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THE WEYL TRANSFORM AND ITS GENERALIZATION  *

Abstract. Procedures that allow one to associate operators to oydinactions are called
correspondence rules, rules of association, or just wamsf There have been a number
of such rules studied, among them the Weyl transform and yheretrization rule. We
present a generalization that allows one to generate arténfinmber of such transforms.
The advantage of the formulation is that all such transfotersbe studied in a simple and
consistent fashion.

1. Introduction

The concept of associating ordinary functions with opesswose in many areas of
analysis but took particular importance with the discovargjuantum mechanics. For
the two most fundamental quantities, position and momenituimecame clear that the
operators are and Th% respectively (in the position representation) wharis the
Planck constant. Procedures to construct other operagémedaped into the subject
now known as correspondence rules, that is, rules to assaminordinary function
with an operator. It is clear that there is an infinite numbieways to associate an
ordinary function with a corresponding operator becausé@ary variables commute
but operators do not. Some correspondence rules that haveshedied are the Weyl
[4,12,15], normal ordering, and symmetrization rule, amothers [2,4, 11]. Itis
the aim of this paper to develop a methodology where all gpoadence rules can be
characterized and studied in a unified way.

1.1. Notation, terminology, and conventions

“Symbol”, “classical function”, and “c-function”, are terms used in different fields to
signify the same things, namely an ordinary functiafx, ¢), of two variablesx andg.
This is the common notation used in mathematics, while irspsyit is position and
momentum signified bg(q, p) [8], and in time-frequency analysis [3,4] one generally
writes a(t,w). In this paper we will use the mathematics notation and asarsdstrd
define the conjugate operatortdy D, where

1d
D=7ax

The commutator betweenandD is denoted byx, D] and is given by

[x,D] =xD—Dx =i
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Also, we will occasionally us®y = Tldiy, wherey is an arbitrary real variable.

The phrasesdperator transform”, “correspondence rule”, “rule of assm-
tion”, will all mean the same thing, namely the association of arraipea,(x,D)
with a symbola(x,&). The association is symbolized by

2a(x,D) < a(x,&)

Generally speaking operators suchaasx, D) will be denoted by script letters although
there will be exception®) being one of them.

The word ‘transform” by itself will mean the operation of4(x,D) on an ar-
bitrary function, sayu(x), and will be denoted by;[u(x)] or just byAy[u] when it is
clear what the variable is. That s,

1) Aa[U] = Aa(x, D)u(x)

The Fourier transform of the symbail(x, §), will be denoted bya(6, 1) and the
normalization is taken so that

ae,t) = #//a(x,ﬁ)e”ex*”zdxdi
a(x,&) = //ﬁ(e,r) ¥+ dpdr

Integrals without limits imply integration over the reals,
/=1

2. The generalized operator transform

We define the generalized operator transform associatédhétsymboh(x, &) by
) 22(x,D) = / / a(6,1)d(6,7) €%+ dodr

where®(6,1) is a two dimensional function called the kernel [2]. The le@rcharac-
terizes a specific transform and its properties. Since [14]

eieerirD _ eier/Zeie XeiTD _ efier/ZeirD eiex

we have that

3) 2% (x,D) = / / a(6,1)d(6,7) €°7/2 4% g0gdr
@) _ / / a(6,1)®(6,7) e 19/2 g™ g gt
Equivalently,

2% (xD) = 4—1[2 / / / / a(x, &) ®(8, 1) d00X)+t(0-&) ggdr dy d’
_ 1 / 01/2 0(x—X) HT(D—E) /
= 4T[z////a(>(,5 ) ®(8,1) €%/2g% ) TP-5)dgdrdx dE
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3. The generalized transform

We now consider the operation af® (x,D) on an arbitrary functiony(x). Using Eq.
(3) we have

A®[u] = 22 (x, D) u // a(6,1)(6,7) &9/2 % y(x +1)dBdT
where we have used the fact tlePu(x) = u(x+ 1). Equivalently,
5) / a(6,T— X)D(B, T — x) €8T H/2 y(1)dBdt

We callA2[u] the generalized transform. Writing [u] in terms of the symba(x', &)
directly one obtains

© A= 45 /[ < + = ) -10a-i(t0% (9, T — x) u(r) drdg dEdl8

Notice &(0,T — x)®(8, T — x) €9/ is a function oft — x andT + x and hence we
write

7) AC[] = / K(T+%,T — X)u(t) dt
with
®) K(x,T) = / a6, 1)d(6,7)€%/2 de

9) = 4—:[2// a(q+x/2,8)e "% o8, 1) dqdt de

3.1. From transform to symbol

We now describe how starting with the operator transfaafi, one can obtain the
corresponding symbol(x,&). First we describe a notation that is helpful. For any
operatorq (x,D) we defineRa(x, &) by the following procedure

Ra(x,&§) = the rearrangement of (x,D), so that all thex factors
are to the left of thé® operators; then one repladesy &.

The rearrangementis achieved by ugi®)] = i. Applying this procedure ta P (x, D)
as given by Eqg. (3) and noting that it is already in the appateiform, (since the
factors are already to the left of tiefactors), we immediately have

(10) RO(x,£) = / / a(6,1)d(6,7) /2% g dpdr

Inverting we have,

A ' 1 O i
a(6,1)0(6,1)%/2 = / RO (x, £)e 1% dx
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which gives

1 e i0t/2
6
00 = 412 d(6,T)
and from whicha(x,§) can be obtained by inversion.

We now derive an alternate form. We first state the followhngptrem. Suppose
we have two function$(6,7) and&(, 1), then it is easily shown that

(11) / £(6,71)a(6, 1) €% dadr — f (%a% Tla%) a(x, &)

Q)

/ RG) XE —i1Ox— 'TEdXdE

Taking f(8,1) = ®(0,1)€°/2in Eq. (11) we have

oe) —exp( L0 2\ o120 10
(12) REE) —exp( 5 33 ) @ (Tt op ) 3068
and hence

B 100, 4,(10 10

(13) a(x,§) = exp [ Za_xﬁ}cb (Ta_x Taz)R (&)
These can be writen in a somewhat more compact way,
(14) R¢u£)_em( Dg%)qungaug)
(15) a(x, E)exp[ DXDE] @1 (Dy, Dg) RE (%,€)

4. Constraints on the kernel

The advantage of the above formulation is that one can seabikin conditions on
the kernel corresponding to properties we desire in thestoam. We now list some
possible properties and the constraints on the kernel to@#ise requirement is met.

(i) Hermiticity. If the symbol is real an@(6,1) = ®*(—0, —1)thena?(x,D)
is a Hermitian operator. That is, for any two functiar{g) andv(x)

/ v () 2Lu(x)dx = / ux) (a2v) dx it o0,T) = & (6, 1)

(i) Unit correspondence. If we want the correspondenceséen the number
one and the unit operator: | then we must také(0,0) = 1. That is

-1 if ®0,0)=1

(iif) Symbols ofx or & only. Suppose we want to be certain that for a symbol
that is a function ok or § only the operator should be the same functior ahdg then
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the condition on the kernel is,

a5 (x,D) =a(x)
a5 (xD) = a(g)

a(x) if $d0,1)=1
a(D) if ®(6,0)=1

(iv) Translation invariance. Consider the symlag(x,&) = a(x— x0,& — &o),
then -
8(8,7) = €0 a0, 1)

and substituting in Eqg. (3) we have that
Ag (x,D) = 27 (X+X0,D + &)

This is true for all kernels that are functions of oflandrt.

5. The Fourier, polynomial, and delta function associatios

The above formulation can be viewed profitably from différparspectives in ways
that we now discuss.

5.1. The Fourier association

One can think o8 ®+® as a symbol with parameteisandt and associate®*™ to
®(6,1)%+ ™ Thatis

(16) a1 (8,T) = ®(B,T) @¥HTD o, gox+iTE

whereas (8,1) is called the characteristic function operator. We cak thie Fourier
association. Hence, one argues, for a general symbol, dxparsymbol in terms of
its Fourier transform

(17) a(x,&) — / / a(6,7) %+ godr

and then one substitutes Eq. (16) into this to obtain Eq. (2).
We note that

M (G,T)M (617.{[) _ q)(e,.[) q)(el7.rl) eie'[/z eie/'[//zeie Xei'[Deie/ XeiT/D

GCRIGCRY) d(O-er)/2

(18) C D0+0,T+T)

M(O+0,1+T)

5.2. The Taylor series association

Suppose that there is an operator correspondencgddrand we denote it by
Anm(X7 D)7
an( X7 D) > XnEm
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We call this the polynomial association. Now, expand thelsyiha(x, &), in a Taylor
series

00 1 an+m nem
ax&= ) {W a(X7§)|x,zo} X'

nymon!m!
and define the operator transform by

n+m
{a—gna—zm a(XaE)|x,E:O}

(19) Aa(xD)= Y —

n,m=0

Pam(x, D)

To makea, ( x,D) as given by Eq. (19) equal o (x,D) as given by Eq. (2) the same
one takes

1 an+m

(20) Pam( %, D) = M 3gngTm

CD(G, .[) eier/Z eie XeiTD

(_)XnEm
6,1=0

5.3. The Delta function association
Starting with the identity
a(x, &) = / / a(x, &')3(x — X)3(E — §')dX dE’
we write the correspondence betwe®(x)3(¢) and the corresponding operator by

As(x,D) as
As(x,D) < 8(x)3(&)

Hence, we define
Aa(%,D) = //a(x’,ﬁ’)Ag,(x— XD — &')dXde’

We call this the delta function association [7,11, 16]. Fram (2) we immediately
have that we must take

As(xD) = 4—11T_2//¢(9,T)eiex+“DdedT < 3(x)3(8)

5.4. General association

A more general approach that encompasses the above is tmeoas orthogonal
complete set of functions(x; 8),and expand an arbitrary symbol as

21) a(x &) = / / a(6, T)v(x; B)V(x;£)dOdt

Since we assume thatx; 8) are complete and orthogonal we have

ae,1) — / / a(x, &)V (x; O)V* (&;T)dxCE
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Now, suppose the operator associationviog 0)v(x; 1) is 7 (8, T;x,D),
V(0,T;%,D) < v(X; 0)v(X; 1)
Substitting in Eq. (21) we have
2%(x,D) = / a(6,1)v (8,7;x,D)dodt

This general approach will be developed in a future paper.

6. Transformation between transforms

Suppose we have two different transforms characterizeehyetsd,(6,1) and
CD]_(e, T)

Simple manipulation of Eq. (8) leads to

L

Also, using Eq. (10) one can show that the correspondingadpes transfroms are
related by

CDZ li7li
(22) RqA)z(x,E) _ MRfl(x,E)
®1(15.1%)
which can be writen as
®2 (Dx, D) o
23 RY(%,£) = Ryt
( ) ‘A (X,E) q) (Dx, DE) (X E)

7. Relation between transforms and phase-space distribuins

Shortley after the invention of quantum mechanics, Wigri& jand Kirkwood [6]
addressed the issue of quantum statical mechanics in toevfioly way. They devised
a distribution function (different ones) aimed to calcalguantum averages by way
of phase space averaging. Here is the fundamental idea [@)pdse we have the
association

g (x,D) < a(x&)
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We want to find a distributiorC(x, &) so that

(24) /u*(x) a? (x, D)u(x)dx://a(x,E)C(x,E)dxdE

whereu(x) is an arbitrary function, which in qguantum mechanics isezhlhe wave
function. The left hand side is the quantum mechanical wayatifulating expectation
values and the right hand side is the standard probabitistithod. This formulation
has become known as the phase space of quantum mechanica. [IM¥ywvas the first
to understand the relationship between the Wigner digtabwand the Weyl rule and
Cohen [2] gave the general formulation for arbitrary rulad arbitrary phase space
distributions.

Starting with Eq. (6) multiply it byu*(x) and integrate both sides. After some
manipulation one derives that we must take [2]

Cx&) =7 2/// X —1/2)0(6,1) &% 1Ty (X 1 1/2)dBdTdX

to satisfy Eq. (24). Also, one can readily prove that for twhitaary functions/(x) and

u(x)
/\f*(x),q;')(x,D)u(x)dx: //a(x,E)Chg(x,E)dxdE

if we indeed take

Cul(%,E) = 4—1112 / / / V(X — 1/2)®(8,T) & —1OTy(x | 1/2)dodtdX

We also point out that if we have two distributions chardzest by ®; and®,
then the corresponding distributions are related by

B(xX)—it(E-)
Cax8) = 75 // Ci(x &) dOdtdxXde’

This can be written in operational form,

St - E

8. Examples

We now give a number of examples and in particular we consini@e of the historical
rules.
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8.1. Weyl transform
The Weyl case is obtained by taking
dw(6,1)=1
giving
dOHTE | (i61/246 X g TD Weyl D (8,1) =
From Eq. (4) and (6) we have

a¥(xD) = / / a(6,1) €2 *g™dpdr

$lu) = %{//a(%,p) PO y(1)drdp

and also from Eq. (9) we obtain
_ i —iTE
kx1) = 5= [aby2.8)e ™ dg
We also mention that from Eq. (18) we have that

a (0,1)9 (8,7) = @029 (940 14T

which is well known. We also point out that and using Eq. (12)have

1 m m—/
== /Z) <m> D x'Df
0,1=0 2 = ¢

which was first derived by McCoy. Also, using Eq. (22) we have

ﬂW(X )7 1 omm éer/zéex itD
a A BT nim . ggnaTm

Ra(x,§) = e%%ia(x,i)

8.2. Margenou-Hill, normal, and antinormal
Before we discuss these specific rules we consider takinfptiogving kernel
CDC(G,T) _ eiCST/Z

wherec is a real number. Boggiatto, De Donno, and Oliaro [1] have enadareful
study of this kernel and showed the relationship with otrenkls. We rederive some
of their results. Using Eg. (4) and Eg. (6) we obtain

ﬂa(X,D)Z%T//a(Q+T(1+C)7p) e P dPdpdr
A= o f[a (5 + 5o p) e ) dpar
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Consider now the case where the symbol is

a(x,&) = f(x)h(&)

then it follows that

2 (14c\" 10"f(x) 0"h(D)
lea(X,D)n%< 2| > E axn aEn

IMD) means that after we differentiatét) we sett = D If we further take

where 3En

f(x)h(§) = ™™

then
4, (X D) _ i(c+1)9T/ZeiTxeirD _ ei(cfl)BT/ZeirDeirx

If we takec = —1 andc = 1 we obtain the socalled normal and antinormal cases,
gHE , @™ andx'E™ — x'D™  normal: Oy (8,T) = e 102

gOHE , dP*  andx'E™ - D™"  antinormal:  ®A(8,T) = €°7/2

Now consider the cag®(0,1) = cogcOt/2). We obtain
2a(x,D) = % {ei(C+1)9T/2eiTxeiTD+efi(C+1)9T/2eiTDeiTx
and if we takec = 1 then we obtain the Margenau-Hill [9] or symmetrizatiorerul
g % [e“D % 4 eiexe“D} symmetrization ~ ®yp (8,T) = cosBT/2
and

XEM — x"D™ -+ DX" symmetrization ~ ®yn(8,T) = cosBt/2

8.3. Born and Jordan association

Perhaps the first rule that was proposed historically wasahaorn and Jordan ,
ngm 1 Al m—{ ,n¢
— D)=——3% D™*"D*
X E Anm(xa ) m+ 120 X
Using Eq. (20) on obtains the kernel [2],

sinBt/2
*61) = evé
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8.4. Choi-Williams kernel
Choi and Williams [5] devised a kernel that mitigates thecatled cross terms of the

Winger distribution but non the less satisfies the importamiditions for a representa-
tion. The kernel is

(25) Pew(0,T) = e O/

Where o is a positive constant. Note that as— o, the kernel approaches one,
®(6,1) — 1, which is the kernel for the Weyl case. Using Eq. (12) we have

RYOY(x.€) = exp[iliDz} exp[éDiDé] a(x£)
(26) = exp[%DiDg] ROV (x,€)

WhereRfW (x,&)is the Weyl case. As an example consider the case
ax, &) =x§
Then, we have
RZ"N(X,E)XE = exp[%DxDz} x§=x§—i/2
and also

i 1
aPw (x,D) =xD— 12 = 5 [xD+DX

Itis clear from Eq. (26) that
27) RAOW(x,&) = exp[—c—ljD)%Dg] (0E—i/2)=(€—i/2)

Thus the Choi-Williams association is the same as the Weypl@ation fora(x, §) = x§.
Now consider the case

a(x,§) = x°€?
then

RYY (x, &)x2E2 = exp[lzDXDE} X282 = X282 2ix& —1/2
and

RYOW(x,E) = exp[—c—ljD)z(Dg] [X2E2 — 2ixE —1/2] = x?E2 — 2ixE —1/2— g
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