ% Rnfl)
for s satisfying
(29) —T+3<s<t, s>-3

here the remaindet; = ﬂﬂ?f — | satisfies
HEORD)  HE(RD)
(30) Rq: X — X ,
Hsfef% (Rnfl) Hsf% Rnfl)
when 0< 8 < min{1,141},

(31) —T+3+6<s<t, s>-3+6.

Then the equati0191193£J = | + R4, also written
I 0 _
(o /\g) ANZB) =1+ Ry,

implies by composition to the left wit ! 92 and to the right wit ! 02 :
0 A 0 A§

2 of! 0Y\ _ . (1 O I 0
:4/\#31(0 A% =1+%, withg = 0 /\62 R1 0 /\3 .

3°=A?+asf((') /?g):(RO KO)

Hence

is a parametrix ofz, with

(32) 48°=1+¢g,
HO(R)) HOORD) HRY)
(33) 3% X — HSP2(RY), = : X - X ,
Hs+%’ Rn—l) Hs—9+g(Rn—l) Hs+% Rn—l)

for sas in (29) resp. (31). With the notation from Remarka®,is in order-reduced
x-form.

Now consider the situation whefehas smooth coefficients and the domain is
nonsmooth. We shall go through the parametrix and inverastaaction in the case
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where the Holder smoothness of the domaifilid) so thatt = 2. We have the direct
operator

H(Q)
(34) a= (A) THSP2(Q) - x|
" He 3 (3)

it is continuous for—% < s$< 0 (recall the restrictios+ 2 < 2 coming from Theorem
72).

Foreach =1,...,J, the diffeomorhism (5) carrie@ NU;j over toVj = { (Y, yn) |
MmaXn|Yk| < @j,0 < yn < a; — fj(y)}, such thattQ NU; is mapped to{(Y,yn) |
MaXn |Yk| < &j, Yn = 0}. When the smooth differential operatiis transformed to
local coordinates in this way, the principal part of the f#sg operatorA has Holder
smoothnes$0,1), so herer; = 1. In each of these charts one constructs a parametrix

39 for i as above (the coefficients é&f can be assumed to be extended[_%ﬂo).

When Q is bounded or is an exterior domain, one uses for thdJged parametrix
of A without changing coordinates. In the perturbed halfspase cfor the set)y
one extend#\ smoothly to@i and uses a smooth version of the above construction.
These parametrices are carried back to the curved situatidpieced together using a
partition of unity subordinate to the cov@dg,Us,...,U;}, as indicated in [19], p. 228
(the first factorp; in each termin (2.4.77) should be replaced by a funationCg (U;)
such than;d; = ¢;, to get preservation of the principal symbol after sumnrgtitlere
the coordinate changes allow the smoothness to remd) Bt cf. [2], in particular
Section 5.3 there. The sum ovds then a parametrix of (34); its composition with
gives the identity plus a remainder of lower order, for valsias indicated above.

In the subsequent compositions below, it will always be ustded that they
take place in local coordinates (after decomposing theatpesin pieces supported in
theU; by use of suitable partitions of unity) and are taken backéodurved situation
afterwards.

In the present construction, we shall actually carry a speparameter along
that will be useful for discussions of invertibility. So wew replace the originally
givenA by A— A, to be studied for large negatise

The parametrix will be of the form
(35) 3°0\) = (RR(\) KO(N)):  x  —HS(Q);
with (k1,01) = (0,1) the condition (29) means tha{% < s< 1, sothat, along with the

restriction coming from Theorem 7, we have altogether that

(36) -I<s<o0
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is allowed. The remainder maps as follows:

HS®(Q)  H%Q)
(37) RA)=aMN)s°N)—1: x - X
H83()  HS*3(%)

for
(38) -3+08<s<o.

In order to get hold of the exact inverse, we shall use an @k of Agmon [4],
which implies a usefuk-dependent estimate of the remainder: Write= |2 (1 > 0),
introduce an extra variabtec S, and replacei by Dy = —id; let

(39) A=A+DZonQx Sh

ThenA is strongly elliptic onQ x St, and by the preceding construction (carried out
with local coordinates respecting the product structure),

4= (;A) has a parametriz°,
0

with mapping properties oB° and the remaindei = 2391 asin (35) and (37)
with Q,> replaced by = Q x S!, > =3 x S
For functionsw of the formw(x,t) = u(x)e*,

Aw= (<A+“2>W) |

Yow

and similarly, the parametrix® and the remaindex_act on such functions lik@©(\)
andg_ (M) applied in thex-coordinate.
Moreover, forw(x,t) = u(x)e¥, u € s (R"),

Wl s(enscsty = [1(L = B+ B2)UO [lLyeny = [1(1+ (]2 + 1) 20(E) I,

with similar relations for Sobolev spaces over other setsrnié as in the right-hand
side are calledH>H-norms; they were extensively used [19], see the Appendireth
for the definition on subsets. The important observatioroig that whens' < s and
w(x,t) = u(x)eHt, then

Wl sy = |1+ €1+ 12)°720(8)
< (WSS + &2+ 12)20(E) L, = (1) [Wllsanncst):

with constants independent ofandp. Analogous estimates hold witk" replaced by
Qorz.
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Applying this principle to the estimates of the remainiervve find that

<
% <ol

3
HS-OM(Q)xHS 8+ 2 H(3)

< c(w~°lull

3
HSK(Q)xHZF 2K

HSM(Q)xHS*%“(Z)
for sasin (38).

For eachs, take a fixed\ with |A| so large thati(u)=® < 1. Thenl + & (\)
has the inversé+ ®'(A\) =1 + Zkzl(—?i(}\))k (converging in the operator norm for
operators oHSH(Q) x HSJF%*“(Z)), and

aM)s°N)(1+&'(\) =1.
This gives a right inverse
B(A) =3°\) +3°N)R'(A) = (RN) K(N)),

with the same Sobolev space continuity@3), and3°(A\)% /(\) of lower order.
Since

o amam= (T A - (6 )
R(A) solves

(41) (A—MNu="f yu=0,

andK(A) solves

(42) (A—MNu=0, yu=u.

For such largé, R(A) coincides with the resolvent @, defined by variational
theory, andK (M) is the Poisson-type operator we callé&iin Section 3;

(43) (A= M) "L HY(Q) — H(Q), K} :H3 (%) — H"(Q),

for s satisfying (36).

The mapping properties extend to all thdor which the operators are well-
defined, especially t& = 0. FOI’A\Tl, this goes as follows: When € H(Q) and
f € H%(Q) with s< 1, f +Au is likewise inH%(Q). ThenAyu = f + Au allows the
conclusionu € H2(Q). The argument works for afl satisfying (36) (for each such
s, there is room to tak® > 0 so small that (38) is satified. Moreover, sint@lf
(Ay—A)~t = —AA1(Ay— ) 1is of lower order thamh, %, A, * equals a nonsmooth
Ydbo plus a lower-order remainder.

The Poisson operator solving (42) can be further descrisddlpws (for all
A € p(Ay)): Thereis arightinversg : HSJf%(Z) — H2(Q) of yo for —3 < s< 0 (cf.
Theorem 7 2). When we sev = u— x ¢, we find thatv should solve

(A=Av=—(A-N)Xd, Yov=0,
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to which we apply the preceding results; then whenp(Ay),
(44) K} =% — (Ay—N)HA-NxK;

solves (42) uniquely. It ma;ﬁs*%’(z) — HS2(Q) for s satisfying (36).
Since our original operator h&f° coefficients, the same construction works for
the adjoint Dirichlet problem, so we also here get the magppnoperties

(45) (K —N) "L H(Q) - HS2(Q), K HS'3(3) — HEH2(Q),

for s satisfying (36).

The conditiors > — 3 prevents the Poisson operator from starting fione (2),
which would be needed for an analysis as in Section 3. Faielyn# is possible to get
supplementing information in other ways.

By (7) we have, analogously to (21), tHé@ is the adjoint of a trace operator of
class 0 as follows:

(46) Ky = (Va(A =217

(it is used here thatyyo(A, — A)~1=0).
Now use the mapping property in (45). The resolvent can beposed withv
fors> -1, so

VH(A,—N) T = (KD T HY(Q) — H%"2(Z) for — 3 <s<0.
It follows that
(47) K} 1 HS2(2) — H¥(Q),

when 0< § < 3. In particulars = 0 is allowed.

Taking this together with the larger values that were covédme (43), we find
that (47) holds for

(48) 0<d <2

the intermediate values are included by interpolation. Afgotes’ by s from here on.

One can analyze the structurel@f for the low values o$further, decomposing
it into terms belonging to the calculus and lower-order rigyti@rs. There is a difficulty
here in the fact that order-reducing operators as well asabqs iny-form enter, and
both types affect the-values for which the decompositions and mapping propeatie
valid (cf. Remark 1). We refrain from including a deeper gs.

There is a similar result fd({f. The adjoints also extend, e.g.
(49) (K{,X)* THS(Q) — HST2(3), for —2<s<0;

recall thatH§(Q) = H%(Q) when|s| < % To sum up, we have shown:
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THEOREMS8. WhenQ is Ct! and A has C-coefficients, the solution operators
K} and K for (8) and its primed version mapH3 (Z) to H¥(Q) for 0 < s < 2. They
are generalized Poisson operators in the sense thatéRjr%sZ], they can be written as
the sum of a Poisson operator oblder smoothnesf), 1), in order-reduced x-form,
and a lower order operator.

The next step is to studg} ,, = V1K) andP\’/é’v,l =ViK, cf. (10)ff.
We have immediately from the mapping properties estaldisimve, that

(50) Ph vy P

1 3
Yov1> Fyos -HS 2(2) — HS 2(2),

when 3 < s< 2. Let us also introduce the operatgf = v} + a4yo, then Green’s
formula (7) takes the form

(51) (AUV)L,(0) = (UAV)L,(9) = (ViU Yov) 1 1 — (You,V1V)

NIw

,ga

foruec H2(Q), v e D(Aha), andP\’g\),, (cf. (11)) likewise maps as in (50) ff. Applying
V1

(51) to functionau, v with Au= 0, A'v= 0, we see thz:\*?\?o’\,1

in each other’s adjoints. Therefd?% v, considered in (50) has the extens(@%\ V,,)*,
) V1

which is continuous fronh-ngf%(Z) to H§+%(Z) for —2<§ < —3. This extends the
statement in (50) to the values0s < % and by interpolation we obtain the validity of
(50)for0<s<?2.

P\%,vl can in the localizations t&") be described as the composition of the op-
eratorv; = Spy1 (with sp € C°1) and a generalized Poisson operator consisting of an
operator in order-reducedform havingC%!-smoothness plus a remainder of lower
order. Forse]%,Z] we can apply Theorem 6 20 the compositions, using thb(@‘ is
locally the sum of a compositioh=% K?(A)A2 (multiplied with smooth cut-off func-
tions) whereK9()) is in x-form, and a remainder of lower order. This implies that
P&O«,Vl’ apart from the remainder term coming frd(@, is the sum of a first-ordepdo

in x-form with C%1-smoothness and a remainder term, mappihigt(Z) to H'(Z) for

it < 1, respH"18(Z) to HY(Z) for —1+8 <t < 1. Withs—3 =t+1,srunsin
13,3[ resp.]2 +6, 3] here, which covers the intervale]3,2] allowed by the other
remainder.

For low values of there is again the difficulty that we are dealing with a com-
position with ingredients of order-reducing operators &mat y-form operators, which
each have different rules for the spaces in which the decesitipas and mapping prop-
erties are valid, and we refrain from a further discussiarhe

Observe moreover thﬂ\mvl is elliptic (the principal symbol is invertible) —
since this is known foP? | ( [4], [15]).

This shows:

andP? , are contained
Yo,V1
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THEOREM 9. Assumptions as in Theoren PV)\OaVl

to HS*%’(Z) for s [0,2]. They are generalized elliptipdo’s of order1, in the sense
that for se]%,Z], they have the form of an elliptic principal part in x-formdblder
smoothnesg), 1) plus a lower order part.

N 1
and P\‘/o,v,l map H 2 (%)

With these mapping properties it is straightforward to fyetfiat ™ andl™’ de-
fined in (25) satisfy the full statement in (12).

When more smoothness @fis assumed, the representatiorPQjVl as the sum
of a principal part irx-form and a lower-order term can of course be extended tetarg
intervals than found above.

6. Interpretation of realisations

We now have all the ingredients to interpret the abstractatterisation of closed
realisationsA in terms of operator§ :V — W recalled in Section 2, to boundary
conditions. In fact, we have the mappings defined from theetoperatoyg

~ 1 1 ~
Yz, 1 Zn = H72(2), Yz, 1HZI(Z) = 2,
and the mappings defined from Poisson-type operators
_1 * . 1
K} tH2(2) = HYQ), (K))":HO(Q) — HZ(%),

as well as the versions with primes. Then the various dedimtrecalled in Section 3
for the smooth case, carryifig : Vi — W, over tol* : H-2(5) — HZ (%) if V = Z,
W =27, resp. toLﬁ : X1 — Y1 in general, are effective in exactly the same way, and all
the diagrams are valid in this situation.

In this way,,& is determined by a Neumann-type boundary condition

viu= (L+PQ,,)you

in the cas&/ = Z, W = Z/, and by a condition involving projections in the generakcas
The adjointA is determined by the boundary condition

viu= (L* + P\’lg’v,l)you

in the case&/ = Z, W = Z' (resp. by a condition involving projections in the general
case), wheré&* is the adjoint ol, considered as a generally unbounded operator from

H-2(Z) toHZ(Z).
There is a well-definet-function M, (A), which coincides with—(L*)~* for

Aep(A)N p(A); here (20) and (19) hold. Suitably modified results hold isesaof
generaV,W.

For the cas®' = Z, W = Z’, we have obtained:
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THEOREM 10. WhenQ is Cb1 and A has € coefficients, bounded with boun-
ded derivatives on a neighborhood®f and is uniformly strongly elliptic, then Theo-
rem5 (i)—(v) and(20) are valid.

Gesztesy and Mitrea have in [12] established Krein resoli@mulas for the
Laplacian under a weaker smoothness hypothesis, namelQttsaC-° with ¢ > %
Here they treaselfadjointrealisations determined by Robin-type boundary condition

(52) yiu = Byou,

with B compact fromH? to H® (assured ifB is of order< 1). Posilicano and Rai-
mondi [29] describe results farelfadjointrealisations in cas@ is C1! and the co-
efficients ofA, when it is written in symmetric divergence form, a2&! satisfying
various hypotheses. They remark that their treatment wimkboundary conditions
(52) with y; replaced by the oblique Neumann trace operato23) connected with
the divergence form. Hei®is taken of ordek 1, so it is a Robin-type perturbation of
the natural Neumann condition.

It is an important point in the present treatment, besidasitldeals with non-

selfadjoint situations, that Neumann-type conditiong (&ith generalpdo’sC of order
1 are included in the detailed discussion.

Furthermore, our pseudodifferential strategy allows fhyaiaation of ellipticity
concepts:

WhenC is a generalized pseudodifferential operator of order 1 ldittler
smoothnes$0,1), L=C— P\%’vl is a generalized pseudodifferential operator of order
1 and Holder smoothne$8,1), and vice versal is elliptic precisely when the model
boundary value problem fa& with the boundary condition (17) is uniquely solvable at
all (X, &) with & = 0 in the boundary cotangent space (this is the Shapiro- Lrogidit
condition). L* is then also elliptic at each € p(Ay) (sinceP} ,, — PQ ,, is of order
<1).

Moreover, there is then a parametrixigfand this can be used to investigate the
regularity of the domain of. Likewise, each.* has a parametrix then. However, we
want to set the true inverseM( (A) in relation to such a parametrix.

Restrict the attention to the case wheéris a first-ordedifferentialoperator on
> with C%1-coefficients; then we can say more abblytA) with the present methods.

Assume a little more, namely that there is a hay: —2€®, e R, such that
when we include\ in the principal symbol oP&o,vl, then the principal symbol df* =
C—PJ} ,, isinvertible for|&'|?+ [u|? > 1 (“parameter-ellipticity”). Les €]3,2]. Asin
Section 5, we can invoke the system foon Q = Q x St (39) coupled with the same
boundary operator (constant in thidirection)

- A . HTQ)
ﬂ(v _c ):HS(Q)*) X :
1—CYo HS*%’(E)

it is elliptic and has a parametri&o. For the functionsi(x,t) = w(x)€H, this gives a



Krein resolvent formulas 295

A-dependent parametrix family for () = (A—)\vl—Cyo) (when|A| > 1) such that
the remainder in the composition with()) is O((p)~®) for A — « on the ray. Then
there is a true inverse of (\), hence ofL*, for suff|C|entIy large\ on the ray. We can
follow this up for the operatdt C- PyO vy overZ which glvesLA when applied to

functionsd(x)e™. Herel has a parametrlk such that’L — I is of negative order;
this gives a parametrik® of L* such that.*[* — I has anO((u)~®) estimate. For
sufficiently large on the ray this allows us to writel, (\) = —(L*)"t as—L* + &
with % _of lower order. More precisely,® is obtained as a composition of an operator
in x-form with an order-reducing operator to the left; it mapmﬁrHS*% to HS*%, and
the remainder maps froms 28 to HS-2. (Thes€]2, 2] run inside the interval where
the parametrix construction for elliptic first-ord¢do’s of Hdlder smoothnes®,1)
works, as in Theorem 6°3and Remark 1.) In this sendé (A) is a generalizedido

of order—1.

Using this information fos = 2, we see tha_(A) mapH% not just toH 2
buttoH2. ThenD(L) = D(L) = HZ andD(A) is in H2(Q).
If, moreoverC* has Holder smoothne&$-%, the adjointd* is of the same type.

In particular, there is selfadjointnessAfandL are formally selfadjoint. This gives a
very satisfactory version of the Krein formula.

THEOREM 11. If, in addition to the hypotheses of Theord®, C is a first-
order differential operator with Elder smoothnes, 1) and the principal symbol of
L* =C— Py, is parameter-elliptic on a raj = —’€®, pe R, then OL) = H2(5),
and M_(A) is for largeA on the ray the sum of an elliptisdo of order—1 and Holder
smoothnes$0,1), in order-reduced x-form, and a lower-order term. The(APC
H2(Q).

If, moreover, C has Hlder smoothnes®, 1), the adjointA* is defined similarly
from of L* with D(L*) = HZ, D(A*) € H2(Q). In particular, A is selfadjoint if A and L
are formally selfadjoint.

From the point of view of the systematic parameter-depeincidaulus of [19],
the symbols o€ andP? VO v, have “regularity = +" whenCis a differential operator,
so there is a parametrix W|th the same “regulatity”.

PseudodifferentiabperatorsC can be included in the discussion if the symbol
classes in [19] are used in a more definitive way (here wbés of order 1, it has
“regularity 1”, and the same will hold for the resulting pripal symbols of.* and
ML (A)). Considerations with finite positive “regularity” play anportantrole in [1,2].
We hope to return to such cases in future works, but here jasted to show what can
be done using Agmon’s principle.
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WAVE-FRONT SETS IN FOURIER LEBESGUE SPACES *

Abstract. We consider wave-front sets in the framework of weightedrieou_ebesgue
spaces,ZLd. We prove that

(*) WFngim(Af) CWFga(f) CWFngim(Af)UCharA

whereA is properly supported pseudo-differential operator ofeord and ChaA denotes

the set of characteristic points 8f Moreover, we discuss more general class of pseudo-
differential operators in the framework of modulation sggmend preserft) in a more gen-
eral setting.

1. Introduction

This paper is an expanded and modified version of an invitedlsg’s lecture given
by the first author at the conference "Pseudo-differenpi@rators with related topics
II” held in Vaxjo, Sweden, June 23 - 27, 2008. It is a parthaf fiuthors joint research
project. In order to present the main goals of the invitetliecapart from the original
results (collected mainly in Section 4), we have includaglseme results from [19,20]
without proofs.

In the present paper we study certain aspects of microloadysis in Fourier
Lebesgue spaces. More precisely, we define wave-front sétsrespect to those
spaces and show that usual mapping properties for a clasgoéip-differential opera-
tors which are valid for classical wave-front sets (cf. [Chapter XVIII], [15, Chapter
VIII]) also hold for our wave-front sets. We refer to [19, 20} the complete exposition
of our definition, and results related to the wave-frontsanier Lebesgue spaces. The
recent study of pseudo-differential and Fourier integpdrators in Fourier Lebesgue
spaces as well as their connection with modulation spacesfferent contexts in-
creased the interest for such spaces, cf. [2, 3,5, 16, 23123,

The modulation spaces were introduced by Feichtinger in 46p the the-
ory was developed and generalized in [7-10]. Modulatiorcepdave been incor-
porated into the calculus of pseudo-differential opesgtar the sense of the study
of continuity of classical pseudo-differential operatacting on modulation spaces
(cf. [4,17,18,24-26]), and pseudo-differential operafor which modulation spaces
are used as symbol classes, [11-13, 22,27, 29, 30]. Miabtowalysis of modulation
spaces reduces to the microlocal analysis of Fourier Lelgesgaces. From this point
of view our investigation in [19, 20] and in this paper arediwed in the analysis of
modulation spaces.

The paper is organized as follows. In Section 2 we fix basi®netand nota-
tion. Definitions of wave-front sets in the context of Fouliebesgue spaces as well

*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
TThis research was supported by Ministry of Science of Sepiiect no. 144016.
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as their basic properties are given in Propositions 1, 2 aofiSection 3. In Propo-
sitions 4 and 5 of Section 4 we study the continuity propertiepseudo-differential
operators of the Hormander cla88on Fourier Lebesgue spaces. Theorems 1 and 2 of
the same section are devoted to the study of microlocal ptiepef localized version

of pseudo-differential operators. These results implyoGary 1 where we discuss the
relationship between our wave-front sets and the classigad. In Section 5 we intro-
duce wave-front sets in modulation spaces and discusforeddietween local versions
of Fourier Lebesgue and modulation spaces. Section 6 igeltto the further study

of pseudo-differential operators on a more advanced &l present in that section
the class of symbol@?’(g) (R?) and results on the continuity of corresponding pseudo-
differential operators on weighted Fourier-Lebesgue epadlso, in Section 6, we
present an estimate of the form (*) and discuss hypoelltgtic the same framework.

2. Notions and notation

We denote by an open cone iiR%\ 0 and byX an open set iiRY. A conic neighbor-
hood of a pointxp,&o) € RY x (RY\ 0) is a produci x I', whereX is a neighborhood
of Xo in RY andr is an open cone iR which containgo. Sometimes such a cone is
denoted by, and is called a conic neighborhood&f Whenx,& € RY, their scalar
product is denoted byx,&). As usual,(&) = (1+ [|2)Y/2, & € RY. Forq e [1,0] we
letd € [1,] denote the conjugate exponent, i. ¢q3-1/q = 1.

Assume thato andv are positive and measurable functionskfh Recall that
wis calledv-moderate weight if

1) W(X+Y) < Cw(X)V(y)

for some constar® which is independent of y € RY. If vin (1) can be chosen as a
polynomial, therw is called polynomially moderated. We I6¢(RY) to be the set of
all polynomially moderated functions d&f'.

For convenience we also need to consider appropriate ssesaf#. More
precisely, letZ(RY) be the set of allo € 2(RY) (N C*(RY) such thab®w/w e L™ for
all multi-indicesa. By Lemma 1.2 in [29] it follows that for eadl € 22(RY), there is
an elementy € Zo(RY) such that

() C Ly < w < Cuwy,

for some constar@.
Assume thap > 0. Then we letZ,(R?) to be the set of ab(x, &) in Z2o(R)
such that
0308 w(x,€)
w(x,§)
for every multi-indicesa and. Note that in contrast to fog?, and &2, we do not

have any equivalence betwegf), and % whenp > 0, in the sense of (2). E€ R and
p € [0,1], then 2, (R?Y) containsw(x, &) = (£)S.

(3) (€)PlPl € L°(RY),
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The Fourier transformZ is the linear and continuous mapping off (RY)
which takes the form

~

(FHE) = &) = 2 [ f(e ' *Idx gere,

whenf ¢ L1(RY). We recall thatZ is a homeomorphism o’ (RY) which restricts
to a homeomorphism o’ (RY) and to a unitary operator drf(RY).

We say that a distributioh € 2’(RY) is microlocally smootfat (xo, &o) € RY x
(RY\ 0) if there exist € CJ(RY) such thak (xo) # 0, and an open corig, such that
for everyN € N, there exist€y > 0 such that.7 (x f)(€)| < Cn(E) V2, € € Tg,. The
wave-front sebf f, WF(f) is the complement of the set of poirite, o), wheref is
microlocally smooth.

Assume that € .7 (R??), and that < R is fixed. Then the pseudo-differential
operator; (x, D), defined by the formula

(@(x,D)f)(x) = (Or(a)f)(x)

4 .
@ = @07 [[a(@-x+ ty @) 1y H dy ek,

is a linear and continuous operator 6f(RY). For generah ¢ .7’ (R?®), the pseudo-
differential operator (x,D) is defined as the continuous operator froff(RY) to
'(RY) with the distribution kernel

(5) Kea(x.y) = (2m)Y4(F; ) (1 - t)x+ty,y - X).

Here .%,F is the partial Fourier transform &% (x,y) € .%/(R?d) with respect to the
y-variable. This definition makes sense, since the mappiigand

F(xy) — F((1-t)x+ty,y—X)

are homeomorphisms a#”’ (R??). We also note that this definition af(x, D) agrees
with the operator in (4) whea € .(R??), and thata;(x,D) agrees with the Kohn-
Nirenberg representati@ix, D) whent = 0.

Furthermore, any linear and continuous operat@rom . (RY) to .#/(RY) has
a distribution kerneK in .’ (R?4) in view of kernel theorem of Schwartz. By Fourier’s
inversion formula we may then find a unigae .7’ (R?%) such that (5) is fulfilled with
K = Kta. Consequently, for every fixede R, there is a one to one correspondence
between linear and continuous operators ftgffiRY) to ./ (RY), and Op(.7” (R)),
the set of all(x, D) such that € .7/ (R?%).

In particular, ifa € .’ (R??) ands,t € R, then there is a uniquec .7’ (R%)
such thatas(x,D) = bi(x,D). By straight-forward applications of Fourier’s inversion
formula, it follows that

6) as(x,D) =by(x D) <= b(x&) =&"IPPea(x ).

(Cf. Section 18.5in [14].)
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3. Wave-front sets in Fourier Lebesgue spaces

In this section we define wave-front sets with respect to ieollebesgue spaces, and
recall some general properties from [19, 20].

Let w € Z(R%) and letq € [1,»]. The (weighted) Fourier-Lebesgue space

ZL3 (RY) is the Banach space which consists offadt .»/(RY) such that

(w)
™ Ifllm1g, = 1l , = 10 ) s <

~

The weightw(x, &) in (7) depends on botkandg, althoughf (§) only depends
on&. However, sincevis v-moderate for somec #2(R?%), different choices ok give
rise to equivalent norms. Therefore, the condiqi\drﬂgu(q ) < oo is independent ok

and for differentx;, x, € RY there exists a consta@, x, > 0 such that
-1
Cxl,xz”fH?L?w)TXz < ||fH‘?L?w),x1 < CXlaXZHf”yL?w)‘XZ'

We say thatf € 2'(RY) is locally in ﬂ‘L‘(‘w) (RY), if xf € ﬂL?w) (RY) for every
X € C5(RY) and in that case we use the notatibr EL?(O) ocRY). It is said that
f € ZLi, 10c(R?) atxo if there exists a functio € Cg(RY), X(xo) # 0, such that
xf e ZL, RY.

In the remaining part of the paper we study weighted Folréresgue spaces
with weights which depend ofi Thus, withao () = w(0,&) € Z(RY),

fezLd

() = FL ) = [flp = [Twolua <o

We usually assume that the involved weight functia@g§,) is given bywy(§) =
w(Xo,&) = (&)3, for somexg € RY ands e R. In this case we use the notaticALJ
instead OWL?%). If w= 1, then the notatior# LY is used instead Q@L?w).

Let wp € Z(RY), I C RY\ 0 be open cone ang e [1,0] be fixed. For any
f c.7'(RY), let

e = ([ 1@ neE) "

(with obvious interpretation whesp= «). We note that - |9Lq.r defines a semi-norm
M C )
on.#’(R") which might attain the valug. If T =R\ 0, f € ZL{; (R") andq < o,

then|f| ;, or agrees with the Fourier Lebesgue nthrﬂyL? ) of f.
(@) )X
We let O?L?w(,)(f) to be the set of alf € RY\ 0 such thallf|‘ﬂ?‘r) < oo, for
(0]

somel” =g Its complement iR\ 0 is denoted b)ZgL? )(f).
Wy

We have now the following result.
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PROPOSITION1. Assume that @ [1,], X € . (RY), and thatwy € 2 (RY).
Also assume that & &'(RY). Then

8 2> flrcx f).
8) yLﬁ%)(X )C yL?wO)( )

Proof. Assume tha€g ¢ OyL? )(f), and choose open congs andl, in RY such
wp

thatl, C IM'1. Sincef has a compact support, it follows tHzﬁ(E)wo(Eﬂ < C(&)No for
some positive constan@ andNp. The idea of the proof is to show that for eadh
there are constan@y such that

© Xfl e <COu(1f] +;;Lég(|f“<z>mo<z>|<z>*”))

when qu<qgy, 2Clr; and N=1,2,....

The result then follows by takings = g2 = g andN > Np. We refer to [19] for
details of the proof of (9). O

Now we are ready to define wave-front sets in the frameworloofier Lebes-
gue spaces.

DEFINITION 1. Assume that @ [1,], f € 2'(RY) andwp € Z(RY). The

wave-front set W,EL? )(f) with respect to# L?wo) (RY) consists of all pairgxo,&o)
“o
in RY x (RY\ 0) such thatéo € 10 )(xf), holds for eachy € Cg(RY) such that
o

X(Xo0) # O.

The following proposition shows that the Wave—front\AHFgL? (f) decreases
with respect to the parametgrand increases with respect to the weight functign
whenf € 7/(RY) is fixed.

PROPOSITION2. Assume that £ 2'(RY), gj € [1,%] and wj € Z(RY) for
j = 1,2 satisfy
(10) 01 <02, and up(§) <Con(E),

for some constant C which is independeng efRY. Then

WF_ o (fYCWF_, o (f).
yL(fﬁz)( = ‘?L«il)( )

Proof. It is no restriction to assume théthas a compact support, and that(¢) =
w2(&) = wp(&). This implies that

sup| (&) N F(&)an(E)] < o

Zerd

providedN is chosen large enough. Hence (9) implies gt « )(f) CO e (f),
7 o (wp)
and the assertion follows. '
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PROPOSITION3. Assume that g [1,»], f € 2'(X), wo € Z(RY) and
(%0,&0) € X x (R9\ 0). The following conditions are equivalent:

(1) there exist g= EL?%)(R") such that(xg, &) € WF(f —q);
(2) (%0,%0) ¢WFgL?mo)(f)-

Proof. First we show thabg € 7L, \(RY) if ¢ € #(RY) andg e FL, | (RY).

Let¢ €.7(RY) and lety be defined byji = ¢. Then
98l s, =@ 2( [ ([, 8- mwin)cn)one)|ce) *°
<emo2( [, ([ 1a€-nlwmldnien)) de)
<@ 92 [ ([, 16 - muen(E)de) an

<m 92 [ ([ 18€ - men(e - mid) wmvin)an

=C
|\g|\y|_?wo)7

whereC = (2m)~9/2||gv]|, 1 is finite, sincev is of polynomial growth.

By the assumptionf — g is microlocally smooth afxg,&o). Hence there exists
an open coné = l'g, such that

[ 17 @(f - 0))(B)uol®) 7 <

whered(Xo) # 0 and the support af can be chosen to be sufficiently closeo This,
together with the decompositiagh (¢ f) = .7 (¢g) + .7 (¢(f — g)) implies that

a1 [ 1701 @) (@8 < e,

i.e. (Xo0,&0) gWF?L?W(f)'
Conversely, if(Xp,&o) ¢ W Eﬂ? )(f), then there exisp € Cy such thath (xo) #
Wy

0 and a conic neighborhoddof &g such that (11) holds.
Letge .ZL?  (RY) be defined by

(w0)
asy_ J FO1)(E&), if el
g(E)—{ 0, if Egr.

Thenh = Z (¢ f)—gvanishesirm andh has a polynomial bound. Therefape), §o) ¢
WF(h). Choosey € C7 so thatyd =1 in a neighborhood okg. Note (xg,&0) &
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W F(ph). Now, since

f—dg=(1-wo)f +uh,
we conclude thafxg, &o) ¢ WF(f — Wg). Sinceyg € %‘L((‘Q)O)(Rd) the proof is com-
plete. O

4. Pseudo-differential operators with classical symbols

In this section we prove mapping properties of pseudo-difféal operators in the
background of wave-front sets of Fourier Lebesgue types.

Assume thaim € R. Then we recall that the Hérmander symbol class
S = SNRY x RY) = SN(R)

consists of all smooth functiorssuch that for each pair of multi-indices there are
constant€, g such that

|0g0fa(x,&)| < Cap(®)™ 1%, xEcR™
We also seB6* = NmerS™, and
Op(S™ = {a(x,D); ac SR x RY) }.
The following result is needed in the proof of Theorem 1 below

PROPOSITION4. Assume that g [1,e] andx € C3(RY). Then the following
is true:

(1) ifa e S then the mapping(x)a(x,D) : FLI(RY) — .ZLI(RY) is continuous. In
particular, if a(x, &) = a(§) € &°, then the mapping@®) : .ZLI(RY) — .ZLIY(RY)
is continuous;

(2) if a € S"and se R theny(x)a(x,D) : ZLI(RY) — ZLI (RY). In particular,
ifa(x,&) =a(&) e S", a(D) : FLIRY) — .ZLJ (RY).

Proof. For the proof it is convenient to pl;(§) = (§)° whens € R. We only prove
assertions for K q < c. The casea] = « follows by similar arguments and is left to
the reader.

(1) Letac SLandy € Cy (RY). We denote the support giby K. The oscillatory
integral (4) is well defined for the symbgh, t = 0 andf € .ZL9(RY). Namely, after
2stimes integration by parts we obtain

(12) Xx(¥a(x,D)f(x) = (2m) 9/ / &% (Ea5(Dy) (X (x)a(x,n)) ) (n) ~>F(n)dn,
which, by the Holder inequality, gives

[X()a(x,D)f (x)| < (2142 (Eas(Dx) (X(¥)a(X.))) (-) "2 I FliLa < ClIf [l 710
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for2s>d/d.
Let .Z1a,(&,n) be the partial Fourier transform af(x,n) = x(x)a(x,n) with

respect to thex variable. Then it follows from the assumptions that for ech N,
there is a constafly > 0 such that
(13) |FraxEml<Cn@® N, &neR%
Now,
|7 (x(x)a(x,D)f(x)) (&)
— (2| [ &0 ([ dXEx(Day(xn)(n) BT (m)n ) ax
= (2m 4| [ Fimyi) (| & VEx(Dyaxn)dx) an|
R
(2m)” ]/ f(n)(n) "€ — )= Fray(E—n,n dn\

By taking § and § —n as new variables of integrations, and assuming that
N > s+ 9, by (13) and Minkowski’s inequality we obtain

|7 (X(9a(x.D) £ (%) €)1
~ 1

<@ ( [L| [, fe-nm=sane-ne-n =anl'a)"

< [ ([, 1€ 7y -nede)

< amyew [, ( [ ITE-mide) g

<Cfflle

If we instead have that the symbol is a Fourier multipsier a(&) € S°, then it
is obvious that

17 (a(D) f)l|ra < C||-F F|ia,

and (1) follows in this case as well.
The assertion (2) follows from (1), the fact that the map

a(x,&) = a(x,§)(&)"™
is a homeomorphism froi® to S™, and the fact that the map
f— (D)~ 5f

is a homeomorphism fron# L9 to .#ZLJ. The proof is complete. O
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RemARK 1. Itis known that an operata(x, D) whose symbol belongs to the
Hormander clas§’ is continuous fromL9 to L9, 1 < q < «, see [32]. In order to
prove the continuity inZL9(RY) it is not sufficient to assume the boundedness of the
corresponding symba with respect to thex variable because for such symbol and
f € .ZL9(RY) the convolutiora = f does not belong thY, in general. For that reason
we observe the operators of the foitx)a(x,D). Alternatively, we could impose a
decay condition o with respect to thex variable. For example, one can prove that
a(x,D) : ZLYRY) — .ZLI(RY) is continuous if the symbal satisfies

10%0Ba(x,&)| < Cq () IBl(g)™ 101,
for k < —d. More details on this topic can be found in [19, 20].

Next we recall the definition of characteristic sets andpttli pseudo-diffe-
rential operators. The symbale S"(R?) is callednon-characteristicat (xo, &o) €
RY x (RY\ 0) if there is a neighborhodd of xo, a conical neighborhood of &; and
constants andR such that
(14) la(x,&)| > clg|™, if & >R
and € . Then one can find € S"™(R?) such that

a(x,D)b(x,D) —1d € Op(S™®) and b(x,D)a(x,D)—Id € Op(S )

in a conical neighborhood dko, &) (cf. [14, 19]). The poin(xo,&o) € RY x (RY\ 0)

is called characteristic fa if it is not non-characteristic point af(x,D). The set of
characteristic points (the characteristic setpof,D) is denoted by Cha(x,D). We
shall identify operators with their symbols when discugsiharacteristic sets.

The operatoa(x, D) € Op(S™) is calledelliptic if the set of characteristic points
is empty. This means that for each bounded neighbourbloaitky, there are constants
¢,R> 0 such that (14) holds whenc U.

PROPOSITIONS. Let a€ S™ be elliptic and assume that ﬁLﬂloc(Rd) for
some ¢g [1,0] and for some € R. Ifa(x,D)f € ZLJ,(RY), then fe ZL], o (RY)
and for every € Cg(RY) we have
(15) IXFllz1a,,, < Cst(IIXa(x D) f] z1a + [IX Fl| #10)-

In particular, if a(x,D) = a(D) € S"is elliptic, then(15) holds withouty.
Proof. The ellipticity condition implies that there is an operalgk,D) € Op(S™™)
such that
xf =b(x,D)a(x,D)xf +r(x,D)xf,
for somer € S™®. Henceb(x,D) is continuous fromZLd(RY) to #LI, (RY) and
r(x,D) is continuous fromZL{ (RY) to .ZLJ. . (RY). This implies
X Fll 1, < 160 D)a(x, D)X Fllsys. -+l (X D)X F|[ 5o

< Gst(l[xa(x, D) f[| zra + XTIl 50)-
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O

REMARK 2. The above propositions can be reformulated in the langoathe
symbol class30.(X x RY), whereX is an open set ilRY. This class is introduced
in [14] as the starting point in the study of pseudo-difféi@mperators on manifolds.

We say that a continuous linear mapCy (X) — C*(X) is a pseudo-differential
operator of ordemin X, A € WM(X), if for arbitrary @, € Cg (X) the operatoif —
QA(f) isin Op(S™). For example, the restriction afx,D) € Op(S") to X belongs to
Wwm(x).

According to [14, Proposition 18.1.22], evetye W™(X) can be decomposed
asA = Ay + A1 whereA; € W"(X) is properly supported and the kernel&fis in C*.

In that sense it is no essential restriction to require prepeports in the following
statements.

THEOREM 1. Assume that g [1,»], se R, f € 2'(RY) and (xo,%0) € RY x
(R9\ 0). Then the following conditions are equivalent:

(1) (x0,80) WF5a(f);

(2) (x0,&0) € WFEz a(AT) for some properly supported & WS(X) which is non-
characteristic at(xo, &p);

(3) there is a conic neighborhood W Iy of (xp,&0) in X x (RY\ 0) such that Bf
in ﬁLgimloc(X) for every properly supported pseudo-differential operdae
WPM(X) with the symbol of class o outside Ux I'o.

Proof. We follow the proof of Theorem 8.4.8 in [15] which concerng ttlassical
wave-front set.

Assume that (1) holds. Then (11) holds with(§) = (§)° and for some conic
neighborhood™ of &g and for some € C7’(X) such thaip(xp) # 0. Letq(§) € C*
be a homogeneous function of degie®or |§| > 1, with support inl. We define
A=0¢q(D)d, whered is from (11). ThemA € W5(X) and (11) give

[Af]lzLa <Clla(D)o f[| 7La < .

Moreover, the symbol oA is q(¢) (modS~*) nearxg, which proves (2).

Now, assume that (3) holds. To prove (1) it is sufficient to find Cy such
that supp is sufficiently close tog and a conic neighborhoddof &g such that (11)
holds. LetB € W™(X) be fixed. By (3) we may choosgy € Cg'(X) andq(§) € C*
a homogeneous of degreefor || > 1, with ¢ = 1 in a neighborhood of suppand
supp® x suppg C U x Mg, so thatB = wq(D)e.

By using the fact that

Z(q(D)ef) = .7 (Ya(D)ef) + .7 ((1 - w)q(D)ef),
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it follows from (3) thatpq(D)ef € .#L3 ., and(1— )q(D)eis of order—o. Therefore
(11) holds withwo () = (§)5, T =g and¢ = q(D)q.

Finally, assume that (2) holds and choose a closed conihbeigoodU x
Mo of (xo,&0) such that the symbai(x,&) of A satisfies|a(x,&)| > c|&|™, if & ¢
o, |&| > C, for some constantsC > 0. Therefore, for ever as in condition (3),
we can find a properly supporté&de Y™ 5(X) such that

B—BAc W(X).

HenceBf — BAf € C*(X). By the assumption and Proposition 4 (2) it follows that
BAfe .ZLI _ (X). ThereforeBf € ZLJ _ (X)which completes the proof.(]

s—m,loc s—m,loc

COROLLARY 1. Assume that g [1,»], s€ R, f € 2'(RY) and(xo,&o) € RY x
(RY\ 0). Then the following is true:

(1) If (x0,&0) € WFz a(f) then (xo,&0) & WFngfm(Af) for every properly sup-
ported Ac W(X);

(2) if (x0,&0) gZWFquH](Af) for some properly supported & W™(X) which is
non-characteristic atxo,&o), then(xo,&0) ¢ WFz a(f);

(3) there is a conical neighborhood W T of (Xo,&o) such that(x,&) ¢ WF a(f)
for every(x,§) € U x I" and for every & R if and only if (Xo, o) € WF(f).

Proof. We use the same idea as in the proof of [15, Theorem 8.4.8]e, ke only
present the proof of (3) and remark that this property isudised in [19] via the so
called superposition type wave-front sets.

Assume thal is a bounded neighborhood xf andl" = I'g |, and that(x,&) ¢
WFz g(f) for eachs € R whenx € U and& € I'. By compactness it follows that
Ix f |ng,r < o for everyy € Cg (U) such thak (xo) # 0, and for everg. Let¢ € C3'(U)

and 0< € C*(RY) be such that

P(te) = w(g), when [§|>1,t>1,
d(x0) =W(&/I&|) =1, and supgp CT.

Theny(D)d(x)f € .ZLd for everysby Theorem 1 (3). Henog(D)d(x) f € C*.

From the assumptions it follows that i(x —y) = (2m)~%2Qi(y — x) is the
Schwartz kernel ofy(D), thenK € .7/ (RY) NC=(RY\ 0). FurthermoreK turns rapidly
to zero at infinity. It follows thatp(D)d(x)f € .7(RY). Hencey(&).Z (¢ )(E) turns
rapidly to zero at infinity. Consequentlixo, §o) ¢ WF(f).

On the other hand, ifxo,&0) ¢ WF(f) then, by the definition, it imnmediately
follows that there is a conic neighborhdddk I of (X0, §o) such thatx,&) ¢ WF a(f)
for every(x,§) € U x I' and for everys € R. The proof is complete. O
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THEOREM?2. Let f € 2/(RY) and let Ac W(X) be properly supported. Then
we have the microlocal property

WFza (Af) CWFza(f) CWFz o (Af)UCharA,
whereCharA denotes the set of characteristic points of A.

Proof. The statement follows directly from Corollary 1. O

5. Modulation spaces

Assume thath € .7/ (RY) is fixed. Then the short-time Fourier transform bfc
'(RY) with respect tap is defined by

Mo f)(x,€) = -Z(F-¢(- —x))(&).

We note that the left-hand side makes sense, since it is tiialg@ourier transform of
the tempered distributioR (x,y) = (f @ §)(y,y — X) with respect to thg-variable.
We usually assume théte .#(RY), and in this cas¥ f takes the form

(16) Vof(x.&) = (27-[)41/2/ F(y) By —xe 0 dy,

Assume thato € Z(R™), p,q € [1,%], and thatd € .#(RY)\ 0. Then the
modulation space [}(R?) consists of alff € ./(RY) such that

flppa = || fllypa
¥l = 11 lhypse

- (/(/|V¢f(x,E)m(x,&)|pdx)Q/pdE)l/q<oo

(with obvious interpretation whep = o or g = o).
If =1, then the notatioMP9(RY) is used instead d¥1>(RY). Moreover we

()
setM(pw) (RY) = M&E’(Rd) andMP(RY) = MP-P(RY),

Locally, the spacesL i, (R?) andM{(R?) coincide, in the sense that

(17)

ZLY

R NE'RY) = MEI R N &' (RY)

(
(see Theorem 2.1 and Remark 4.4 in [21]). This result is el¢din [19] in the context
of wave-front sets.

Now we define wave-front sets with respect to modulation epaand claim
that they coincide with wave-front sets of Fourier Lebestpes. In particular, any
property valid for wave-front set of Fourier Lebesgue typey over to wave-front set
of modulation space type (cf. [19, 20]).
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Assume thath € .7 (RY)\ 0, w € 2(R¥), I C RY\ 0 is an open cone and
p,q € [1,] are fixed. For any € .7”(RY), let

| f|M(pq,F = | f|M<p(;)c)1,r,¢

®
= ([ ([, Mtocgpacgpax) o) "

(with obvious interpretation whep = o or g = ). We note that - |Mp‘q,r defines a
(@)
semi-norm ony”’ which might attain the valug-c. If I =RY\ 0 andq < o, then

| f|ypar agrees with the modulation space nthrﬂM(p,? of f.
(@) ®

(18)

We Iet@M(p,r;(f) = @M(p.t;,tb(f) be the sets of aff € RY\ 0 such that f lyparse <
3 ) (@)
oo, for somel” =I';. We also |eEMf~‘j‘¢(f) be the complement ‘EMf"j‘¢(f) in RY\ 0.
ThenOM(p‘c;,@(f) andZM(p,r;‘q’(f) are open respectively closed subset& 0.
w, W,

THEOREM3. [19] Assume that [ € [1,»], ¢ € CT(RY)\ 0, x € C*(RY), and
thatw € Z(R?). Also assume that ¢ &”(RY). Then

(19) OM&‘;@(” = OgrLf'w) (), Zme(f) = ZﬂL?w) (),
and

COROLLARY 2. [19] Assume that y € [1,»], f € Z'(RY), ¢ € CF(RY)\ 0,
X0,Yo € RY, & € RY\ 0 and thatw € 2(R?). Also letwy(€) = w(Yo,&). Then the
following conditions are equivalent:

(1) there exists an open corie= g, andx € Cg(RY) such thatx(xo) # 0, and
Ix f |M(p,?‘l"¢ <o (i.e.&e @M(p(;g xH);

(2) there exists an open corie= g, andx € Cg(RY) such thatx(xo) # 0, and
X f |,9L?w) <o(i.e.goe e?L?w) (x));

(3) there exists an open corfie= g, andx € Cg (RY) such thatx(xo) # 0, and

|Xf|y|_?%) <o (i.e.§o€ O?L?mm (xf))-

The following definition makes sense in view of Corollary 2.

DEFINITION 2. [19] Assume that g € [1,], f € Z'(RY) andw € 22 (R).
The wave-front set V\W.ﬁ(f) with respect to I\m (RY) consists of all pairgxo, &o) in

RY x (R9\ 0) such thag € ZM(p‘c)],qJ (x f) holds for eactx € C3 (RY) such thai (xo) # 0.
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By Corollary 2 it follows that

WE pa(f) =WE,pa(f
ey (1) =Whyza (f)

whenpy, p2 € [1,] and
Clan(%,&)(x) N < wn (x,&) < Cup(x,&) (N,

for some constants andN. By the same corollary it follows that the following holds.

PROPOSITIONG. [19] Assume that p € [1,0], f € 2'(RY), wp € Z(RY) and
w e Z(R%) are such thata(&) = w(yo, &) for some y € RY. Then

WFEF fy=WF fy=WR,pa(f).
ﬂL?wo)( ) ,?L?w)( ) Mfw‘;( )

We also note that if € &' (RY), then it follows from Corollary 2 that

fec.7L) = feMp’q@»WFyLﬁ )(f):WFM(p«;(f):o.
(.uo W,

(o) (@)

In particular, we recover Theorem 2.1 and Remark 4.4 in [21].

6. Pseudo-differential operators, an extenstion

In this section we present a part of our results from [19]tegldo the action of more
general classes of pseudo-differential operators. Theeptation of this section fol-
lows the first author’s lecture given at the conference "Heedifferential operators
with related topics II”.

Assume thap,m € R are fixed. Recall]\,(R?) is the set of all € C*(R*)
such that for each pairs of multi-indicesand 3, there is a constar@, g such that
|6§6§a(x,£)| < Cop(€)™ PPl Usually we assume that0p < 1. Clearly,S['y = S™ of
Section 5.

More generally, assume thah € Z,(R?4). Then we recall from [19] that
) (R?) consists of alb € C*(R*!) such that

10%0%a(x,£)| < Cq poxo(x,E) (&) PPl
(Cf. Section 18.4-18.6 in [14].) CIearlgz’%) = So(R*) whenox(x,&) = (€)™,
The next result is a special case of Theorem 4.2 in [30].

PROPOSITION7. Assume that jj, p;j,q; € [1,] for j = 1,2, satisfy
1/p1—1/p2=1/t1—1/Ge=1-1/p-1/0, q<p2,G2<P.
Also assume thab € 2 (R @ R?) andwy, wp € 2 (R?) satisfy

w2(X,&+n)

1) w1 (X+28)

< Cw(x,&,n,2)
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for some constant C. If @ M(R*), then &x,D) from .#(R?) to .#"(R") extends
uniquely to a continuous mapping frorrl’:’(!\){i;1 (RY) to M(p(fgz (RY).

For the later convenience we set

(22) 0‘)&,[)()(725 I‘],Z) = w(x7za naz) <X>S4<r]>%<ﬁ>p52 <Z>Sla
whenp € R ands € R*.

DEFINITION 3. [19] Assume that & R* is such that 5> 0, pc R, w €
2 (R%), and thatw, is given by(22). Then the symbol clags’’ (R?) is the set

(@)
of all a € ./(R?) which satisfy

o 00,1 2d _
Ozac M(%(SG)TP)(R )s u(s,a) = (s, |0, s3,%),

for each multi-indicest such thata| < 2s,.

It follows from the following lemma that the symbol clasdéa’) (R?) are in-
teresting also in the classical theory.

LEMMA 1. [19] Assume thap € [0,1], w € Po(R*) andwy € F,(R?) sat-
isfy
wo(X,€) = w(x,&,0,0).

Then the following conditions are equivalent:

2dy.
(1) ac s, (RM);
(2) wyp'ae S o(R);
(3) ()@ € Ns 5200 1) (R?).

REMARK 3. Let H®(RY) be the Sobolev space of distributions witle R
derivatives inL®(RY), i.e. HY(RY) consists of allf € . such thatZ ~((-)Sf) be-
longs toL™(RY). Then it is easilly seen thifls.oHS (R?) = § o(R?), which is the
set of all smooth functions dk?® which are bounded together with all their derivatives.

Hence, (3.2) in [27] and Theorem 4.4 in [28] imply that

MM (R = Fo(®R®),  ws(x,En,2) = (n)*2)°.
s>0
By Theorem 2.2 in [29] it follows more generally that

Vp,s

(23) MG (R = S6(R™), Vps(xE,1,2) = (§)°(n)*2°
s>0
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The following definition of the characteristic set is diat from that given in
Section 5 and in [14, Section 18.1]. Here, it is defined for lsgta which are not poly-
homogeneous while in the case of polyhomogeneous symhuwisets of characteristic
points are smaller than the set of characteristic pointeuti®n 5 and [14].

DEFINITION 4. [19] Assume thap € (0,1] andw € Z,(R?). For each open
conel’ C RY\ 0, open set UC RY and real number B> 0, let

Qurr={(x§);xeU, EeT, [§| >R}

Also let=y r rp be the set of all & SglO(RZd) such thatc=1onQu r gr.

The pair(xo,&0) € RY x (RY\ 0) is callednon-characteristitor a ¢ g(’w) (R?)
(with respect taw), if there is a conical neighborhodd of &g, a neighborhood U of
Xo, a real number R> 0, and elements b S?w,l) (R?), c€ Zyrrp and he S, 5(R™)
such that

b(x.€)a(x.&) =c(x,&) +h(x&),  (x&eR™.

The pair (xo,&o) in RY x (RY\ 0) is called characteristidor a (with respect taw €
P, (R¥)), if it is not non-characteristic for a with respect © € Z,(R??). Theset
of characteristic pointé&he characteristic set), for & S?w) (R2d) with respect taw, is
denoted byChar(@) = Chay, (a).

In order to state the results we use the convention

(24) (31782) S ((*)17(*)2)

whenwj,8j € Z(RY) for j = 1,2 satisfy®j < Cwj for some constar@.
If insteadw; € 2(R?9), then it follows that

(25) 0j (X, &1+ &2) < Cwj(x,&1)(E2)Y,

for some constant§ > 0 andt;, j = 1,2, independent 0Kk,&1,&> RY. Thenitis
necessary thdt andt, are non-negative. Here we l&t, to be as in (22) and we use
the notationws, wy) < wwhen (21) holds for some constait

THEOREM4. [19] Assume thad < p < 1, wj,8j € Z(R) for j = 1,2, w €
Po(RY) satisfy(24), and that(w, wp) < wsp and (91,92) < wsp, for some s R?,
are such that

51>0, €N, s>t+tr+2d,

where § and b are chosen such thg25) holds. Also assume thateaU(&(E)

that f € M \(RY). Then

(R%) and

WEQL((J )(a(X,D)f) CWFza (f).
wo

(1)
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We refer to [19] for a detailed proof and give here only a hint.

The first part of the proof concerns the contribution to theveviiont set of
a(x,D)f at a particular poinkg, when the support of is far away fromxg. It can be
proved that this contribution is limited. The precise fotation and the proof can be
found in [19].

To finish the proof of Theorem 4 it remains to describe prapsxf the wave-
front set ofa(x,D)f at a fixed point wherf is concentrated to that point. In these
considerations it is natural to assume that involved weigittions satisfy

wJ(X’E):mJ(E)v SJ(XaE):SJ(E)v J :1727

(26) w(E+n) 828+ n)

o G <Cw(&,n,2)

<Cw(&,n,2),

and we set

(27) Ws(X,&,N,2) = ) (N)Bw(E,n,2), seR*
We also note that

(28) wj(E1+&2) <Cwj(81)(&2)", =12,

for some real numbeisg andt,.
The precise result which we need is the following.

PROPOSITIONS. [19] Assume that ¢t [1,2], s€ R4, t; € R, w e 2 (R¥),
wj,8] € Z(RY) for j = 1,2 andws € Z(RY) fulfill (81,92) < (w1, 0p), (26)28),
s >d and
s3>t +to+2d.

Also assume that @ ME‘;’);L) (R and fe ME’gl)(Rd)ﬂé”(Rd). Then the following is
true:

(1) if I'1 is an open conical neighborhood g € RY\ 0, then there is an open
conical neighborhood ,» of ng which only depends dn; such that

la(x,D) > < Cllalfyea [f]
wp) (os)

f| q qrq,
?L< ?L(wl)

for some constant C which is independent qfrd?‘;i) (R*!) and fe M, | (RY);

(2) WFyL?%) (a(x,D)f) CWFza (f).

(w1)

We note that by Proposition 7 it follows thatx,D)f in Proposition 8 makes
sense as an eIementM["’Sz). This space contains each speM:(%g).
Lett € R, and IetUiﬁ)’t (R*) be asU}h (R™), after wsp(x,€,n,2) has been
replaced by
(*)S,t,p(xvaanaz) = Q)s,p(XWLthEJFmanaz)a
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in the definition ofoﬁ) (R%). Then it follows from Proposition 1.7 in [30] that if
a € Upy (R), then Theorem 4 remains valid aftexx,&,n,2) has been replaced by

w(x+1z¢+1tn,n,z) anda(x,D) has been replaced lay(x,D).
We present a counter result of Theorem 4 for pseudo-diffedeperators with
smooth symbols.

Assume now that the involved weight functions satisfy

(X&)

(29) w1 (Xa E)

< Cup(X,&),

for some constar@.

THEOREM5. [19] Assume thab < p < 1, oy, wp € Z(R%) and
wo € P (RY) satisfy(29). If a € S?wo) and ge [1, ], then

WFza (a(xD)f) CWFza (f), f e (RY).
(wp) (@)
We also have the following counter result to Theorem 5. Heie matural to
assume that the involved weight functions satisfy

(%, §)

(30) Cflwo(x,E) < o1 (XE)’

for some constarg, instead of (29).

THEOREMG. [19] Assume tha0 < p < 1, wy,wp € Z(R%) and
wo € Zp(R?) satisfy(30). Ifac S, | and ge [1, ], then

WF,?L? )(f) QWF,QL? )(a(x, D)f){JChaey, (@), f e (RY).
o )

REMARK 4. We note that the statements in Theorems 5 and 6 are nof thee i
assumptiorp > 0 is replaced by = 0. In fact, we only prove this in the casg = 1
andw; = wy. The general case is left for the reader.

Let a(x,§) = e 1%0:%) for some fixedxy € RY and chooser in such way that
fa(x) = 85" does not belong toF Ly, Since
(a(x,D) fo) (%) = fa(X—X0),
straight-forward computations implies that, for some etbsond™ € R9\ 0,

WFg (1)={(0.8);&eT);

WFz;a (ax,D)f) ={(x0,&); &€},

(1)

which are not overlapping wheq # 0.
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Next we apply Theorems 5 and 6 on hypoelliptic operators.uhegsthata €
C*(R%) is bounded by a polynomial. Theatx,D) is calledhypoelliptig if there are
positive constant§, Cg g, N, p andR such that

00%a(x&)| < Coglal(x.&)|(€) PP, and
(31)
ciE) N <lax&)| when xeRY and |§>R

(See e.g.[1,14].) We note thatdfx, D) is hypoelliptic,x € C3(RY) and if (31)
is fulfilled, thenx (x)a(x,€) € S, (R*"), where
() = Ga(x8) = (&) +ax )72 € Zp(RY).

Furthermore, since Chgy, (a) = 0, by definitions, the following resultis an immediate
consequence of Theorems 5 and 6.

THEOREM 7. Assume that & C*(R?) is such that &,D) is hypoelliptic,
g € [1,], and thatwy, wp € 22(R?) satisfy

(%, €)
w1 (X,€)’

,10\)2()(;5)
) S R

for some constant C which is independenpot) € R If f ¢ .#/(RY), then

WEF a(x,D)f) =WF f).
ffl_?wz)( (x,D)f) ffl_?wl)( )

Note that for any hypoelliptic operator, we may choose thetsyl class which
contains the symbol of the operator in such way that the spmeding set of char-
acteristic points is empty. Consequently, in the view of dieen 7, it follows that
hypoelliptic operators preserve the wave-front sets, sisatild.
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HYPOELLIPTICITY, SOLVABILITY AND CONSTRUCTION
OF SOLUTIONS WITH PRESCRIBED SINGULARITIES FOR
SEVERAL CLASSES OF PDE HAVING SYMPLECTIC

CHARACTERISTICS *

Abstract. This paper deals with the hypoellipticity, local solvalyiland construction of

solutions with prescribed singularities for several aassf PDE having double symplectic
characteristics. We not only propose a short survey but westigate several instructive
model examples as well. As our results are obtained irCtheategory, it is interesting to

study the same operators in the Gevrey category too.

1. Several definitions and formulation of the main results

1. In the paper under consideration we denot&'ByX) the set of all classical scalar
properly supported pseudodifferential operators of ondandD’(X) stands for the set
of all Schwartz distributions on the smooth maniféldAs usual the closed conic in
setW F(u), u € D’'(X) (wave front set otl) is defined by

WF(u) = {p e T*X\0:a€ L%(X), a(x,D)u € C*(X) = a°(p) = 0}.
We have denoted g°(p) = 1(a) the principal symbol of the operatafx, D) € L°(X).
Thes-wave front set ofi € D'(X), s€ R is given by
WH(u) = {p € T*(X)\0:a € LX), a(x,D)u € HX) = a°(p) = 0}.
Certainly,p = (x,&), § # 0 andW K(u) is a closed conical i§ set.

Evidently,s <s = WFR(u) C WFy(u).

LetV C T*(X)\0 be an open conical ifi set and\ is a closed cone i§ con-
tained inT*(X)\0,N C V.

THEOREM1. [11] Assume that the operator®L™(X), s < s. Suppose that it
does not exist a functionaH* (X) such that

(%) VAWF(PU) =0, VNWR(U)=VNWF(u)=N.

Then there existp® € N, pseudodifferential operator, ¢, ¢’ € LO(X), cone supp
¢ c V\N, cone supg’ C V, ¢(p) = 1 in a tiny neighborhood 0p°, C = const> 0,
M€ Z4 and such that

1) lwwlls < CllI¢"PWu+ oW+ [Iwlls],  Ywe Cg(X).

*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
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REMARK 1. Instead of (1) we can write
@) Iwlls < CllIPW[u+ [Awilo+ [[wlls], ¥ e Cg'(X),

where the full symbol oA is identically 0 neap®.

It is evident thatN C CharP = {p € T*X\0: p2(p) = 0} is the non-trivial
case in Theorem 1. In fact, i € N, p° ¢ CharP thenpg,(p°) # 0 and consequently
p® ¢ WF(u), i. e. (x) does not hold.

This way we conclude that the problem of existence of satutibthe equation
Pu= f with given (prescribed singularity}) is reduced to the violation of the a-priori
estimate (1) /(2)/ for some € Cg (X).

We shall illustrate Theorem 1 by the following example.

EXAMPLE 1. LetP e L™(X), p3(p°) = Oy £ p%(p%) = 0, p% € T*X\0 and let
(3) Con-1(p) < —alp—p%% a=const>0, vp°eV,
whereV is an open conical neighborhoodaff, while

n 0 0

s =1P".P) = T {7 o} =20 o

Then it is proved in [13] that the, adjoint operatoP* of P is locally and even
microlocally non solvable ato(p®). Applying Theorem 1 we conclude that for each
closed con®\ ¢ ChalPNV and for eacls < sone can find a distribution € HS (X)
for whichWF(Pu)nV =0,VNWF(u) =VNWHFk(u) = N.

Assume now that agaip2,(p®) = Oy ¢ p2(p°) = 0 but contrary to (3) the fol-
lowing inequality holds:

Sn-1(P) > ClOyep(P)[?, Vp €V, C=const>0.

More precisely,]l]x’zpﬂl(p)\2 = ]Elxp%\2|§|*1 + ]szﬂl\zm. Suppose also that the
spectrum of the Hamilton map (fundamental matﬁggg 7l(p0) is non trivial.

Then the operatd? is microlocally hypoelliptic ap® with sharp loss of regular-
ity 1 and without any importance of the lower order terms. §;iu H;d(po) =uec

HSEM1(p%) (ue HS,(p°) < p° ¢ WR(pP)). The proof can be found in [10]. Below
we shall discuss the fundamental matrix and its spectrum.

2. Consider now the symplectic manifolj codim> = 2v < 2n, written in
canonical coordinates:

(I) z:{(x7z)az7éo Xl:"':X\):O, E]_:"':E\}:O},lg\)<ﬂ7

and suppose that for> 2 the principal symbopg, of P € L™(X) vanishes of sharp or-
der 2 onz andpi,(p) €I = {z€ C*: |0z < yOz},y=const> 0, i. e. p%(p) describes
a closed angle it! with vertex at 0 and an opening strictly less than
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This is the definition of the subprincipal symbol:

a(p) = 5 OPhip)
Pm-1(P) = Pm-1(P ZZ aXJaEJ-

It is well known thatp/,, ; is symplectic invariant ox.

From geometrical reasons it is clear that one can define mgndumber of
Pm(p) onZ.

(i) We shall suppose that in the special case1 the winding number of2, is
0. Then with some constaot# 0 we havecp, € I'. The Hamilton map (fundamental
matrix) Fog, is symplectic invariant ol and is defined by

1 0’ (V4 t 0" 1 o’
= < 0 In ) 2 Pmez  Pmxe P xe 2 Prm,xx
0 = =
Pm Y t 0 1 o 1 o o
pm X 2 P, xx 2 pm 133 pm, ¥E

In being the unit matrix irC".
The eigenvalues d"r:p%(p), p € X are denoted by;j(p), 1< j<2v; yjeil

1<j<v,ie pj=iArj, A\j €T. In the special casgd(p) >0 : sped o) =
{iAg,..,iA, A > 0,1 < j < VPU{=iAg,...,—iA}.

THEOREM 2. (Grusin [3, 4], B. de Monvel, Bves [5, 6], Hbrmander [14]).
Under the assumptions (i), (ii) and

\Y

(iii) Pom-1(P) + Z(ZO‘J+1) i(p)#0,VpeZ, Vaj € Zy
=1

the operator Bx, D) is hypoelliptic and even microhypoelliptic with sharp lagseg-
ularity 1.

According to Sjostrand [7] ifiii ) is violated at some poim € = and for some
Oj € Zy, Aj (p%) then the loss of regularityof the operatoP is > 3/2. We remind of
the reader that > 0 is called loss of regularity d? if u € D'(w), Pue H? .(w) = ue
HSt™ " (w). Certainly,sis arbitrary and is fixed.

loc
A rather interesting question is to study the hypoellipyicif the operatoP,
(i), (i), when(iii ) is violated.

THEOREM 3. (Helffer [8]). Consider the operator P under the conditiofils
(ii) and in the special case = 1. Suppose that there exigi8 € 3, 3j € Z, such that

(iv) Ph1(P%) + (2] + 1)A1(p°%) = 0.
Define now ork the function

Pm-1(P) = Pm_1(P) + (2] + )A1(p).
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Then Rx, D) is microlocally hypoelliptic ap® with sharp loss of regularity £ 3/2 iff

i} {5mfla ﬁmfl}z <0atp°

REMARK 2. Itis well known that\1(p) € C*(Z) and bothp],, ;(p) andA1(p)
are symplectic invariant oB, i.e. pm-1(p) is well defined or®. As it concerns the
Poisson brackefta, b} it is better to write{a, b} 5), i. €. the Poisson bracket is taken
along the canonical vector fields tangentiaktand consequently belongingTqX).

EXAMPLE 2. Let
(4) P = D3+ x2D5+ AD2 + D1 +ix1D;

be a differential operator ii?. ThenZ = {x1=8=0,& #0}, m=2,v=1, the
winding number ofpg >0is0,p] =A&2+ &1 +ix1&2, sped:pg ={£i&} #0,A1 =&
if & > 0. Let&d >0, i.e. p®=(0,0;0,&9 > 0). Then(iv) & A = —(2j+1) for
somej € Z. Thuspy = &1 +ix1&2 = pi|z =0, {ﬁl,_ﬁl}z = 0 and therefor® is not
microlocally hypoelliptic forhA = —(2j + 1) with a loss of regularity < 3/2.

In Helffer [8] nothing is mentioned about the local (non)vaddility of the op-

eratorP (4) at the origin, about the existence of solution of the ¢éiqud*u= f € C*
with fixed singularityW Fu= {p°} etc.

PrROPOSITIONL. The operatoi4) and withA = —(2j + 1) for some je Z, is
locally nonsolvable at the origin and in’DMoreover, P is not microlocally hypoel-
liptic and possesses a distribution solution with fixed slagty atp® = (0, 0; 0, €3 >
0) € CharP. More precisely, let+ s and s be fixed. Then one can find D’ and such
that P'u= f € C*, WF(u) = {p°}, ue HE (p°) but ug HS ,(p°).

ExampPLE 3. As we saw in Example 2 the operator (4) does not enter in the
frames of Theorem 3. Because of this reason we stuiiithe operator

(5) P =D?4x2D3+ Do+ D3 +ix3D2, A = —(2j +1), j € Z,.

and itsL, adjoint operatoS= P* = D? + x2D3 -+ AD2 + D3 — ix3Dz, A = —(2j + 1).
Our investigation will be microlocally near the popft = (0, 0, 0; &1 =0, ag >
0,&3=0). Evidently,p] = A2+ &3+ ix3&2, specFyp = {+i&2}; we takeh;1 =&2 >0

and thereforg; = &3 + ix3&2, Tl {ﬁl, _ﬁl}z = —2&, < 0. Thus the operatd? (5) is

microhypoelliptic atp® with sharp loss of regularity = 3/2. Assume thak # 2j + 1,
Vj € Z,, A € R. Then in a conical neighborhood pf we have thap, (p) + (2] +
D& =(A+2j+1)&+ & +ixz&2 # 0 for eachj € Z, and according to Theorem 2
((iii ) is satisfied) we have that the operalof5) is microhypoelliptic ap® with sharp
loss of regularity 1.

PROPOSITION2. The operator(5), A = —(2j+ 1), j € Z; is not locally solv-
able at the origin, while S= P* is not (micro)locally hypoelliptic (ap®) at the origin
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in R3. More precisely, let t« s and s be fixed. Then there exists D’ such that
Su= f € C*, WF(u) = {p°}, ue HL ,(p°), while ug HS ,(p°).

We point out that there are possible generalizations ofeékelts formulated in
Propositions 1, 2. To do this we must use the definitions ofgdgatic manifold, the
properties of Fourier integral operators and impose suaditions on the full symbol
p(x, &) that the corresponding microlocal form piwill be of the type (4), (5). Other
possible generalizations are in the case 2. We omit the corresponding results as
they are purely technical and we prefer to fix the ideas onethel bf instructive exam-
ples that can be considered as appropriate microlocal fofraperators with double
symplectic characteristics.

The paper is organized as follows. In Section 2 we proposesaseful re-
sults about Hermite polynomials and Hermite functions. é&tt®n 3 we construct
distribution solution of the equatior®*u = f € C* with prescribed singularity od:
WF(u)NV =WFk(u)NV =N. HereP is defined by (4) or (5). In Section 4 it is proved
the local nonsolvability of (4), (5). “Grosso modo” the pfad Proposition 2 imitates
the proof of Proposition 1. As it concerns Theorem 3, we give small Appendix
a short sketch of the proof, avoiding the use of Hermite padifiirential operators.
Our proof is elementary as it is based on a simple identityin

At the end of this section we shall mention that there is awedeinterest to
the problems of hypoellipticity and subellipticity for apgors with double symplectic
characteristics (see for example [17], [18]).

2. Some useful results about Hermite polynomials and Hermé functions

1. We shall begin with several definitions.
DEeFINITION 1. Hermite polynomials are defined by the formula

2 d"

_(_1\n —x2 o
Hn(x) = ( 1)e"dxn(e ),nEZ%deanfn.

Evidently,Hn(—X) = (—1)"Hn(X), i. €. Hant1(X) is an odd functior= Hont1(0)
=0, whileHzn(x) is even. Moreovetizn(0) # 0. One can see thaly(x) = 1, Hy(x) =
2x, Ha(x) = 4x% — 2. It is known that the following recurrent formulas hold:

(6) H/(X) = 2nHn_1(X), N > 1, Hny1(X) — 2XHn(X) 4 2nHq_1(X) = 0.

Evidently,Hz(x) = 8x3 — 12x (see (6) fom = 2).
The Hermite polynomials satisfy the ODE:

H/ — 2xH/ +2nH, =0, n >0,

d (e 2%) +2ne¥H, = 0.
dx
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Integrating by parts one obtains:

® 2 0O,n#m
[m Hn(X)Hm(X)e X dX: { 2nn'\/ﬁ n=m
DEFINITION 2. Hermite functions are defined by

X2

() Wn(X) = hn(x)e” 7,
_ Hn(X) _ n
where hy(x) = TRk [[Hnl| = v/2"nl{/TU

Therefore,/ hn(X)hm(X) = 8n.m @andd, m is the Kronecker symbol.

2. Itis well known that{ s, } form an orthonormal basis i (R?) and bases in
the Schwartz spacegR?), s'(R1) ([1,2]).

Consider now the Hermite serias= Zocann, wherec, = (u, Up).
n=

Thenu € s(R!) < ¥Yme Z, there exists a constagt > 0 and such that,| <
Cm(1+n)~™ for eachn € Z, ([2]).

Similarly, u € s'(R?) < 3mg andS > 0 such thatc,| < G(1+ n)™ for each
nez;.

1 1
One can easily see that for each fi¥ed> 0 the systerr{ Un (xﬁ%) zg } forms

an orthonormal basis i (RY).
Below we propose the very important inequality of Cramerf@er — Charlier):

>(2
Ha(9] &7 < kv/2,

where the constamt= 1,086435.. (see [1]).
Define now the following differential operators:

d d
(8) Ml:&‘i’x, MZZ&—X.

The one guesses that
) M1 = V201, n> 1.

Letn=0. ThenM1y)p = 0, i. e. (9) holds for each > 0 if we definey_; = 0.
In a similar way we obtain

(10) Mayn = —v/2(N+ L)Ppy1, N> 0.
Combining (9), (10) we get:
MiMaWn = —2(n+ 1)Pp =
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2
(11) (% x2> Wn=—(2n+1)Pn, Yn>0.

lterating the formulaVoo = — /21 we obtainM3yo = (—1)"22v/nly,, n >0, i. €.

nMoWo  (-1)" /d A
T\/z—(d_) Wo, n=0.

X2

Wn= (*1)

Having in mind thatpp = 64—2 we have

VAl
LD (4N g
(12) ”’”‘m(m x>e , h>0.

X2 .
Combining (12) and the fact that 7 ¢ s (R?) we conclude that the Fourier transform
{n is given by

(13) Dn(€) = vV2r(—i)"yn(E).

3. Construction of solutions of the equationsQu = f1, Sv= f, € C* with pre-
scribed singularity

1. We shall deal at first with the operator (4) andlitsadjoint operatoQ = P* =
D2 +x2D,+AD2+ D1 —ix1D2, A € R, We shall denote byi(xy, &) the partial Fourier
transformation ofi € s’(R?) with respect toc; (x; — &2). ThenQu= 0 implies

(14) QU= (D} +x§€3+\&2+ D1 —ix1&,) U=0

and for&, > 0 we make the following change of the variabilein the homogeneous
1

ODE (14):y1 = x1&3. Then (14) takes the form:

d? 1/ d -
(15) —&2 (d_yf —yi—AHiE,? (d_yl +y1)) U(y1, &2) =0.

Certainly,M; = % + Yy according to (8).
1

In a similar way we obtain:

Ph=0e —¢ (d—zyz)\+iE%M >ﬁo £,>0, My = d
= Zdy%l 22772,27dy1)’1-
Inthe casé = —(2j+1), j € Z, we are looking for the kernel of (14) isf (R?)
and for&, > 0 being a fixed parameter. As we know from Sectio{®(y1)} form
bases irLy(RY) ands’(RY). Therefore,

8

ﬁ: quJn(Yl)

n=
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and according to (15()35: 0,i.e.

Zocn [—(2n+ DPn+ (2] + DPn+i&, %\/ﬁwM =0,Y_1=0.

This way we obtain the following infinite linear system foetlinknown coeffi-
cientscy:

0): 200j+ic1££%\/2-11:0
M 2i-Dor+ie, V220
2):  2(j—2)co+icsE, 2v/23=0

1
(n—1): 2(j—n+1)ch-1+icng,?>v2-n=0
1
(n): 2(j—n)cn+icnt1&, 24/2(n+1)=0
_1
(n+1): 2(j—n—1)Crs1+icn2&, 21/2(n+2)=0

If j = n(see equatiofn)) the constant, = c; is arbitrary buich;1 = 0. Then
the (n+ 1) equation implies that,,» = 0, etc. Thereforeg;,« = O for eachk > 1. We

conclude that for each fixegp > 0, dimKerQ = 1, KerQ c s (R?) and

j

kZDCKLIJK Y1),

where
-1
& 2V7)
e T
T1 _
o 18 7V2(-1) it 2V2]/2(j-1)
== 2-2 2 ) T @12 b
2(1—1).../2(—T+1) _ .
cj|=(—|22 ) V2iV/2(] 2||!\/(J >c,-,lezl,

-\
('Ez > 2%\/1__!01.

We shall takecj = 1. Then fork=j—1, 1 <1 < j we have:

I /i0-D..(-(—k-1) .
Ck ( IEZ ) 2 (J_ ) 9 71) 7J 1

To simplify the notations we write

Ck = (_i52§> Co &#0,0<k<j-1,¢=cj =1
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Going back to the old coordinaxe we have:

~ J EA 1
U(xa, &2) ZquJk y1) = ( |222) <X1€22>

1
, N ik Hk <X1§22>
— ] & it 3 — X282
= Yieolk| —i&; Fk] € 271%2, & > 0.

Lety(&2) € C*(RY), p=0forés e (—, 1], P(&2) = 1for&y >2,0< P(&) <
1foré&z e [1, 2].

One can easily see that for each constantR?! the function
Ua(x1, %) = [ @62p(82)8300, &2)dz =
(16) —k Hk (Xlﬁg)

— |XE 2X]_E N 7
A T

satisfies the equaticdQu= 0

The integral (16) is rapidly oscillating and it enters in tHérmander scheme
from Vol. | of his monograph [14] (see Chapter VII, SectioB,7Th. 7.8.2, Th. 7.8.3
and Section 8.1, Th. 8.1.9). In fact, the amplitudes are ®type

k—j 1 i
W(E)EE,” H (xlzg) e o<k<].

The phase function of (16)

o X2 _ i X
iQ=ix282 — 5152 =ié& <X2+ §x§> Op= 2221 >0,

as@= &, (xo+ 5x¢) and evidentlyg, s@= (ix1&2, &2 # 0; 0, X2+ 5x2) # 0, asé, > 1.
Certainly,@(x, t&) =t@(x, §), vt > 0. Then

WF(Ug) C{(%, @) @, =0} ={(x1=0,%x=0;8 =0, & >0)}.

Thus,u, € C*(R?\ (0, 0)) as sing suppa C {(0,0)}.

2. We shall study now the behavior xﬁ‘DBua(x) for |x| > €9 > 0 andgg is
arbitrary small.

Evidently,

xPDI*D32ua(x) = xﬁi / " gretegar 3oz,
17 =D )
x P(&2)C (—iE2 ) (DT k) (xlzg) dé,.
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On the other hand,

N
e'fP:aEN ( Icp)/ <xz+ 2xl) for |x| > €o

and for arbitraryN € N.

According to the theory of Fourier integral operators witmplex phase func-
tion, we can integrate by parts with respecttdn (17) as its phase functionig and
its amplitude belongs to some cla&s,.

This way we conclude that
(18) }XBD“ua(x)‘ < Cyp for |X| > €o, V(at, B) € Z2.

Of courseCqyg > 0 are appropriate constants.

Introduce now the cut off function(x) € C(R?), n = 1 near(0, 0),0<n < 1.
According to (18)u=nu+ (1—n)uand(1—n)u e s(R?).

Having in mind thap® = (0, 0; 0, &3 > 0) € WF(u,) we conclude thafug(§)
is rapidly decreasing in the angla = {(§1, &2) : either§, < 0 or 0< g€y <|&1]},
0 < ggp <« 1 and is not decreasing in the an@le= {(§1, &2) : €02 > |€1]}-

The above mentioned words enable us to concludeuhat Ht(Rz) S Uy €
Hya(P9), 1. €.

[ @+g? |dz<oo<:>// (1+ [EP)" |a(E) P dE < co.

But in ', we have tha€3 < |§|? < (1+¢€3)&3 and consequentlfl + |&])' ~ (1+ &3)"
inl,. So

(19) Ua € HY( RZ@// (14 E2) |0a(8) 2 dE < oo.

Then the definition (16) afiy gives us that

. i 1 N -k
Oa(&1, &2) = / e (&0 > e hu(e) (-i078) (e_%) dxd8.
Applying (13) to the previous integral we get
Gl E2) = V(i) [0 30(0) T)_o 507 W (;-) x
s [/ e ali2-Oh | dO = (—i) VZTES F(Ez) x
€1

Gk
Xk;kz lle(E

In fact, /efixZ(ETe)dxz — 3(¢,— ), 3 being the Dirac delta function.

2
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Applying (19) we get that
2

déy | d€p < 0.

i

Ua € H'(R?) & / (et / i ;@E? Wk (3)
—00 00 | K= 522

On the other hand,k(y1)} form an orthonormal basis inp(R*) and
o R &1 i | ’

/ > G&" U | -1
—® k=0 2

1o | k—j
gy = &2 / &&,7 Wily)| dy=
—® 0

2 k=

1 ] .
I e i~ 2¢k—j -
— &2 Z}|Ck| & e
k=

i e ) _
@) weH®E) ey [ 0B iEare i <o
k: —00

We have takert; = 1 and therefore the integral participating in (20)xis» iff 2t +

1 1 1 1 . .
2a— > <-lst+ac< ~2 St<—a-— I Puts=—a— 7 Evidently, the integral

- 1.
(20) is divergent fot +a= 7 i.e. fort=s

CONCLUSION. Uy € HE (p°) &t < s, while uy & HS,,(p°). This way we have

constructed the solution @u = 0 (4) with WF(ua) = {p°}, ua € HL ,(p°) for each

t <s, Ua & HS,(p°) andsis arbitrary real number.

3. To prove the existence of a solution with prescribed demipy of the equa-
tion P*u= f € C*, whereP is given by (5), we make the partial Fourier transformation
with respect to; in Su= 0, u= u(xg, X2, X3), S= P*. Thus,

SU= (—02 +)X283+AE2— i (93+xaE2)) U=0,

wherel = ﬁ(xl, &2, X3), X2 — &2, —A = 2j 4+ 1. Our investigation will be microlocal
near the poinp® = (0,0,0; & =0, &3 > 0, &3 = 0) € = where

Z:{(X,E): X =& =0, &40, (X,E)ERG}.

1

— 2 N

The chang+ yi= XlEZ; , &2 > 0in the equatiorsU = 0 leads to the following PDE:
Y3 = X3&5

(21) [651 CRoatig o, +y3>} By, £2,y3) = 0

and (21) is an equation with separate variables. We are rigoldrﬁ(yl, &2,¥3) =
Cyj(y1)Wo(y3) with C = const> 0 andy;(y1), Wo(ys) are the corresponding Hermite
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functions defined in Section 2 (see (7), (11)):

. 1 1
(03, — Vi +2j+1)Wj(y1) =0, Wo(ys) = %eféyi (Oy; +Y3) Wo = 0.

TakingC = 1 we have that the function

U(xa, &2, X3) = Yj (Xlﬁé) Yo (Xsﬁé) =

=N Ja3(XiPg)E o ¢ (R2
7| (Fiyo)

belongs to the kernel of the operaﬁ)for each fixed valuéz > 0 of the parametefy>.
To prove the existence of a solution with prescribed singiylaf Su= f € C* we use
instead of the function (16) the following function

1
0 ixoE & (X2+X2) aH] (Xlzzz)
Va(X1, X2, X3 :/ €227 2 VTP (82)8 — = d&a.
b=/, 2% |
1
ThenSw =0,WF(va) = {p°}, va e H! (P &t <s=—a— 7V ¢ HS,(pY). The
proof of these facts is the same as in the case of the op&atod we omit the details.
The proof of the nonsolvability of the operators (4), ®% —(2j+1), j € Z+
will be given in Section 4.

4. Local nonsolvability in D' of the operators (4), (5) in the case\ = —(2j + 1),
jeZy

1. As is well known if the PDQP(x, D) with C* coefficients is locally solvable at the
origin 0 € R" and inD’ then the following a-priori estimate holds.

There exists a neighborhoad> 0, an integeN € N and a constanty > 0
such that

(22) ’/f(x)v(x)dx <Cn ) supD*f| % supD*P"v|, Vf,veCg(w).

la]<N [a]<N

Therefore, in order to prove the local nonsolvability of tsygeratorP (4), (5),
P* = Q or P* = Swe must violate (22) for arbitrary but fixad, N, Cy. The proof here
repeats with some changes the proof of Theorem 1 from [12¢aBse of this reason
we shall not give everywhere the details. Moreover, we staicentrate on the case
(4),i.e.P*=Qin (4.2).

2. Introduce now the function(p) € CJ(RY), n >0, [n(p)dp = 1, supp C
[1,2], 0< n(p) < 1forp € (1,2). We consider the functioR € CJ(R?), such that
JI F(x1, x2)dxdx = 1 and define

fo(x1, X2) = F(A%q, A%x2), A > 1, A — parameter
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in the casg — even.
In the casg — odd we define

0

(23) () = ax

(F (A%, A%%2) ) .
Evidently, supd), € wfor A > Ag>> 1.
From the considerations in Section 3 we know that

o ) J 1 j*k 1
b, e) = [P 5 5 (<) (e} ) diz e (@)
- K=0
satisfies the equaticQu= 0.

Put

o ) i i—
k)= [ @) 5 G0&) T b (av/Ag:) de
. 2

whereg = (—i)i %G
Thenuy(x) € C*(R?) andQuy, =0, ¥x € R2, A > 1. Letw € o'’ € w be
neighborhoods of the origin and the functipre Cg’(RZ) be equal to 1 o, 0 <
d(x) <1 forx e wandd = 0 outsidew’. Evidently, ; sup|D%f, | < const\N*2.
|a<N

Define now
Vi (X) = d(X)up = suppvy, € w.

ThenQu, = 0Qu, + [Q, ¢Juy = [Q, ¢]uy and supfQ, ¢] € w'\e.

As we mentioned before there are two cases to be studied: -agven=
Pj(0) #0, b) j — odd= H;(0) = 0= ;(0) = 0. In the case b) we have that ac-
cording to (6)
Hi(0)  2jH;-4(0)

%)= T = g

#0,j=>1

We shall investigate the case a) only. Let us estimate thédefd side of (22),
namelyl, = [f fy(X)va(X)dx. The standard change of the variabjges= A?xy, y» =
A2x, in the previous integral gives us that

im X, = 6(0.0) //[ F(ya. y2In(€2 St (0)cyadyedtz = i (0) 70

A—oo
as%j =Cj=1,ie.
(24) I =A"*(Wj(0)+0(1), A — e

In estimating sufD®(Qw )|, |a| < N we have in mind thaQv, = [Q, ¢]u, =
®1u, and the functio; € CF (R?), supphs C '\, does not depend on
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The Leibnitz rule gives us the typical term participatindf(Qwv, ) = D%($1uy):

D%:0gw = [ n(E)e Mzl zck (&) 7" x
x (D )(le )dEz N

Certainly,)\"‘ﬁu*z1 < AN,
We shall consider two different cases in estimating|Bfgd1u, )|:
) [x1] > €0 > 0and Il)|xz| > €o, 0< €9 <« 1. In fact,¢p1 = O near the origin.

Case |. The Hermite functiofy € s (RY) = DXlLIJk € 5(R') and therefore for
each integeM > 1 there exists a consta@t, > 0 and such that

(DS W) x1v/AE2 G ™M S azM%M

(25)

aS‘Xlx/)\Ez‘ > Eo\/X for&, > 1.

From (25) we obtain in the case | and fof < N that
(26) D§D% | < GaAM M [ n(E2)dEz = Gt

asj >k A>1,1<& < 2= (AE,) 2 < 1. Assume now thaks| > go > 0. Evidently,

for each integeM > 1 we have
aM
GEZ

and we can integrate by parts in (25) with respeéto
Thus, in the case Il we get:

(el)\Xziz) - (i}\Xz)M gtz

A %G +a2
a1 2 >\X252
DXl DX2 U, = 6 )\Xz / éd 052 X
(27)

ag s j o
x [ﬂ(iz)izz i zo kATzz (D 1) (xlx/ )] de,
k=

liAxg|™ > AMeM.
Using the fact that we are integrating in the intervat £, < 2 we conclude
that the “most dangerous term” in the previous integral. (ithee term containing the

M
highest power of for 0 < k < j) is: 6_M [(D"‘1 i) (xl 2)} Having in mind
085

|
( 0 D°‘1 ) (xlx/ )] < G4, = const we obtain that the highest power of

that |
0¢,




Hypoellipticity, solvability and construction of solutie 335

A arising in the integral of (27) ix? asxyj\/A& = xl\/X\/g. More precisely, “the
most dangerous term” is:

(28) (~M <XM>ME“4<6 il >(X VAE:).
2 2" \agyu¥i) 8

Consequently, in the case Il and fai < N (28)|D%uy| < DMAN-M/2, D\ = const> 0.
Combining (24), (26) and (28) we violate (22) for— « asM is arbitrary integer. This
way we complete the proof of the nonsolvability of the operdt), —A = 2j +1 in
the casg — even.

3. The casg — odd is studied in a similar way. In fact, thénis given by (23)
oV o

/fM _ /F(}\zx)a—x)l‘ L %5(0) £0, et

To prove the local nonsolvability of the operator (5) at thigin we violate

(22) by using the following functionsfy (x) = F (A\?x), x € R® andwj, = ¢(x)vy, where
® € C§(R3), ¢ = 1 near the origin and

o . H; (Xlw/)\zz) N2 o
Vy = T L R NP G L
= [ VA ’

We assumg — even and as in the previous case we estirbdig, in two situa-
tions: 1) [xz| > €0 > 0 and I)[xz| < €o(=> X2 + X3 > €2 on supD¢), etc.

and thereforél, | =

5. Appendix

Short sketch of the proof of the microhypoellipticity of thperator (5)A = —(2j + 1)
will be given here.

1. We are working in a conical neighborhood of the pgtit= (0,0,0; 0,1,0),
i.e. inthe cond = {E ER3\0: & >€0\/&3+ E%} g0 > 0. Consider now the iden-
tity ||Pul|3 = ||P*ul|3+ ([P*, P]u, u). In our caseP = D? + x2D3 — (2] + 1)D, + D3+
ix3D2. PutQ = Q* = D +-x2D3 — (2j + 1)D2; R= D3+ ix3D2, R* = D3 — ix3Dy.

Thus,[P*, P] = [Q+R*, Q+ R = [Q,R— R+ [R*, R = 2i[Q, x3D2] + 2D, =
2Dy, as[Q, Dy] = 0. Therefore

(5.1) |\Pu||0>c|\u|\2 . c=const>0,

mcl p

2\~
asu € Hy(0%) < - (1+82)2[0(E) P& < co.
Assume now thaPu_ f € HS4(P%). Then|Dyf € Ly, |Do[f = |D2| Pu=

P(|D2|°u) = |D2f*u € Hmd(p ) according to (5.1) and consequentlye Hmcl (p9).
The estimate (5.1) holds for eaate R in (5) too.
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2. Itis interesting to study the operaf@r= D? + x{D3 + AD; + D3 + ix3"1D,.
By using the repeated Poisson brackets technigue one cactdrpprove microlocal

oo : . 2k+1 L
hypoellipticity of P at p® with loss of regularity = 1+ TIZ Fork =0 thisis (5.1).

We mentioned above that the examples here proposed can bealiged in
the frames of theC™ category. On the other hand side, it is very interesting to in
vestigate the same operators in the Gevrey spaces. A praaiselocal analysis of
several classes afdo with multiple characteristics and in Gevrey spaces igmgm
the Rodino’s monographs [15], [16]. We hope that a combamadif the approach there
and the technique of the Hermite operators will enlarge ttops of the microlocal

analysis and its applications.
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M. Ruzhansky - J. Wirth T

DISPERSIVE ESTIMATES FOR T-DEPENDENT
HYPERBOLIC SYSTEMS *

Abstract. This note is devoted to the study of time-dependent symaiegperbolic systems
and the derivation of dispersive estimates for their sohsi It is based on a diagonalisation
of the full symbol within adapted symbol classes.

We are going to consider the hyperbolic system

whereA(t,D) denotes a smoothly time-dependent matrix Fourier mudtipdiith first
order symbol
At,&) e C*(Ry x R",C™™M)

subject to certain (natural) assumptions which are desdiéter on in detail. As usual
we denote P= —iox.

Our approach is based on diagonalising the (full) symbdiefiperatorin order
to get a representation of solutions in terms of Fouriegraks and later on to use these
representations to deduce dispersive estimates for gofuti

1. Prerequisites and basic assumptions

1.1. Hyperbolic symbol classes

We make use of the implicitly defined functignfrom

2 (1+t)[E[=N
with a suitable constam and define the zones
3 ZoyplN) = {(LHIt >t} Zpa(N) = {(L,E)0 <t <t}.

In Znyp(N,) we apply a diagonalisation procedure to the full symbol. Basic idea of
this diagonalisation scheme comes from the treatment cragite hyperbolic prob-
lems and is closely related to the approach of [3].

DEFINITION 1. The time-dependent Fourier multiplie(ta) belongs to the
hyperbolic symbol class’‘2{m;,mp} if it satisfies the symbol estimates

a la 1 mp+k
@ fogat. o) <cualtt ™ (1)

TResearch supported by EPSRC EP/E062873/1.
*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
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for all multi-indicesa € N" with |a| < ¢; and all natural numbers K ¢, and with

1&Int = max(|§],N/(1+t)). We say it belongs ts,{, 2 (g, mp} if the estimates are
true within the hyperbolic zoneZ,(N).

EXAMPLE 1. A polynomialp(t,&) = ¥ |qj=mha (t)&* with tkh (t) e L*(R) for
k < ¢ belongs tas®*{m,0}.

If the symbol estimates hold for all derivatives we wistg) {my, mp} for
5("';\;;°{m1,mz}. Furthermore, the definition extents immediately to matdiued Fou-
rier multiplier. The rules of the corresponding symbolidccdus are simple conse-
guences of Definition 1 together with (2), (3) and collectedhie following proposi-
tion.

ProPOsITIONL. 1. 5f,§|f2{m1,mz} iS a vector space.

2. (e (my —k Mot 0) < (52 (myme) forall £> k> 0,6, > 61, & > (2 (and

N <N).
3. s {me,me} s (2, mh} s s (42 {m -+ my, mp 4 )

4. DKDYs (/2 {my, mp} — s 4 192 K my — |a], mp + k.

00 o
5. S {12} = LEL{(Znyp(N)).

Of particular importance are the embedding relations ohipaiwith k = ¢.
They constitute a symbolic hierarchy, which is used in tlagdnalisation scheme, cf.
Section 2.1. We define the residual symbol classes

0,0 0,0
Hogy 2 {m) = keﬂzs(,f,) 2{m—k,k}.

1.2. Basic assumptions

We collect our assumptions on the symB@, §). Throughout this note we require

(Al)., ¢, Operator of first order with bounded coefficierMge assume that the matrix
operatorA(t,D) has a smooth symbol satisfying

A(t,&) € s2{1,0}.

Furthermore, we assume that there exists@mogeneous matrif(t, §) with A(t,§)
—Ao(t,&) € 5,61’82{0, 1}. We will always denoteo = &/|&| € S"1.The symbokg(t, &)

is determined by its valuek(t,w) on the cylindeiR ; x S"2.

(A2) Uniform strict hyperbolicity up té = . We assume that the characterisitic roots
(eigenvalues) of the symb#b(t, &) are real and distinct for allandg # 0. In ascend-
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ing order we denote them as(t,&),...,Am(t,§). Furthermore, we assume that

liminf min_|Ai(t,w) —Aj(t,w)| >0
t—o  (egn-1

foralli # j.

PROPOSITIONZ2. Assume (Ak) ., and (A2). For all j=1,...,m the charac-
teristic roots satisfyAj(t,§) € 5,‘3”62{1, 0} and for all i # j their difference satisfies
(Ni(t,&) —Aj(t,8) e 5h°,°’€2{—1, 0}. Furthermore, the eigenprojection ®,§) corre-
sponding ta\(t, €) satisfies Rt,€) € s52{0,0}.

Sketch of proofThe properties of the characteristic roots follow from tpecral es-
timate |Aj(t,w)| < ||A(t,w)|| together with the obvious symbol properties of the co-
efficients of the characteristic polynomial and the unifastrict hyperbolicity. The
eigenprojections can be expressed in terms of the chaistt@oots

e ALE) - N(LE)
PGO=TIN e -ne)

and again the symbolic calculus yields the desired result. O

PROPOSITION3. Assume (AL) ., and (A2). There exists an invertible matrix
M(t,w) € sn{0,0} which diagonalises the symbo(tAw),

A(t,0)M(t,w) = M(t,w)D (t,w), D (t,w) = diag(A1(t,w), ..., Am(t,w)).
Furthermore, its inverse satisfies M(t,w) € sy ’[2{0, 0}.

We require two more assumptions.
(A3) The matrixF (© = diag((D:M~1)M + M~1(A— Ag)M) satisfies

5) sup /St |mF<°>(e,z)deH <o,

(8,8),(t,8)€Znyp(N)

This assumption is independent of the choice of the diaggera¥(t,&) in Proposi-
tion 3 and trivially satisfied wheA(t,§) is symmetric and homogeneous.

(A4) The imaginary part IA(t,€) = 4 (A(t, &) — A*(t,§) satisfies the estimate
ImA(t, &)+ cl[l > 0

within Z,4(N) for sufficiently largeN and some constanot

2. Representation of solutions

Using the partial Fourier transfor# with respect to the spatial variables we can re-
duce the system (1) into a system of ordinary differentialegipns. Our first objective
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is to represent its fundamental solution

within the hyperbolic zoné,€), (s,&) € Znyp(N).

2.1. Diagonalisation scheme

We follow the treatment of [3] to construct the fundamentdliton to (6). To avoid
unnecessary repetitions we just give the correspondinbgrsents.

LEMMA 1. Let M(t,§) be the diagonaliser from Proposition 3. Thep(t,s, &)
=M~L(t,§)Z (1,5 E)M(s,§) satisfies

(7) DtEO(taSaE): (Q)(tva)+R0(t7€))‘£0(tasaz)7 EO(S,S,E) =1

with Ro(t,€) = (DM~1)M + ML A— Ag)M € 5,27 1{0,1}.

LEMMA 2. For eachl < k < /5 — 1 there exists a zone constant N and matrix
valued symbols

o N(t,&) =1+3K_ N (L,8), NW(t,€) € 5302 ™{—p,u}, invertible for all (t, )
€ Znyp(N) and with inverse satisfying N (t,&) € sn{0,0}

o Fo1(t,8) = YICaFW(1.E), FW(L,E) € s " Y~ p+ 1}, diagonal,

o R(t,8) € st~k k+1},
such thatz,(t,s,€) = N X (t,€) Zo(t, s, &)N(s, &) satisfies
(8) DiZk(t,58) = (D (t,&) + R 1(t, &) + Re(t,8)) Zk(t,5,8),  Zk(s,58) =1
for all (t,€),(s,&) € Znyp(N).

REMARK 1. Fork =1 we have in particulaf () (t,&) = diagRo(t, §).

REMARK 2. The proof of this statement is analogous to the correspgnd
statement from [3] and applies the standard diagonalisattbeme from [11], [4], etc.
Under (A1), . we can form the asymptotic sumt,&) ~ 3 N®(t,€) € 5,+“{0,0}
andF(t,&) ~ TFW(t,E) € 5,{,1’“’{0, 1} and the statement can be understood as perfect
diagonalisation moduler,.** {1},

(D¢ — D (t,€) — Ro(t.&))N(t,&) = N(t,&) (D — F(t,§)) modsy“{1}.
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2.2. Estimates of the fundamental solution
We construct the fundamental solutiag(t, s, &) within Znyp(N).

THEOREM 1. Assume (Al).1 for some k> 1. There exists a matrix family
Q«(t,s,&), uniformly bounded and invertible and satisfying

9 IDg ax(t,s, &)l < Clg| 1,
(10) IDg Qu(t te, &) <CIE[T%, [E] <N,

for all |a| <k—1, such that for all(t,&), (S,&) € Znyp(N)

t
(11) £k(t,5,8) = exp(i/s (p(1,8) +Fkl(t,E))dt) Q«(t,s,§).

Proof. We sketch the main steps of the proof. We denote the expahémi{11) by
Zk(t,s,&). Assumption (A3) implies

(12) |2kt s.8)] <1

uniformlyin (t,€), (s,&) € Znyp(N) regardless of the order eandt, becauséy_1(t,§)

—FO(t,8) e 58’0{71, 2} ando (t,§) is real. Furthermore, the transformed equation
(8) implies forqx(t,s,§) the system

DtQk(taSaE):Rk(tvsva)Q_k(taSaE)v Q_k(SaSaE)ZI

with Ry (t,s,§) = %k(s,t,E)Rk(t,E)%k(t,s,E). This system can be solved by means of
the Peano-Baker series

(19) a5y =1+Y i [ xdtns® [ alts
=1 U8 s

tj-1

Rk(tj,s,ﬁ)dtj .- dtodty.

Using (12) it follows thatr(t,s, &) satisfies uniform irs the same bounds &(t,§)
and hence fok > 1 all integrands are uniformly integrable over the hypeithnbne.
This implies that(t, s, &) is uniformly bounded,

t
lts &)l < exp( / Rk<r,z>dr) <1,

and converges locally uniform ifs,€) € Znyp(N) to a limit Qx(e,s,§). Furthermore
by Liouville theorem,

detqk(t,s,&) = exp(/t traceRk(t,E)dr) ~1,
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and all matricegx(t,s,&) are uniformly invertible over th&ny,(N).

It remains to obtain symbol type estimates for derivativegg(t,s,§) with
respect t&. They are achieved by differentiating (13) term by term ggime symbol

estimate oR(t,§) € Sﬁfl’kfl{fk, k+ 1} in combination with

k—1k-1

(1S, E)R(L,€) Ek(t,S.8) € 5y
and|Dftg| < Cq|&| 1191, See [3], [11] or [10] for a more detailed argument. [

{-1,2} uniformins

REMARK 3. The benefit of applyinf steps of diagonalisation is that we obtain
symbol type estimates fdr— 1 derivatives of the amplitudex(t,s,§) (provided that
we assume sufficient smoothnes\f, §) int andg). If we are satisfied with uniform
bounds—which are enough to prove energy estimates—, opeofidiagonalisation
(i.e.,k=1and (Al)>) is enough.

The following theorem clarifies the réle of assumption (A®pvided we have
knowledge about arbitrary many derivatives.

THEOREM2. Assume (Al). and (A2). Then assumption (A3) is equivalent to
the existence of constants ¢ and C such that

cvilllztséVvii<Clv], VveCT
holds true uniformly int,§), (s,§) € Znyp(N) for a sufficiently big N.

Sketch of proofTheorem 1 gives the uniform bound under (A3). Without (A3)&q
tion (12) has to be replaced by a polynomial bound

~ ~ 141\
Eds ol Izt <o 1) s

where the constamt is independent df. Similarly, we obtain with the same exponent

t K
Izt 5891 < exp( [ Iim (Fear) + Rev8ler) < (1)

for all t > s. Choosingk big enough, the polynomial decay of the remainBg(t, &)
becomes strong enough to compensate all increasing texngeaabtain

(14 tsE = rtsEz(sH i [ " E (1,0, E)Re(6,8) £1(6,5,£)00

with
zk(s,8) =1 +i/ r’Zk(t,9,E)Rk(G,E)EK(G,S,E)dG <1
S
The integral in (14) is bounded byl 4 s)X~1(14-t)~K, while the first term has the

lower bound(1+ s)¥(1+t)~K. Chosings big enough implies thaty(t,s,§) is a small
perturbation ofzk(t,s, &).
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Assume now that (A3) is violated. Then we find sequenges «, 5, and§,
such that one matrix entry of the integral in (5) tends toegithor —co. We consider the
+o0 case, and assume w.l.0.g. tisat> sfor sufficiently bigs and that the matrix entry

corresponds to the first diagonal element. Tﬁeﬁu,s‘l,zu)el — o0 and therefore also
E (tw, S, §) Nk (S €)M (S, &) €1 — 0 which contradicts to the uniform upper bound.
Similarly, the—o case contradicts to the lower bound and the statement igpro{!

The estimate in the pseudo-differential zone is based oh (A4
LEmMMA 3. Assume (A4). Then the fundamental solutio(Gdsatisfies
% (t,0.8)] < 1
uniformin(t,&) € Zpa(N).

Proof. We fix §. LetV(t) be the solution to B/ = A(t,§)V, V(0) = Vp. Then with
(+,-) the Euclidean inner product d&i" we obtain from (A4)

IV = ~20mAVY) < 26 V(D)2
for all t with (t,&) € Zpq(N). Hence, by applying Gronwall inequality we obtain
IV (8)[1? < Cl[Vo|[2exp(2ct[E]) < [IVol %
|

Symbol-like estimates for derivatives follow by an induetargument as used
in [3], [11] or [10].

LEMMA 4. Assume (AL),, (A4). Then the estimate
D (,0,8) <CIE[T, & <N

holds true for anyja| < min(¢1,¢2+1).

3. Generalised energy conservation

The results of the previous section witk- 1 allow to conclude upper and lower bounds
for the energy. We only state the result.

THEOREM 3. Assume (AL)—(A4). Then the solution & U (t,x) of (1) sat-
isfies
U ()l 2rn) < CllUol|2(gn)-

Furthermore Jim¢_.c, [[U (t, )| 2(gny = 0 implies L = 0.
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4. Dispersive estimates

We want to explain how to use the information derived in Sec# to derive dispersive
estimates for solutions. We note first, that interestingreges depend only on the
hyperbolic zone. Let for thig € C3(R") be a cut-off functiony(§) = 1 for |§| < 1,
and denotepa(t,£) = X((1+1)[&|/N) andxnyp(t.&) = 1 - Xpa(t, ).

LEMMA 5. Assume (A4). Then solutiond U (t,X) to (1) satisfies
17 Xpa(t, €)U (t,8)] |y < C(L141) " Uol|L1 )
localised to the pseudo-differential zongy?N) (for any choice of N).

Proof. Based onZ : L1(R") — L®(R") and Holder inequality it is sufficient to es-
timate || £ (t,0,&)Xpa(t. &) | 1eny < [1£(t.0,8)l|Lo(ej<g) [Xpalliszn) and the estimate
follows from Lemma 3 and the geometry of the zone. O

This estimate is much stronger than any estimate we couldotxpr the so-
lutionU (t) = .ZY£(t,0,€).Z7 Uy itself. Therefore, we concentrate on the remaining
hyperbolic zone. By Theorem 1 we know that solutions areasgmted as Fourier
integrals of a particular form,

(15) [thpt E Z /el xE+18(L.E)) J.(tva)ljo(a)dz7

where the matrix-valued symb8;(t,€) contains all contributions from the matrices

Q(t,te, &), £(t,0,8), Ne(te, &)M(tg, &), M1(t,E)N~L(t, &) andR_1(t,€) and is sup-
ported withinZnyp(N). Under (Alx_1 2—(A4) it satisfies

ID§B;(t,8)]| <CIE[T,  Jal <k-1,

k the number of diagonalisation steps used in the construclibe phase function is
real, homogeneous and given by

1 t
() = f/o A;(6,€)d0

Fourier integrals of this type can be estimated generalisieas of Sugimoto, [8], [9].
He introduced for a closed surfazewo indices

Yo(2) =sup inf _y(Z;p,n).  ¥(Z) = sup sup y(Z;p,n),
pezNeTpZ PEINETpE

where for any tangent vectogron the surface the numbe(Z; p,n) denotes the order
of contact between the tangept- nR andZ N (p+nR @ NpX). We will give two
estimates related to the statements of [8], [9], taking attoount the improvements
of [5].
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THEOREM4. Let> C R" be a smooth closed surface of codimendion

1. Letyo = Yo(Z). Then it holds for all fe C1(%)
: 1
/zelx'zf(a)dz <Cx) W[ fflce

2. Assum& is convex. Then withi=y(X) and r= [(n—1)/y] + 1the estimate

. n-1
[t <coo VIl
holds true for all fe C'(Z).

REMARK 4. It is enough to hav& € CY*1 in order to prove these statements.
The original proof of Sugimoto for part 2, [8], uses real atialty of the surfacez,
which was improved by [7], [5].

In order to derive dispersive estimates for the expressio(ib), we introduce
thet-dependent family of level sets

s = (g eR"|9(t,&) = 1}.
We restrict for the sake of simplicity to the case of convefases. Then our estimates
are based on the following assumption:
(B) The surfa_ceit(” are strictly convex for all > tg and converge i€"i* to a surface
() with y(=0)) = y;.
THEOREM 5. Assume (ALpk—(A4) in combination with (B) and lefmax =
max y(ZW). If ¢ > k—1> = +1,£ > Ymax+ 1 then the dispersive estimate

,n;l(;,l

Ut e < C(L+ 1) wmex 59| Uollep(en)
holds true for any solution U= U (t,x) of (1) where pe [1,2], pg=p+q and r>
n(1/p—1/q).

REMARK 5. The stabilisation assumption (B) can be weakened to aumify
assumption, in such a sense that for sufficientlytbigty the constants appearing in
the corresponding estimates of Theorem 4 are uniform in

REMARK 6. The corresponding result for non-convex surfaces holds but
gives a much weaker decay rate.

5. Concluding remarks

1 If Ag(t,§) is symmetric, the diagonaliséf(t,§) can be chosen unitary and there-
fore (DM ~1)M is self-adjoint. If in additionA(t, &) = Ao(t, &) is assumed to be homo-
geneous ir§ assumptions (A3) and (A4) are satisfied.
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If we assume thai\(t,D) is a differential operator —which is a very restrictive
assumption here—, we have a representafiing) = Aq(t,§) + Aq1(t) and (A4) is
equivalent to dissipativity, IiA1(t) > 0. If Ag(t,§) is symmetric, (A3) reduces to the
integrability of ImdiagM~1(t,&)A. (t)M(t,&)) > 0.

2 The results apply to hyperbolic equations of higher ordez.ddhsider a homoge-
neous equation of orden,

m—1
(16) Du+ S Y aa()DfDfu=0,  Dfu(0,) = u,
k=0 |a|=m—k

with a, ¢ € 5*/{0,0} and assume uniform strict hyperbolicity. We rewrite it ayss
tem in companion form, its eigenvalugg(t,&) are given by the (real) characteristic
roots associated to (16). Assumption (A4) follows from hgeeity, assumption (A3)
is equivalent to

a7 ~max  sup

J:l“''*""T>O,ooe§a”*1

/T oAt dt| < 0.
0 & }\j('[,(.v.)) —}\k('[,(.v.))
This assumption is necessary to have a generalised enenggreation for (16) un-
der the symbol assumpticaxq € $*{0,0}. In the treatment of [2] the condition
drayq(t) € LY(R,) implies (17).

Equations of higher order with arbitrary lower order termis ¢tonstant coeffi-
cients were considered in [6] and [7].

3 Most of the considerations transfer to problems bearingfsdllations in the clas-
sification of Reissig-Yagdjian [3], [4]. The only major déffence is that the corre-
sponding statement of Theorem 2 is no longer valid.

It is an interesting question whether one can generalisapipeoach of [1]
to higher order equations and larger systems. In this casesdtimates for time-
derivatives are weakened to an improvement of the fatm t) P, p < 1 instead of
p = 1 from Definition 1, but accompanied with a so-called stahtion condition to
treat an extended pseudo-differential zone.
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