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HYPOELLIPTICITY, SOLVABILITY AND CONSTRUCTION
OF SOLUTIONS WITH PRESCRIBED SINGULARITIES FOR
SEVERAL CLASSES OF PDE HAVING SYMPLECTIC

CHARACTERISTICS *

Abstract. This paper deals with the hypoellipticity, local solvalyiland construction of

solutions with prescribed singularities for several aassf PDE having double symplectic
characteristics. We not only propose a short survey but westigate several instructive
model examples as well. As our results are obtained irCtheategory, it is interesting to

study the same operators in the Gevrey category too.

1. Several definitions and formulation of the main results

1. In the paper under consideration we denot&'ByX) the set of all classical scalar
properly supported pseudodifferential operators of ondandD’(X) stands for the set
of all Schwartz distributions on the smooth maniféldAs usual the closed conic in
setW F(u), u € D’'(X) (wave front set otl) is defined by

WF(u) = {p e T*X\0:a€ L%(X), a(x,D)u € C*(X) = a°(p) = 0}.
We have denoted g°(p) = 1(a) the principal symbol of the operatafx, D) € L°(X).
Thes-wave front set ofi € D'(X), s€ R is given by
WH(u) = {p € T*(X)\0:a € LX), a(x,D)u € HX) = a°(p) = 0}.
Certainly,p = (x,&), § # 0 andW K(u) is a closed conical i§ set.

Evidently,s <s = WFR(u) C WFy(u).

LetV C T*(X)\0 be an open conical ifi set and\ is a closed cone i§ con-
tained inT*(X)\0,N C V.

THEOREM1. [11] Assume that the operator®L™(X), s < s. Suppose that it
does not exist a functionaH* (X) such that

(%) VAWF(PU) =0, VNWR(U)=VNWF(u)=N.

Then there existp® € N, pseudodifferential operator, ¢, ¢’ € LO(X), cone supp
¢ c V\N, cone supg’ C V, ¢(p) = 1 in a tiny neighborhood 0p°, C = const> 0,
M€ Z4 and such that

1) lwwlls < CllI¢"PWu+ oW+ [Iwlls],  Ywe Cg(X).

*Itis a pleasure to dedicate this paper to Prof. Luigi Rodindh® occasion of his 60th birthday.
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REMARK 1. Instead of (1) we can write
@) Iwlls < CllIPW[u+ [Awilo+ [[wlls], ¥ e Cg'(X),

where the full symbol oA is identically 0 neap®.

It is evident thatN C CharP = {p € T*X\0: p2(p) = 0} is the non-trivial
case in Theorem 1. In fact, i € N, p° ¢ CharP thenpg,(p°) # 0 and consequently
p® ¢ WF(u), i. e. (x) does not hold.

This way we conclude that the problem of existence of satutibthe equation
Pu= f with given (prescribed singularity}) is reduced to the violation of the a-priori
estimate (1) /(2)/ for some € Cg (X).

We shall illustrate Theorem 1 by the following example.

EXAMPLE 1. LetP e L™(X), p3(p°) = Oy £ p%(p%) = 0, p% € T*X\0 and let
(3) Con-1(p) < —alp—p%% a=const>0, vp°eV,
whereV is an open conical neighborhoodaff, while

n 0 0

s =1P".P) = T {7 o} =20 o

Then it is proved in [13] that the, adjoint operatoP* of P is locally and even
microlocally non solvable ato(p®). Applying Theorem 1 we conclude that for each
closed con®\ ¢ ChalPNV and for eacls < sone can find a distribution € HS (X)
for whichWF(Pu)nV =0,VNWF(u) =VNWHFk(u) = N.

Assume now that agaip2,(p®) = Oy ¢ p2(p°) = 0 but contrary to (3) the fol-
lowing inequality holds:

Sn-1(P) > ClOyep(P)[?, Vp €V, C=const>0.

More precisely,]l]x’zpﬂl(p)\2 = ]Elxp%\2|§|*1 + ]szﬂl\zm. Suppose also that the
spectrum of the Hamilton map (fundamental matﬁggg 7l(p0) is non trivial.

Then the operatd? is microlocally hypoelliptic ap® with sharp loss of regular-
ity 1 and without any importance of the lower order terms. §;iu H;d(po) =uec

HSEM1(p%) (ue HS,(p°) < p° ¢ WR(pP)). The proof can be found in [10]. Below
we shall discuss the fundamental matrix and its spectrum.

2. Consider now the symplectic manifolj codim> = 2v < 2n, written in
canonical coordinates:

(I) z:{(x7z)az7éo Xl:"':X\):O, E]_:"':E\}:O},lg\)<ﬂ7

and suppose that for> 2 the principal symbopg, of P € L™(X) vanishes of sharp or-
der 2 onz andpi,(p) €I = {z€ C*: |0z < yOz},y=const> 0, i. e. p%(p) describes
a closed angle it! with vertex at 0 and an opening strictly less than
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This is the definition of the subprincipal symbol:

a(p) = 5 OPhip)
Pm-1(P) = Pm-1(P ZZ aXJaEJ-

It is well known thatp/,, ; is symplectic invariant ox.

From geometrical reasons it is clear that one can define mgndumber of
Pm(p) onZ.

(i) We shall suppose that in the special case1 the winding number of2, is
0. Then with some constaot# 0 we havecp, € I'. The Hamilton map (fundamental
matrix) Fog, is symplectic invariant ol and is defined by

1 0’ (V4 t 0" 1 o’
= < 0 In ) 2 Pmez  Pmxe P xe 2 Prm,xx
0 = =
Pm Y t 0 1 o 1 o o
pm X 2 P, xx 2 pm 133 pm, ¥E

In being the unit matrix irC".
The eigenvalues d"r:p%(p), p € X are denoted by;j(p), 1< j<2v; yjeil

1<j<v,ie pj=iArj, A\j €T. In the special casgd(p) >0 : sped o) =
{iAg,..,iA, A > 0,1 < j < VPU{=iAg,...,—iA}.

THEOREM 2. (Grusin [3, 4], B. de Monvel, Bves [5, 6], Hbrmander [14]).
Under the assumptions (i), (ii) and

\Y

(iii) Pom-1(P) + Z(ZO‘J+1) i(p)#0,VpeZ, Vaj € Zy
=1

the operator Bx, D) is hypoelliptic and even microhypoelliptic with sharp lagseg-
ularity 1.

According to Sjostrand [7] ifiii ) is violated at some poim € = and for some
Oj € Zy, Aj (p%) then the loss of regularityof the operatoP is > 3/2. We remind of
the reader that > 0 is called loss of regularity d? if u € D'(w), Pue H? .(w) = ue
HSt™ " (w). Certainly,sis arbitrary and is fixed.

loc
A rather interesting question is to study the hypoellipyicif the operatoP,
(i), (i), when(iii ) is violated.

THEOREM 3. (Helffer [8]). Consider the operator P under the conditiofils
(ii) and in the special case = 1. Suppose that there exigi8 € 3, 3j € Z, such that

(iv) Ph1(P%) + (2] + 1)A1(p°%) = 0.
Define now ork the function

Pm-1(P) = Pm_1(P) + (2] + )A1(p).
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Then Rx, D) is microlocally hypoelliptic ap® with sharp loss of regularity £ 3/2 iff

i} {5mfla ﬁmfl}z <0atp°

REMARK 2. Itis well known that\1(p) € C*(Z) and bothp],, ;(p) andA1(p)
are symplectic invariant oB, i.e. pm-1(p) is well defined or®. As it concerns the
Poisson brackefta, b} it is better to write{a, b} 5), i. €. the Poisson bracket is taken
along the canonical vector fields tangentiaktand consequently belongingTqX).

EXAMPLE 2. Let
(4) P = D3+ x2D5+ AD2 + D1 +ix1D;

be a differential operator ii?. ThenZ = {x1=8=0,& #0}, m=2,v=1, the
winding number ofpg >0is0,p] =A&2+ &1 +ix1&2, sped:pg ={£i&} #0,A1 =&
if & > 0. Let&d >0, i.e. p®=(0,0;0,&9 > 0). Then(iv) & A = —(2j+1) for
somej € Z. Thuspy = &1 +ix1&2 = pi|z =0, {ﬁl,_ﬁl}z = 0 and therefor® is not
microlocally hypoelliptic forhA = —(2j + 1) with a loss of regularity < 3/2.

In Helffer [8] nothing is mentioned about the local (non)vaddility of the op-

eratorP (4) at the origin, about the existence of solution of the ¢éiqud*u= f € C*
with fixed singularityW Fu= {p°} etc.

PrROPOSITIONL. The operatoi4) and withA = —(2j + 1) for some je Z, is
locally nonsolvable at the origin and in’DMoreover, P is not microlocally hypoel-
liptic and possesses a distribution solution with fixed slagty atp® = (0, 0; 0, €3 >
0) € CharP. More precisely, let+ s and s be fixed. Then one can find D’ and such
that P'u= f € C*, WF(u) = {p°}, ue HE (p°) but ug HS ,(p°).

ExampPLE 3. As we saw in Example 2 the operator (4) does not enter in the
frames of Theorem 3. Because of this reason we stuiiithe operator

(5) P =D?4x2D3+ Do+ D3 +ix3D2, A = —(2j +1), j € Z,.

and itsL, adjoint operatoS= P* = D? + x2D3 -+ AD2 + D3 — ix3Dz, A = —(2j + 1).
Our investigation will be microlocally near the popft = (0, 0, 0; &1 =0, ag >
0,&3=0). Evidently,p] = A2+ &3+ ix3&2, specFyp = {+i&2}; we takeh;1 =&2 >0

and thereforg; = &3 + ix3&2, Tl {ﬁl, _ﬁl}z = —2&, < 0. Thus the operatd? (5) is

microhypoelliptic atp® with sharp loss of regularity = 3/2. Assume thak # 2j + 1,
Vj € Z,, A € R. Then in a conical neighborhood pf we have thap, (p) + (2] +
D& =(A+2j+1)&+ & +ixz&2 # 0 for eachj € Z, and according to Theorem 2
((iii ) is satisfied) we have that the operalof5) is microhypoelliptic ap® with sharp
loss of regularity 1.

PROPOSITION2. The operator(5), A = —(2j+ 1), j € Z; is not locally solv-
able at the origin, while S= P* is not (micro)locally hypoelliptic (ap®) at the origin
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in R3. More precisely, let t« s and s be fixed. Then there exists D’ such that
Su= f € C*, WF(u) = {p°}, ue HL ,(p°), while ug HS ,(p°).

We point out that there are possible generalizations ofeékelts formulated in
Propositions 1, 2. To do this we must use the definitions ofgdgatic manifold, the
properties of Fourier integral operators and impose suaditions on the full symbol
p(x, &) that the corresponding microlocal form piwill be of the type (4), (5). Other
possible generalizations are in the case 2. We omit the corresponding results as
they are purely technical and we prefer to fix the ideas onethel bf instructive exam-
ples that can be considered as appropriate microlocal fofraperators with double
symplectic characteristics.

The paper is organized as follows. In Section 2 we proposesaseful re-
sults about Hermite polynomials and Hermite functions. é&tt®n 3 we construct
distribution solution of the equatior®*u = f € C* with prescribed singularity od:
WF(u)NV =WFk(u)NV =N. HereP is defined by (4) or (5). In Section 4 it is proved
the local nonsolvability of (4), (5). “Grosso modo” the pfad Proposition 2 imitates
the proof of Proposition 1. As it concerns Theorem 3, we give small Appendix
a short sketch of the proof, avoiding the use of Hermite padifiirential operators.
Our proof is elementary as it is based on a simple identityin

At the end of this section we shall mention that there is awedeinterest to
the problems of hypoellipticity and subellipticity for apgors with double symplectic
characteristics (see for example [17], [18]).

2. Some useful results about Hermite polynomials and Hermé functions

1. We shall begin with several definitions.
DEeFINITION 1. Hermite polynomials are defined by the formula

2 d"

_(_1\n —x2 o
Hn(x) = ( 1)e"dxn(e ),nEZ%deanfn.

Evidently,Hn(—X) = (—1)"Hn(X), i. €. Hant1(X) is an odd functior= Hont1(0)
=0, whileHzn(x) is even. Moreovetizn(0) # 0. One can see thaly(x) = 1, Hy(x) =
2x, Ha(x) = 4x% — 2. It is known that the following recurrent formulas hold:

(6) H/(X) = 2nHn_1(X), N > 1, Hny1(X) — 2XHn(X) 4 2nHq_1(X) = 0.

Evidently,Hz(x) = 8x3 — 12x (see (6) fom = 2).
The Hermite polynomials satisfy the ODE:

H/ — 2xH/ +2nH, =0, n >0,

d (e 2%) +2ne¥H, = 0.
dx



326 P. R. Popivanov

Integrating by parts one obtains:

® 2 0O,n#m
[m Hn(X)Hm(X)e X dX: { 2nn'\/ﬁ n=m
DEFINITION 2. Hermite functions are defined by

X2

() Wn(X) = hn(x)e” 7,
_ Hn(X) _ n
where hy(x) = TRk [[Hnl| = v/2"nl{/TU

Therefore,/ hn(X)hm(X) = 8n.m @andd, m is the Kronecker symbol.

2. Itis well known that{ s, } form an orthonormal basis i (R?) and bases in
the Schwartz spacegR?), s'(R1) ([1,2]).

Consider now the Hermite serias= Zocann, wherec, = (u, Up).
n=

Thenu € s(R!) < ¥Yme Z, there exists a constagt > 0 and such that,| <
Cm(1+n)~™ for eachn € Z, ([2]).

Similarly, u € s'(R?) < 3mg andS > 0 such thatc,| < G(1+ n)™ for each
nez;.

1 1
One can easily see that for each fi¥ed> 0 the systerr{ Un (xﬁ%) zg } forms

an orthonormal basis i (RY).
Below we propose the very important inequality of Cramerf@er — Charlier):

>(2
Ha(9] &7 < kv/2,

where the constamt= 1,086435.. (see [1]).
Define now the following differential operators:

d d
(8) Ml:&‘i’x, MZZ&—X.

The one guesses that
) M1 = V201, n> 1.

Letn=0. ThenM1y)p = 0, i. e. (9) holds for each > 0 if we definey_; = 0.
In a similar way we obtain

(10) Mayn = —v/2(N+ L)Ppy1, N> 0.
Combining (9), (10) we get:
MiMaWn = —2(n+ 1)Pp =
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2
(11) (% x2> Wn=—(2n+1)Pn, Yn>0.

lterating the formulaVoo = — /21 we obtainM3yo = (—1)"22v/nly,, n >0, i. €.

nMoWo  (-1)" /d A
T\/z—(d_) Wo, n=0.

X2

Wn= (*1)

Having in mind thatpp = 64—2 we have

VAl
LD (4N g
(12) ”’”‘m(m x>e , h>0.

X2 .
Combining (12) and the fact that 7 ¢ s (R?) we conclude that the Fourier transform
{n is given by

(13) Dn(€) = vV2r(—i)"yn(E).

3. Construction of solutions of the equationsQu = f1, Sv= f, € C* with pre-
scribed singularity

1. We shall deal at first with the operator (4) andlitsadjoint operatoQ = P* =
D2 +x2D,+AD2+ D1 —ix1D2, A € R, We shall denote byi(xy, &) the partial Fourier
transformation ofi € s’(R?) with respect toc; (x; — &2). ThenQu= 0 implies

(14) QU= (D} +x§€3+\&2+ D1 —ix1&,) U=0

and for&, > 0 we make the following change of the variabilein the homogeneous
1

ODE (14):y1 = x1&3. Then (14) takes the form:

d? 1/ d -
(15) —&2 (d_yf —yi—AHiE,? (d_yl +y1)) U(y1, &2) =0.

Certainly,M; = % + Yy according to (8).
1

In a similar way we obtain:

Ph=0e —¢ (d—zyz)\+iE%M >ﬁo £,>0, My = d
= Zdy%l 22772,27dy1)’1-
Inthe casé = —(2j+1), j € Z, we are looking for the kernel of (14) isf (R?)
and for&, > 0 being a fixed parameter. As we know from Sectio{®(y1)} form
bases irLy(RY) ands’(RY). Therefore,

8

ﬁ: quJn(Yl)

n=
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and according to (15()35: 0,i.e.

Zocn [—(2n+ DPn+ (2] + DPn+i&, %\/ﬁwM =0,Y_1=0.

This way we obtain the following infinite linear system foetlinknown coeffi-
cientscy:

0): 200j+ic1££%\/2-11:0
M 2i-Dor+ie, V220
2):  2(j—2)co+icsE, 2v/23=0

1
(n—1): 2(j—n+1)ch-1+icng,?>v2-n=0
1
(n): 2(j—n)cn+icnt1&, 24/2(n+1)=0
_1
(n+1): 2(j—n—1)Crs1+icn2&, 21/2(n+2)=0

If j = n(see equatiofn)) the constant, = c; is arbitrary buich;1 = 0. Then
the (n+ 1) equation implies that,,» = 0, etc. Thereforeg;,« = O for eachk > 1. We

conclude that for each fixegp > 0, dimKerQ = 1, KerQ c s (R?) and

j

kZDCKLIJK Y1),

where
-1
& 2V7)
e T
T1 _
o 18 7V2(-1) it 2V2]/2(j-1)
== 2-2 2 ) T @12 b
2(1—1).../2(—T+1) _ .
cj|=(—|22 ) V2iV/2(] 2||!\/(J >c,-,lezl,

-\
('Ez > 2%\/1__!01.

We shall takecj = 1. Then fork=j—1, 1 <1 < j we have:

I /i0-D..(-(—k-1) .
Ck ( IEZ ) 2 (J_ ) 9 71) 7J 1

To simplify the notations we write

Ck = (_i52§> Co &#0,0<k<j-1,¢=cj =1
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Going back to the old coordinaxe we have:

~ J EA 1
U(xa, &2) ZquJk y1) = ( |222) <X1€22>

1
, N ik Hk <X1§22>
— ] & it 3 — X282
= Yieolk| —i&; Fk] € 271%2, & > 0.

Lety(&2) € C*(RY), p=0forés e (—, 1], P(&2) = 1for&y >2,0< P(&) <
1foré&z e [1, 2].

One can easily see that for each constantR?! the function
Ua(x1, %) = [ @62p(82)8300, &2)dz =
(16) —k Hk (Xlﬁg)

— |XE 2X]_E N 7
A T

satisfies the equaticdQu= 0

The integral (16) is rapidly oscillating and it enters in tHérmander scheme
from Vol. | of his monograph [14] (see Chapter VII, SectioB,7Th. 7.8.2, Th. 7.8.3
and Section 8.1, Th. 8.1.9). In fact, the amplitudes are ®type

k—j 1 i
W(E)EE,” H (xlzg) e o<k<].

The phase function of (16)

o X2 _ i X
iQ=ix282 — 5152 =ié& <X2+ §x§> Op= 2221 >0,

as@= &, (xo+ 5x¢) and evidentlyg, s@= (ix1&2, &2 # 0; 0, X2+ 5x2) # 0, asé, > 1.
Certainly,@(x, t&) =t@(x, §), vt > 0. Then

WF(Ug) C{(%, @) @, =0} ={(x1=0,%x=0;8 =0, & >0)}.

Thus,u, € C*(R?\ (0, 0)) as sing suppa C {(0,0)}.

2. We shall study now the behavior xﬁ‘DBua(x) for |x| > €9 > 0 andgg is
arbitrary small.

Evidently,

xPDI*D32ua(x) = xﬁi / " gretegar 3oz,
17 =D )
x P(&2)C (—iE2 ) (DT k) (xlzg) dé,.
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On the other hand,

N
e'fP:aEN ( Icp)/ <xz+ 2xl) for |x| > €o

and for arbitraryN € N.

According to the theory of Fourier integral operators witmplex phase func-
tion, we can integrate by parts with respecttdn (17) as its phase functionig and
its amplitude belongs to some cla&s,.

This way we conclude that
(18) }XBD“ua(x)‘ < Cyp for |X| > €o, V(at, B) € Z2.

Of courseCqyg > 0 are appropriate constants.

Introduce now the cut off function(x) € C(R?), n = 1 near(0, 0),0<n < 1.
According to (18)u=nu+ (1—n)uand(1—n)u e s(R?).

Having in mind thap® = (0, 0; 0, &3 > 0) € WF(u,) we conclude thafug(§)
is rapidly decreasing in the angla = {(§1, &2) : either§, < 0 or 0< g€y <|&1]},
0 < ggp <« 1 and is not decreasing in the an@le= {(§1, &2) : €02 > |€1]}-

The above mentioned words enable us to concludeuhat Ht(Rz) S Uy €
Hya(P9), 1. €.

[ @+g? |dz<oo<:>// (1+ [EP)" |a(E) P dE < co.

But in ', we have tha€3 < |§|? < (1+¢€3)&3 and consequentlfl + |&])' ~ (1+ &3)"
inl,. So

(19) Ua € HY( RZ@// (14 E2) |0a(8) 2 dE < oo.

Then the definition (16) afiy gives us that

. i 1 N -k
Oa(&1, &2) = / e (&0 > e hu(e) (-i078) (e_%) dxd8.
Applying (13) to the previous integral we get
Gl E2) = V(i) [0 30(0) T)_o 507 W (;-) x
s [/ e ali2-Oh | dO = (—i) VZTES F(Ez) x
€1

Gk
Xk;kz lle(E

In fact, /efixZ(ETe)dxz — 3(¢,— ), 3 being the Dirac delta function.

2
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Applying (19) we get that
2

déy | d€p < 0.

i

Ua € H'(R?) & / (et / i ;@E? Wk (3)
—00 00 | K= 522

On the other hand,k(y1)} form an orthonormal basis inp(R*) and
o R &1 i | ’

/ > G&" U | -1
—® k=0 2

1o | k—j
gy = &2 / &&,7 Wily)| dy=
—® 0

2 k=

1 ] .
I e i~ 2¢k—j -
— &2 Z}|Ck| & e
k=

i e ) _
@) weH®E) ey [ 0B iEare i <o
k: —00

We have takert; = 1 and therefore the integral participating in (20)xis» iff 2t +

1 1 1 1 . .
2a— > <-lst+ac< ~2 St<—a-— I Puts=—a— 7 Evidently, the integral

- 1.
(20) is divergent fot +a= 7 i.e. fort=s

CONCLUSION. Uy € HE (p°) &t < s, while uy & HS,,(p°). This way we have

constructed the solution @u = 0 (4) with WF(ua) = {p°}, ua € HL ,(p°) for each

t <s, Ua & HS,(p°) andsis arbitrary real number.

3. To prove the existence of a solution with prescribed demipy of the equa-
tion P*u= f € C*, whereP is given by (5), we make the partial Fourier transformation
with respect to; in Su= 0, u= u(xg, X2, X3), S= P*. Thus,

SU= (—02 +)X283+AE2— i (93+xaE2)) U=0,

wherel = ﬁ(xl, &2, X3), X2 — &2, —A = 2j 4+ 1. Our investigation will be microlocal
near the poinp® = (0,0,0; & =0, &3 > 0, &3 = 0) € = where

Z:{(X,E): X =& =0, &40, (X,E)ERG}.

1

— 2 N

The chang+ yi= XlEZ; , &2 > 0in the equatiorsU = 0 leads to the following PDE:
Y3 = X3&5

(21) [651 CRoatig o, +y3>} By, £2,y3) = 0

and (21) is an equation with separate variables. We are rigoldrﬁ(yl, &2,¥3) =
Cyj(y1)Wo(y3) with C = const> 0 andy;(y1), Wo(ys) are the corresponding Hermite
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functions defined in Section 2 (see (7), (11)):

. 1 1
(03, — Vi +2j+1)Wj(y1) =0, Wo(ys) = %eféyi (Oy; +Y3) Wo = 0.

TakingC = 1 we have that the function

U(xa, &2, X3) = Yj (Xlﬁé) Yo (Xsﬁé) =

=N Ja3(XiPg)E o ¢ (R2
7| (Fiyo)

belongs to the kernel of the operaﬁ)for each fixed valuéz > 0 of the parametefy>.
To prove the existence of a solution with prescribed singiylaf Su= f € C* we use
instead of the function (16) the following function

1
0 ixoE & (X2+X2) aH] (Xlzzz)
Va(X1, X2, X3 :/ €227 2 VTP (82)8 — = d&a.
b=/, 2% |
1
ThenSw =0,WF(va) = {p°}, va e H! (P &t <s=—a— 7V ¢ HS,(pY). The
proof of these facts is the same as in the case of the op&atod we omit the details.
The proof of the nonsolvability of the operators (4), ®% —(2j+1), j € Z+
will be given in Section 4.

4. Local nonsolvability in D' of the operators (4), (5) in the case\ = —(2j + 1),
jeZy

1. As is well known if the PDQP(x, D) with C* coefficients is locally solvable at the
origin 0 € R" and inD’ then the following a-priori estimate holds.

There exists a neighborhoad> 0, an integeN € N and a constanty > 0
such that

(22) ’/f(x)v(x)dx <Cn ) supD*f| % supD*P"v|, Vf,veCg(w).

la]<N [a]<N

Therefore, in order to prove the local nonsolvability of tsygeratorP (4), (5),
P* = Q or P* = Swe must violate (22) for arbitrary but fixad, N, Cy. The proof here
repeats with some changes the proof of Theorem 1 from [12¢aBse of this reason
we shall not give everywhere the details. Moreover, we staicentrate on the case
(4),i.e.P*=Qin (4.2).

2. Introduce now the function(p) € CJ(RY), n >0, [n(p)dp = 1, supp C
[1,2], 0< n(p) < 1forp € (1,2). We consider the functioR € CJ(R?), such that
JI F(x1, x2)dxdx = 1 and define

fo(x1, X2) = F(A%q, A%x2), A > 1, A — parameter



Hypoellipticity, solvability and construction of solutie 333

in the casg — even.
In the casg — odd we define

0

(23) () = ax

(F (A%, A%%2) ) .
Evidently, supd), € wfor A > Ag>> 1.
From the considerations in Section 3 we know that

o ) J 1 j*k 1
b, e) = [P 5 5 (<) (e} ) diz e (@)
- K=0
satisfies the equaticQu= 0.

Put

o ) i i—
k)= [ @) 5 G0&) T b (av/Ag:) de
. 2

whereg = (—i)i %G
Thenuy(x) € C*(R?) andQuy, =0, ¥x € R2, A > 1. Letw € o'’ € w be
neighborhoods of the origin and the functipre Cg’(RZ) be equal to 1 o, 0 <
d(x) <1 forx e wandd = 0 outsidew’. Evidently, ; sup|D%f, | < const\N*2.
|a<N

Define now
Vi (X) = d(X)up = suppvy, € w.

ThenQu, = 0Qu, + [Q, ¢Juy = [Q, ¢]uy and supfQ, ¢] € w'\e.

As we mentioned before there are two cases to be studied: -agven=
Pj(0) #0, b) j — odd= H;(0) = 0= ;(0) = 0. In the case b) we have that ac-
cording to (6)
Hi(0)  2jH;-4(0)

%)= T = g

#0,j=>1

We shall investigate the case a) only. Let us estimate thédefd side of (22),
namelyl, = [f fy(X)va(X)dx. The standard change of the variabjges= A?xy, y» =
A2x, in the previous integral gives us that

im X, = 6(0.0) //[ F(ya. y2In(€2 St (0)cyadyedtz = i (0) 70

A—oo
as%j =Cj=1,ie.
(24) I =A"*(Wj(0)+0(1), A — e

In estimating sufD®(Qw )|, |a| < N we have in mind thaQv, = [Q, ¢]u, =
®1u, and the functio; € CF (R?), supphs C '\, does not depend on
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The Leibnitz rule gives us the typical term participatindf(Qwv, ) = D%($1uy):

D%:0gw = [ n(E)e Mzl zck (&) 7" x
x (D )(le )dEz N

Certainly,)\"‘ﬁu*z1 < AN,
We shall consider two different cases in estimating|Bfgd1u, )|:
) [x1] > €0 > 0and Il)|xz| > €o, 0< €9 <« 1. In fact,¢p1 = O near the origin.

Case |. The Hermite functiofy € s (RY) = DXlLIJk € 5(R') and therefore for
each integeM > 1 there exists a consta@t, > 0 and such that

(DS W) x1v/AE2 G ™M S azM%M

(25)

aS‘Xlx/)\Ez‘ > Eo\/X for&, > 1.

From (25) we obtain in the case | and fof < N that
(26) D§D% | < GaAM M [ n(E2)dEz = Gt

asj >k A>1,1<& < 2= (AE,) 2 < 1. Assume now thaks| > go > 0. Evidently,

for each integeM > 1 we have
aM
GEZ

and we can integrate by parts in (25) with respeéto
Thus, in the case Il we get:

(el)\Xziz) - (i}\Xz)M gtz

A %G +a2
a1 2 >\X252
DXl DX2 U, = 6 )\Xz / éd 052 X
(27)

ag s j o
x [ﬂ(iz)izz i zo kATzz (D 1) (xlx/ )] de,
k=

liAxg|™ > AMeM.
Using the fact that we are integrating in the intervat £, < 2 we conclude
that the “most dangerous term” in the previous integral. (ithee term containing the

M
highest power of for 0 < k < j) is: 6_M [(D"‘1 i) (xl 2)} Having in mind
085

|
( 0 D°‘1 ) (xlx/ )] < G4, = const we obtain that the highest power of

that |
0¢,
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A arising in the integral of (27) ix? asxyj\/A& = xl\/X\/g. More precisely, “the
most dangerous term” is:

(28) (~M <XM>ME“4<6 il >(X VAE:).
2 2" \agyu¥i) 8

Consequently, in the case Il and fai < N (28)|D%uy| < DMAN-M/2, D\ = const> 0.
Combining (24), (26) and (28) we violate (22) for— « asM is arbitrary integer. This
way we complete the proof of the nonsolvability of the operdt), —A = 2j +1 in
the casg — even.

3. The casg — odd is studied in a similar way. In fact, thénis given by (23)
oV o

/fM _ /F(}\zx)a—x)l‘ L %5(0) £0, et

To prove the local nonsolvability of the operator (5) at thigin we violate

(22) by using the following functionsfy (x) = F (A\?x), x € R® andwj, = ¢(x)vy, where
® € C§(R3), ¢ = 1 near the origin and

o . H; (Xlw/)\zz) N2 o
Vy = T L R NP G L
= [ VA ’

We assumg — even and as in the previous case we estirbdig, in two situa-
tions: 1) [xz| > €0 > 0 and I)[xz| < €o(=> X2 + X3 > €2 on supD¢), etc.

and thereforél, | =

5. Appendix

Short sketch of the proof of the microhypoellipticity of thperator (5)A = —(2j + 1)
will be given here.

1. We are working in a conical neighborhood of the pgtit= (0,0,0; 0,1,0),
i.e. inthe cond = {E ER3\0: & >€0\/&3+ E%} g0 > 0. Consider now the iden-
tity ||Pul|3 = ||P*ul|3+ ([P*, P]u, u). In our caseP = D? + x2D3 — (2] + 1)D, + D3+
ix3D2. PutQ = Q* = D +-x2D3 — (2j + 1)D2; R= D3+ ix3D2, R* = D3 — ix3Dy.

Thus,[P*, P] = [Q+R*, Q+ R = [Q,R— R+ [R*, R = 2i[Q, x3D2] + 2D, =
2Dy, as[Q, Dy] = 0. Therefore

(5.1) |\Pu||0>c|\u|\2 . c=const>0,

mcl p

2\~
asu € Hy(0%) < - (1+82)2[0(E) P& < co.
Assume now thaPu_ f € HS4(P%). Then|Dyf € Ly, |Do[f = |D2| Pu=

P(|D2|°u) = |D2f*u € Hmd(p ) according to (5.1) and consequentlye Hmcl (p9).
The estimate (5.1) holds for eaate R in (5) too.
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2. Itis interesting to study the operaf@r= D? + x{D3 + AD; + D3 + ix3"1D,.
By using the repeated Poisson brackets technigue one cactdrpprove microlocal

oo : . 2k+1 L
hypoellipticity of P at p® with loss of regularity = 1+ TIZ Fork =0 thisis (5.1).

We mentioned above that the examples here proposed can bealiged in
the frames of theC™ category. On the other hand side, it is very interesting to in
vestigate the same operators in the Gevrey spaces. A praaiselocal analysis of
several classes afdo with multiple characteristics and in Gevrey spaces igmgm
the Rodino’s monographs [15], [16]. We hope that a combamadif the approach there
and the technique of the Hermite operators will enlarge ttops of the microlocal

analysis and its applications.
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