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WAVE-FRONT SETS IN FOURIER LEBESGUE SPACES *

Abstract. We consider wave-front sets in the framework of weightedrieou_ebesgue
spaces,ZLd. We prove that

(*) WFngim(Af) CWFga(f) CWFngim(Af)UCharA

whereA is properly supported pseudo-differential operator ofeord and ChaA denotes

the set of characteristic points 8f Moreover, we discuss more general class of pseudo-
differential operators in the framework of modulation sggmend preserft) in a more gen-
eral setting.

1. Introduction

This paper is an expanded and modified version of an invitedlsg’s lecture given
by the first author at the conference "Pseudo-differenpi@rators with related topics
II” held in Vaxjo, Sweden, June 23 - 27, 2008. It is a parthaf fiuthors joint research
project. In order to present the main goals of the invitetliecapart from the original
results (collected mainly in Section 4), we have includaglseme results from [19,20]
without proofs.

In the present paper we study certain aspects of microloadysis in Fourier
Lebesgue spaces. More precisely, we define wave-front sétsrespect to those
spaces and show that usual mapping properties for a clasgoéip-differential opera-
tors which are valid for classical wave-front sets (cf. [Chapter XVIII], [15, Chapter
VIII]) also hold for our wave-front sets. We refer to [19, 20} the complete exposition
of our definition, and results related to the wave-frontsanier Lebesgue spaces. The
recent study of pseudo-differential and Fourier integpdrators in Fourier Lebesgue
spaces as well as their connection with modulation spacesfferent contexts in-
creased the interest for such spaces, cf. [2, 3,5, 16, 23123,

The modulation spaces were introduced by Feichtinger in 46p the the-
ory was developed and generalized in [7-10]. Modulatiorcepdave been incor-
porated into the calculus of pseudo-differential opesgtar the sense of the study
of continuity of classical pseudo-differential operatacting on modulation spaces
(cf. [4,17,18,24-26]), and pseudo-differential operafor which modulation spaces
are used as symbol classes, [11-13, 22,27, 29, 30]. Miabtowalysis of modulation
spaces reduces to the microlocal analysis of Fourier Lelgesgaces. From this point
of view our investigation in [19, 20] and in this paper arediwed in the analysis of
modulation spaces.

The paper is organized as follows. In Section 2 we fix basi®netand nota-
tion. Definitions of wave-front sets in the context of Fouliebesgue spaces as well

*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
TThis research was supported by Ministry of Science of Sepiiect no. 144016.
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as their basic properties are given in Propositions 1, 2 aofiSection 3. In Propo-
sitions 4 and 5 of Section 4 we study the continuity propertiepseudo-differential
operators of the Hormander cla88on Fourier Lebesgue spaces. Theorems 1 and 2 of
the same section are devoted to the study of microlocal ptiepef localized version

of pseudo-differential operators. These results implyoGary 1 where we discuss the
relationship between our wave-front sets and the classigad. In Section 5 we intro-
duce wave-front sets in modulation spaces and discusforeddietween local versions
of Fourier Lebesgue and modulation spaces. Section 6 igeltto the further study

of pseudo-differential operators on a more advanced &l present in that section
the class of symbol@?’(g) (R?) and results on the continuity of corresponding pseudo-
differential operators on weighted Fourier-Lebesgue epadlso, in Section 6, we
present an estimate of the form (*) and discuss hypoelltgtic the same framework.

2. Notions and notation

We denote by an open cone iiR%\ 0 and byX an open set iiRY. A conic neighbor-
hood of a pointxp,&o) € RY x (RY\ 0) is a produci x I', whereX is a neighborhood
of Xo in RY andr is an open cone iR which containgo. Sometimes such a cone is
denoted by, and is called a conic neighborhood&f Whenx,& € RY, their scalar
product is denoted byx,&). As usual,(&) = (1+ [|2)Y/2, & € RY. Forq e [1,0] we
letd € [1,] denote the conjugate exponent, i. ¢q3-1/q = 1.

Assume thato andv are positive and measurable functionskfh Recall that
wis calledv-moderate weight if

1) W(X+Y) < Cw(X)V(y)

for some constar® which is independent of y € RY. If vin (1) can be chosen as a
polynomial, therw is called polynomially moderated. We I6¢(RY) to be the set of
all polynomially moderated functions d&f'.

For convenience we also need to consider appropriate ssesaf#. More
precisely, letZ(RY) be the set of allo € 2(RY) (N C*(RY) such thab®w/w e L™ for
all multi-indicesa. By Lemma 1.2 in [29] it follows that for eadl € 22(RY), there is
an elementy € Zo(RY) such that

() C Ly < w < Cuwy,

for some constar@.
Assume thap > 0. Then we letZ,(R?) to be the set of ab(x, &) in Z2o(R)
such that
0308 w(x,€)
w(x,§)
for every multi-indicesa and. Note that in contrast to fog?, and &2, we do not

have any equivalence betwegf), and % whenp > 0, in the sense of (2). E€ R and
p € [0,1], then 2, (R?Y) containsw(x, &) = (£)S.

(3) (€)PlPl € L°(RY),
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The Fourier transformZ is the linear and continuous mapping off (RY)
which takes the form

~

(FHE) = &) = 2 [ f(e ' *Idx gere,

whenf ¢ L1(RY). We recall thatZ is a homeomorphism o’ (RY) which restricts
to a homeomorphism o’ (RY) and to a unitary operator drf(RY).

We say that a distributioh € 2’(RY) is microlocally smootfat (xo, &o) € RY x
(RY\ 0) if there exist € CJ(RY) such thak (xo) # 0, and an open corig, such that
for everyN € N, there exist€y > 0 such that.7 (x f)(€)| < Cn(E) V2, € € Tg,. The
wave-front sebf f, WF(f) is the complement of the set of poirite, o), wheref is
microlocally smooth.

Assume that € .7 (R??), and that < R is fixed. Then the pseudo-differential
operator; (x, D), defined by the formula

(@(x,D)f)(x) = (Or(a)f)(x)

4 .
@ = @07 [[a(@-x+ ty @) 1y H dy ek,

is a linear and continuous operator 6f(RY). For generah ¢ .7’ (R?®), the pseudo-
differential operator (x,D) is defined as the continuous operator froff(RY) to
'(RY) with the distribution kernel

(5) Kea(x.y) = (2m)Y4(F; ) (1 - t)x+ty,y - X).

Here .%,F is the partial Fourier transform &% (x,y) € .%/(R?d) with respect to the
y-variable. This definition makes sense, since the mappiigand

F(xy) — F((1-t)x+ty,y—X)

are homeomorphisms a#”’ (R??). We also note that this definition af(x, D) agrees
with the operator in (4) whea € .(R??), and thata;(x,D) agrees with the Kohn-
Nirenberg representati@ix, D) whent = 0.

Furthermore, any linear and continuous operat@rom . (RY) to .#/(RY) has
a distribution kerneK in .’ (R?4) in view of kernel theorem of Schwartz. By Fourier’s
inversion formula we may then find a unigae .7’ (R?%) such that (5) is fulfilled with
K = Kta. Consequently, for every fixede R, there is a one to one correspondence
between linear and continuous operators ftgffiRY) to ./ (RY), and Op(.7” (R)),
the set of all(x, D) such that € .7/ (R?%).

In particular, ifa € .’ (R??) ands,t € R, then there is a uniquec .7’ (R%)
such thatas(x,D) = bi(x,D). By straight-forward applications of Fourier’s inversion
formula, it follows that

6) as(x,D) =by(x D) <= b(x&) =&"IPPea(x ).

(Cf. Section 18.5in [14].)



302 S. Pilipovi¢ - N. Teofanov - J. Toft

3. Wave-front sets in Fourier Lebesgue spaces

In this section we define wave-front sets with respect to ieollebesgue spaces, and
recall some general properties from [19, 20].

Let w € Z(R%) and letq € [1,»]. The (weighted) Fourier-Lebesgue space

ZL3 (RY) is the Banach space which consists offadt .»/(RY) such that

(w)
™ Ifllm1g, = 1l , = 10 ) s <

~

The weightw(x, &) in (7) depends on botkandg, althoughf (§) only depends
on&. However, sincevis v-moderate for somec #2(R?%), different choices ok give
rise to equivalent norms. Therefore, the condiqi\drﬂgu(q ) < oo is independent ok

and for differentx;, x, € RY there exists a consta@, x, > 0 such that
-1
Cxl,xz”fH?L?w)TXz < ||fH‘?L?w),x1 < CXlaXZHf”yL?w)‘XZ'

We say thatf € 2'(RY) is locally in ﬂ‘L‘(‘w) (RY), if xf € ﬂL?w) (RY) for every
X € C5(RY) and in that case we use the notatibr EL?(O) ocRY). It is said that
f € ZLi, 10c(R?) atxo if there exists a functio € Cg(RY), X(xo) # 0, such that
xf e ZL, RY.

In the remaining part of the paper we study weighted Folréresgue spaces
with weights which depend ofi Thus, withao () = w(0,&) € Z(RY),

fezLd

() = FL ) = [flp = [Twolua <o

We usually assume that the involved weight functia@g§,) is given bywy(§) =
w(Xo,&) = (&)3, for somexg € RY ands e R. In this case we use the notaticALJ
instead OWL?%). If w= 1, then the notatior# LY is used instead Q@L?w).

Let wp € Z(RY), I C RY\ 0 be open cone ang e [1,0] be fixed. For any
f c.7'(RY), let

e = ([ 1@ neE) "

(with obvious interpretation whesp= «). We note that - |9Lq.r defines a semi-norm
M C )
on.#’(R") which might attain the valug. If T =R\ 0, f € ZL{; (R") andq < o,

then|f| ;, or agrees with the Fourier Lebesgue nthrﬂyL? ) of f.
(@) )X
We let O?L?w(,)(f) to be the set of alf € RY\ 0 such thallf|‘ﬂ?‘r) < oo, for
(0]

somel” =g Its complement iR\ 0 is denoted b)ZgL? )(f).
Wy

We have now the following result.
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PROPOSITION1. Assume that @ [1,], X € . (RY), and thatwy € 2 (RY).
Also assume that & &'(RY). Then

8 2> flrcx f).
8) yLﬁ%)(X )C yL?wO)( )

Proof. Assume tha€g ¢ OyL? )(f), and choose open congs andl, in RY such
wp

thatl, C IM'1. Sincef has a compact support, it follows tHzﬁ(E)wo(Eﬂ < C(&)No for
some positive constan@ andNp. The idea of the proof is to show that for eadh
there are constan@y such that

© Xfl e <COu(1f] +;;Lég(|f“<z>mo<z>|<z>*”))

when qu<qgy, 2Clr; and N=1,2,....

The result then follows by takings = g2 = g andN > Np. We refer to [19] for
details of the proof of (9). O

Now we are ready to define wave-front sets in the frameworloofier Lebes-
gue spaces.

DEFINITION 1. Assume that @ [1,], f € 2'(RY) andwp € Z(RY). The

wave-front set W,EL? )(f) with respect to# L?wo) (RY) consists of all pairgxo,&o)
“o
in RY x (RY\ 0) such thatéo € 10 )(xf), holds for eachy € Cg(RY) such that
o

X(Xo0) # O.

The following proposition shows that the Wave—front\AHFgL? (f) decreases
with respect to the parametgrand increases with respect to the weight functign
whenf € 7/(RY) is fixed.

PROPOSITION2. Assume that £ 2'(RY), gj € [1,%] and wj € Z(RY) for
j = 1,2 satisfy
(10) 01 <02, and up(§) <Con(E),

for some constant C which is independeng efRY. Then

WF_ o (fYCWF_, o (f).
yL(fﬁz)( = ‘?L«il)( )

Proof. It is no restriction to assume théthas a compact support, and that(¢) =
w2(&) = wp(&). This implies that

sup| (&) N F(&)an(E)] < o

Zerd

providedN is chosen large enough. Hence (9) implies gt « )(f) CO e (f),
7 o (wp)
and the assertion follows. '
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PROPOSITION3. Assume that g [1,»], f € 2'(X), wo € Z(RY) and
(%0,&0) € X x (R9\ 0). The following conditions are equivalent:

(1) there exist g= EL?%)(R") such that(xg, &) € WF(f —q);
(2) (%0,%0) ¢WFgL?mo)(f)-

Proof. First we show thabg € 7L, \(RY) if ¢ € #(RY) andg e FL, | (RY).

Let¢ €.7(RY) and lety be defined byji = ¢. Then
98l s, =@ 2( [ ([, 8- mwin)cn)one)|ce) *°
<emo2( [, ([ 1a€-nlwmldnien)) de)
<@ 92 [ ([, 16 - muen(E)de) an

<m 92 [ ([ 18€ - men(e - mid) wmvin)an

=C
|\g|\y|_?wo)7

whereC = (2m)~9/2||gv]|, 1 is finite, sincev is of polynomial growth.

By the assumptionf — g is microlocally smooth afxg,&o). Hence there exists
an open coné = l'g, such that

[ 17 @(f - 0))(B)uol®) 7 <

whered(Xo) # 0 and the support af can be chosen to be sufficiently closeo This,
together with the decompositiagh (¢ f) = .7 (¢g) + .7 (¢(f — g)) implies that

a1 [ 1701 @) (@8 < e,

i.e. (Xo0,&0) gWF?L?W(f)'
Conversely, if(Xp,&o) ¢ W Eﬂ? )(f), then there exisp € Cy such thath (xo) #
Wy

0 and a conic neighborhoddof &g such that (11) holds.
Letge .ZL?  (RY) be defined by

(w0)
asy_ J FO1)(E&), if el
g(E)—{ 0, if Egr.

Thenh = Z (¢ f)—gvanishesirm andh has a polynomial bound. Therefape), §o) ¢
WF(h). Choosey € C7 so thatyd =1 in a neighborhood okg. Note (xg,&0) &
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W F(ph). Now, since

f—dg=(1-wo)f +uh,
we conclude thafxg, &o) ¢ WF(f — Wg). Sinceyg € %‘L((‘Q)O)(Rd) the proof is com-
plete. O

4. Pseudo-differential operators with classical symbols

In this section we prove mapping properties of pseudo-difféal operators in the
background of wave-front sets of Fourier Lebesgue types.

Assume thaim € R. Then we recall that the Hérmander symbol class
S = SNRY x RY) = SN(R)

consists of all smooth functiorssuch that for each pair of multi-indices there are
constant€, g such that

|0g0fa(x,&)| < Cap(®)™ 1%, xEcR™
We also seB6* = NmerS™, and
Op(S™ = {a(x,D); ac SR x RY) }.
The following result is needed in the proof of Theorem 1 below

PROPOSITION4. Assume that g [1,e] andx € C3(RY). Then the following
is true:

(1) ifa e S then the mapping(x)a(x,D) : FLI(RY) — .ZLI(RY) is continuous. In
particular, if a(x, &) = a(§) € &°, then the mapping@®) : .ZLI(RY) — .ZLIY(RY)
is continuous;

(2) if a € S"and se R theny(x)a(x,D) : ZLI(RY) — ZLI (RY). In particular,
ifa(x,&) =a(&) e S", a(D) : FLIRY) — .ZLJ (RY).

Proof. For the proof it is convenient to pl;(§) = (§)° whens € R. We only prove
assertions for K q < c. The casea] = « follows by similar arguments and is left to
the reader.

(1) Letac SLandy € Cy (RY). We denote the support giby K. The oscillatory
integral (4) is well defined for the symbgh, t = 0 andf € .ZL9(RY). Namely, after
2stimes integration by parts we obtain

(12) Xx(¥a(x,D)f(x) = (2m) 9/ / &% (Ea5(Dy) (X (x)a(x,n)) ) (n) ~>F(n)dn,
which, by the Holder inequality, gives

[X()a(x,D)f (x)| < (2142 (Eas(Dx) (X(¥)a(X.))) (-) "2 I FliLa < ClIf [l 710
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for2s>d/d.
Let .Z1a,(&,n) be the partial Fourier transform af(x,n) = x(x)a(x,n) with

respect to thex variable. Then it follows from the assumptions that for ech N,
there is a constafly > 0 such that
(13) |FraxEml<Cn@® N, &neR%
Now,
|7 (x(x)a(x,D)f(x)) (&)
— (2| [ &0 ([ dXEx(Day(xn)(n) BT (m)n ) ax
= (2m 4| [ Fimyi) (| & VEx(Dyaxn)dx) an|
R
(2m)” ]/ f(n)(n) "€ — )= Fray(E—n,n dn\

By taking § and § —n as new variables of integrations, and assuming that
N > s+ 9, by (13) and Minkowski’s inequality we obtain

|7 (X(9a(x.D) £ (%) €)1
~ 1

<@ ( [L| [, fe-nm=sane-ne-n =anl'a)"

< [ ([, 1€ 7y -nede)

< amyew [, ( [ ITE-mide) g

<Cfflle

If we instead have that the symbol is a Fourier multipsier a(&) € S°, then it
is obvious that

17 (a(D) f)l|ra < C||-F F|ia,

and (1) follows in this case as well.
The assertion (2) follows from (1), the fact that the map

a(x,&) = a(x,§)(&)"™
is a homeomorphism froi® to S™, and the fact that the map
f— (D)~ 5f

is a homeomorphism fron# L9 to .#ZLJ. The proof is complete. O
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RemARK 1. Itis known that an operata(x, D) whose symbol belongs to the
Hormander clas§’ is continuous fromL9 to L9, 1 < q < «, see [32]. In order to
prove the continuity inZL9(RY) it is not sufficient to assume the boundedness of the
corresponding symba with respect to thex variable because for such symbol and
f € .ZL9(RY) the convolutiora = f does not belong thY, in general. For that reason
we observe the operators of the foitx)a(x,D). Alternatively, we could impose a
decay condition o with respect to thex variable. For example, one can prove that
a(x,D) : ZLYRY) — .ZLI(RY) is continuous if the symbal satisfies

10%0Ba(x,&)| < Cq () IBl(g)™ 101,
for k < —d. More details on this topic can be found in [19, 20].

Next we recall the definition of characteristic sets andpttli pseudo-diffe-
rential operators. The symbale S"(R?) is callednon-characteristicat (xo, &o) €
RY x (RY\ 0) if there is a neighborhodd of xo, a conical neighborhood of &; and
constants andR such that
(14) la(x,&)| > clg|™, if & >R
and € . Then one can find € S"™(R?) such that

a(x,D)b(x,D) —1d € Op(S™®) and b(x,D)a(x,D)—Id € Op(S )

in a conical neighborhood dko, &) (cf. [14, 19]). The poin(xo,&o) € RY x (RY\ 0)

is called characteristic fa if it is not non-characteristic point af(x,D). The set of
characteristic points (the characteristic setpof,D) is denoted by Cha(x,D). We
shall identify operators with their symbols when discugsiharacteristic sets.

The operatoa(x, D) € Op(S™) is calledelliptic if the set of characteristic points
is empty. This means that for each bounded neighbourbloaitky, there are constants
¢,R> 0 such that (14) holds whenc U.

PROPOSITIONS. Let a€ S™ be elliptic and assume that ﬁLﬂloc(Rd) for
some ¢g [1,0] and for some € R. Ifa(x,D)f € ZLJ,(RY), then fe ZL], o (RY)
and for every € Cg(RY) we have
(15) IXFllz1a,,, < Cst(IIXa(x D) f] z1a + [IX Fl| #10)-

In particular, if a(x,D) = a(D) € S"is elliptic, then(15) holds withouty.
Proof. The ellipticity condition implies that there is an operalgk,D) € Op(S™™)
such that
xf =b(x,D)a(x,D)xf +r(x,D)xf,
for somer € S™®. Henceb(x,D) is continuous fromZLd(RY) to #LI, (RY) and
r(x,D) is continuous fromZL{ (RY) to .ZLJ. . (RY). This implies
X Fll 1, < 160 D)a(x, D)X Fllsys. -+l (X D)X F|[ 5o

< Gst(l[xa(x, D) f[| zra + XTIl 50)-
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O

REMARK 2. The above propositions can be reformulated in the langoathe
symbol class30.(X x RY), whereX is an open set ilRY. This class is introduced
in [14] as the starting point in the study of pseudo-difféi@mperators on manifolds.

We say that a continuous linear mapCy (X) — C*(X) is a pseudo-differential
operator of ordemin X, A € WM(X), if for arbitrary @, € Cg (X) the operatoif —
QA(f) isin Op(S™). For example, the restriction afx,D) € Op(S") to X belongs to
Wwm(x).

According to [14, Proposition 18.1.22], evetye W™(X) can be decomposed
asA = Ay + A1 whereA; € W"(X) is properly supported and the kernel&fis in C*.

In that sense it is no essential restriction to require prepeports in the following
statements.

THEOREM 1. Assume that g [1,»], se R, f € 2'(RY) and (xo,%0) € RY x
(R9\ 0). Then the following conditions are equivalent:

(1) (x0,80) WF5a(f);

(2) (x0,&0) € WFEz a(AT) for some properly supported & WS(X) which is non-
characteristic at(xo, &p);

(3) there is a conic neighborhood W Iy of (xp,&0) in X x (RY\ 0) such that Bf
in ﬁLgimloc(X) for every properly supported pseudo-differential operdae
WPM(X) with the symbol of class o outside Ux I'o.

Proof. We follow the proof of Theorem 8.4.8 in [15] which concerng ttlassical
wave-front set.

Assume that (1) holds. Then (11) holds with(§) = (§)° and for some conic
neighborhood™ of &g and for some € C7’(X) such thaip(xp) # 0. Letq(§) € C*
be a homogeneous function of degie®or |§| > 1, with support inl. We define
A=0¢q(D)d, whered is from (11). ThemA € W5(X) and (11) give

[Af]lzLa <Clla(D)o f[| 7La < .

Moreover, the symbol oA is q(¢) (modS~*) nearxg, which proves (2).

Now, assume that (3) holds. To prove (1) it is sufficient to find Cy such
that supp is sufficiently close tog and a conic neighborhoddof &g such that (11)
holds. LetB € W™(X) be fixed. By (3) we may choosgy € Cg'(X) andq(§) € C*
a homogeneous of degreefor || > 1, with ¢ = 1 in a neighborhood of suppand
supp® x suppg C U x Mg, so thatB = wq(D)e.

By using the fact that

Z(q(D)ef) = .7 (Ya(D)ef) + .7 ((1 - w)q(D)ef),
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it follows from (3) thatpq(D)ef € .#L3 ., and(1— )q(D)eis of order—o. Therefore
(11) holds withwo () = (§)5, T =g and¢ = q(D)q.

Finally, assume that (2) holds and choose a closed conihbeigoodU x
Mo of (xo,&0) such that the symbai(x,&) of A satisfies|a(x,&)| > c|&|™, if & ¢
o, |&| > C, for some constantsC > 0. Therefore, for ever as in condition (3),
we can find a properly supporté&de Y™ 5(X) such that

B—BAc W(X).

HenceBf — BAf € C*(X). By the assumption and Proposition 4 (2) it follows that
BAfe .ZLI _ (X). ThereforeBf € ZLJ _ (X)which completes the proof.(]

s—m,loc s—m,loc

COROLLARY 1. Assume that g [1,»], s€ R, f € 2'(RY) and(xo,&o) € RY x
(RY\ 0). Then the following is true:

(1) If (x0,&0) € WFz a(f) then (xo,&0) & WFngfm(Af) for every properly sup-
ported Ac W(X);

(2) if (x0,&0) gZWFquH](Af) for some properly supported & W™(X) which is
non-characteristic atxo,&o), then(xo,&0) ¢ WFz a(f);

(3) there is a conical neighborhood W T of (Xo,&o) such that(x,&) ¢ WF a(f)
for every(x,§) € U x I" and for every & R if and only if (Xo, o) € WF(f).

Proof. We use the same idea as in the proof of [15, Theorem 8.4.8]e, ke only
present the proof of (3) and remark that this property isudised in [19] via the so
called superposition type wave-front sets.

Assume thal is a bounded neighborhood xf andl" = I'g |, and that(x,&) ¢
WFz g(f) for eachs € R whenx € U and& € I'. By compactness it follows that
Ix f |ng,r < o for everyy € Cg (U) such thak (xo) # 0, and for everg. Let¢ € C3'(U)

and 0< € C*(RY) be such that

P(te) = w(g), when [§|>1,t>1,
d(x0) =W(&/I&|) =1, and supgp CT.

Theny(D)d(x)f € .ZLd for everysby Theorem 1 (3). Henog(D)d(x) f € C*.

From the assumptions it follows that i(x —y) = (2m)~%2Qi(y — x) is the
Schwartz kernel ofy(D), thenK € .7/ (RY) NC=(RY\ 0). FurthermoreK turns rapidly
to zero at infinity. It follows thatp(D)d(x)f € .7(RY). Hencey(&).Z (¢ )(E) turns
rapidly to zero at infinity. Consequentlixo, §o) ¢ WF(f).

On the other hand, ifxo,&0) ¢ WF(f) then, by the definition, it imnmediately
follows that there is a conic neighborhdddk I of (X0, §o) such thatx,&) ¢ WF a(f)
for every(x,§) € U x I' and for everys € R. The proof is complete. O
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THEOREM?2. Let f € 2/(RY) and let Ac W(X) be properly supported. Then
we have the microlocal property

WFza (Af) CWFza(f) CWFz o (Af)UCharA,
whereCharA denotes the set of characteristic points of A.

Proof. The statement follows directly from Corollary 1. O

5. Modulation spaces

Assume thath € .7/ (RY) is fixed. Then the short-time Fourier transform bfc
'(RY) with respect tap is defined by

Mo f)(x,€) = -Z(F-¢(- —x))(&).

We note that the left-hand side makes sense, since it is tiialg@ourier transform of
the tempered distributioR (x,y) = (f @ §)(y,y — X) with respect to thg-variable.
We usually assume théte .#(RY), and in this cas¥ f takes the form

(16) Vof(x.&) = (27-[)41/2/ F(y) By —xe 0 dy,

Assume thato € Z(R™), p,q € [1,%], and thatd € .#(RY)\ 0. Then the
modulation space [}(R?) consists of alff € ./(RY) such that

flppa = || fllypa
¥l = 11 lhypse

- (/(/|V¢f(x,E)m(x,&)|pdx)Q/pdE)l/q<oo

(with obvious interpretation whep = o or g = o).
If =1, then the notatioMP9(RY) is used instead d¥1>(RY). Moreover we

()
setM(pw) (RY) = M&E’(Rd) andMP(RY) = MP-P(RY),

Locally, the spacesL i, (R?) andM{(R?) coincide, in the sense that

(17)

ZLY

R NE'RY) = MEI R N &' (RY)

(
(see Theorem 2.1 and Remark 4.4 in [21]). This result is el¢din [19] in the context
of wave-front sets.

Now we define wave-front sets with respect to modulation epaand claim
that they coincide with wave-front sets of Fourier Lebestpes. In particular, any
property valid for wave-front set of Fourier Lebesgue typey over to wave-front set
of modulation space type (cf. [19, 20]).
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Assume thath € .7 (RY)\ 0, w € 2(R¥), I C RY\ 0 is an open cone and
p,q € [1,] are fixed. For any € .7”(RY), let

| f|M(pq,F = | f|M<p(;)c)1,r,¢

®
= ([ ([, Mtocgpacgpax) o) "

(with obvious interpretation whep = o or g = ). We note that - |Mp‘q,r defines a
(@)
semi-norm ony”’ which might attain the valug-c. If I =RY\ 0 andq < o, then

| f|ypar agrees with the modulation space nthrﬂM(p,? of f.
(@) ®

(18)

We Iet@M(p,r;(f) = @M(p.t;,tb(f) be the sets of aff € RY\ 0 such that f lyparse <
3 ) (@)
oo, for somel” =I';. We also |eEMf~‘j‘¢(f) be the complement ‘EMf"j‘¢(f) in RY\ 0.
ThenOM(p‘c;,@(f) andZM(p,r;‘q’(f) are open respectively closed subset& 0.
w, W,

THEOREM3. [19] Assume that [ € [1,»], ¢ € CT(RY)\ 0, x € C*(RY), and
thatw € Z(R?). Also assume that ¢ &”(RY). Then

(19) OM&‘;@(” = OgrLf'w) (), Zme(f) = ZﬂL?w) (),
and

COROLLARY 2. [19] Assume that y € [1,»], f € Z'(RY), ¢ € CF(RY)\ 0,
X0,Yo € RY, & € RY\ 0 and thatw € 2(R?). Also letwy(€) = w(Yo,&). Then the
following conditions are equivalent:

(1) there exists an open corie= g, andx € Cg(RY) such thatx(xo) # 0, and
Ix f |M(p,?‘l"¢ <o (i.e.&e @M(p(;g xH);

(2) there exists an open corie= g, andx € Cg(RY) such thatx(xo) # 0, and
X f |,9L?w) <o(i.e.goe e?L?w) (x));

(3) there exists an open corfie= g, andx € Cg (RY) such thatx(xo) # 0, and

|Xf|y|_?%) <o (i.e.§o€ O?L?mm (xf))-

The following definition makes sense in view of Corollary 2.

DEFINITION 2. [19] Assume that g € [1,], f € Z'(RY) andw € 22 (R).
The wave-front set V\W.ﬁ(f) with respect to I\m (RY) consists of all pairgxo, &o) in

RY x (R9\ 0) such thag € ZM(p‘c)],qJ (x f) holds for eactx € C3 (RY) such thai (xo) # 0.
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By Corollary 2 it follows that

WE pa(f) =WE,pa(f
ey (1) =Whyza (f)

whenpy, p2 € [1,] and
Clan(%,&)(x) N < wn (x,&) < Cup(x,&) (N,

for some constants andN. By the same corollary it follows that the following holds.

PROPOSITIONG. [19] Assume that p € [1,0], f € 2'(RY), wp € Z(RY) and
w e Z(R%) are such thata(&) = w(yo, &) for some y € RY. Then

WFEF fy=WF fy=WR,pa(f).
ﬂL?wo)( ) ,?L?w)( ) Mfw‘;( )

We also note that if € &' (RY), then it follows from Corollary 2 that

fec.7L) = feMp’q@»WFyLﬁ )(f):WFM(p«;(f):o.
(.uo W,

(o) (@)

In particular, we recover Theorem 2.1 and Remark 4.4 in [21].

6. Pseudo-differential operators, an extenstion

In this section we present a part of our results from [19]tegldo the action of more
general classes of pseudo-differential operators. Theeptation of this section fol-
lows the first author’s lecture given at the conference "Heedifferential operators
with related topics II”.

Assume thap,m € R are fixed. Recall]\,(R?) is the set of all € C*(R*)
such that for each pairs of multi-indicesand 3, there is a constar@, g such that
|6§6§a(x,£)| < Cop(€)™ PPl Usually we assume that0p < 1. Clearly,S['y = S™ of
Section 5.

More generally, assume thah € Z,(R?4). Then we recall from [19] that
) (R?) consists of alb € C*(R*!) such that

10%0%a(x,£)| < Cq poxo(x,E) (&) PPl
(Cf. Section 18.4-18.6 in [14].) CIearlgz’%) = So(R*) whenox(x,&) = (€)™,
The next result is a special case of Theorem 4.2 in [30].

PROPOSITION7. Assume that jj, p;j,q; € [1,] for j = 1,2, satisfy
1/p1—1/p2=1/t1—1/Ge=1-1/p-1/0, q<p2,G2<P.
Also assume thab € 2 (R @ R?) andwy, wp € 2 (R?) satisfy

w2(X,&+n)

1) w1 (X+28)

< Cw(x,&,n,2)
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for some constant C. If @ M(R*), then &x,D) from .#(R?) to .#"(R") extends
uniquely to a continuous mapping frorrl’:’(!\){i;1 (RY) to M(p(fgz (RY).

For the later convenience we set

(22) 0‘)&,[)()(725 I‘],Z) = w(x7za naz) <X>S4<r]>%<ﬁ>p52 <Z>Sla
whenp € R ands € R*.

DEFINITION 3. [19] Assume that & R* is such that 5> 0, pc R, w €
2 (R%), and thatw, is given by(22). Then the symbol clags’’ (R?) is the set

(@)
of all a € ./(R?) which satisfy

o 00,1 2d _
Ozac M(%(SG)TP)(R )s u(s,a) = (s, |0, s3,%),

for each multi-indicest such thata| < 2s,.

It follows from the following lemma that the symbol clasdéa’) (R?) are in-
teresting also in the classical theory.

LEMMA 1. [19] Assume thap € [0,1], w € Po(R*) andwy € F,(R?) sat-
isfy
wo(X,€) = w(x,&,0,0).

Then the following conditions are equivalent:

2dy.
(1) ac s, (RM);
(2) wyp'ae S o(R);
(3) ()@ € Ns 5200 1) (R?).

REMARK 3. Let H®(RY) be the Sobolev space of distributions witle R
derivatives inL®(RY), i.e. HY(RY) consists of allf € . such thatZ ~((-)Sf) be-
longs toL™(RY). Then it is easilly seen thifls.oHS (R?) = § o(R?), which is the
set of all smooth functions dk?® which are bounded together with all their derivatives.

Hence, (3.2) in [27] and Theorem 4.4 in [28] imply that

MM (R = Fo(®R®),  ws(x,En,2) = (n)*2)°.
s>0
By Theorem 2.2 in [29] it follows more generally that

Vp,s

(23) MG (R = S6(R™), Vps(xE,1,2) = (§)°(n)*2°
s>0
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The following definition of the characteristic set is diat from that given in
Section 5 and in [14, Section 18.1]. Here, it is defined for lsgta which are not poly-
homogeneous while in the case of polyhomogeneous symhuwisets of characteristic
points are smaller than the set of characteristic pointeuti®n 5 and [14].

DEFINITION 4. [19] Assume thap € (0,1] andw € Z,(R?). For each open
conel’ C RY\ 0, open set UC RY and real number B> 0, let

Qurr={(x§);xeU, EeT, [§| >R}

Also let=y r rp be the set of all & SglO(RZd) such thatc=1onQu r gr.

The pair(xo,&0) € RY x (RY\ 0) is callednon-characteristitor a ¢ g(’w) (R?)
(with respect taw), if there is a conical neighborhodd of &g, a neighborhood U of
Xo, a real number R> 0, and elements b S?w,l) (R?), c€ Zyrrp and he S, 5(R™)
such that

b(x.€)a(x.&) =c(x,&) +h(x&),  (x&eR™.

The pair (xo,&o) in RY x (RY\ 0) is called characteristidor a (with respect taw €
P, (R¥)), if it is not non-characteristic for a with respect © € Z,(R??). Theset
of characteristic pointé&he characteristic set), for & S?w) (R2d) with respect taw, is
denoted byChar(@) = Chay, (a).

In order to state the results we use the convention

(24) (31782) S ((*)17(*)2)

whenwj,8j € Z(RY) for j = 1,2 satisfy®j < Cwj for some constar@.
If insteadw; € 2(R?9), then it follows that

(25) 0j (X, &1+ &2) < Cwj(x,&1)(E2)Y,

for some constant§ > 0 andt;, j = 1,2, independent 0Kk,&1,&> RY. Thenitis
necessary thdt andt, are non-negative. Here we l&t, to be as in (22) and we use
the notationws, wy) < wwhen (21) holds for some constait

THEOREM4. [19] Assume thad < p < 1, wj,8j € Z(R) for j = 1,2, w €
Po(RY) satisfy(24), and that(w, wp) < wsp and (91,92) < wsp, for some s R?,
are such that

51>0, €N, s>t+tr+2d,

where § and b are chosen such thg25) holds. Also assume thateaU(&(E)

that f € M \(RY). Then

(R%) and

WEQL((J )(a(X,D)f) CWFza (f).
wo

(1)
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We refer to [19] for a detailed proof and give here only a hint.

The first part of the proof concerns the contribution to theveviiont set of
a(x,D)f at a particular poinkg, when the support of is far away fromxg. It can be
proved that this contribution is limited. The precise fotation and the proof can be
found in [19].

To finish the proof of Theorem 4 it remains to describe prapsxf the wave-
front set ofa(x,D)f at a fixed point wherf is concentrated to that point. In these
considerations it is natural to assume that involved weigittions satisfy

wJ(X’E):mJ(E)v SJ(XaE):SJ(E)v J :1727

(26) w(E+n) 828+ n)

o G <Cw(&,n,2)

<Cw(&,n,2),

and we set

(27) Ws(X,&,N,2) = ) (N)Bw(E,n,2), seR*
We also note that

(28) wj(E1+&2) <Cwj(81)(&2)", =12,

for some real numbeisg andt,.
The precise result which we need is the following.

PROPOSITIONS. [19] Assume that ¢t [1,2], s€ R4, t; € R, w e 2 (R¥),
wj,8] € Z(RY) for j = 1,2 andws € Z(RY) fulfill (81,92) < (w1, 0p), (26)28),
s >d and
s3>t +to+2d.

Also assume that @ ME‘;’);L) (R and fe ME’gl)(Rd)ﬂé”(Rd). Then the following is
true:

(1) if I'1 is an open conical neighborhood g € RY\ 0, then there is an open
conical neighborhood ,» of ng which only depends dn; such that

la(x,D) > < Cllalfyea [f]
wp) (os)

f| q qrq,
?L< ?L(wl)

for some constant C which is independent qfrd?‘;i) (R*!) and fe M, | (RY);

(2) WFyL?%) (a(x,D)f) CWFza (f).

(w1)

We note that by Proposition 7 it follows thatx,D)f in Proposition 8 makes
sense as an eIementM["’Sz). This space contains each speM:(%g).
Lett € R, and IetUiﬁ)’t (R*) be asU}h (R™), after wsp(x,€,n,2) has been
replaced by
(*)S,t,p(xvaanaz) = Q)s,p(XWLthEJFmanaz)a
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in the definition ofoﬁ) (R%). Then it follows from Proposition 1.7 in [30] that if
a € Upy (R), then Theorem 4 remains valid aftexx,&,n,2) has been replaced by

w(x+1z¢+1tn,n,z) anda(x,D) has been replaced lay(x,D).
We present a counter result of Theorem 4 for pseudo-diffedeperators with
smooth symbols.

Assume now that the involved weight functions satisfy

(X&)

(29) w1 (Xa E)

< Cup(X,&),

for some constar@.

THEOREM5. [19] Assume thab < p < 1, oy, wp € Z(R%) and
wo € P (RY) satisfy(29). If a € S?wo) and ge [1, ], then

WFza (a(xD)f) CWFza (f), f e (RY).
(wp) (@)
We also have the following counter result to Theorem 5. Heie matural to
assume that the involved weight functions satisfy

(%, §)

(30) Cflwo(x,E) < o1 (XE)’

for some constarg, instead of (29).

THEOREMG. [19] Assume tha0 < p < 1, wy,wp € Z(R%) and
wo € Zp(R?) satisfy(30). Ifac S, | and ge [1, ], then

WF,?L? )(f) QWF,QL? )(a(x, D)f){JChaey, (@), f e (RY).
o )

REMARK 4. We note that the statements in Theorems 5 and 6 are nof thee i
assumptiorp > 0 is replaced by = 0. In fact, we only prove this in the casg = 1
andw; = wy. The general case is left for the reader.

Let a(x,§) = e 1%0:%) for some fixedxy € RY and chooser in such way that
fa(x) = 85" does not belong toF Ly, Since
(a(x,D) fo) (%) = fa(X—X0),
straight-forward computations implies that, for some etbsond™ € R9\ 0,

WFg (1)={(0.8);&eT);

WFz;a (ax,D)f) ={(x0,&); &€},

(1)

which are not overlapping wheq # 0.
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Next we apply Theorems 5 and 6 on hypoelliptic operators.uhegsthata €
C*(R%) is bounded by a polynomial. Theatx,D) is calledhypoelliptig if there are
positive constant§, Cg g, N, p andR such that

00%a(x&)| < Coglal(x.&)|(€) PP, and
(31)
ciE) N <lax&)| when xeRY and |§>R

(See e.g.[1,14].) We note thatdfx, D) is hypoelliptic,x € C3(RY) and if (31)
is fulfilled, thenx (x)a(x,€) € S, (R*"), where
() = Ga(x8) = (&) +ax )72 € Zp(RY).

Furthermore, since Chgy, (a) = 0, by definitions, the following resultis an immediate
consequence of Theorems 5 and 6.

THEOREM 7. Assume that & C*(R?) is such that &,D) is hypoelliptic,
g € [1,], and thatwy, wp € 22(R?) satisfy

(%, €)
w1 (X,€)’

,10\)2()(;5)
) S R

for some constant C which is independenpot) € R If f ¢ .#/(RY), then

WEF a(x,D)f) =WF f).
ffl_?wz)( (x,D)f) ffl_?wl)( )

Note that for any hypoelliptic operator, we may choose thetsyl class which
contains the symbol of the operator in such way that the spmeding set of char-
acteristic points is empty. Consequently, in the view of dieen 7, it follows that
hypoelliptic operators preserve the wave-front sets, sisatild.
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