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THE WEYL TRANSFORM AND ITS GENERALIZATION ∗

Abstract. Procedures that allow one to associate operators to ordinary functions are called
correspondence rules, rules of association, or just transform. There have been a number
of such rules studied, among them the Weyl transform and the symmetrization rule. We
present a generalization that allows one to generate an infinite number of such transforms.
The advantage of the formulation is that all such transformscan be studied in a simple and
consistent fashion.

1. Introduction

The concept of associating ordinary functions with operators arose in many areas of
analysis but took particular importance with the discoveryof quantum mechanics. For
the two most fundamental quantities, position and momentum, it became clear that the
operators arex and ~

i
∂
∂x respectively (in the position representation) where~ is the

Planck constant. Procedures to construct other operators developed into the subject
now known as correspondence rules, that is, rules to associate an ordinary function
with an operator. It is clear that there is an infinite number of ways to associate an
ordinary function with a corresponding operator because ordinary variables commute
but operators do not. Some correspondence rules that have been studied are the Weyl
[4, 12, 15], normal ordering, and symmetrization rule, among others [2, 4, 11]. It is
the aim of this paper to develop a methodology where all correspondence rules can be
characterized and studied in a unified way.

1.1. Notation, terminology, and conventions

“Symbol”, “classical function”, and “c-function”, are terms used in different fields to
signify the same things, namely an ordinary function,a(x,ξ), of two variablesx andξ.
This is the common notation used in mathematics, while in physics it is position and
momentum signified bya(q, p) [8], and in time-frequency analysis [3,4] one generally
writes a(t,ω). In this paper we will use the mathematics notation and as is standard
define the conjugate operator tox by D, where

D =
1
i

d
dx

The commutator betweenx andD is denoted by[x,D] and is given by

[x,D] = xD−Dx= i
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Also, we will occasionally useDy = 1
i

d
dy, wherey is an arbitrary real variable.

The phrases “operator transform”, “correspondence rule”, “rule of associa-
tion”, will all mean the same thing, namely the association of an operatorAa(x,D)
with a symbola(x,ξ). The association is symbolized by

Aa(x,D)↔ a(x,ξ)

Generally speaking operators such asAa(x,D) will be denoted by script letters although
there will be exceptions,D being one of them.

The word “transform” by itself will mean the operation ofAa(x,D) on an ar-
bitrary function, sayu(x), and will be denoted byAa[u(x)] or just byAa[u] when it is
clear what the variable is. That is,

(1) Aa[u] = Aa(x,D)u(x)

The Fourier transformof the symbol,a(x,ξ), will be denoted bŷa(θ,τ) and the
normalization is taken so that

â(θ,τ) =
1

4π2

ZZ

a(x,ξ)e−iθx−iτξ dxdξ

a(x,ξ) =
ZZ

â(θ,τ) eiθx+iτξ dθdτ

Integrals without limits imply integration over the reals,
Z

=

Z

R

2. The generalized operator transform

We define the generalized operator transform associated with the symbola(x,ξ) by

(2) A Φ
a (x,D) =

ZZ

â(θ,τ)Φ(θ,τ)eiθx+iτD dθdτ

whereΦ(θ,τ) is a two dimensional function called the kernel [2]. The kernel charac-
terizes a specific transform and its properties. Since [14]

eiθx+iτD = eiθτ/2eiθ xeiτD = e−iθτ/2eiτD eiθx

we have that

A Φ
a ( x,D) =

ZZ

â(θ,τ)Φ(θ,τ)eiθτ/2 eiθx eiτDdθdτ(3)

=

ZZ

â(θ,τ)Φ(θ,τ)e−iθτ/2 eiτD eiθxdθdτ(4)

Equivalently,

A Φ
a ( x,D) =

1
4π2

ZZZZ

a(x,ξ)Φ(θ,τ)eiθ(x−x′)+iτ(D−ξ′) dθdτdx′ dξ′

=
1

4π2

ZZZZ

a(x′,ξ′)Φ(θ,τ) eiθτ/2eiθ(x−x′) eiτ(D−ξ′)dθdτdx′ dξ′
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3. The generalized transform

We now consider the operation ofA Φ
a (x,D) on an arbitrary function,u(x). Using Eq.

(3) we have

AΦ
a [u] = A Φ

a (x,D)u(x) =

ZZ

â(θ,τ)Φ(θ,τ)eiθτ/2 eiθx u(x+ τ)dθdτ

where we have used the fact thateiτDu(x) = u(x+ τ). Equivalently,

(5) AΦ
a [u] =

ZZ

â(θ,τ−x)Φ(θ,τ−x)eiθ(τ+x)/2 u(τ)dθdτ

We callAΦ
a [u] the generalized transform. WritingAΦ

a [u] in terms of the symbola(x′,ξ′)
directly one obtains

(6) AΦ
a [u] =

1
4π2

ZZZZ

a

(
q+

τ+x
2

,ξ
)

e−iθq−i(τ−x)ξ Φ(θ,τ−x)u(τ)dτdqdξdθ

Notice â(θ,τ− x)Φ(θ,τ− x)eiθ(τ+x)/2 is a function ofτ− x andτ + x and hence we
write

(7) AΦ
a [u] =

Z

k(τ+x,τ−x)u(τ)dτ

with

k(x,τ) =
Z

â(θ,τ)Φ(θ,τ)eiθx/2 dθ(8)

=
1

4π2

ZZZ

a(q+x/2,ξ)e−iθq−iτξΦ(θ,τ) dqdξdθ(9)

3.1. From transform to symbol

We now describe how starting with the operator transform,A Φ
a , one can obtain the

corresponding symbol,a(x,ξ). First we describe a notation that is helpful. For any
operatorA (x,D) we defineRA(x,ξ) by the following procedure

RA(x,ξ) = the rearrangement ofA (x,D), so that all thex factors

are to the left of theD operators; then one replacesD by ξ.

The rearrangement is achieved by using[x,D] = i. Applying this procedure toA Φ
a (x,D)

as given by Eq. (3) and noting that it is already in the appropriate form, (since thex
factors are already to the left of theD factors), we immediately have

(10) RΦ
A (x,ξ) =

ZZ

â(θ,τ)Φ(θ,τ)eiθτ/2eiθx eiτξdθdτ

Inverting we have,

â(θ,τ)Φ(θ,τ)eiθτ/2 =
1

4π2

ZZ

RΦ
A (x,ξ)e−iθx−iτξdxdξ
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which gives

â(θ,τ) =
1

4π2

e−iθτ/2

Φ(θ,τ)

ZZ

RΦ
A (x,ξ)e−iθx−iτξdxdξ

and from whicha(x,ξ) can be obtained by inversion.

We now derive an alternate form. We first state the following theorem. Suppose
we have two functionsf (θ,τ) and â(θ,τ), then it is easily shown that

(11)
ZZ

f (θ,τ) â(θ,τ) eiθx+iτzdθdτ = f

(
1
i

∂
∂x

,
1
i

∂
∂ξ

)
a(x,ξ)

Taking f (θ,τ) = Φ(θ,τ)eiθτ/2 in Eq. (11) we have

(12) RΦ
A (x,ξ) = exp

(
1
2i

∂
∂x

∂
∂ξ

)
Φ
(

1
i

∂
∂x

,
1
i

∂
∂ξ

)
a(x,ξ)

and hence

(13) a(x,ξ) = exp

[
− 1

2i
∂
∂x

∂
∂ξ

]
Φ−1

(
1
i

∂
∂x

,
1
i

∂
∂ξ

)
RΦ

A (x,ξ)

These can be writen in a somewhat more compact way,

RΦ
A (x,ξ) = exp

(
i
2

DxDξ

)
Φ
(
Dx,Dξ

)
a(x,ξ)(14)

a(x,ξ) = exp

[
1
2i

DxDξ

]
Φ−1(Dx,Dξ

)
RΦ

A (x,ξ)(15)

4. Constraints on the kernel

The advantage of the above formulation is that one can readily obtain conditions on
the kernel corresponding to properties we desire in the transform. We now list some
possible properties and the constraints on the kernel to assure the requirement is met.

(i) Hermiticity. If the symbol is real andΦ(θ,τ) = Φ∗(−θ,−τ) thenA Φ
a (x,D)

is a Hermitian operator. That is, for any two functionsu(x) andv(x)
Z

v∗(x)A Φ
a u(x)dx=

Z

u(x)
(
A Φ

a v(x)
)∗

dx if Φ(θ,τ) = Φ∗(−θ,−τ)

(ii) Unit correspondence. If we want the correspondence between the number
one and the unit operator 1↔ I then we must takeΦ(0,0) = 1. That is

I ↔ 1 if Φ(0,0) = 1

(iii) Symbols ofx or ξ only. Suppose we want to be certain that for a symbol
that is a function ofx or ξ only the operator should be the same function ofx andξ then
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the condition on the kernel is,

A Φ
a (x,D) = a(x)↔ a(x) if Φ(0,τ) = 1

A Φ
a (x,D) = a(ξ)↔ a(D) if Φ(θ,0) = 1

(iv) Translation invariance. Consider the symbola0(x,ξ) = a(x− x0,ξ− ξ0),
then

â0(θ,τ) = eiθx0+iτξ0 â(θ,τ)

and substituting in Eq. (3) we have that

A Φ
a0

(x,D) = A Φ
a (x+x0,D+ ξ0)

This is true for all kernels that are functions of onlyθ andτ.

5. The Fourier, polynomial, and delta function associations

The above formulation can be viewed profitably from different perspectives in ways
that we now discuss.

5.1. The Fourier association

One can think ofeiθx+iτξ as a symbol with parametersθ andτ and associateeiθx+iτξ to
Φ(θ,τ)eiθx+iτD. That is

(16) M (θ,τ) = Φ(θ,τ)eiθx+iτD↔ eiθx+iτξ

whereM (θ,τ) is called the characteristic function operator. We call this the Fourier
association. Hence, one argues, for a general symbol, expand the symbol in terms of
its Fourier transform

(17) a(x,ξ) =

ZZ

â(θ,τ) eiθx+iτξ dθdτ

and then one substitutes Eq. (16) into this to obtain Eq. (2).

We note that

M (θ,τ)M (θ′,τ′) = Φ(θ,τ)Φ(θ′ ,τ′)eiθτ/2 eiθ′τ′/2eiθ xeiτDeiθ′ x eiτ′D

=
Φ(θ,τ)Φ(θ′ ,τ′)
Φ(θ+ θ′,τ+ τ′)

ei(θ′τ−θτ′)/2M (θ+ θ′,τ+ τ′)(18)

5.2. The Taylor series association

Suppose that there is an operator correspondence forxnξm and we denote it by
Anm(x,D),

Pnm( x,D)↔ xnξm
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We call this the polynomial association. Now, expand the symbol, a(x,ξ), in a Taylor
series

a(x,ξ) =
∞

∑
n,m=0

1
n!m!

{
∂n+m

∂xn∂ξm a(x,ξ)|x,ξ=0

}
xnξm

and define the operator transform by

(19) Aa ( x,D) =
∞

∑
n,m=0

{
∂n+m

∂xn∂ξm a(x,ξ)|x,ξ=0

}

n!m!
Pnm(x,D)

To makeAa ( x,D) as given by Eq. (19) equal toA Φ
a (x,D) as given by Eq. (2) the same

one takes

(20) Pnm( x,D) =
1

inim
∂n+m

∂θn∂τmΦ(θ,τ)eiθτ/2 eiθ x eiτD

∣∣∣∣
θ,τ=0

↔ xnξm

5.3. The Delta function association

Starting with the identity

a(x,ξ) =
ZZ

a(x′,ξ′)δ(x−x′)δ(ξ− ξ′)dx′dξ′

we write the correspondence betweenδ(x)δ(ξ) and the corresponding operator by
Aδ(x,D) as

Aδ( x,D)↔ δ(x)δ(ξ)

Hence, we define

Aa( x,D) =

ZZ

a(x′,ξ′)Aδ(x−x′,D− ξ′)dx′dξ′

We call this the delta function association [7, 11, 16]. FromEq. (2) we immediately
have that we must take

Aδ( x,D) =
1

4π2

ZZ

Φ(θ,τ)eiθ x+iτD dθdτ↔ δ(x)δ(ξ)

5.4. General association

A more general approach that encompasses the above is to consider an orthogonal
complete set of functions,v(x;θ),and expand an arbitrary symbol as

(21) a(x,ξ) =
ZZ

â(θ,τ)v(x;θ)v(x;ξ)dθdτ

Since we assume thatv(x;θ) are complete and orthogonal we have

â(θ,τ) =

ZZ

a(x,ξ)v∗(x;θ)v∗(ξ;τ)dxdξ
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Now, suppose the operator association forv(x;θ)v(x;τ) is V (θ,τ;x,D),

V (θ,τ;x,D)↔ v(x;θ)v(x;τ)

Substitting in Eq. (21) we have

A Φ
a (x,D) =

ZZ

â(θ,τ)V (θ,τ;x,D)dθdτ

This general approach will be developed in a future paper.

6. Transformation between transforms

Suppose we have two different transforms characterized by kernelsΦ2(θ,τ) and
Φ1(θ,τ)

AΦ2
a [u] =

Z

k2(τ+x,τ−x)u(τ)dτ

AΦ1
a [u] =

Z

k1(τ+x,τ−x)u(τ)dτ

Simple manipulation of Eq. (8) leads to

k2(x,τ) =
1
2π

ZZ Φ2(2θ,τ)
Φ1(2θ,τ)

eiθ(x−x′) k1(x
′,τ)dθdx′

Also, using Eq. (10) one can show that the corresponding operators transfroms are
related by

(22) RΦ2
A (x,ξ) =

Φ2

(
1
i

∂
∂x,

1
i

∂
∂ξ

)

Φ1

(
1
i

∂
∂x,

1
i

∂
∂ξ

)RΦ1
A (x,ξ)

which can be writen as

(23) RΦ2
A (x,ξ) =

Φ2
(
Dx,Dξ

)

Φ1
(
Dx,Dξ

)RΦ1
A (x,ξ)

7. Relation between transforms and phase-space distributions

Shortley after the invention of quantum mechanics, Wigner [13] and Kirkwood [6]
addressed the issue of quantum statical mechanics in the following way. They devised
a distribution function (different ones) aimed to calculate quantum averages by way
of phase space averaging. Here is the fundamental idea [2]. Suppose we have the
association

A Φ
a (x,D)↔ a(x,ξ)
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We want to find a distribution,C(x,ξ) so that

(24)
Z

u∗(x)A Φ
a (x,D)u(x)dx=

ZZ

a(x,ξ)C(x,ξ)dxdξ

whereu(x) is an arbitrary function, which in quantum mechanics is called the wave
function. The left hand side is the quantum mechanical way ofcalculating expectation
values and the right hand side is the standard probabilisticmethod. This formulation
has become known as the phase space of quantum mechanics. Moyal [10] was the first
to understand the relationship between the Wigner distribution and the Weyl rule and
Cohen [2] gave the general formulation for arbitrary rules and arbitrary phase space
distributions.

Starting with Eq. (6) multiply it byu∗(x) and integrate both sides. After some
manipulation one derives that we must take [2]

C(x,ξ) =
1

4π2

ZZZ

u∗(x′− τ/2)Φ(θ,τ) eiθx′−iθx−iτξu(x′+ τ/2)dθdτdx′

to satisfy Eq. (24). Also, one can readily prove that for two arbitrary functionsv(x) and
u(x)

Z

v∗(x)A Φ
a ( x,D)u(x)dx=

ZZ

a(x,ξ)Chg(x,ξ)dxdξ

if we indeed take

Cvu(x,ξ) =
1

4π2

ZZZ

v∗(x′− τ/2)Φ(θ,τ) eiθx′−iθx−iτξu(x′+ τ/2)dθdτdx′

We also point out that if we have two distributions characterized byΦ1 andΦ2

then the corresponding distributions are related by

C2(x,ξ) =
1

4π2

ZZ Φ2(θ,τ)
Φ1(θ,τ)

e−iθ(x−x′)−iτ(ξ−ξ′)C1(x,ξ)dθdτdx′dξ′

This can be written in operational form,

C2(x,ξ) =
Φ2

(
i ∂

∂x , i
∂
∂ξ

)

Φ1

(
i ∂

∂x , i
∂
∂ξ

)C1(x,ξ)

8. Examples

We now give a number of examples and in particular we considersome of the historical
rules.
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8.1. Weyl transform

The Weyl case is obtained by taking

ΦW(θ,τ) = 1

giving
eiθx+iτξ↔ eiθτ/2eiθ xeiτD Weyl ΦW(θ,τ) = 1

From Eq. (4) and (6) we have

AW
a ( x,D) =

ZZ

â(θ,τ)eiθτ/2 eiθ x eiτDdθdτ

AΦ
a [u] =

1
2π

ZZ

a

(
τ+x

2
, p

)
eip(x−τ) u(τ)dτdp

and also from Eq. (9) we obtain

k(x,τ) =
1
2π

Z

a(x/2,ξ)e−iτξ dξ

We also mention that from Eq. (18) we have that

M (θ,τ)M (θ′,τ′) = ei(θ′τ−θτ′)/2M (θ+ θ′,τ+ τ′)

which is well known. We also point out that and using Eq. (12) we have

AW
a ( x,D) =

1
inim

∂n+m

∂θn∂τm eiθτ/2eiθx eiτD

∣∣∣∣
θ,τ=0

=
1

2m

m

∑
ℓ=0

(
m
ℓ

)
D

m−ℓ

xnDℓ

which was first derived by McCoy. Also, using Eq. (22) we have

RA(x,ξ) = e
1
2i

∂2
∂x∂ξ a(x,ξ)

8.2. Margenou-Hill, normal, and antinormal

Before we discuss these specific rules we consider taking thefollowing kernel

Φc(θ,τ) = eicθτ/2

wherec is a real number. Boggiatto, De Donno, and Oliaro [1] have made a careful
study of this kernel and showed the relationship with other kernels. We rederive some
of their results. Using Eq. (4) and Eq. (6) we obtain

Aa ( x,D) =
1
2π

ZZ

a

(
q+

τ(1+c)
2

, p

)
e−iτp′ eiτD dp′dτ

Aa[u] =
1
2π

ZZ

a

(
x+ τ

2
+

τ−x
2

c, p

)
e−i(τ−x)pu(τ)dpdτ
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Consider now the case where the symbol is

a(x,ξ) = f (x)h(ξ)

then it follows that

Aa (x,D) =
∞

∑
n=0

(
1+c

2i

)n 1
n!

∂n f (x)
∂xn

∂nh(D)

∂ξn

where∂nh(D)
∂ξn means that after we differentiateh(ξ) we setξ = D If we further take

f (x)h(ξ) = eiτx eiτξ

then
Aa(x,D) = ei(c+1)θτ/2eiτxeiτD = ei(c−1)θτ/2eiτDeiτx

If we takec =−1 andc = 1 we obtain the socalled normal and antinormal cases,

eiθx+iτξ↔ eiθx eiτD andxnξm↔ xnDm normal: ΦN(θ,τ) = e−iθτ/2

eiθx+iτξ↔ eiτDeiθx andxnξm↔Dmxn antinormal: ΦA(θ,τ) = eiθτ/2

Now consider the caseΦ(θ,τ) = cos(cθτ/2). We obtain

Aa (x,D) =
1
2

[
ei(c+1)θτ/2eiτx eiτD +e−i(c+1)θτ/2eiτDeiτx

]

and if we takec = 1 then we obtain the Margenau-Hill [9] or symmetrization rule

eiθx+iτξ↔ 1
2

[
eiτD eiθx + eiθx eiτD

]
symmetrization ΦMH(θ,τ) = cosθτ/2

and

xnξm↔ xnDm+Dmxn symmetrization ΦMH(θ,τ) = cosθτ/2

8.3. Born and Jordan association

Perhaps the first rule that was proposed historically was that of Born and Jordan ,

xnξm↔ Anm(x,D) =
1

m+1

m

∑
ℓ=0

Dm−ℓxnDℓ

Using Eq. (20) on obtains the kernel [2],

Φ(θ,τ) =
sinθτ/2

θτ/2
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8.4. Choi-Williams kernel

Choi and Williams [5] devised a kernel that mitigates the so-called cross terms of the
Winger distribution but non the less satisfies the importantconditions for a representa-
tion. The kernel is

(25) ΦCW(θ,τ) = e−θ2τ2/σ

Where σ is a positive constant. Note that asσ → ∞, the kernel approaches one,
Φ(θ,τ)→ 1, which is the kernel for the Weyl case. Using Eq. (12) we have

RΦCW
A (x,ξ) = exp

[
i
2

DxDξ

]
exp

[
−1

σ
D2

xD2
ξ

]
a(x,ξ)

= exp

[
−1

σ
D2

xD2
ξ

]
RΦW

A (x,ξ)(26)

whereRΦW
A (x,ξ) is the Weyl case. As an example consider the case

a(x,ξ) = xξ

Then, we have

RΦW
A (x,ξ)xξ = exp

[
i
2

DxDξ

]
xξ = xξ− i/2

and also

A ΦW
a ( x,D) = xD− i

2
=

1
2

[xD+Dx]

It is clear from Eq. (26) that

(27) RΦCW
A (x,ξ) = exp

[
−1

σ
D2

xD2
ξ

]
(xξ− i/2) = (xξ− i/2)

Thus the Choi-Williams association is the same as the Weyl association fora(x,ξ)= xξ.
Now consider the case

a(x,ξ) = x2ξ2

then

RΦW
A (x,ξ)x2ξ2 = exp

[
i
2

DxDξ

]
x2ξ2 = x2ξ2−2ixξ −1/2

and

RΦCW
A (x,ξ) = exp

[
− 1

σ
D2

xD2
ξ

]
[x2ξ2−2ixξ −1/2] = x2ξ2−2ixξ −1/2− 4

σ



270 L. Cohen

References

[1] BOGGIATTO P., DE DONNO G. AND OLIARO A., Time-frequency representations of Wigner type and
pseudo-differential operators, preprint, 2008.

[2] COHEN L., Generalized phase–space distribution functions,Jour. Math. Phys.7 (1966), 781–786.

[3] COHEN L., Time-frequency distributions - A review, Proc. of the IEEE77 (1989), 941–981.

[4] COHEN L., Time-frequency analysis, Prentice-Hall, New Jersey 1995.

[5] CHOI H. I. AND WILLIAMS W. J.,Improved time-frequency representation of multi-component sig-
nals using exponential Kernels, IEEE Trans. Acoust. Speech Signal. Process.37 (6) (1989), 862–871.

[6] K IRKWOOD J. G.,Quantum statistics of almost classical ensembles, Phys. Rev.44 (1933), 31–37.

[7] K URYSHKIN V., LYBAS I. AND ZAPAROVANNY YU., Sur le problème de la regle de correspondance
en theorie quantique,Ann. Fond. L. de Broglie3 (1978), 45–61.

[8] L EE H. W., Theory and application of the quantum phase-space distribution-functions, Physics Re-
ports259(1995), 147–211.

[9] M ARGENAU H. AND HILL R. N.,Correlation between measurements in quantum theory, Prog. The-
oret. Phys.26 (1961), 722–738.

[10] MOYAL J. E.,Quantum mechanics as a statistical theory, Proc. Camb. Phil. Soc.45 (1949), 99–124

[11] SCULLY M. O. AND ZUBAIRY M. S.,Quantum optics, Cambridge University Press, Cambridge 1997.

[12] WEYL H., The theory of groups and quantum mechanics, E. P. Dutton and Co. 1931.

[13] WIGNER E. P., On the quantum correction for thermodynamic equilibrium, Physical Review40
(1932), 749–759.

[14] WILCOX R. M., Exponential operators and parameter differentiation in quantum physics, J. Math.
Phys.8 (1967), 962.

[15] WONG M. W., Weyl transforms, Springer-Verlag, New York 1998.

[16] ZAPAROVANNY YU. I., The correspondance principle between classical and quantum quantites, Sov.
Phys., 762–766,

AMS Subject Classification: 47G30, 35S05.

Leon COHEN, Department of Physics, Hunter College of the City University of New York
695 Park Ave., 10021 New York, USA
e-mail: leon.cohen@hunter.cuny.edu


