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WAVE-FRONT SETS IN FOURIER LEBESGUE SPACES ∗

Abstract. We consider wave-front sets in the framework of weighted Fourier Lebesgue
spaces,FLq

s. We prove that

(∗) WF
FLq

s−m
(A f)⊂WF

FLq
s
( f )⊂WF

FLq
s−m

(A f)∪CharA

whereA is properly supported pseudo-differential operator of order m and CharA denotes
the set of characteristic points ofA. Moreover, we discuss more general class of pseudo-
differential operators in the framework of modulation spaces and present(∗) in a more gen-
eral setting.

1. Introduction

This paper is an expanded and modified version of an invited speaker’s lecture given
by the first author at the conference ”Pseudo-differential operators with related topics
II” held in Växjö, Sweden, June 23 - 27, 2008. It is a part of the authors joint research
project. In order to present the main goals of the invited lecture apart from the original
results (collected mainly in Section 4), we have included here some results from [19,20]
without proofs.

In the present paper we study certain aspects of microlocal analysis in Fourier
Lebesgue spaces. More precisely, we define wave-front sets with respect to those
spaces and show that usual mapping properties for a class of pseudo-differential opera-
tors which are valid for classical wave-front sets (cf. [14,Chapter XVIII], [15, Chapter
VIII]) also hold for our wave-front sets. We refer to [19,20]for the complete exposition
of our definition, and results related to the wave-fronts in Fourier Lebesgue spaces. The
recent study of pseudo-differential and Fourier integral operators in Fourier Lebesgue
spaces as well as their connection with modulation spaces indifferent contexts in-
creased the interest for such spaces, cf. [2,3,5,16,21,23,31].

The modulation spaces were introduced by Feichtinger in [6], and the the-
ory was developed and generalized in [7–10]. Modulation spaces have been incor-
porated into the calculus of pseudo-differential operators, in the sense of the study
of continuity of classical pseudo-differential operatorsacting on modulation spaces
(cf. [4, 17, 18, 24–26]), and pseudo-differential operators for which modulation spaces
are used as symbol classes, [11–13, 22, 27, 29, 30]. Microlocal analysis of modulation
spaces reduces to the microlocal analysis of Fourier Lebesgue spaces. From this point
of view our investigation in [19, 20] and in this paper are involved in the analysis of
modulation spaces.

The paper is organized as follows. In Section 2 we fix basic notions and nota-
tion. Definitions of wave-front sets in the context of Fourier Lebesgue spaces as well
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as their basic properties are given in Propositions 1, 2 and 3of Section 3. In Propo-
sitions 4 and 5 of Section 4 we study the continuity properties of pseudo-differential
operators of the Hörmander classSm on Fourier Lebesgue spaces. Theorems 1 and 2 of
the same section are devoted to the study of microlocal properties of localized version
of pseudo-differential operators. These results imply Corollary 1 where we discuss the
relationship between our wave-front sets and the classicalones. In Section 5 we intro-
duce wave-front sets in modulation spaces and discuss relations between local versions
of Fourier Lebesgue and modulation spaces. Section 6 is devoted to the further study
of pseudo-differential operators on a more advanced level.We present in that section
the class of symbols℧s,ρ

(ω)
(R2d) and results on the continuity of corresponding pseudo-

differential operators on weighted Fourier-Lebesgue spaces. Also, in Section 6, we
present an estimate of the form (*) and discuss hypoellipticity in the same framework.

2. Notions and notation

We denote byΓ an open cone inRd \0 and byX an open set inRd. A conic neighbor-
hood of a point(x0,ξ0) ∈Rd× (Rd \0) is a productX×Γ, whereX is a neighborhood
of x0 in Rd andΓ is an open cone inRd which containsξ0. Sometimes such a cone is
denoted byΓξ0

and is called a conic neighborhood ofξ0. Whenx,ξ ∈ Rd, their scalar
product is denoted by〈x,ξ〉. As usual,〈ξ〉 = (1+ |ξ|2)1/2, ξ ∈ Rd. For q∈ [1,∞] we
let q′ ∈ [1,∞] denote the conjugate exponent, i. e. 1/q+1/q′= 1.

Assume thatω andv are positive and measurable functions onRd. Recall that
ω is calledv-moderate weight if

(1) ω(x+y)≤Cω(x)v(y)

for some constantC which is independent ofx,y∈ Rd. If v in (1) can be chosen as a
polynomial, thenω is called polynomially moderated. We letP(Rd) to be the set of
all polynomially moderated functions onRd.

For convenience we also need to consider appropriate subclasses ofP. More
precisely, letP0(R

d) be the set of allω∈P(Rd)
T

C∞(Rd) such that∂αω/ω∈ L∞ for
all multi-indicesα. By Lemma 1.2 in [29] it follows that for eachω ∈P(Rd), there is
an elementω0 ∈P0(R

d) such that

(2) C−1ω0≤ ω≤Cω0,

for some constantC.

Assume thatρ≥ 0. Then we letPρ(R
2d) to be the set of allω(x,ξ) in P0(R

2d)
such that

(3) 〈ξ〉ρ|β|
∂α

x ∂β
ξω(x,ξ)

ω(x,ξ)
∈ L∞(R2d),

for every multi-indicesα andβ. Note that in contrast to forP0 andP, we do not
have any equivalence betweenPρ andP whenρ > 0, in the sense of (2). Ifs∈R and
ρ ∈ [0,1], thenPρ(R

2d) containsω(x,ξ) = 〈ξ〉s.
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The Fourier transformF is the linear and continuous mapping onS ′(Rd)
which takes the form

(F f )(ξ) = f̂ (ξ)≡ (2π)−d/2
Z

f (x)e−i〈x,ξ〉 dx, ξ ∈R
d,

when f ∈ L1(Rd). We recall thatF is a homeomorphism onS ′(Rd) which restricts
to a homeomorphism onS (Rd) and to a unitary operator onL2(Rd).

We say that a distributionf ∈D ′(Rd) is microlocally smoothat (x0,ξ0) ∈Rd×
(Rd \0) if there existsχ∈C∞

0 (Rd) such thatχ(x0) 6= 0, and an open coneΓξ0
such that

for everyN ∈N, there existsCN > 0 such that|F (χ f )(ξ)| ≤CN〈ξ〉−N/2, ξ ∈ Γξ0
. The

wave-front setof f , WF( f ) is the complement of the set of points(x0,ξ0), where f is
microlocally smooth.

Assume thata∈S (R2d), and thatt ∈ R is fixed. Then the pseudo-differential
operatorat(x,D), defined by the formula

(4)
(at(x,D) f )(x) = (Opt(a) f )(x)

= (2π)−d
ZZ

a((1− t)x+ ty,ξ) f (y)ei〈x−y,ξ〉dydξ,

is a linear and continuous operator onS (Rd). For generala∈S ′(R2d), the pseudo-
differential operatorat(x,D) is defined as the continuous operator fromS (Rd) to
S ′(Rd) with the distribution kernel

(5) Kt,a(x,y) = (2π)−d/2(F−1
2 a)((1− t)x+ ty,y−x).

HereF2F is the partial Fourier transform ofF(x,y) ∈ S ′(R2d) with respect to the
y-variable. This definition makes sense, since the mappingsF2 and

F(x,y) 7→ F((1− t)x+ ty,y−x)

are homeomorphisms onS ′(R2d). We also note that this definition ofat(x,D) agrees
with the operator in (4) whena ∈ S (R2d), and thatat(x,D) agrees with the Kohn-
Nirenberg representationa(x,D) whent = 0.

Furthermore, any linear and continuous operatorT from S (Rd) to S ′(Rd) has
a distribution kernelK in S ′(R2d) in view of kernel theorem of Schwartz. By Fourier’s
inversion formula we may then find a uniquea∈S ′(R2d) such that (5) is fulfilled with
K = Kt,a. Consequently, for every fixedt ∈ R, there is a one to one correspondence
between linear and continuous operators fromS (Rd) to S ′(Rd), and Opt(S

′(R2d)),
the set of allat(x,D) such thata∈S ′(R2d).

In particular, ifa∈S ′(R2d) ands,t ∈ R, then there is a uniqueb∈S ′(R2d)
such thatas(x,D) = bt(x,D). By straight-forward applications of Fourier’s inversion
formula, it follows that

(6) as(x,D) = bt(x,D) ⇐⇒ b(x,ξ) = ei(t−s)〈Dx,Dξ〉a(x,ξ).

(Cf. Section 18.5 in [14].)
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3. Wave-front sets in Fourier Lebesgue spaces

In this section we define wave-front sets with respect to Fourier Lebesgue spaces, and
recall some general properties from [19,20].

Let ω ∈P(R2d) and letq ∈ [1,∞]. The (weighted) Fourier-Lebesgue space
FLq

(ω)
(Rd) is the Banach space which consists of allf ∈S ′(Rd) such that

(7) ‖ f‖
FLq

(ω)
= ‖ f‖

FLq
(ω),x
≡ ‖ f̂ ·ω(x, ·)‖Lq < ∞.

The weightω(x,ξ) in (7) depends on bothx andξ, althoughf̂ (ξ) only depends
onξ. However, sinceω is v-moderate for somev∈P(R2d), different choices ofx give
rise to equivalent norms. Therefore, the condition‖ f‖

FLq
(ω),x

< ∞ is independent ofx

and for differentx1,x2 ∈ Rd there exists a constantCx1,x2 > 0 such that

C−1
x1,x2
‖ f‖

FLq
(ω),x2
≤ ‖ f‖

FLq
(ω),x1
≤Cx1,x2‖ f‖

FLq
(ω),x2

.

We say thatf ∈D ′(Rd) is locally inFLq
(ω)(R

d), if χ f ∈FLq
(ω)(R

d) for every

χ ∈ C∞
0 (Rd) and in that case we use the notationf ∈ FLq

(ω),loc(R
d). It is said that

f ∈ FLq
(ω),loc(R

d) at x0 if there exists a functionχ ∈ C∞
0 (Rd), χ(x0) 6= 0, such that

χ f ∈FLq
(ω)(R

d).

In the remaining part of the paper we study weighted Fourier-Lebesgue spaces
with weights which depend onξ. Thus, withω0(ξ) = ω(0,ξ) ∈P(Rd),

f ∈FLq
(ω)(R

d) = FLq
(ω0)(R

d) ⇐⇒ ‖ f‖
FLq

(ω0)
≡ ‖ f̂ w0‖Lq < ∞.

We usually assume that the involved weight functionsω0(ξ) is given byω0(ξ) =
ω(x0,ξ) = 〈ξ〉s, for somex0 ∈ Rd ands∈ R. In this case we use the notationFLq

s

instead ofFLq
(ω0). If ω = 1, then the notationFLq is used instead ofFLq

(ω).

Let ω0 ∈P(Rd), Γ ⊆ Rd \ 0 be open cone andq ∈ [1,∞] be fixed. For any
f ∈S ′(Rd), let

| f |
FLq,Γ

(ω0)
≡
(Z

Γ
| f̂ (ξ)ω0(ξ)|q dξ

)1/q

(with obvious interpretation whenq = ∞). We note that| · |
FLq,Γ

(ω0)
defines a semi-norm

onS ′(Rd) which might attain the value+∞. If Γ = Rd \0, f ∈FLq
(ω)(R

d) andq< ∞,

then| f |
FLq,Γ

(ω)
agrees with the Fourier Lebesgue norm‖ f‖

FLq
(ω),x

of f .

We let Θ
FLq

(ω0)
( f ) to be the set of allξ ∈ Rd \ 0 such that| f |

FLq,Γ
(ω0)

< ∞, for

someΓ = Γξ. Its complement inRd \0 is denoted byΣ
FLq

(ω0)
( f ).

We have now the following result.
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PROPOSITION1. Assume that q∈ [1,∞], χ ∈S (Rd), and thatω0 ∈P(Rd).
Also assume that f∈ E ′(Rd). Then

(8) Σ
FLq

(ω0)
(χ f )⊆ Σ

FLq
(ω0)

( f ).

Proof. Assume thatξ0 ∈ Θ
FLq

(ω0)
( f ), and choose open conesΓ1 andΓ2 in R

d such

thatΓ2 ⊆ Γ1. Since f has a compact support, it follows that| f̂ (ξ)ω0(ξ)| ≤C〈ξ〉N0 for
some positive constantsC andN0. The idea of the proof is to show that for eachN,
there are constantsCN such that

(9) |χ f |
FL

q2,Γ2
(ω0)

≤CN

(
| f |

FL
q1,Γ1
(ω0)

+ sup
ξ∈Rd

(
| f̂ (ξ)ω0(ξ)|〈ξ〉−N))

when q1≤ q2, Γ2⊆ Γ1 and N = 1,2, . . . .

The result then follows by takingq1 = q2 = q andN≥ N0. We refer to [19] for
details of the proof of (9).

Now we are ready to define wave-front sets in the framework of Fourier Lebes-
gue spaces.

DEFINITION 1. Assume that q∈ [1,∞], f ∈ D ′(Rd) and ω0 ∈P(Rd). The
wave-front set WF

FLq
(ω0)

( f ) with respect toFLq
(ω0)(R

d) consists of all pairs(x0,ξ0)

in Rd× (Rd \ 0) such thatξ0 ∈ Σ
FLq

(ω0)
(χ f ), holds for eachχ ∈ C∞

0 (Rd) such that

χ(x0) 6= 0.

The following proposition shows that the wave-front setWF
FLq

(ω0)
( f ) decreases

with respect to the parameterq and increases with respect to the weight functionω,
when f ∈D ′(Rd) is fixed.

PROPOSITION2. Assume that f∈ D ′(Rd), qj ∈ [1,∞] and ω j ∈P(Rd) for
j = 1,2 satisfy

(10) q1≤ q2, and ω2(ξ)≤Cω1(ξ),

for some constant C which is independent ofξ ∈Rd. Then

WF
FL

q2
(ω2)

( f ) ⊆WF
FL

q1
(ω1)

( f ).

Proof. It is no restriction to assume thatf has a compact support, and thatω1(ξ) =
ω2(ξ) = ω0(ξ). This implies that

sup
ξ∈Rd
|〈ξ〉−N0 f̂ (ξ)ω0(ξ)|< ∞

providedN0 is chosen large enough. Hence (9) implies thatΘ
FL

q1
(ω1)

( f )⊆Θ
FL

q2
(ω2)

( f ),

and the assertion follows.
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PROPOSITION3. Assume that q∈ [1,∞], f ∈D ′(X), ω0 ∈P(Rd) and
(x0,ξ0) ∈ X× (Rd \0). The following conditions are equivalent:

(1) there exist g∈FLq
(ω0)

(Rd) such that(x0,ξ0) 6∈WF( f −g);

(2) (x0,ξ0) 6∈WF
FLq

(ω0)
( f ).

Proof. First we show thatϕg∈FLq
(ω0)

(Rd) if ϕ ∈S (Rd) andg∈FLq
(ω0)

(Rd).

Let ϕ ∈S (Rd) and letψ be defined bŷψ = ϕ. Then

‖gϕ‖
FLq

(ω0)
= (2π)−d/2

(Z

Rd

∣∣∣
(Z

Rd
ĝ(ξ−η)ψ(η)dη

)
ω0(ξ)

∣∣∣
q
dξ
)1/q

≤ (2π)−d/2
(Z

Rd

(Z

Rd
|ĝ(ξ−η)||ψ(η)|dη|ω0(ξ)|

)q
dξ
)1/q

≤ (2π)−d/2
Z

Rd

(Z

Rd
|ĝ(ξ−η)ψ(η)ω0(ξ)|q dξ

)1/q
dη

≤ (2π)−d/2
Z

Rd

(Z

Rd
|ĝ(ξ−η)ω0(ξ−η)|qdξ

)1/q
|ψ(η)v(η)|dη

= C‖g‖
FLq

(ω0)
,

whereC = (2π)−d/2‖ψv‖L1 is finite, sincev is of polynomial growth.

By the assumption,f −g is microlocally smooth at(x0,ξ0). Hence there exists
an open coneΓ = Γξ0

such that
Z

Γ
|F (ϕ( f −g))(ξ)ω0(ξ)|q dξ < ∞,

whereϕ(x0) 6= 0 and the support ofϕ can be chosen to be sufficiently close tox0. This,
together with the decompositionF (ϕ f ) = F (ϕg)+F (ϕ( f −g)) implies that

(11)
Z

Γ
|F (ϕ f )(ξ)ω0(ξ)|qdξ < ∞,

i.e. (x0,ξ0) 6∈WF
FLq

(ω0)
( f ).

Conversely, if(x0,ξ0) 6∈WF
FLq

(ω0)
( f ), then there existϕ∈C∞

0 such thatϕ(x0) 6=
0 and a conic neighborhoodΓ of ξ0 such that (11) holds.

Let g∈FLq
(ω0)

(Rd) be defined by

ĝ(ξ) =

{
F (ϕ f )(ξ), if ξ ∈ Γ
0, if ξ 6∈ Γ.

Thenĥ= F (ϕ f )− ĝ vanishes inΓ andĥ has a polynomial bound. Therefore(x0,ξ0) 6∈
WF(h). Chooseψ ∈ C∞

0 so thatψϕ = 1 in a neighborhood ofx0. Note (x0,ξ0) 6∈
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WF(ψh). Now, since
f −ψg = (1−ψϕ) f + ψh,

we conclude that(x0,ξ0) 6∈WF( f −ψg). Sinceψg ∈FLq
(ω0)(R

d) the proof is com-
plete.

4. Pseudo-differential operators with classical symbols

In this section we prove mapping properties of pseudo-differential operators in the
background of wave-front sets of Fourier Lebesgue types.

Assume thatm∈ R. Then we recall that the Hörmander symbol class

Sm = Sm(Rd×R
d) = Sm(R2d)

consists of all smooth functionsa such that for each pair of multi-indicesα,β there are
constantsCα,β such that

|∂α
ξ ∂β

xa(x,ξ)| ≤Cα,β〈ξ〉m−|α|, x,ξ ∈ R
d.

We also setS−∞ = ∩m∈RSm, and

Op(Sm) = {a(x,D) ; a∈ Sm(Rd×R
d)}.

The following result is needed in the proof of Theorem 1 below.

PROPOSITION4. Assume that q∈ [1,∞] andχ ∈C∞
0 (Rd). Then the following

is true:

(1) if a∈S0 then the mappingχ(x)a(x,D) : FLq(Rd)→FLq(Rd) is continuous. In
particular, if a(x,ξ) = a(ξ)∈S0, then the mapping a(D) : FLq(Rd)→FLq(Rd)
is continuous;

(2) if a ∈ Sm and s∈ R thenχ(x)a(x,D) : FLq
s(Rd)→FLq

s−m(Rd). In particular,
if a(x,ξ) = a(ξ) ∈ Sm, a(D) : FLq

s(R
d)→FLq

s−m(Rd).

Proof. For the proof it is convenient to putEs(ξ) = 〈ξ〉s whens∈ R. We only prove
assertions for 1≤ q < ∞. The caseq = ∞ follows by similar arguments and is left to
the reader.

(1) Leta∈S0 andχ∈C∞
0 (Rd). We denote the support ofχ by K. The oscillatory

integral (4) is well defined for the symbolχa, t = 0 and f ∈FLq(Rd). Namely, after
2s times integration by parts we obtain

(12) χ(x)a(x,D) f (x) = (2π)−d/2
Z

ei〈x,η〉(E2s(Dx)(χ(x)a(x,η))
)
〈η〉−2s f̂ (η)dη,

which, by the Hölder inequality, gives

|χ(x)a(x,D) f (x)| ≤ (2π)−d/2‖
(
E2s(Dx)(χ(x)a(x, ·))

)
〈·〉−2s‖Lq′‖ f̂‖Lq ≤C‖ f‖FLq
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for 2s> d/q′.

Let F1aχ(ξ,η) be the partial Fourier transform ofaχ(x,η) = χ(x)a(x,η) with
respect to thex variable. Then it follows from the assumptions that for eachN ∈ N,
there is a constantCN > 0 such that

(13) |F1aχ(ξ,η)| ≤CN〈ξ〉−N, ξ,η ∈ R
d.

Now,

|F (χ(x)a(x,D) f (x))(ξ)|

= (2π)−d
∣∣∣
Z

K
e−i〈x,ξ〉

(Z

Rd
ei〈x,η〉E2s(Dx)aχ(x,η)〈η〉−2s f̂ (η)dη

)
dx
∣∣∣

= (2π)−d
∣∣∣
Z

Rd
f̂ (η)〈η〉−2s

(Z

K
e−i〈x,ξ−η〉E2s(Dx)aχ(x,η)dx

)
dη
∣∣∣

≤ (2π)−d
∣∣∣
Z

Rd
f̂ (η)〈η〉−2s〈ξ−η〉2s

F1aχ(ξ−η,η)dη
∣∣∣

By taking ξ and ξ− η as new variables of integrations, and assuming that
N > s+ d

2 , by (13) and Minkowski’s inequality we obtain

‖F (χ(x)a(x,D) f (x))(ξ)‖Lq

≤ (2π)−d
(Z

Rd

∣∣∣
Z

Rd
f̂ (ξ−η)〈η〉2s

F1aχ(η,ξ−η)〈ξ−η〉−2sdη
∣∣∣
q
dξ
)1/q

≤ (2π)−d
Z

Rd
〈η〉2s

(Z

Rd
| f̂ (ξ−η)F1aχ(η,ξ−η)|qdξ

)1/q
dη

≤ (2π)−dCN

Z

Rd
〈η〉2(s−N)

(Z

Rd
| f̂ (ξ−η)|qdξ

)1/q
dη

≤C‖ f̂‖Lq.

If we instead have that the symbol is a Fourier multipliera = a(ξ) ∈ S0, then it
is obvious that

‖F (a(D) f )‖Lq ≤C‖F f‖Lq,

and (1) follows in this case as well.

The assertion (2) follows from (1), the fact that the map

a(x,ξ) 7→ a(x,ξ)〈ξ〉m

is a homeomorphism fromS0 to Sm, and the fact that the map

f 7→ 〈D〉−s f

is a homeomorphism fromFLq to FLq
s. The proof is complete.
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REMARK 1. It is known that an operatora(x,D) whose symbol belongs to the
Hörmander classS0 is continuous fromLq to Lq, 1 < q < ∞, see [32]. In order to
prove the continuity inFLq(Rd) it is not sufficient to assume the boundedness of the
corresponding symbola with respect to thex variable because for such symbol and
f ∈FLq(Rd) the convolution̂a∗ f̂ does not belong toLq, in general. For that reason
we observe the operators of the formχ(x)a(x,D). Alternatively, we could impose a
decay condition ona with respect to thex variable. For example, one can prove that
a(x,D) : FLq(Rd)→FLq(Rd) is continuous if the symbola satisfies

|∂α
ξ ∂β

xa(x,ξ)| ≤Cα,β〈x〉k−|β|〈ξ〉m−|α|,
for k <−d. More details on this topic can be found in [19,20].

Next we recall the definition of characteristic sets and elliptic pseudo-diffe-
rential operators. The symbola ∈ Sm(R2d) is callednon-characteristicat (x0,ξ0) ∈
R

d× (Rd \0) if there is a neighborhoodU of x0, a conical neighborhoodΓ of ξ0 and
constantsc andR such that

(14) |a(x,ξ)|> c|ξ|m, if |ξ|> R,

andξ ∈ Γ. Then one can findb∈ S−m(R2d) such that

a(x,D)b(x,D)− Id ∈Op(S−∞) and b(x,D)a(x,D)− Id ∈Op(S−∞)

in a conical neighborhood of(x0,ξ0) (cf. [14, 19]). The point(x0,ξ0) ∈ Rd× (Rd \0)
is called characteristic fora if it is not non-characteristic point ofa(x,D). The set of
characteristic points (the characteristic set) ofa(x,D) is denoted by Chara(x,D). We
shall identify operators with their symbols when discussing characteristic sets.

The operatora(x,D)∈Op(Sm) is calledelliptic if the set of characteristic points
is empty. This means that for each bounded neighbourhoodU of x0, there are constants
c,R> 0 such that (14) holds whenx∈U .

PROPOSITION5. Let a∈ Sm be elliptic and assume that f∈FLq
t,loc(R

d) for

some q∈ [1,∞] and for some t∈R. If a(x,D) f ∈FLq
s,loc(R

d), then f∈FLq
s+m,loc(R

d)

and for everyχ ∈C∞
0 (Rd) we have

(15) ||χ f ||
FLq

s+m
≤Cs,t(||χa(x,D) f ||

FLq
s
+ ||χ f ||

FLq
t
).

In particular, if a(x,D) = a(D) ∈ Sm is elliptic, then(15)holds withoutχ.

Proof. The ellipticity condition implies that there is an operatorb(x,D) ∈ Op(S−m)
such that

χ f = b(x,D)a(x,D)χ f + r(x,D)χ f ,

for somer ∈ S−∞. Henceb(x,D) is continuous fromFLq
s(R

d) to FLq
s+m(Rd) and

r(x,D) is continuous fromFLq
t (R

d) to FLq
s+m(Rd). This implies

||χ f ||
FLq

s+m
≤ ||b(x,D)a(x,D)χ f ||

FLq
s+m

+ ||r(x,D)χ f ||
FLq

s+m

≤Cs,t(||χa(x,D) f ||
FLq

s
+ ||χ f ||

FLq
t
).
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REMARK 2. The above propositions can be reformulated in the language of the
symbol classSm

loc(X×Rd), whereX is an open set inRd. This class is introduced
in [14] as the starting point in the study of pseudo-differential operators on manifolds.

We say that a continuous linear mapA :C∞
0 (X)→C∞(X) is a pseudo-differential

operator of orderm in X, A∈ Ψm(X), if for arbitrary φ,ψ ∈C∞
0 (X) the operatorf 7→

φA(ψ f ) is in Op(Sm). For example, the restriction ofa(x,D) ∈Op(Sm) to X belongs to
Ψm(X).

According to [14, Proposition 18.1.22], everyA∈ Ψm(X) can be decomposed
asA= A0 +A1 whereA1 ∈Ψm(X) is properly supported and the kernel ofA0 is in C∞.
In that sense it is no essential restriction to require proper supports in the following
statements.

THEOREM 1. Assume that q∈ [1,∞], s∈ R, f ∈ D ′(Rd) and (x0,ξ0) ∈ R
d×

(Rd \0). Then the following conditions are equivalent:

(1) (x0,ξ0) 6∈WF
FLq

s
( f );

(2) (x0,ξ0) 6∈WFFLq(A f) for some properly supported A∈ Ψs(X) which is non-
characteristic at(x0,ξ0);

(3) there is a conic neighborhood U×Γ0 of (x0,ξ0) in X× (Rd \0) such that B f
in FLq

s−m,loc(X) for every properly supported pseudo-differential operator B ∈
Ψm(X) with the symbol of class−∞ outside U×Γ0.

Proof. We follow the proof of Theorem 8.4.8 in [15] which concerns the classical
wave-front set.

Assume that (1) holds. Then (11) holds withω0(ξ) = 〈ξ〉s and for some conic
neighborhoodΓ of ξ0 and for someϕ ∈C∞

0 (X) such thatϕ(x0) 6= 0. Let q(ξ) ∈ C∞

be a homogeneous function of degrees for |ξ| ≥ 1, with support inΓ. We define
A = ϕq(D)ϕ, whereϕ is from (11). ThenA∈Ψs(X) and (11) give

‖A f‖FLq ≤C‖q(D)ϕ f‖FLq < ∞.

Moreover, the symbol ofA is q(ξ) (modS−∞) nearx0, which proves (2).

Now, assume that (3) holds. To prove (1) it is sufficient to findϕ ∈C∞
0 such

that suppϕ is sufficiently close tox0 and a conic neighborhoodΓ of ξ0 such that (11)
holds. LetB∈ Ψm(X) be fixed. By (3) we may chooseφ,ψ ∈C∞

0 (X) andq(ξ) ∈C∞

a homogeneous of degreem for |ξ| ≥ 1, with ψ = 1 in a neighborhood of suppφ and
suppφ×suppq⊂U×Γ0, so thatB = ψq(D)φ.

By using the fact that

F (q(D)φ f ) = F (ψq(D)φ f )+F ((1−ψ)q(D)φ f ),
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it follows from (3) thatψq(D)φ f ∈FLq
s−m and(1−ψ)q(D)φ is of order−∞. Therefore

(11) holds withω0(ξ) = 〈ξ〉s, Γ = Γ0 andϕ = q(D)φ.

Finally, assume that (2) holds and choose a closed conic neighborhoodU ×
Γ0 of (x0,ξ0) such that the symbola(x,ξ) of A satisfies|a(x,ξ)| > c|ξ|m, if ξ ∈
Γ0, |ξ|> C, for some constantsc,C > 0. Therefore, for everyB as in condition (3),
we can find a properly supported̃B∈Ψm−s(X) such that

B− B̃A∈Ψ−∞(X).

HenceB f − B̃A f ∈ C∞(X). By the assumption and Proposition 4 (2) it follows that
B̃A f ∈FLq

s−m,loc(X). Therefore,B f ∈FLq
s−m,loc(X) which completes the proof.

COROLLARY 1. Assume that q∈ [1,∞], s∈R, f ∈D ′(Rd) and(x0,ξ0) ∈Rd×
(Rd \0). Then the following is true:

(1) If (x0,ξ0) 6∈WF
FLq

s
( f ) then (x0,ξ0) 6∈ WF

FLq
s−m

(A f) for every properly sup-

ported A∈Ψm(X);

(2) if (x0,ξ0) 6∈WF
FLq

s−m
(A f) for some properly supported A∈ Ψm(X) which is

non-characteristic at(x0,ξ0), then(x0,ξ0) 6∈WF
FLq

s
( f );

(3) there is a conical neighborhood U×Γ of (x0,ξ0) such that(x,ξ) 6∈WF
FLq

s
( f )

for every(x,ξ) ∈U×Γ and for every s∈ R if and only if(x0,ξ0) 6∈WF( f ).

Proof. We use the same idea as in the proof of [15, Theorem 8.4.8]. Here, we only
present the proof of (3) and remark that this property is discussed in [19] via the so
called superposition type wave-front sets.

Assume thatU is a bounded neighborhood ofx0 andΓ = Γξ0
, and that(x,ξ) /∈

WF
FLq

s
( f ) for eachs∈ R when x ∈ U andξ ∈ Γ. By compactness it follows that

|χ f |
FLq,Γ

s
< ∞ for everyχ∈C∞

0 (U) such thatχ(x0) 6= 0, and for everys. Letϕ∈C∞
0 (U)

and 0≤ ψ ∈C∞(Rd) be such that

ψ(tξ) = ψ(ξ), when |ξ| ≥ 1, t ≥ 1,

ϕ(x0) = ψ(ξ0/|ξ0|) = 1, and suppψ⊆ Γ.

Thenψ(D)ϕ(x) f ∈FLq
s for everysby Theorem 1 (3). Henceψ(D)ϕ(x) f ∈C∞.

From the assumptions it follows that ifK(x− y) = (2π)−d/2ψ̂(y− x) is the
Schwartz kernel ofψ(D), thenK ∈S ′(Rd)∩C∞(Rd \0). Furthermore,K turns rapidly
to zero at infinity. It follows thatψ(D)ϕ(x) f ∈S (Rd). Henceψ(ξ)F (ϕ f )(ξ) turns
rapidly to zero at infinity. Consequently,(x0,ξ0) 6∈WF( f ).

On the other hand, if(x0,ξ0) 6∈WF( f ) then, by the definition, it immediately
follows that there is a conic neighborhoodU×Γ of (x0,ξ0) such that(x,ξ) 6∈WF

FLq
s
( f )

for every(x,ξ) ∈U×Γ and for everys∈ R. The proof is complete.
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THEOREM 2. Let f ∈D ′(Rd) and let A∈Ψm(X) be properly supported. Then
we have the microlocal property

WF
FLq

s−m
(A f) ⊂WF

FLq
s
( f ) ⊂WF

FLq
s−m

(A f)∪CharA,

whereCharA denotes the set of characteristic points of A.

Proof. The statement follows directly from Corollary 1.

5. Modulation spaces

Assume thatϕ ∈ S ′(Rd) is fixed. Then the short-time Fourier transform off ∈
S ′(Rd) with respect toϕ is defined by

(Vϕ f )(x,ξ) = F ( f ·ϕ( · −x))(ξ).

We note that the left-hand side makes sense, since it is the partial Fourier transform of
the tempered distributionF(x,y) = ( f ⊗ϕ)(y,y−x) with respect to they-variable.

We usually assume thatϕ ∈S (Rd), and in this caseVϕ f takes the form

(16) Vϕ f (x,ξ) = (2π)−d/2
Z

f (y)ϕ(y−x)e−i〈y,ξ〉dy.

Assume thatω ∈P(R2d), p,q ∈ [1,∞], and thatϕ ∈ S (Rd) \ 0. Then the
modulation space Mp,q

(ω)(R
d) consists of allf ∈S ′(Rd) such that

(17)

‖ f‖Mp,q
(ω)

= ‖ f‖Mp,q,ϕ
(ω)

≡
(Z (Z

|Vϕ f (x,ξ)ω(x,ξ)|p dx
)q/p

dξ
)1/q

< ∞

(with obvious interpretation whenp = ∞ or q = ∞).

If ω = 1, then the notationMp,q(Rd) is used instead ofMp,q
(ω)(R

d). Moreover we

setMp
(ω)

(Rd) = Mp,p
(ω)

(Rd) andMp(Rd) = Mp,p(Rd).

Locally, the spacesFLq
(ω)

(Rd) andMp,q
(ω)

(Rd) coincide, in the sense that

FLq
(ω)(R

d)∩E
′(Rd) = Mp,q

(ω)(R
d)∩E

′(Rd)

(see Theorem 2.1 and Remark 4.4 in [21]). This result is extended in [19] in the context
of wave-front sets.

Now we define wave-front sets with respect to modulation spaces, and claim
that they coincide with wave-front sets of Fourier Lebesguetypes. In particular, any
property valid for wave-front set of Fourier Lebesgue type carry over to wave-front set
of modulation space type (cf. [19,20]).
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Assume thatϕ ∈ S (Rd) \ 0, ω ∈P(R2d), Γ ⊆ Rd \ 0 is an open cone and
p,q∈ [1,∞] are fixed. For anyf ∈S ′(Rd), let

(18)

| f |
Mp,q,Γ

(ω)
= | f |

Mp,q,Γ,ϕ
(ω)

≡
(Z

Γ

(Z

Rd
|Vϕ f (x,ξ)ω(x,ξ)|p dx

)q/p
dξ
)1/q

(with obvious interpretation whenp = ∞ or q = ∞). We note that| · |
Mp,q,Γ

(ω)
defines a

semi-norm onS ′ which might attain the value+∞. If Γ = Rd \0 andq < ∞, then
| f |

Mp,q,Γ
(ω)

agrees with the modulation space norm‖ f‖Mp,q
(ω)

of f .

We letΘMp,q
(ω)

( f ) = ΘMp,q,ϕ
(ω)

( f ) be the sets of allξ ∈R
d \0 such that| f |

Mp,q,Γ,ϕ
(ω)

<

∞, for someΓ = Γξ. We also letΣMp,q,ϕ
(ω)

( f ) be the complement ofΘMp,q,ϕ
(ω)

( f ) in Rd \0.

ThenΘMp,q,ϕ
(ω)

( f ) andΣMp,q,ϕ
(ω)

( f ) are open respectively closed subsets inR
d \0.

THEOREM 3. [19] Assume that p,q∈ [1,∞], ϕ ∈C∞
0 (Rd)\0, χ ∈C∞(Rd), and

thatω ∈P(R2d). Also assume that f∈ E ′(Rd). Then

ΘMp,q,ϕ
(ω)

( f ) = Θ
FLq

(ω)
( f ), ΣMp,q,ϕ

(ω)
( f ) = Σ

FLq
(ω)

( f ),(19)

and

ΣMp,q,ϕ
(ω)

(χ f )⊆ ΣMp,q,ϕ
(ω)

( f ), Σ
FLq

(ω)
(χ f )⊆ Σ

FLq
(ω)

( f ).(20)

COROLLARY 2. [19] Assume that p,q ∈ [1,∞], f ∈ D ′(Rd), ϕ ∈C∞
0 (Rd) \0,

x0,y0 ∈ Rd, ξ0 ∈ Rd \0 and thatω ∈P(R2d). Also letω0(ξ) = ω(y0,ξ). Then the
following conditions are equivalent:

(1) there exists an open coneΓ = Γξ0
and χ ∈ C∞

0 (Rd) such thatχ(x0) 6= 0, and
|χ f |

Mp,q,Γ,ϕ
(ω)

< ∞ (i. e. ξ0 ∈ ΘMp,q
(ω)

(χ f ));

(2) there exists an open coneΓ = Γξ0
and χ ∈ C∞

0 (Rd) such thatχ(x0) 6= 0, and
|χ f |

FLq
(ω)

< ∞ (i. e. ξ0 ∈ Θ
FLq

(ω)
(χ f ));

(3) there exists an open coneΓ = Γξ0
and χ ∈ C∞

0 (Rd) such thatχ(x0) 6= 0, and
|χ f |

FLq
(ω0)

< ∞ (i. e. ξ0 ∈ Θ
FLq

(ω0)
(χ f )).

The following definition makes sense in view of Corollary 2.

DEFINITION 2. [19] Assume that p,q∈ [1,∞], f ∈ D ′(Rd) andω ∈P(R2d).
The wave-front set WFMp,q

(ω)
( f ) with respect to Mp,q

(ω)(R
d) consists of all pairs(x0,ξ0) in

Rd×(Rd\0) such thatξ0∈ΣMp,q,ϕ
(ω)

(χ f ) holds for eachχ∈C∞
0 (Rd) such thatχ(x0) 6= 0.
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By Corollary 2 it follows that

WFM
p1,q
(ω1)

( f ) = WFM
p2,q
(ω2)

( f )

whenp1, p2 ∈ [1,∞] and

C−1ω2(x,ξ)〈x〉−N ≤ ω1(x,ξ)≤Cω2(x,ξ)〈x〉N,

for some constantsC andN. By the same corollary it follows that the following holds.

PROPOSITION6. [19] Assume that p,q∈ [1,∞], f ∈D ′(Rd), ω0 ∈P(Rd) and
ω ∈P(R2d) are such thatω0(ξ) = ω(y0,ξ) for some y0 ∈ Rd. Then

WF
FLq

(ω0)
( f ) = WF

FLq
(ω)

( f ) = WFMp,q
(ω)

( f ).

We also note that iff ∈ E ′(Rd), then it follows from Corollary 2 that

f ∈FLq
(ω0)

⇐⇒ f ∈Mp,q
(ω)
⇐⇒WF

FLq
(ω0)

( f ) = WFMp,q
(ω)

( f ) = /0.

In particular, we recover Theorem 2.1 and Remark 4.4 in [21].

6. Pseudo-differential operators, an extenstion

In this section we present a part of our results from [19] related to the action of more
general classes of pseudo-differential operators. The presentation of this section fol-
lows the first author’s lecture given at the conference ”Pseudo-differential operators
with related topics II”.

Assume thatρ,m∈ R are fixed. Recall,Sm
ρ,0(R

2d) is the set of alla∈C∞(R2d)

such that for each pairs of multi-indicesα andβ, there is a constantCα,β such that

|∂α
x ∂β

ξa(x,ξ)| ≤Cα,β〈ξ〉m−ρ|β|. Usually we assume that 0< ρ≤ 1. Clearly,Sm
1,0 = Sm of

Section 5.

More generally, assume thatω0 ∈Pρ(R
2d). Then we recall from [19] that

Sρ
(ω0)

(R2d) consists of alla∈C∞(R2d) such that

|∂α
x ∂β

ξa(x,ξ)| ≤Cα,βω0(x,ξ)〈ξ〉−ρ|β|.

(Cf. Section 18.4–18.6 in [14].) Clearly,Sρ
(ω0)

= Sm
ρ,0(R

2d) whenω0(x,ξ) = 〈ξ〉m.

The next result is a special case of Theorem 4.2 in [30].

PROPOSITION7. Assume that p,q, p j ,q j ∈ [1,∞] for j = 1,2, satisfy

1/p1−1/p2 = 1/q1−1/q2 = 1−1/p−1/q, q≤ p2,q2≤ p.

Also assume thatω ∈P(R2d⊕R2d) andω1,ω2 ∈P(R2d) satisfy

(21)
ω2(x,ξ+ η)

ω1(x+z,ξ)
≤Cω(x,ξ,η,z)
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for some constant C. If a∈Mp,q
(ω)(R

2d), then a(x,D) from S (Rd) to S ′(Rd) extends

uniquely to a continuous mapping from Mp1,q1
(ω1)

(Rd) to Mp2,q2
(ω2)

(Rd).

For the later convenience we set

(22) ωs,ρ(x,ξ,η,z) = ω(x,ξ,η,z)〈x〉s4〈η〉s3〈ξ〉ρs2〈z〉s1,

whenρ ∈ R ands∈ R4.

DEFINITION 3. [19] Assume that s∈ R4 is such that s2 ≥ 0, ρ ∈ R, ω ∈
P(R4d), and thatωs,ρ is given by(22). Then the symbol class℧s,ρ

(ω)(R
2d) is the set

of all a∈S ′(R2d) which satisfy

∂α
ξ a∈M∞,1

(ωu(s,α),ρ)(R
2d), u(s,α) = (s1, |α|,s3,s4),

for each multi-indicesα such that|α| ≤ 2s2.

It follows from the following lemma that the symbol classes℧
s,ρ
(ω)(R

2d) are in-
teresting also in the classical theory.

LEMMA 1. [19] Assume thatρ ∈ [0,1], ω ∈P0(R
4d) andω0 ∈Pρ(R

2d) sat-
isfy

ω0(x,ξ) = ω(x,ξ,0,0).

Then the following conditions are equivalent:

(1) a∈ Sρ
(ω0)

(R2d);

(2) ω−1
0 a∈ S0

ρ,0(R
2d);

(3) 〈x〉−s4a∈T

s1,s2,s3≥0℧
s,ρ
(ω)(R

2d).

REMARK 3. Let H∞
s (Rd) be the Sobolev space of distributions withs ∈ R

derivatives inL∞(Rd), i. e. H∞
s (Rd) consists of allf ∈S ′ such thatF−1(〈 ·〉s f̂ ) be-

longs toL∞(Rd). Then it is easilly seen that
T

s≥0H∞
s (R2d) = S0

0,0(R
2d), which is the

set of all smooth functions onR2d which are bounded together with all their derivatives.
Hence, (3.2) in [27] and Theorem 4.4 in [28] imply that

\

s≥0

M∞,1
(vs)

(R2d) = S0
0,0(R

2d), vs(x,ξ,η,z) = 〈η〉s〈z〉s.

By Theorem 2.2 in [29] it follows more generally that

\

s≥0

M∞,1
(vρ,s)

(R2d) = S−ρ
0,0(R

2d), vρ,s(x,ξ,η,z) = 〈ξ〉ρ〈η〉s〈z〉s.(23)
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The following definition of the characteristic set is different from that given in
Section 5 and in [14, Section 18.1]. Here, it is defined for symbols which are not poly-
homogeneous while in the case of polyhomogeneous symbols, our sets of characteristic
points are smaller than the set of characteristic points in Section 5 and [14].

DEFINITION 4. [19] Assume thatρ ∈ (0,1] andω ∈Pρ(R
2d). For each open

coneΓ⊆ Rd \0, open set U⊆ Rd and real number R> 0, let

ΩU,Γ,R≡ {(x,ξ) ; x∈U, ξ ∈ Γ, |ξ|> R}.

Also letΞU,Γ,R,ρ be the set of all c∈ S0
ρ,0(R

2d) such that c= 1 on ΩU,Γ,R.

The pair(x0,ξ0) ∈ Rd× (Rd \0) is callednon-characteristicfor a∈ Sρ
(ω)(R

2d)

(with respect toω), if there is a conical neighborhoodΓ of ξ0, a neighborhood U of
x0, a real number R> 0, and elements b∈ Sρ

(ω−1)
(R2d), c∈ ΞU,Γ,R,ρ and h∈ S−ρ

ρ,0(R
2d)

such that

b(x,ξ)a(x,ξ) = c(x,ξ)+h(x,ξ), (x,ξ) ∈ R
2d.

The pair(x0,ξ0) in Rd× (Rd \ 0) is called characteristicfor a (with respect toω ∈
Pρ(R

2d)), if it is not non-characteristic for a with respect toω ∈Pρ(R
2d). Theset

of characteristic points(the characteristic set), for a∈ Sρ
(ω)(R

2d) with respect toω, is

denoted byChar(a) = Char(ω)(a).

In order to state the results we use the convention

(24) (ϑ1,ϑ2) . (ω1,ω2)

whenω j ,ϑ j ∈P(Rd) for j = 1,2 satisfyϑ j ≤Cω j for some constantC.

If insteadω j ∈P(R2d), then it follows that

(25) ω j(x,ξ1 + ξ2)≤Cω j(x,ξ1)〈ξ2〉t j ,

for some constantsC > 0 andt j , j = 1,2, independent ofx,ξ1,ξ2 ∈ Rd. Then it is
necessary thatt1 andt2 are non-negative. Here we letωs,ρ to be as in (22) and we use
the notation(ω1,ω2) 4 ω when (21) holds for some constantC.

THEOREM 4. [19] Assume that0 < ρ ≤ 1, ω j ,ϑ j ∈P(R2d) for j = 1,2, ω ∈
Pρ(R

4d) satisfy(24), and that(ω1,ω2) 4 ωs,ρ and(ϑ1,ϑ2) 4 ωs,ρ, for some s∈ R4,
are such that

s1≥ 0, s2 ∈N, s3 > t1 + t2 +2d,

where t1 and t2 are chosen such that(25) holds. Also assume that a∈ ℧
s,ρ
(ω)

(R2d) and

that f ∈M∞
(ϑ1)

(Rd). Then

WF
FLq

(ω2)
(a(x,D) f )⊆WF

FLq
(ω1)

( f ).
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We refer to [19] for a detailed proof and give here only a hint.

The first part of the proof concerns the contribution to the wave-front set of
a(x,D) f at a particular pointx0, when the support off is far away fromx0. It can be
proved that this contribution is limited. The precise formulation and the proof can be
found in [19].

To finish the proof of Theorem 4 it remains to describe properties of the wave-
front set ofa(x,D) f at a fixed point whenf is concentrated to that point. In these
considerations it is natural to assume that involved weightfunctions satisfy

(26)

ω j(x,ξ) = ω j(ξ), ϑ j(x,ξ) = ϑ j (ξ), j = 1,2,

ω2(ξ+ η)

ω1(ξ)
≤Cω(ξ,η,z),

ϑ2(ξ+ η)

ϑ1(ξ)
≤Cω(ξ,η,z)

and we set

(27) ωs(x,ξ,η,z) = 〈x〉s4〈η〉s3ω(ξ,η,z), s∈ R
4.

We also note that

(28) ω j(ξ1 + ξ2)≤Cω j(ξ1)〈ξ2〉t j , j = 1,2,

for some real numberst1 andt2.

The precise result which we need is the following.

PROPOSITION 8. [19] Assume that q∈ [1,∞], s∈ R4, t j ∈ R, ω ∈P(R3d),
ω j ,ϑ j ∈P(Rd) for j = 1,2 andωs ∈P(R4d) fulfill (ϑ1,ϑ2) . (ω1,ω2), (26)–(28),
s4 > d and

s3 > t1 + t2+2d.

Also assume that a∈M∞,1
(ωs)

(R2d) and f ∈M∞
(ϑ1)

(Rd)
T

E ′(Rd). Then the following is
true:

(1) if Γ1 is an open conical neighborhood ofη0 ∈ Rd \ 0, then there is an open
conical neighborhoodΓ2 of η0 which only depends onΓ1 such that

|a(x,D) f |
FL

q,Γ2
(ω2)

≤C‖a‖
M∞,1

(ωs)
| f |

FL
q,Γ1
(ω1)

,

for some constant C which is independent of a∈M∞,1
(ωs)

(R2d) and f∈M∞
(ω1)(R

d);

(2) WF
FLq

(ω2)
(a(x,D) f ) ⊆WF

FLq
(ω1)

( f ).

We note that by Proposition 7 it follows thata(x,D) f in Proposition 8 makes
sense as an element inM∞

(ϑ2)
. This space contains each spaceMp,q

(ω2)
.

Let t ∈ R, and let℧s,ρ,t
(ω) (R2d) be as℧

s,ρ
(ω)(R

2d), after ωs,ρ(x,ξ,η,z) has been
replaced by

ωs,t,ρ(x,ξ,η,z) = ωs,ρ(x+ tz,ξ+ tη,η,z),
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in the definition of℧s,ρ
(ω)(R

2d). Then it follows from Proposition 1.7 in [30] that if

a ∈ ℧
s,ρ
(ω)

(R2d), then Theorem 4 remains valid afterω(x,ξ,η,z) has been replaced by

ω(x+ tz,ξ+ tη,η,z) anda(x,D) has been replaced byat(x,D).

We present a counter result of Theorem 4 for pseudo-differential operators with
smooth symbols.

Assume now that the involved weight functions satisfy

(29)
ω2(x,ξ)

ω1(x,ξ)
≤Cω0(x,ξ),

for some constantC.

THEOREM 5. [19] Assume that0 < ρ≤ 1, ω1,ω2 ∈P(R2d) and
ω0 ∈Pρ(R

2d) satisfy(29). If a∈ Sρ
(ω0)

and q∈ [1,∞], then

WF
FLq

(ω2)
(a(x,D) f ) ⊆WF

FLq
(ω1)

( f ), f ∈S
′(Rd).

We also have the following counter result to Theorem 5. Here it is natural to
assume that the involved weight functions satisfy

(30) C−1ω0(x,ξ) ≤ ω2(x,ξ)

ω1(x,ξ)
,

for some constantC, instead of (29).

THEOREM 6. [19] Assume that0 < ρ≤ 1, ω1,ω2 ∈P(R2d) and
ω0 ∈Pρ(R

2d) satisfy(30). If a∈ Sρ
(ω0)

and q∈ [1,∞], then

WF
FLq

(ω1)
( f )⊆WF

FLq
(ω2)

(a(x,D) f )
[

Char(ω0)(a), f ∈S
′(Rd).

REMARK 4. We note that the statements in Theorems 5 and 6 are not true if the
assumptionρ > 0 is replaced byρ = 0. In fact, we only prove this in the caseω0 = 1
andω1 = ω2. The general case is left for the reader.

Let a(x,ξ) = e−i〈x0,ξ〉 for some fixedx0 ∈ Rd and chooseα in such way that

fα(x) = δ(α)
0 does not belong toFLq

(ω1). Since

(a(x,D) fα)(x) = fα(x−x0),

straight-forward computations implies that, for some closed coneΓ ∈Rd \0,

WF
FLq

(ω1)
( f ) = {(0,ξ) ; ξ ∈ Γ};

WF
FLq

(ω1)
(a(x,D) f ) = {(x0,ξ) ; ξ ∈ Γ},

which are not overlapping whenx0 6= 0.
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Next we apply Theorems 5 and 6 on hypoelliptic operators. Assume thata ∈
C∞(R2d) is bounded by a polynomial. Thena(x,D) is calledhypoelliptic, if there are
positive constantsC, Cα,β, N, ρ andR such that

(31)
|∂α

x ∂β
ξa(x,ξ)| ≤Cα,β|a(x,ξ)|〈ξ〉−ρ|β|, and

C〈ξ〉−N ≤ |a(x,ξ)| when x∈ R
d, and |ξ|> R.

(See e. g. [1,14].) We note that ifa(x,D) is hypoelliptic,χ∈C∞
0 (Rd) and if (31)

is fulfilled, thenχ(x)a(x,ξ) ∈ Sρ
(ω)

(R2d), where

ω(x,ξ) = ωa(x,ξ) = (〈ξ〉−2N + |a(x,ξ)|2)1/2 ∈Pρ(R
2d).

Furthermore, since Char(ωa)(a)= /0, by definitions, the following result is an immediate
consequence of Theorems 5 and 6.

THEOREM 7. Assume that a∈ C∞(R2d) is such that a(x,D) is hypoelliptic,
q∈ [1,∞], and thatω1,ω2 ∈P(R2d) satisfy

(32) C−1 ω2(x,ξ)

ω1(x,ξ)
≤ ωa(x,ξ)≤C

ω2(x,ξ)

ω1(x,ξ)
,

for some constant C which is independent of(x,ξ) ∈ R2d. If f ∈S ′(Rd), then

WF
FLq

(ω2)
(a(x,D) f ) = WF

FLq
(ω1)

( f ).

Note that for any hypoelliptic operator, we may choose the symbol class which
contains the symbol of the operator in such way that the corresponding set of char-
acteristic points is empty. Consequently, in the view of Theorem 7, it follows that
hypoelliptic operators preserve the wave-front sets, as itshould.
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[7] FEICHTINGER H. G. AND GRÖCHENIG K. H., Banach spaces related to integrable group represen-
tations and their atomic decompositions, I, J. Funct. Anal.86 (1989), 307–340.
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[9] FEICHTINGER H. G. AND GRÖCHENIG K. H., Gabor frames and time-frequency analysis of distri-
butions, J. Functional Anal.146(1997), 464–495.
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