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HYPOELLIPTICITY, SOLVABILITY AND CONSTRUCTION

OF SOLUTIONS WITH PRESCRIBED SINGULARITIES FOR

SEVERAL CLASSES OF PDE HAVING SYMPLECTIC

CHARACTERISTICS ∗

Abstract. This paper deals with the hypoellipticity, local solvability and construction of
solutions with prescribed singularities for several classes of PDE having double symplectic
characteristics. We not only propose a short survey but we investigate several instructive
model examples as well. As our results are obtained in theC∞ category, it is interesting to
study the same operators in the Gevrey category too.

1. Several definitions and formulation of the main results

1. In the paper under consideration we denote byLm(X) the set of all classical scalar
properly supported pseudodifferential operators of ordermandD′(X) stands for the set
of all Schwartz distributions on the smooth manifoldX. As usual the closed conic inξ
setWF(u), u∈D′(X) (wave front set ofu) is defined by

WF(u) =
{

ρ ∈ T∗X\0 : a∈ L0(X), a(x,D)u∈C∞(X)⇒ a0(ρ) = 0
}

.

We have denoted bya0(ρ) = τ(a) the principal symbol of the operatora(x,D)∈ L0(X).

Thes-wave front set ofu∈D′(X), s∈ R1 is given by

WFs(u) =
{

ρ ∈ T∗(X)\0 : a∈ L0(X), a(x,D)u∈ Hs(X)⇒ a0(ρ) = 0
}

.

Certainly,ρ = (x,ξ), ξ 6= 0 andWFs(u) is a closed conical inξ set.

Evidently,s′ < s ⇒WFs(u)⊂WFs′(u).

Let V ⊂ T∗(X)\0 be an open conical inξ set andN is a closed cone inξ con-
tained inT∗(X)\0, N⊂V.

THEOREM1. [11] Assume that the operator P∈ Lm(X), s′ < s. Suppose that it
does not exist a function u∈Hs′(X) such that

(∗) V ∩WF(Pu) = /0, V ∩WFs(u) = V ∩WF(u) = N.

Then there existsρ0 ∈ N, pseudodifferential operatorsψ, ϕ, ϕ′ ∈ L0(X), cone supp
ϕ ⊂ V\N, cone suppϕ′ ⊂ V, ψ(ρ) ≡ 1 in a tiny neighborhood ofρ0, C = const> 0,
µ∈ Z+ and such that

(1) ‖ψw‖s≤C
[
‖ϕ′Pw‖µ+‖ϕw‖µ+‖w‖s′

]
, ∀w∈C∞

0 (X).

∗It is a pleasure to dedicate this paper to Prof. Luigi Rodino on the occasion of his 60th birthday.
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REMARK 1. Instead of (1) we can write

(2) ‖w‖s≤C[‖Pw‖µ+‖Aw‖0+‖w‖s′] , ∀w∈C∞
0 (X),

where the full symbol ofA is identically 0 nearρ0.

It is evident thatN ⊂ CharP = {ρ ∈ T∗X\0 : p0
m(ρ) = 0} is the non-trivial

case in Theorem 1. In fact, ifρ0 ∈ N, ρ0 6∈ CharP thenp0
m(ρ0) 6= 0 and consequently

ρ0 6∈WF(u), i. e. (∗) does not hold.

This way we conclude that the problem of existence of solution of the equation
Pu= f with given (prescribed singularity)(∗) is reduced to the violation of the a-priori
estimate (1) /(2)/ for somew∈C∞

0 (X).

We shall illustrate Theorem 1 by the following example.

EXAMPLE 1. LetP∈ Lm(X), p0
m(ρ0) = ∇x,ξ p0

m(ρ0) = 0, ρ0 ∈ T∗X\0 and let

(3) C0
2m−1(ρ)≤−α|ρ−ρ0|2, α = const> 0, ∀ρ0 ∈V,

whereV is an open conical neighborhood ofρ0, while

C0
2m−1 = τ[P∗, P] =

1
i

{
p0

m, p0
m

}
= 2ℑ

n

∑
j=1

∂p0
m

∂ξ j

∂p0
m

∂x j
.

Then it is proved in [13] that theL2 adjoint operatorP∗ of P is locally and even
microlocally non solvable atx0(ρ0). Applying Theorem 1 we conclude that for each
closed coneN ⊂ CharP∩V and for eachs′ < s one can find a distributionu∈ Hs′(X)
for whichWF(Pu)∩V = /0, V ∩WF(u) = V ∩WFs(u) = N.

Assume now that againp0
m(ρ0) = ∇x,ξ p0

m(ρ0) = 0 but contrary to (3) the fol-
lowing inequality holds:

C0
2m−1(ρ)≥C|∇x,ξ p0

m(ρ)|2, ∀ρ ∈V, C = const> 0.

More precisely,
∣∣∇x,ξ p0

m(ρ)
∣∣2 =

∣∣∇xp0
m

∣∣2 |ξ|−1 +
∣∣∇ξ p0

m

∣∣2 |ξ|. Suppose also that the
spectrum of the Hamilton map (fundamental matrix)FC0

2m−1
(ρ0) is non trivial.

Then the operatorP is microlocally hypoelliptic atρ0 with sharp loss of regular-
ity 1 and without any importance of the lower order terms. Thus,Pu∈Hs

mcl(ρ
0)⇒ u∈

Hs+m−1
mcl (ρ0)

(
u∈ Hs

mcl(ρ
0)⇔ ρ0 6∈WFs(ρ0)

)
. The proof can be found in [10]. Below

we shall discuss the fundamental matrix and its spectrum.

2. Consider now the symplectic manifoldΣ, codimΣ = 2ν < 2n, written in
canonical coordinates:

(i) Σ = {(x, ξ), ξ 6= 0 : x1 = · · ·= xν = 0, ξ1 = · · ·= ξν = 0} ,1≤ ν < n,

and suppose that forν≥ 2 the principal symbolp0
m of P∈ Lm(X) vanishes of sharp or-

der 2 onΣ andp0
m(ρ)∈ Γ =

{
z∈ C1 : |ℑz| ≤ γℜz

}
,γ = const> 0, i. e. p0

m(ρ) describes
a closed angle inC1 with vertex at 0 and an opening strictly less thanπ.
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This is the definition of the subprincipal symbol:

p′m−1(ρ) = pm−1(ρ)+
i
2

n

∑
j=1

∂2p0
m(ρ)

∂x j∂ξ j
.

It is well known thatp′m−1 is symplectic invariant onΣ.

From geometrical reasons it is clear that one can define winding number of
p0

m(ρ) on Σ.

(ii) We shall suppose that in the special caseν = 1 the winding number ofp0
m is

0. Then with some constantc 6= 0 we havecp0
m∈ Γ. The Hamilton map (fundamental

matrix)Fp0
m

is symplectic invariant onΣ and is defined by

Fp0
m

=

(
0 In
−In 0

)



1
2

p0′′
m,ξξ p0′′

m,xξ

t p0′′
m,xξ

1
2

p0′′
m,xx


=




t p0′′
m,xξ

1
2

p0′′
m,xx

−1
2

p0′′
m,ξξ −p0′′

m,xξ


 ,

In being the unit matrix inCn.
The eigenvalues ofFp0

m(ρ), ρ ∈ Σ are denoted byµj(ρ), 1≤ j ≤ 2ν; µj ∈ iΓ,

1 ≤ j ≤ ν, i. e. µj = iλ j , λ j ∈ Γ. In the special casep0
m(ρ) ≥ 0 : specFp0

m(ρ) ={
iλ1, . . . , iλν, λ j ≥ 0,1≤ j ≤ ν

}
∪{−iλ1, . . . ,−iλν}.

THEOREM 2. (Grušin [3, 4], B. de Monvel, Tr̀eves [5, 6], Ḧormander [14]).
Under the assumptions (i), (ii) and

(iii ) p′2m−1(ρ)+
ν

∑
j=1

(2α j +1)λ j(ρ) 6= 0, ∀ρ ∈ Σ, ∀α j ∈ Z+

the operator P(x, D) is hypoelliptic and even microhypoelliptic with sharp lossof reg-
ularity 1.

According to Sjöstrand [7] if(iii ) is violated at some pointρ0 ∈ Σ and for some
α j ∈ Z+, λ j(ρ0) then the loss of regularityr of the operatorP is≥ 3/2. We remind of
the reader thatr ≥ 0 is called loss of regularity ofP if u∈ D′(ω), Pu∈Hs

loc(ω)⇒ u∈
Hs+m−r

loc (ω). Certainly,s is arbitrary andr is fixed.

A rather interesting question is to study the hypoellipticity of the operatorP,
(i), (ii), when(iii ) is violated.

THEOREM 3. (Helffer [8]). Consider the operator P under the conditions(i),
(ii) and in the special caseν = 1. Suppose that there existsρ0 ∈ Σ, ∃ j ∈ Z+ such that

(iv) p′m−1(ρ0)+ (2 j +1)λ1(ρ0) = 0.

Define now onΣ the function

p̃m−1(ρ) = p′m−1(ρ)+ (2 j +1)λ1(ρ).
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Then P(x, D) is microlocally hypoelliptic atρ0 with sharp loss of regularity r= 3/2 iff

1
i

{
p̃m−1, p̃m−1

}
Σ

< 0 at ρ0.

REMARK 2. It is well known thatλ1(ρ) ∈C∞(Σ) and bothp′m−1(ρ) andλ1(ρ)
are symplectic invariant onΣ, i. e. p̃m−1(ρ) is well defined onΣ. As it concerns the
Poisson bracket{a, b}Σ it is better to write{a, b}T(Σ), i. e. the Poisson bracket is taken
along the canonical vector fields tangential toΣ and consequently belonging toT(Σ).

EXAMPLE 2. Let

(4) P = D2
1 +x2

1D2
2 + λD2+D1+ ix1D2

be a differential operator inR2. ThenΣ = {x1 = ξ1 = 0, ξ2 6= 0}, m= 2, ν = 1, the
winding number ofp0

2≥ 0 is 0,p′1 = λξ2+ξ1 + ix1ξ2, specFp0
2
= {±iξ2} 6= 0, λ1 = ξ2

if ξ2 > 0. Let ξ0
2 > 0, i. e. ρ0 = (0, 0; 0, ξ0

2 > 0). Then(iv) ⇔ λ = −(2 j + 1) for

somej ∈ Z+. Thusp̃1 = ξ1 + ix1ξ2⇒ p̃1|Σ = 0,
{

p̃1, p̃1

}
Σ

= 0 and thereforeP is not

microlocally hypoelliptic forλ =−(2 j +1) with a loss of regularityr ≤ 3/2.

In Helffer [8] nothing is mentioned about the local (non) solvability of the op-
eratorP (4) at the origin, about the existence of solution of the equation P∗u = f ∈C∞

with fixed singularityWFu=
{

ρ0
}

etc.

PROPOSITION1. The operator(4) and withλ =−(2 j +1) for some j∈ Z+ is
locally nonsolvable at the origin and in D′. Moreover, P∗ is not microlocally hypoel-
liptic and possesses a distribution solution with fixed singularity at ρ0 = (0, 0; 0, ξ0

2 >
0) ∈CharP. More precisely, let t< s and s be fixed. Then one can find u∈D′ and such
that P∗u = f ∈C∞, WF(u) =

{
ρ0
}

, u∈ Ht
mcl(ρ

0) but u 6∈ Hs
mcl(ρ

0).

EXAMPLE 3. As we saw in Example 2 the operator (4) does not enter in the
frames of Theorem 3. Because of this reason we study inR3 the operator

(5) P = D2
1 +x2

1D2
2 + λD2+D3+ ix3D2, λ =−(2 j +1), j ∈ Z+.

and itsL2 adjoint operatorS= P∗ = D2
1 +x2

1D2
2 + λD2+D3− ix3D2, λ =−(2 j +1).

Our investigation will be microlocally near the pointρ0 = (0, 0, 0; ξ1 = 0, ξ0
2 >

0, ξ3 = 0). Evidently,p′1 = λξ2 + ξ3 + ix3ξ2, specFp0 = {±iξ2}; we takeλ1 = ξ2 > 0

and thereforẽp1 = ξ3 + ix3ξ2,
1
i

{
p̃1, p̃1

}
Σ

= −2ξ2 < 0. Thus the operatorP (5) is

microhypoelliptic atρ0 with sharp loss of regularityr = 3/2. Assume thatλ 6= 2 j +1,
∀ j ∈ Z+, λ ∈ R. Then in a conical neighborhood ofρ0 we have thatp′1(ρ)+ (2 j +
1)ξ2 = (λ + 2 j + 1)ξ2 + ξ3 + ix3ξ2 6= 0 for eachj ∈ Z+ and according to Theorem 2
((iii ) is satisfied) we have that the operatorP (5) is microhypoelliptic atρ0 with sharp
loss of regularity 1.

PROPOSITION2. The operator(5), λ = −(2 j +1), j ∈ Z+ is not locally solv-
able at the origin, while S= P∗ is not (micro)locally hypoelliptic (atρ0) at the origin
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in R3. More precisely, let t< s and s be fixed. Then there exists u∈ D′ such that
Su= f ∈C∞, WF(u) = {ρ0}, u∈ Ht

mcl(ρ
0), while u 6∈ Hs

mcl(ρ
0).

We point out that there are possible generalizations of the results formulated in
Propositions 1, 2. To do this we must use the definitions of symplectic manifold, the
properties of Fourier integral operators and impose such conditions on the full symbol
p(x, ξ) that the corresponding microlocal form ofp will be of the type (4), (5). Other
possible generalizations are in the caseν ≥ 2. We omit the corresponding results as
they are purely technical and we prefer to fix the ideas on the level of instructive exam-
ples that can be considered as appropriate microlocal formsof operators with double
symplectic characteristics.

The paper is organized as follows. In Section 2 we propose some useful re-
sults about Hermite polynomials and Hermite functions. In Section 3 we construct
distribution solution of the equation:P∗u = f ∈C∞ with prescribed singularity ofu:
WF(u)∩V =WFs(u)∩V = N. HereP is defined by (4) or (5). In Section 4 it is proved
the local nonsolvability of (4), (5). “Grosso modo” the proof of Proposition 2 imitates
the proof of Proposition 1. As it concerns Theorem 3, we give in a small Appendix
a short sketch of the proof, avoiding the use of Hermite pseudodifferential operators.
Our proof is elementary as it is based on a simple identity inL2.

At the end of this section we shall mention that there is a renewed interest to
the problems of hypoellipticity and subellipticity for operators with double symplectic
characteristics (see for example [17], [18]).

2. Some useful results about Hermite polynomials and Hermite functions

1. We shall begin with several definitions.

DEFINITION 1. Hermite polynomials are defined by the formula

Hn(x) = (−1)nex2 dn

dxn

(
e−x2

)
, n∈ Z+, degHn = n.

Evidently,Hn(−x) = (−1)nHn(x), i. e. H2n+1(x) is an odd function⇒H2n+1(0)
= 0, whileH2n(x) is even. Moreover,H2n(0) 6= 0. One can see thatH0(x) = 1,H1(x) =
2x, H2(x) = 4x2−2. It is known that the following recurrent formulas hold:

(6) H ′n(x) = 2nHn−1(x), n≥ 1, Hn+1(x)−2xHn(x)+2nHn−1(x) = 0.

Evidently,H3(x) = 8x3−12x (see (6) forn = 2).

The Hermite polynomials satisfy the ODE:

H ′′n −2xH′n+2nHn = 0, n≥ 0,

i. e.
d
dx

(
e−x2 dHn

dx

)
+2ne−x2

Hn = 0.
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Integrating by parts one obtains:
Z ∞

−∞
Hn(x)Hm(x)e−x2

dx=

{
0, n 6= m
2nn!
√

π, n = m.

DEFINITION 2. Hermite functions are defined by

(7) ψn(x) = hn(x)e
− x2

2 ,

where hn(x) =
Hn(x)
‖Hn(x)‖

, ‖Hn‖=
√

2nn!
√

π.

Therefore,
Z ∞

−∞
hn(x)hm(x) = δn,m andδn,m is the Kronecker symbol.

2. It is well known that{ψn} form an orthonormal basis inL2(R
1) and bases in

the Schwartz spacesS (R1), S ′(R1) ( [1,2]).

Consider now the Hermite seriesu =
∞

∑
n=0

cnψn, wherecn = 〈u, ψn〉.

Thenu∈ S (R1)⇔ ∀m∈ Z+ there exists a constantc̃m > 0 and such that|cn| ≤
c̃m(1+n)−m, for eachn∈ Z+ ( [2]).

Similarly, u∈ S ′(R1)⇔ ∃m0 andc̃0 > 0 such that|cn| ≤ c̃0(1+ n)m0 for each
n∈ Z+.

One can easily see that for each fixedξ2 > 0 the system

{
ψn

(
xξ

1
2
2

)
ξ

1
2
2

}
forms

an orthonormal basis inL2(R
1).

Below we propose the very important inequality of Cramer (Cramer – Charlier):

|Hn(x)|e−
x2
2 ≤ k

√
2nn!,

where the constantk = 1,086435. . . (see [1]).

Define now the following differential operators:

(8) M1 =
d
dx

+x, M2 =
d
dx
−x.

The one guesses that

(9) M1ψn =
√

2nψn−1, n≥ 1.

Let n = 0. ThenM1ψ0 = 0, i. e. (9) holds for eachn≥ 0 if we defineψ−1 = 0.

In a similar way we obtain

(10) M2ψn =−
√

2(n+1)ψn+1, n≥ 0.

Combining (9), (10) we get:

M1M2ψn =−2(n+1)ψn⇒
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(11)

(
d2

dx2 −x2
)

ψn =−(2n+1)ψn, ∀n≥ 0.

Iterating the formulaM2ψ0 =−
√

2ψ1 we obtainMn
2ψ0 = (−1)n2

n
2
√

n!ψn, n≥ 0, i. e.

ψn = (−1)n Mn
2ψ0√
2nn!

=
(−1)n
√

2nn!

(
d
dx
−x

)n

ψ0, n≥ 0.

Having in mind thatψ0 =
e−

x2
2

4
√

π
we have

(12) ψn =
(−1)n

√
2nn!
√

π

(
d
dx
−x

)n

e−
x2
2 , n≥ 0.

Combining (12) and the fact thate−
x2
2 ∈ S (R1) we conclude that the Fourier transform

ψ̂n is given by

(13) ψ̂n(ξ) =
√

2π(−i)nψn(ξ).

3. Construction of solutions of the equationsQu = f1, Sv= f2 ∈ C∞ with pre-
scribed singularity

1. We shall deal at first with the operator (4) and itsL2 adjoint operatorQ = P∗ =

D2
1+x2

1D2+λD2+D1− ix1D2, λ∈R
1. We shall denote bŷ̂u(x1, ξ2) the partial Fourier

transformation ofu∈ S ′(R2) with respect tox2 (x2→ ξ2). ThenQu= 0 implies

(14) ̂̂Q ̂̂u =
(
D2

1 +x2
1ξ2

2 + λξ2+D1− ix1ξ2
)̂̂u = 0

and forξ2 > 0 we make the following change of the variablex1 in the homogeneous

ODE (14):y1 = x1ξ
1
2
2 . Then (14) takes the form:

(15) −ξ2

(
d2

dy2
1

−y2
1−λ + iξ−

1
2

2

(
d

dy1
+y1

))
̂̂u(y1, ξ2) = 0.

Certainly,M1 =
d

dy1
+y1 according to (8).

In a similar way we obtain:

̂̂P ̂̂u = 0⇔−ξ2

(
d2

dy2
1

−y2
1−λ + iξ−

1
2

2 M2

)
̂̂u = 0, ξ2 > 0, M2 =

d
dy1
−y1.

In the caseλ =−(2 j +1), j ∈Z+ we are looking for the kernel of (14) inS ′(R1)
and forξ2 > 0 being a fixed parameter. As we know from Section 2,{ψn(y1)} form
bases inL2(R

1) andS ′(R1). Therefore,

̂̂u =
∞

∑
n=0

cnψn(y1)
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and according to (15)̂̂Q ̂̂u = 0, i. e.
∞

∑
n=0

cn

[
−(2n+1)ψn+(2 j +1)ψn+ iξ−

1
2

2

√
2nψn−1

]
= 0, ψ−1≡ 0.

This way we obtain the following infinite linear system for the unknown coeffi-
cientscn:

(0) : 2c0 j + ic1ξ−
1
2

2

√
2 ·1= 0

(1) : 2( j−1)c1+ ic2ξ−
1
2

2

√
2 ·2 = 0

(2) : 2( j−2)c2+ ic3ξ−
1
2

2

√
2 ·3 = 0

. . .

(n−1) : 2( j−n+1)cn−1+ icnξ−
1
2

2

√
2 ·n= 0

(n) : 2( j−n)cn+ icn+1ξ−
1
2

2

√
2(n+1) = 0

(n+1) : 2( j−n−1)cn+1+ icn+2ξ−
1
2

2

√
2(n+2) = 0

. . .

If j = n (see equation(n)) the constantcn = c j is arbitrary butcn+1 = 0. Then
the(n+1) equation implies thatcn+2 = 0, etc. Therefore,c j+k = 0 for eachk≥ 1. We

conclude that for each fixedξ2 > 0, dimKer ̂̂Q = 1, Ker ̂̂Q⊂ S (R1) and

̂̂u(y1) =
j

∑
k=0

ckψk(y1),

where

c j−1 =− ic jξ
− 1

2
2

√
2 j

2 ·1 ,

c j−2 =− ic j−1ξ−
1
2

2

√
2( j−1)

2 ·2 =

(
−iξ−

1
2

2

)2 √2 j
√

2( j−1)

22 ·1 ·2 c j ,

. . .

c j−l =

(
−iξ−

1
2

2

)l √2 j
√

2( j−1) . . .
√

2( j− l +1)

2l l !
c j , j ≥ l ≥ 1,

. . .

c0 =

(
−iξ−

1
2

2

) j 1

2
j
2
√

j!
c j .

We shall takec j = 1. Then fork = j− l , 1≤ l ≤ j we have:

ck =

(
−iξ−

1
2

2

) j−k √ j( j−1) . . .( j− ( j−k−1))

2
j−k
2 ( j−k)!

, k = 0, 1, . . . , j−1.

To simplify the notations we write

ck =

(
−iξ−

1
2

2

) j−k

c̃k, c̃k 6= 0, 0≤ k≤ j−1, c̃ j = c j = 1.
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Going back to the old coordinatex1 we have:

̂̂u(x1, ξ2) =
j

∑
k=0

ckψk(y1) =
j

∑
k=0

c̃k

(
−iξ−

1
2

2

) j−k

ψk

(
x1ξ

1
2
2

)

= ∑ j
k=0 c̃k

(
−iξ−

1
2

2

) j−k Hk

(
x1ξ

1
2
2

)

‖Hk‖
e−

1
2x2

1ξ2, ξ2 > 0.

Let ψ(ξ2)∈C∞(R1), ψ = 0 for ξ2∈ (−∞, 1], ψ(ξ2) = 1 for ξ2≥ 2, 0≤ψ(ξ2)≤
1 for ξ2 ∈ [1, 2].

One can easily see that for each constanta∈ R1 the function

(16)

ua(x1, x2) =

Z ∞

−∞
eix2ξ2ψ(ξ2)ξa

2
̂̂u(x1, ξ2)dξ2 =

=
j

∑
k=0

c̃k

Z ∞

−∞
eix2ξ2− 1

2x2
1ξ2ψ(ξ2)ξa

2

(
−iξ−

1
2

2

) j−k Hk

(
x1ξ

1
2
2

)

‖Hk‖
dξ2.

satisfies the equationQu= 0.

The integral (16) is rapidly oscillating and it enters in theHörmander scheme
from Vol. I of his monograph [14] (see Chapter VII, Section 7.8, Th. 7.8.2, Th. 7.8.3
and Section 8.1, Th. 8.1.9). In fact, the amplitudes are of the type

ψ(ξ2)ξa
2ξ

k− j
2

2 Hk

(
x1ξ

1
2
2

)
∈ S

a− j
2+k

1,0 , 0≤ k≤ j.

The phase function of (16)

iφ = ix2ξ2−
x2

1

2
ξ2 = iξ2

(
x2 +

i
2

x2
1

)
, ℑφ =

ξ2x2
1

2
≥ 0,

asφ = ξ2
(
x2 + i

2x2
1

)
and evidently,dx,ξφ = (ix1ξ2, ξ2 6= 0; 0, x2+ i

2x2
1) 6= 0, asξ2≥ 1.

Certainly,φ(x, tξ) = tφ(x, ξ), ∀t > 0. Then

WF(ua)⊂
{
(x, φx) : φξ2

= 0
}

= {(x1 = 0, x2 = 0; ξ1 = 0, ξ2 > 0)} .

Thus,ua ∈C∞(R2\(0, 0)) as sing suppua⊂ {(0, 0)}.
2. We shall study now the behavior ofxαDβua(x) for |x| ≥ ε0 > 0 andε0 is

arbitrary small.

Evidently,

(17)
xβDα1

1 Dα2
2 ua(x) = xβ

j

∑
k=0

Z ∞

−∞
eix2ξ2ξa+

α1
2 +α2

2 ×

× ψ(ξ2)c̃k

(
−iξ−

1
2

2

) j−k(
Dα1

1 ψk
)(

x1ξ
1
2
2

)
dξ2.
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On the other hand,

eiφ = ∂N
ξ2

(
eiφ)

/
iN
(

x2 +
i
2

x2
1

)N

for |x| ≥ ε0

and for arbitraryN ∈ N.

According to the theory of Fourier integral operators with complex phase func-
tion, we can integrate by parts with respect toξ2 in (17) as its phase function isiφ and
its amplitude belongs to some classSm

1,0.

This way we conclude that

(18)
∣∣∣xβDαua(x)

∣∣∣≤Cαβ for |x| ≥ ε0, ∀(α, β) ∈ Z
2
+.

Of course,Cαβ > 0 are appropriate constants.

Introduce now the cut off functionη(x) ∈C∞
0 (R2), η≡ 1 near(0, 0), 0≤ η≤ 1.

According to (18),u = ηu+(1−η)u and(1−η)u∈ S (R2).

Having in mind thatρ0 = (0, 0; 0, ξ0
2 > 0) ∈WF(ua) we conclude that̂ηua(ξ)

is rapidly decreasing in the angleΓ1 = {(ξ1, ξ2) : eitherξ2 < 0 or 0≤ ε0ξ2 ≤ |ξ1|},
0 < ε0≪ 1 and is not decreasing in the angleΓ2 = {(ξ1, ξ2) : ε0ξ2 ≥ |ξ1|}.

The above mentioned words enable us to conclude thatua ∈ Ht(R2)⇔ ua ∈
Ht

mcl(ρ
0), i. e.

ZZ (
1+ |ξ|2

)t |ûa(ξ)|2 dξ < ∞⇔
ZZ

Γ2

(
1+ |ξ|2

)t |ûa(ξ)|2dξ < ∞.

But in Γ2 we have thatξ2
2 ≤ |ξ|2 ≤ (1+ ε2

0)ξ2
2 and consequently(1+ |ξ|)t ∼ (1+ ξ2

2)
t

in Γ2. So

(19) ua ∈Ht(R2)⇔
ZZ

Γ2

(1+ ξ2
2)

t |ûa(ξ)|2dξ < ∞.

Then the definition (16) ofua gives us that

ûa(ξ1, ξ2) =

Z

e−ix2(ξ2−θ)
j

∑
k=0

θa− 1
2 ψ(θ)c̃k

(
−iθ−

1
2

) j−k
ψ̂k

(
ξ1

θ
1
2

)
dx2dθ.

Applying (13) to the previous integral we get

ûa(ξ1, ξ2) =
√

2π(−i) j R

θa− 1
2 ψ(θ)∑ j

k=0 c̃kθ
k− j

2 ψk

(
ξ1

θ
1
2

)
×

×
[

Z

e−ix2(ξ2−θ)dx2

]
dθ = (−i) j

√
2πξa− 1

2
2 ψ(ξ2)×

×
j

∑
k=0

c̃kξ
k− j

2
2 ψk


 ξ1

ξ
1
2
2


 .

In fact,
Z

e−ix2(ξ2−θ)dx2 = δ(ξ2−θ), δ being the Dirac delta function.
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Applying (19) we get that

ua ∈ Ht(R2)⇔
Z ∞

−∞
(1+ ξ2

2)
t+a− 1

2




Z ∞

−∞

∣∣∣∣∣∣

j

∑
k=0

c̃kξ
k− j

2
2 ψk


 ξ1

ξ
1
2
2



∣∣∣∣∣∣

2

dξ1


dξ2 < ∞.

On the other hand,{ψk(y1)} form an orthonormal basis inL2(R
1) and

Z ∞

−∞

∣∣∣∣∣∣

j

∑
k=0

c̃kξ
k− j

2
2 ψk


 ξ1

ξ
1
2
2



∣∣∣∣∣∣

2

dξ1 = ξ
1
2
2

Z ∞

−∞

∣∣∣∣∣
j

∑
k=0

c̃kξ
k− j

2
2 ψk(y)

∣∣∣∣∣

2

dy=

= ξ
1
2
2

j

∑
k=0

|c̃k|2 ξk− j
2 , i. e.

(20) ua ∈ Ht(R2)⇔
j

∑
k=0

Z ∞

−∞
(1+ ξ2

2)
t+a− 1

4 ψ2(ξ2) |c̃k|2 ξk− j
2 dξ2 < ∞.

We have takeñc j = 1 and therefore the integral participating in (20) is< ∞ iff 2 t +

2a− 1
2

< −1⇔ t + a < −1
4
⇔ t < −a− 1

4
. Puts= −a− 1

4
. Evidently, the integral

(20) is divergent fort +a =−1
4

, i. e. fort = s.

CONCLUSION. ua ∈Ht
mcl(ρ

0)⇔ t < s, while ua 6∈Hs
mcl(ρ

0). This way we have
constructed the solution ofQu= 0 (4) with WF(ua) = {ρ0}, ua ∈ Ht

mcl(ρ
0) for each

t < s, ua 6∈ Hs
mcl(ρ

0) ands is arbitrary real number.

3. To prove the existence of a solution with prescribed singularity of the equa-
tion P∗u= f ∈C∞, whereP is given by (5), we make the partial Fourier transformation
with respect tox2 in Su= 0, u = u(x1, x2, x3), S= P∗. Thus,

̂̂Ŝ̂u =
(
−∂2

x1
+x2

1ξ2
2 + λξ2− i (∂3 +x3ξ2)

)̂̂u = 0,

wherê̂u = ̂̂u(x1, ξ2, x3), x2→ ξ2, −λ = 2 j + 1. Our investigation will be microlocal
near the pointρ0 = (0, 0, 0; ξ1 = 0, ξ0

2 > 0, ξ3 = 0) ∈ Σ where

Σ =
{
(x, ξ) : x1 = ξ1 = 0, ξ 6= 0, (x, ξ) ∈ R

6
}

.

The change

∣∣∣∣∣
y1 = x1ξ

1
2
2

y3 = x3ξ
1
2
2

, ξ2 > 0 in the equation̂̂Ŝ̂u = 0 leads to the following PDE:

(21)

[
∂2

y1
−y2

1−λ + iξ−
1
2

2 (∂y3 +y3)

]
̂̂u(y1, ξ2, y3) = 0

and (21) is an equation with separate variables. We are looking for ̂̂u(y1, ξ2, y3) =
Cψ j(y1)ψ0(y3) with C = const> 0 andψ j(y1), ψ0(y3) are the corresponding Hermite



332 P. R. Popivanov

functions defined in Section 2 (see (7), (11)):

(
∂2

y1
−y2

1+2 j +1
)

ψ j(y1) = 0, ψ0(y3) =
1

4
√

π
e−

1
2y2

3, (∂y3 +y3)ψ0 = 0.

TakingC = 1 we have that the function

̂̂u(x1, ξ2, x3) = ψ j

(
x1ξ

1
2
2

)
ψ0

(
x3ξ

1
2
2

)
=

=

H j

(
x1ξ

1
2
2

)

4
√

π‖H j‖
e−

1
2(x2

1+x2
3)ξ2 ∈ S

(
R

2
x1,x3

)

belongs to the kernel of the operator̂̂S for each fixed valueξ2 > 0 of the parameterξ2.
To prove the existence of a solution with prescribed singularity of Su= f ∈C∞ we use
instead of the function (16) the following function

va(x1, x2, x3) =

Z ∞

−∞
eix2ξ2−

ξ2
2 (x2

1+x2
3)ψ(ξ2)ξa

2

H j

(
x1ξ

1
2
2

)

4
√

π‖H j‖
dξ2.

ThenSva = 0,WF(va) = {ρ0}, va ∈ Ht
mcl(ρ

0)⇔ t < s= −a− 1
4

; va 6∈ Hs
mcl(ρ

0). The

proof of these facts is the same as in the case of the operatorQ and we omit the details.

The proof of the nonsolvability of the operators (4), (5),λ =−(2 j +1), j ∈ Z+

will be given in Section 4.

4. Local nonsolvability in D′ of the operators (4), (5) in the caseλ = −(2 j + 1),
j ∈ Z+

1. As is well known if the PDOP(x, D) with C∞ coefficients is locally solvable at the
origin 0∈ Rn and inD′ then the following a-priori estimate holds.

There exists a neighborhoodω ∋ 0, an integerN ∈ N and a constantCN > 0
such that

(22)

∣∣∣∣
Z

f (x)v(x)dx

∣∣∣∣ ≤CN ∑
|α|≤N

sup|Dα f | ∑
|α|≤N

sup|DαP∗v| , ∀ f , v∈C∞
0 (ω).

Therefore, in order to prove the local nonsolvability of theoperatorP (4), (5),
P∗ = Q or P∗ = Swe must violate (22) for arbitrary but fixedω, N, CN. The proof here
repeats with some changes the proof of Theorem 1 from [12]. Because of this reason
we shall not give everywhere the details. Moreover, we shallconcentrate on the case
(4), i. e.P∗ = Q in (4.1).

2. Introduce now the functionη(ρ) ∈C∞
0 (R1), η ≥ 0,

R

η(ρ)dρ = 1, suppη ⊂
[1, 2], 0 < η(ρ) < 1 for ρ ∈ (1, 2). We consider the functionF ∈C∞

0 (R2), such that
RR

F(x1, x2)dx1dx2 = 1 and define

fλ(x1, x2) = F(λ2x1, λ2x2), λ≥ 1, λ – parameter,
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in the casej – even.

In the casej – odd we define

(23) fλ(x) =
∂

∂x1

(
F
(
λ2x1, λ2x2

))
.

Evidently, suppfλ ⋐ ω for λ≥ λ0≫ 1.

From the considerations in Section 3 we know that

u(x1, x2) =

Z ∞

−∞
η(ξ2)e

ix2ξ2

j

∑
k=0

c̃k

(
−iξ−

1
2

2

) j−k

ψk

(
x1ξ

1
2
2

)
dξ2 ∈C∞(R2)

satisfies the equationQu= 0.

Put

uλ(x1, x2) =

Z ∞

−∞
η(ξ2)e

iλx2ξ2

j

∑
k=0

˜̃ck (λξ2)
− j−k

2 ψk

(
x1

√
λξ2

)
dξ2,

wherẽc̃k = (−i) j−kc̃k.

Then uλ(x) ∈ C∞(R2) and Quλ = 0, ∀x ∈ R
2, λ ≥ 1. Let ω′ ⋐ ω′′ ⋐ ω be

neighborhoods of the origin and the functionϕ ∈ C∞
0 (R2) be equal to 1 onω′, 0≤

ϕ(x)≤ 1 for x∈ ω andϕ = 0 outsideω′′. Evidently, ∑
|α|≤N

sup|Dα fλ| ≤ constλN+2.

Define now
vλ(x) = ϕ(x)uλ⇒ suppvλ ⋐ ω.

ThenQvλ = ϕQuλ +[Q, ϕ]uλ = [Q, ϕ]uλ and supp[Q, ϕ]⊂ ω′′\ω′.
As we mentioned before there are two cases to be studied: a)j – even⇒

ψ j(0) 6= 0, b) j – odd⇒ H j(0) = 0⇒ ψ j(0) = 0. In the case b) we have that ac-
cording to (6)

∂x1ψ j(0) =
H ′j(0)

‖H j‖
=

2 jH j−1(0)

‖H j‖
6= 0, j ≥ 1.

We shall investigate the case a) only. Let us estimate the left hand side of (22),
namelyIλ =

RR

fλ(x)vλ(x)dx. The standard change of the variablesy1 = λ2x1, y2 =
λ2x2 in the previous integral gives us that

lim
λ→∞

λ4Iλ = ϕ(0, 0)
ZZZ

F(y1, y2)η(ξ2)̃c̃ jψ j(0)dy1dy2dξ2 = ψ j(0) 6= 0

as˜̃c j = c̃ j = 1, i. e.

(24) Iλ = λ−4(ψ j(0)+o(1)), λ→ ∞.

In estimating sup|Dα(Qvλ)|, |α| ≤ N we have in mind thatQvλ = [Q, ϕ]uλ =
ϕ1uλ and the functionϕ1 ∈C∞

0 (R2), suppϕ1⊂ ω′′\ω′, does not depend onλ.
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The Leibnitz rule gives us the typical term participating inDα(Qvλ) = Dα(ϕ1uλ):

(25)
Dα1

x1
Dα2

x2
uλ =

Z ∞

−∞
η(ξ2)e

iλx2ξ2ξα2+
α1
2

2

j

∑
k=0

˜̃ck (λξ2)
− j−k

2 ×

×
(
Dα1

x1
ψk
)(

x1

√
λξ2

)
dξ2 ·λα2+

α1
2 .

Certainly,λα2+
α1
2 ≤ λN.

We shall consider two different cases in estimating sup|Dα(ϕ1uλ)|:
I) |x1| ≥ ε0 > 0 and II)|x2| ≥ ε0, 0< ε0≪ 1. In fact,ϕ1≡ 0 near the origin.

Case I. The Hermite functionψk ∈ S (R1)⇒ Dα1
x1 ψk ∈ S (R1) and therefore for

each integerM ≥ 1 there exists a constantCM > 0 and such that

∣∣∣
(
Dα1

x1
ψk
)(

x1

√
λξ2

)∣∣∣≤ CM(
1+
∣∣∣x1
√

λξ2

∣∣∣
)2M ≤ ε−2M

0
CM

λM

as
∣∣∣x1
√

λξ2

∣∣∣≥ ε0
√

λ for ξ2 ≥ 1.

From (25) we obtain in the case I and for|α| ≤ N that

(26)
∣∣Dα1

x1
Dα2

x2
uλ
∣∣≤ C̃MλN−M

Z ∞

−∞
η(ξ2)dξ2 = C̃MλN−M

as j ≥ k, λ≥ 1, 1≤ ξ2≤2⇒ (λξ2)
− j−k

2 ≤1. Assume now that|x2| ≥ ε0 > 0. Evidently,
for each integerM ≥ 1 we have

∂M

∂ξM
2

(
eiλx2ξ2

)
= (iλx2)

M eiλx2ξ2

and we can integrate by parts in (25) with respect toξ2.

Thus, in the case II we get:

(27)
Dα1

x1
Dα2

x2
uλ =

λ
α1
2 +α2(−1)M

(iλx2)M

Z ∞

−∞
eiλx2ξ2

∂M

∂ξM
2
×

×
[

η(ξ2)ξ
α1
2 +α2

2

j

∑
k=0

˜̃ckλ
k− j

2 ξ
k− j

2
2

(
Dα1

x1
ψk
)(

x1

√
λξ2

)]
dξ2,

|iλx2|M ≥ λMεM
0 .

Using the fact that we are integrating in the interval 1≤ ξ2 ≤ 2 we conclude
that the “most dangerous term” in the previous integral (i. e. the term containing the

highest power ofλ for 0≤ k ≤ j) is:
∂M

∂ξM
2

[(
Dα1

x1
ψ j
)(

x1

√
λξ2

)]
. Having in mind

that

∣∣∣∣
(

∂l

∂ξl
2

Dα1
x1

ψ j

)(
x1

√
λξ2

)]
≤Cl ,α1 = const we obtain that the highest power of
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λ arising in the integral of (27) isλ
M
2 asx1

√
λξ2 = x1

√
λ
√

ξ2. More precisely, “the
most dangerous term” is:

(28) (−1)M

(
x1
√

λ
2

)M

ξ−
M
2

2

(
∂M

∂ξM
2

Dα1
x1

ψ j

)(
x1

√
λξ2

)
.

Consequently, in the case II and for|α| ≤N (28)|Dαuλ| ≤DMλN−M/2, DM = const> 0.
Combining (24), (26) and (28) we violate (22) forλ→∞ asM is arbitrary integer. This
way we complete the proof of the nonsolvability of the operator (4),−λ = 2 j + 1 in
the casej – even.

3. The casej – odd is studied in a similar way. In fact, thenfλ is given by (23)

and therefore|Iλ|=
∣∣∣∣
Z

fλvλ

∣∣∣∣=
∣∣∣∣
Z

F(λ2x)
∂vλ
∂x1

∣∣∣∣,
∂ψ j
∂x1

(0) 6= 0, etc.

To prove the local nonsolvability of the operator (5) at the origin we violate
(22) by using the following functions:fλ(x) = F(λ2x), x∈R3 andwλ = ϕ(x)vλ, where
ϕ ∈C∞

0 (R3), ϕ≡ 1 near the origin and

vλ =

Z ∞

−∞
η(ξ2)e

iλx2ξ2
H j

(
x1
√

λξ2

)

4
√

π‖H j‖
e−

λ
2(x2

1+x2
3)ξ2dξ2.

We assumej – even and as in the previous case we estimateDαvλ in two situa-
tions: I) |x2| ≥ ε0 > 0 and II)|x2| ≤ ε0(⇒ x2

1 +x2
3≥ ε2

0 on suppDϕ), etc.

5. Appendix

Short sketch of the proof of the microhypoellipticity of theoperator (5),λ =−(2 j +1)
will be given here.

1. We are working in a conical neighborhood of the pointρ0 = (0,0,0; 0,1,0),

i. e. in the coneΓ =
{

ξ ∈ R3\0 : ξ2 ≥ ε0

√
ξ2

1 + ξ2
3

}
, ε0 > 0. Consider now the iden-

tity ‖Pu‖20 = ‖P∗u‖20 +([P∗, P]u, u) . In our caseP = D2
1 +x2

1D2
2− (2 j +1)D2 +D3 +

ix3D2. PutQ = Q∗ = D2
1 +x2

1D2
2− (2 j +1)D2; R= D3 + ix3D2, R∗ = D3− ix3D2.

Thus,[P∗, P] = [Q+R∗, Q+R] = [Q, R−R∗]+ [R∗, R] = 2i [Q, x3D2]+2D2 =
2D2, as[Q, D2] = 0. Therefore

(5.1) ‖Pu‖20≥ c‖u‖2
H

1
2

mcl(ρ
0)

, c = const> 0,

asu∈ H
1
2

mcl(ρ
0)⇔ R

Γ
(
1+ ξ2

2

)2 |û(ξ)|2dξ < ∞.

Assume now thatPu= f ∈ Hs
mcl(ρ

0). Then|D2|s f ∈ L2, |D2|s f = |D2|sPu=

P(|D2|su)⇒ |D2|su ∈ H
1
2
mcl(ρ

0) according to (5.1) and consequentlyu ∈ H
s+ 1

2
mcl (ρ0).

The estimate (5.1) holds for eachλ ∈R1 in (5) too.
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2. It is interesting to study the operatorP = D2
1 +x2

1D2
2 +λD2 +D3 + ix2k+1

3 D2.
By using the repeated Poisson brackets technique one can expect to prove microlocal

hypoellipticity ofP atρ0 with loss of regularityr = 1+
2k+1
2k+2

. Fork = 0 this is (5.1).

We mentioned above that the examples here proposed can be generalized in
the frames of theC∞ category. On the other hand side, it is very interesting to in-
vestigate the same operators in the Gevrey spaces. A precisemicrolocal analysis of
several classes ofψdo with multiple characteristics and in Gevrey spaces is given in
the Rodino’s monographs [15], [16]. We hope that a combination of the approach there
and the technique of the Hermite operators will enlarge the scope of the microlocal
analysis and its applications.
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