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U. Zannier

ON THE HILBERT IRREDUCIBILITY THEOREM

Abstract. We discuss the Hilbert Irreducibility Theorem, presentimigfly a new approach
which leads to novel conclusions, especially in the contéaigebraic groups. After a short
survey of the issues and of the known theory, we shall iltstthe main principles and
mention some new results; in particular, we shall stateia éralogue of Bertini's Theorem
and a lifting theorem for rational points on a cover of a poafean elliptic curve.

1. Introduction

This paper is an expanded version of a ‘Lezione Lagrangjaedivered on 12 March,
2009, at the Dipartimento di Matematica dell’'Universitddrino. | am grateful to the
Organizers for the kind invitation.

| shall discuss some aspects of the Hilbert Irreducibilihedrem and, in ac-
cordance with the general spirit of this series of lectureball not insist on technical
details. | shall present some new results from the recergnd@p] (where complete
proofs may be found). In a way, this prevents me from givingtited survey of the
topic from its origin, as | would have desired. Neverthelestsall start with the basics
of the context and | shall recall many Examples.

Basics of Hilbert Irreducibility Context. The Hilbert Irreducibility Theorem
(HIT from now on) was first stated and proved by Hilbert in 1983]. It roughly
asserts that for polynomials in several variables irrdolecover the rational field,
there always exist rational specializations of some of #rgables which preserve ir-
reducibility. Hilbert himself proved the theorem for araity number field in place
of Q, and later this was extended to other classes of fields. Herghall always work
over a number fieldt. Let us state in precise terms one of the basic forms of HIT:

Given polynomials if..., fm € K[t1,...,tr,y] irreducible over k, where r is a
positive integer, there exist specializations-t & € k such that all the specialized
polynomials f(&1,...,&,y), i =1,...,m, remain irreducible in J].

An amusing and illustrative Example occurs for a single polyial of the form
y? —g(t); the theorem now states tha(£) is a perfect square i for all & € Q then
g is the square of a polynomiale encourage the possible readers who may expect
this to be too easy, to convince themselves that this is rite ga.

The above one is a natural statement, which may be seen adtlfanatical
analogue of the Bertini Irreducibility Theorem in AlgetwaGeometryt It has close
connections with the theory of diophantine equations, airdits several important
applications, for instance to ttieverse Galois Problerof the realization of extensions
L/Q with a given finite Galois group.

1In fact, Bertini’s Theorem leads very quickly to a functioaldi version of HIT.
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For givenfy,..., fm, let us callgooda point(&s,...,&) € k' with the stated
property, so the HIT asserts the existence of good pointsyatter the set of irreducible
polynomialsf;. This in a sense concludes the matter; however the main lest@mes
now to obtain properties more precise than existence, eoimgethe distribution of
good points. Actually, a first result in this sense appeamast statements of HIT,
namely that good specializations are Zariski-dendé ifwhich is essentially implicit
also in the above statement).

Many other properties of good points have been proved shreceriginal state-
ment of Hilbert; for instance, they can be taker¥inand they are distributed ‘densely’
in various meanings: ‘almost all’ points (asymptotically}." are good (Dorge, Siegel,
S.D. Cohen, Bombieri—Pila, Heath-Brown,...), good pottdstain whole arithmetic
progressions (Schinzel) and they are densp-adic spaces (Eichler, Fried,...). (For
these and other properties and for references to origirnngave refer to the books
[11, 16, 20, 21]; see also the papers [19, 26].)

In some cases one can even prove the much stronger propdimyjterfiess or
‘degeneracy’ (i.e. not to be Zariski-dense) of the pointk'afhich arenotgood. This
always amounts to some finiteness statement for diophaatjnations; when it can
be done it lies usually very deep, and in fact very often itasvadays unaccessible
(except for the case of subvarieties of semi-abelian vaset e.g. curves — and a few
other situations).

Nevertheless, one does not always expect such degenendcgngway, as in
the above mentioned results, there are other relevanttstal@roperties for good
points which may be proved (which moreover can be amply seiffién applications of
the HIT). Our results go in this direction, i.e. of provingtéxistence of good points in
restricted relevant sets. Before presenting them we skaléeveral explicit instances.

We note that HIT can be formulated in termsanfvers by which we mean a
dominant rational map of finite degree between irreducilddaties An irreducible
hypersurface (ti,. . .,t,y) = 0 defines a covem: Y — A", wherettis the projection
to the firstr coordinates. Then our basic questions can be formulateztinstof the
lifting of rational pointst € A"(k) to Y: when does it happen that *(t) contains a
pointinY(k), or isk-irreducible?

Now, we may changdé" with another varietyX. Situations which are obvi-
ously relevant occur wheX is an algebraic group, because these are the fundamental
varieties where we are able to generate systematicallynatpoints’ Here we shalll
obtain new results for thigting of points in a dense cyclic subgro@pc X(k), for X
either a multiplicative torus or a power of an elliptic curvmder a necessary geomet-
rical condition on Y(see Definition 1e prove thatt*(x) is k-irreducible for each x
in a suitable coset of finite index .

Note that lifting toY a point onX may be seen as lifting tg§ a map toX; an
important issue in doing this is whetherY — X is ramified or not. In fact, this feature
will be the main source of geometrical restrictions allutted

Before presenting new results, we insist with some Examiblestrating many

2The original case of HIT is no exception” = G as a variety.
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results on HIT obtained in the past. For use throughout thpeipave immediately
introduce the following:

Notation

k is a number field, with algebraic clostke= Q.

k¢ is the maximal cyclotomic extension kfi.e. generated ovdeby all roots of
unity.

A variety X/k shall be called K-irreducible’ if it is irreducible over the field
K, omitting the reference ti if K = k. We note that usually for our purposes
to assumek-irreducibility makes no substantial difference: in faiétX is k-
irreducible but reducible ove, the setX(k) lies in the intersection of thi-
components, and thus we are reduced to study a variety of ldwension.

We shall often work withGy,, i.e. then-th power of the multiplicative algebraic
group: itis(A?\ {0})" as a variety, endowed with coordinatewise multiplication.
The torsion points irG]}, are those whose coordinates are roots of unity; their
set shall be denotedl,. We also call aorsion cosetn G}, a translate of an
algebraic subgroup by a torsion point. It is defined by figitelany equations
x§1...xé& = @, wherex; are coordinates o}, & € Z and® is a root of unity.
(See e.g. [1] for simple proofs of this.) Finally, the muligation mapx — xd is
denotedd|.

Eight Examples

ExAMPLE 1. In the above setting, let us take= G,, the additive algebraic
group, andy some algebraic curve. Also, I1& = Z& be the cyclic subgroup of (k)
generated by, € k*. Standard versions of HIT say th@tN (Y (k)) contains at most
O(T€) elements of absolute valye T, wherec = ¢y < 1, which yields many ‘good’
points inQ.3

EXAMPLE 2. In the same situation, Schinzel [17] proved that therstexan
integerq > 0 such that a cos€l of the subgroupZ C Z (i.e. an arithmetic progression
Q) is disjoint fromri(Y (k)).

ExAMPLE 3. The higher-dimensional cade= G}, with corresponding data
Y, Tt, is not essentially different because often we may reducerees: if for instance
the closurd) of Q = Z& in X —a line —is such thaf := 1t (U) C Y is an irreducible
curve, then we may replacé by U andY by V, and obtain as in Example 1 (many)
points of Q outsider(Y(k)). The irreducibility ofV cannot be ignored, because the

3Siegel pointed out, through his finiteness theorem on iategpints on curves ([16, 20]), the best-
possible value = 1/2, nowadays obtained also with different means ([12, 26]).
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degree ofrt on some component could be 1. (We note that a Zariski-derxsesof
lines inX lift to irreducible curves?)

EXAMPLE 4. Now letX = Gy. Asin Example 1, leQ = {&" :r € Z} be a
cyclic subgroup oK (k) = k*, supposed Zariski-dense (i&not a root of unity). Then
one proves (e.g. by Siegel's theorem®integral points) tha€© \ (Y (k)) is infinite
unlessY is birationally equivalent to an unramified cover f namely,t: Y — X
is a factor of[d] : X — Y — X, where the left map is birational. This amounts to
k(Y) = k(x%/4) wherek[x*1] = k|Gn]. (This has been observed by Débes [7] in another
language; for different proofs see [5].)

Note that the restriction o¥ here is genuinely geometric and independent of
k. By extending possibl, this becomes necessary, sinc&(¥) = k(x*/9) we have
Q cm(Y(k)) if € € (k*)9. We see here a first instance of the relevance of ramification
in this context.

Another remark is that, under the said assumption, hereeBdfheorem yields
the expectedinitenesof Q N1(Y(K)). In higher dimensions in general the question
of finiteness remains at the moment very far (but see [5], TBnfor results on the
so-calleddominant rootassumption).

ExAMPLE 5. LetnowX = GJ},. Contrary to the case @#,, to work in arbitrary
dimensiom presents substantial new difficulties. This is becausadjra cyclic group
Q = &% may well be Zariski-dense iX: this happens when the coordinatgs. .., &,
of & are multiplicatively independent, as we now assume. Indiée we cannot reduce
to the case of curves (if > 1).

The alluded obstacles appear already w¥eés a cyclic cover defined by® =
f(X1,...,%n), With (Y, X1,...,%n) = (X1,...,%n). To illustrate this, let us suppose that
Q c (Y (k)), i.e. thatf(§") is ad-th power ink for all r € Z. Note that thef (") are
the values of a linear recurrence, so we fall in the so-c&tiedt d-th root conjecture
in the present language it predicted tlidas then ad-th power times a monomial. As
in Example 4, this amounts 6 — X being unramified. Now, this conjecture was
established in [27], with a method at the basis of what we anegto discuss.

Contrary to the casa = 1, no general finiteness conclusions are available to
date. For some results we refer to [5] or [29], which howesr methods unrelated to
the present paper.

EXAMPLE 6. Let againX = Gp,, but this time let us work not over a number
field k but over the cyclotomic closui€ of k, generated ovéeby all roots of unity. We
takeQ C G,(k®) to be the group of all torsion points. In the paper [8] it isy®d in
particular that either the cov&r— X is unramified, as in Example 4, @ N (Y (k%))
is contained in a proper subvarietyXf(which turns out to be a finite union of proper
torsion cosets oK). See Theorem 5 below.

We shall emphasise how this has strong implications alsoartase of number fields.

4This casen > 1 becomes more difficult if we seek good quantitative bousé= [20, 21] for an account
of bounds by S.D. Cohen, and [15, 12] for other methods aaigih by [2].
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EXAMPLE 7. The methods can be applied also to products GRex G,, as
in [9] in the context of linear recurrences. The paper [4] n@ja, relying for the
arithmetic on [9], obtains an elegant generalization of thiarbitrary linear algebraic
groups? It is proved in particular that iX is such a group, it is smooth andt
is finite, then eithelY — X is unramified or any Zariski-dense semigra@pc X (k)
contains good points.

EXAMPLE 8. Given these results, the problem arises of what happensdo
abelian variety, taking agai® C X(k) to be a dense subgroup. This is stated at p.
53, 85.4 of [21]. IfX is an elliptic curve, then Faltings’ finiteness theoremlsstthe
question: eithel has genus- 1 and ther¥ (k) is finite, orY — X is an isogeny; so
we have a result analogue and stronger than the above onesveip already the case
X = E2 for an elliptic curveE seems to escape from known results. In the final section
of this paper we shall see that this context can be sometieas\ith by the present
methods, by stating as Thm. 2 a HIT for cover&sf

Here we shall very briefly describe a new systematic apprimesinch questions,
including and going beyond the Examples. This method ctmeistwo main stages
and may be very roughly described as follows:

(A) To prove a suitable (explicit) HIT over a big cyclotomic fietd infinite degree
over@Q.

(B) To transfer the irreducibility to points over a number field

A relevant issue here is that, somewhat surprisingly, HIY i@ proved directly over
the big field, actually foexplicit specializations at torsion points (as in [8] — Theorem
5 belowf; hence (A) applies. Then thensfer(B) leads to sharp new versions of HIT
over number fields. This step involves Chebotarev Theordmghwmay be seen as a
0-dimensional version of HIT.

It turns out that all of this, especially the group structaféorsion points, leads
to the sought additional conclusions on the location of @j&pecializations, in the
context of algebraic groups.

We now introduce a natural and most relevant geometricadliion on the
covers, which shall turn out to be necessary and sufficigrddo purposes.

For X a commutative connected algebraic group, wérfét X — X denote the
multiplication map. By ‘irreducible’ we mean througholgtirreducible’ (supposed for
all X,Y in a cover).

DEFINITION 1. We say that the cover: Y — X satisfies the condition (PB)
(‘pull-back’) if for any integer m> 0 the pull-backm|*Y := X x|q Y is irreducible.

5To reduce ta@Gr, andG, the arguments consider subgroups generated by a singlirttatrcomponent
of the identity in the closure of such a subgroup is isomarphiGy, x G§, e=0,1.

6Kuyk proved (see [25]) the hilbertianity of cyclotomic fisldand much more, but such — interesting —
methods and results play no role here.
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For instance: iX = G}, andY : f(xq,...,X,y) = 0, the condition (PB) means
that f(x",...,x",y) is irreducible for allm > 0. ForX = G3, one similarly finds that
(PB) is always trivially verified.

REMARKS 1. (i) Note that this condition is unavoidable for our lifgiilssues. In
fact, suppose tham|*Y is reducible, equal to the uni®hUV of proper closed subsets.
Let Q be any finitely generated (dense) subgrouX¢f). By enlargingk to a finite
extension, assume thdtV are defined ovek and thatQ c [m|(X(k)). Letx € Q and
write x = [m]X for X' € X (k). If Ti(y) = x, the pair(xX,y) is in [m]*Y (k) = U (k) UV (k).
For ‘general’x, this yields a nontrivial splitting of the fibemr(x) into two subsets
defined ovek, soTr1(x) cannot bek-irreducible.

(ii) It may be proved in a simple way (see [30]) that this cdiwdi holds if and only if it
holds form = degr (so it is a ‘computable’ condition) and if and only if the majpas
no nontrival isogeny factors. Note that whaiitself is an isogeny up to birationality,
then (if degt > 1) not only we cannot guarantee irreducibilitymf!(x), but for large
enoughk we shall have C (Y (k)).

Note finally that these conditions involve ramification: atf, isogenies yield precisely
the unramified covers of algebraic groups. (That this playseain lifting points is no
surprise, in the same way it plays a role in lifting maps, aslassical monodromy
theory.)

Let us now give some statements, starting with the ¥aseG,,.

THEOREML. Fori=1,... h,letm :Y; — X := G}, be a cover satisfying (PB).
Then, ifQ is a cyclic Zariski-dense subgroup of i, there exists a coset C of finite
index inQ such that for all xc C and for alli=1,...,h the fibenfl(x) is irreducible
over k.

This result immediately implies a sharp form of the so-chlésot d-th root
conjecture proved in [27] with a method at the basis of the present one.

In the context of abelian varieties, we have the followinglague for powers
of an elliptic curveE without CM:

THEOREMZ2. Fori=1,... h,letm :Y; — E" be a cover satisfying (PB). Then,
if Q is a cyclic Zariski-dense subgroup of (), there exists a coset C of finite index in
Q such that for all xc C and for all i=1,..., h the fiberrt }(x) is irreducible over k.

Theorem 1 looks similar, but can be obtained more rapidlg, tduour results
for cyclotomic fields for which we have no counterpart fordegenerated by torsion
points of abelian varieties (see 84). So, Theorem 2 reqattdgional and more deli-
cate arguments, and we have stated it separately.

Our next result is a simple application of the method in thecfion field con-
text: we offer a toric analogue of Bertini Theorem, whereeaigic subgroups d&h,
replace linear subspaces. We denotéBythe translate of the algebraic subgrdap
by the torsion poin®.
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THEOREM3. Letmt:Y — G, be a cover satisfying (PB). Then there is a finite
unionz of proper connected subgroups@F, such that if a connected subgroup G is
not contained in, thentt1(8G) is irreducible (overQ) for every torsion poiné.

We note that also here condition (PB) cannot be omitted. TéréifB Theorem
may be seen as a version of a similar statemen&fhra main difference is that in the
present case the algebraic subgroups form a ‘discretélerdhan algebraic, family,
with degrees tending to infinity.

Here is apolynomial version of the theorem:Let f € Q[x,...,Xn,y] be of
degree d> 0 in y and such that ({,...,xd,y) is irreducible. Then there is a fi-
nite union ¢ of proper subgroups of" such that if(ay,...,an) € Z"\ #¢, then
f(01t%,...,0nt,y) € Q[t,t~1,y] is irreducible for all roots of unityy, ..., 6y.

In particular, theKronecker’s substitutiofixy, . .., X,) — (t,t™, ... ,tm”*l) preserves the
irreducibility overQ of a polynomialf as above, for all integens large enough in
terms of f. (We wonder whether it suffices that > Mp(degf).) For results in the
same direction, but only ovép, notQ, and with an additional assumption ér{not to
be self-inversive in the;), see [18].

2. Alifting theorem and applications to HIT for covers of algebraic tori

In this section we state, in particular, a lifting theorend @m application to a HIT

for covers of algebraic tori. The proof, which we only sketabes the combination
of parts (A), (B) of the method, just mentioned. To emphasiigeessentials we have
sticked to simplicity. We denote By |, the sup-norm with respect to a place

THEOREM 4. Let Y be a kirreducible variety andrt: Y — G}, be a cover
satisfying (PB). Then there is a finite unianc G}, of proper torsion cosets with
the following property: if¢ € 7, \ £ there exist infinitely many places w oftk, of
residual degred above |= w|g, such thatr(Y (k(¢))) does not intersect the séx €

K(QO": |x—Clw < 1}.

REMARKS 2. (i) Note thal = w|q splits completely irQ((), because its resid-
ual degree there is 1. Note also that the{set Q" : |x— {|w < 1} is not empty, again
because the residual degreenf is 1. In particular, this set contains a whole residue
classinz"/1Z". For instance, i = 1, if { has ordemand if§ € Q has ordeh modulo
|, for somea coprime toh the set contains the powef3™"™ all m e Z. Many other
similar Examples may be given.

(i) Inspection shows that the result is effective, in thasethat, givery, T, one may
calculate: equations for the sgt roots of unity( and placew|l with the relevant
properties.

Before sketching a proof of this theorem, let us state a atuesult from [8],
representing part (A); more precisely, we need a conseguaei@, Thm. 1], which
can be deduced by a purely algebraic argument (see [30]k dbhéexplicit HIT for
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torsion points over cyclotomic fields.

THEOREMS. LetY be a k-irreducible variety andt: Y — G, be cover sat-
isfying (PB). Then there exists a finite unianof proper torsion cosets such that if
C € 7m\ £ thenC e (Y) and if (u) = ¢, then[k®(u) : k%] = degrt

We note that also here the condition (PB) is necessary fardhelusion.
e On comparing Theorem 5 and Theorem 1, we may say, so to spedkhe prop-
erty of ‘being good’ spreads out and transfers from torsioms { to wholew-adic
neighborhoods of them; this is tiransferprinciple (B) alluded to above.

Proof of Theorem 4We may apply Theorem 5 6,1, so letz be the finite union of
proper torsion cosets mentioned there. There is a propeasebyz’ of G}, such that
the fiber ofrtoutsidez’ has exactlyd-elements (even in a projective closure¥f The
Zariski-closure of the torsion points in’ is another finite union of torsion cosets; by
enlargingz we may suppose this union is containeddn Now, for a torsion point
( ¢ £ letu e Y(k) be such thatt(u) = {. By the corollary,u exists and we have
[k®(u) : k] =d.

In the sequel, we shall tacitly assume that this is the casinéd, in question.
LetH = H; be the Galois group of the normal closite= K; of k(Z,u)/k({). (Note
thatK depends in fact only o), not onu becausék®(u) : k°] = d, and we hav =
K(C,ug,...,uq) Wherey; are the elements af 1(2).)

It is a well-known simple fact (attributed to Jordan — sed)#2atH cannot be
the union of conjugates of a proper subgrédgsubgroupB of a finite groupH has at
most[H : B] conjugates, all of which contain the origin. Henceif£ H their union
contains< [H : B] - |B| = |H| elements. Therefore, sinkél, u) # k({), there exists an
elemenig = gz, € H such thau¥" # u* forall T € H.

We now apply the theorem of Chebotarev to the normal clo&lref K/Q.
There exists an elemeate I := Gal(K’/Q) which restricts tay onK. In particular,c
fixesk({) pointwise. We obtain the existence of infinitely many placetQ (in fact a
set of positive density), unramified K and such that the Frobenius class af I is
the class ob. Let thenv be a place oK’ abovel with Froh(v|l) = o, and denote bw
the place ok({) belowv. We let{us,...,uq} be the fiber oftabovel and we choose
| large enough so that, ... ,uq are defined and remain distinct modwi¢recall that
they are distinct) and so th¥tthave good reduction at®

Sinceo fixesk({), the residual degree of|l is 1. Leta € GJ},(k(¢)) be such
that|{ — alw < 1 and consider the fiber afabovea. Suppose that there is an element
b e Y(k(Q)) so thatri(b) = a. Thenti(b) = { (modv); hence the reduction dfatv is
defined and = u; (modv) for somei. In fact, otherwise the fiber above the reduction
of , in a projective closure of, would contain more thad elements and the same
would be true for the fiber abovg(e.g. by Hensel lifting, or simply by good reduction,

8\We need just a simple concept of ‘good reduction’, i.e. wepssp that the reduction df rtis defined
and has still the same degree. Usually good reduction iesltisght the reduction of is irreducible, which
however is not needed for the argument here.
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on takingl large enough so thdtdoes not lie modul@ in the ‘exceptional’ varietye’
mentioned in the opening argument).

Now, b® = b, whenceu? = u; (modv), because fixesv. However any; is
a conjugate ovek(() of u, so of the shape' for at € H. Henceo does not fix any
of theu; and permutes them, so we would haye= u;j for somei # j, a contradiction
which proves that nb; can be defined ové«((), proving the sought conclusion. O

There are several possible variations on Theorem 4 andoitd,prhich we have

not pushed to greater generality for the sake of simpli¢ityr instance, we also state
the following sharpening, whose proofs need only a few meations in addition to
the previous arguments:
Refinement. Under the same assumptions, let F be a number field, Galoiskggg
and such thafF : k()] is not divisible by any prime smaller than-dldegrt. Then in
the conclusion we may further prescribe arbitrarily the Bemius class iGal(F /k({))
of the relevant place i

Let us derive Theorem 1, in the weak fotm= 1 for simplicity. We have a
Zariski-dense cyclic subgrou® = {&" : r € Z} of G,(k). We write§ := (€1, ...,&n);
sinceQ is Zariski dense, thg are multiplicatively independent elementskof

Let us assume that — G}, satisfies (PB). For a large pringe let us choose a
torsion point¢ of exact ordelp, satisfying the conclusion of Theorem 4: note that for
large p we may choose it out of the proper algebraic sulzseBy the hypothesis 0§,
we have that for all large enougithe coordinate& have multiplicatively independent
classes irk(¢)*/(k(¢)*)P. This independence is not difficult to check: if a product

... &2 is nontrivially ap-th power ink()* then it is ap-th power ink* (for [k(Z) : K]
divides p—1). Find now with a well-known Dirichlet Lemma an integgt£ 0 so
that theqa have ‘small’ residued; mod p, say |bi| < ep; then E?l---EE" is also a
p-th power, saynP, n € k*, but has heighk nepmaxh(&;), soh(n) < nemaxh(g;).
For large enouglp one can take an arbitrarily small which eventually forceg and

Elmﬁﬁn to be roots of 1, contrary to the independence assumptioee &&o [27,
Lemma 2]).

Now, the Refinement applies = k(Z,£1/P). Note that, by multiplicative in-
dependence modulwth powers, Kummer Theory shows thiatk(() is Galois, abelian
of degreep”. We thus may find infinitely many primeésand extensions of | to k({)
such that:

1. The primd splits completely irk().
2. The imageat(Y(k())) does not intersect the spt € k({)" : |[x— {|w < 1}.
3. The Frobenius ofv in F /k(C) equals a prescribed element of Gglk({)).

Now, this Frobenius is an automorphigniixing k(¢) and such thag(Eil/p) =

ni Eil/p, for some integerk;, wheref is a primitivep-th root of unity; by multiplicative
independence modulpth powers, Kummer Theory again shows that all choiceg of
are possible; if = (6%,...,68%) and ifa; are integers coprime 1o, we chooséy = a;c;.
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Now, by (i) we havet'/P = g(£%/P)) (modv), wherev is a place ofF abovew with
1-1

Frobeniugy, so by our choice we ha\Egg'T = 6% (modv), whereb; is any inverse
to & modulop. Hence, this congruence holds for the placef k({) belowv. Hence
(1-1) (-1
(E21,... &) =7 (modw) so by (i) we conclude tha™, ..., &%) does not
(-1 ()
lie in (Y (k())). Also, on choosindp = b for all i, we get( El, LLEMTE =T
Hence we may state:

COROLLARY 1. LetY,mtbe as in Theorem 1 and &t be Zariski-dense if&?,,
where = (&1,...,&n). Then for all large primes p there exist infinitely many prime

(-1
I =1 (mod p) such that, for any integers;h.., b, coprime to p,( 5&...,53@7
does not lie in(Y (K)).

()
In particular, for by prime to p, the coset @ /&(~17 given by{EbTl b=Dbg
(mod p)}, is disjoint fromr(Y (k)).

The casédr = 1 of Theorem 1 follows (and the general one may be easily eeriv
from it).

We remark that no other known diophantine method yields suttlusions
except in the special cage= 1 of curves (e.g. with Siegel’s theorem) or under a certain
technical condition (with methods as in [5]). Here is an aimgi&xample-problem:
TakeY : {y? = X1+ X2 + 1}, Ti(X1, X2, y) = (X1,%2). Take alsQ = (1+i,1—i)% where
i2 = —1. I do not know of any method to prove finiteness of solutitmy) € Z x k
of y? = (1+i)"+ (1—i)"+ 1. Theorem 1 yields a whole arithmetical progression of
integersn such tha(1+i)"+ (1—1i)"+ 1 is not a square ik.

REMARK 1. We observe that a similar use of Chebotarev Theorem indhe c
text of HIT implicitly appears in [17] and, in the function fiiecontext, in [10]. How-
ever the present applications differs by much, in that wekwdth points of arbitrarily
large degree (i.e. the torsion points), using Chebotareleszend to a fixed number
field.

3. Proof of the toric Bertini Theorem

We now sketch a proof of Theorem 3, postponing to the neximeatdiscussion of the
more delicate Theorem 3. The principle of the proof is nowpdén However, some
care is needed if we want to preserve irreducibility duer

Proof of Theorem 3Letk be a number field of definition fof andr, and let us apply,
as we may, Theorem 4 to our covér— Gp,, obtaining a finite uniore; of torsion
cosets as therein. By applying that conclusion to torsiantpg € 6G\ £1 and recall-
ing that torsion points are Zariski-denseGnwe obtain that iBG ¢ 1, thentr1(6G)
is irreducible ovek® (for otherwiserr1(Z) would bea fortiori reducible ovek® for
the Zariski-dense set of torsion poidts 6G\ £1).
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The point is now to go fronk® to k, and for this we consider the covéf :=
Y xY — G2 =GP, x G, by the mapry := 11x 11 of degreed? whered := degrt
SinceY satisfies (PB), the same is true\f, as a cover oz2". Hence by Theorem
4 applied this time taV, T we deduce that there is a finite uni@a of proper torsion
cosets ofz2" such that fol; x {2 a torsion point inG2"\ £, the fiberm, 1(21 x {2) is
kC-irreducible.

DenoteZ := 1r1(6G) and suppose thét is reducible ovek. If 6G ¢ 1,
we have observed that is irreducible ovelk® and then the function field extension
k°(Z)/k°(G) contains a nontrivial finite ‘constant’ extensiagk®. But thenZ x Z is
reducible ovek®, and in fact eaclk®-componenf; satisfiesk®(Z2) : k°(G x G)] <
[K°(Z) : K(G)]?/[L : K] = d?/[L : K°].° Hence the fiber irZ x Z above a torsion point
{1 X {2 € BG x 6G has at leas]L : k%] components irreducible ové&f. We conclude
thatbG x 6G is contained ineo.

Thus if T 1(8G) is reducible, we obtain that eith8G C 1 or 6G x 8G C 5.
From this we easily deduce th@tis anyway contained in a certain finite unianof
proper connected algebraic subgroup&gf, concluding the argument. O

ReMARKS 3. (i) The argument is effective, as the Theorem in [8]. (ijeT
cover ofG2, given byy? = 1+ 2x; +x, shows thatz cannot generally be takeii1,1)}.
(iii) The irreducibility of T(cG) for arbitraryc is more delicate and to our knowledge
not yet completely clarified (see [6], 85, for the case 2). One may also consider the
intersection N cG of a fixedZ c G, with a family of algebraic cosetsG (possibly
only torsion), which is even nearer to Bertini’s contexe dee Appendix.

See [30] for a result similar but weaker, in the context ofpélt curves. (See
also the Appendix of [30] for another kind of multiplicatiBertini Theorem, obtained
however with completely different methods).

4. Comments on Theorem 2

A proof of Theorem 2 could be carried out similarly to Theorgrfieaving aside the
suitable Kummer theory) if an analogue of Theorem 5 wouldvadlable in the abelian
context. This is however not the case at the moment, and snréisipect in [30] we
explicitly raised the following:

CoNJECTUREL. Let A’k be an abelian variety, T be its set of torsion points.
Let Y be an irreducible variety and: Y — A be a dominant rational map of finite
degree. Suppose thatY (k(T)))NT is Zariski-dense in A. Then there exist an abelian
variety B, an isogenp : B — A and a birational mapp : Y — B such thatt= po .

To prove Theorem 2 without this tool leads to several add#@i@bstacles. In a
related context (when [8] was not yet available) some diltiesi appeared in the paper

9Note that we cannot directly work over whicha priori might depend o1G. See the next theorem for
an alternative argument, showing thatnay be in fact supposed to be fixed.
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[27], concerned with the so-calldisot d-th root conjecturdéor recurrences, which
boils down to a consequence of Theorem 1 (see also Examplev&@ghbin practice,
that paper used an alternative approach to step (A) in theafds),.

Now, it happens that this principle can be carried out in gan&lso to the
present context of abelian varieties rather than multipie tori, in spite of the alluded
substantial difficultie3® Here we only give a very brief sketch of some of the main
points, and again refer to [30] for details.

To simplify as far as possible the situation, let us limit selves to the case
h=n= 1. We stress that this restriction is not a mild one, but orctirérary is highly
relevant: in fact, the extension bothtio- 1 and ton > 1 contains several other delicate
points, which require new devices. But such special cagstifites in a much clearer
way at least one of the main principles and so seems apptepese.

In this manner of carrying out step (A), the crux lies in coasting torsion
points¢ onE which do not lift toY (k(¢)), and to achieve this by means of congruences,
more precisely using the Lang-Weil estimates for pointswmes over finite fields. We
recall this result in the following form (see also [20, p. 8% [21, p. 30]):Let Z/k be
an absolutely irreducible variety of dimension n. For a peim, let p be a place of k
with residue field contained in the finite figig. Then, as p— o, the numbetz, (Fq)|

of points of the reductionZof Z satisfiesZ,(Fq)| = q" + O(q”*il).

Let us now go back to our setting of a mapY — E, and Ie_l’? be a component
of the Galois closure ovet, assuming it to be irreducible ovér As in a method
introduced by Eichler, Fried and by S.D. Cohen (who appli¢alHIT), the Lang-Weil
statement, applied first t8d = Y and then toZ = Y, allows to show that the image
(Y (Fq)) has< cq'+ o(q") elements, for & < 1, actuallyc < 1— (1/d!). See [20, pp.
184/185], or [21, Thm. 3.6.2], for details of this deductidn

With this in hand, let us choogeas a large prime splitting completelyknand
Fq =FFp. By what has just been said, there are pointg (i) (actually> p points)
which do not lift to points iY (F). Pick one such poirgand let{ be a torsion point on
E(Q) with reductioré modulo some placeabovep. (This can be done providé&chas
order prime tqp; in turn, this can be easily ensured, for instance choogispitting in
the field of 2-torsion points dt.) Now, if { would lift to a pointy € Y (k({)), & would
lift to the reduction ofy modulo the place, which (as expected) would lie M(Fy),
as is easy to see; so we have a contradiction.

At this point the method continues with part (B), using thedtem of Cheb-
otarev in a manner similar to the proof of the Corollary to dieem 1. Here some
elliptic Kummer Theory has to be invoked to replace the easialtiplicative case
(which goes back essentially to Gauss). The tools come fremeS difficult theorems
[23], as explained e.g. in [14]. Suitable analogues of thesalts on the Galois action

10This method independently of [8], leads to obstacles ajréaxthe case of tori, and also to further ones
special of the abelian context.

11This method does not alone work simultaneously for sevemeers T : Y, — E, because the sum
Si|T(Yi(Fq))| may well exceedE(Fq)|, even if this does not happen individually. A way to overcome
this may be to choose several primes, one for each cover;rinamtext however this does not work for the
rest of the proof. A suitable method can be found in [30].
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of torsion points are at the moment unknown in full geneyalind this is the main
obstacle for a complete extension of the method.

Actually, in the present simplification we have not mentidogher issues. For
instance, for the Chebotarev Theorem to be applied as hef@evould need not
merely a torsion poin which does not lift toY (k({)); what we would need is the
stronger property that any point in the fiber!(2) has the ‘correct’ degree degpver
k(Q), i.e., that the fiber consists of a single set of conjugatatsaiverk({). Such a
stronger property may be reduced to the weaker ‘non-lifijmmgperty with a purely
algebraic (standard) method; however this involves siamalously several varieties, so
we fall anyway back to the case> 1, which needs additional delicate considerations.
(See especially the last footnote.) We refer to [30] for tkeads, as any discussion
here would take us too far.

Also, another point which may puzzle the reader is that inabheve sketch
we have not used the irreducibility assumption on the patikds ofY. Actually, this
appears in the use of Kummer Theory; at that stage, we neealttttge primes dividing
the order of the torsion poirg are sufficiently large. To achieve this, the trick is to
multiply the points by a large integ&>> 0, so to kill a ‘part’ of of small order. Well,
this multiplication replaces the cover with a pull-backtfind now we really need the
said assumption.

Still further points concern dimension: on pulling-back ttovers, the Lang-
Weil Theorem is not sufficiently explicit and the correspimgdWeil result works
only for curves. To overcome this, we can either use the Beritbiquantification
of Deligne’s Riemann-Hypothesis over finite fields (as nemad in [30]), or reduce
to curves by ‘cutting’ with appropriate algebraic subgreufrhis is the method used
in [30], which on the one hand requires proving irreducipitf the said intersections
and on the other hand adapts only to products of elliptic est)vyHowever we do not
insist here anymore on these technical points, hoping tieabterview we have given
has succeeded to describe the methods at least to some sroatta

As to arbitrary finitely generated groups, this seems nogétodmpletely straight-
forward, but can be dealt with by these methods. Anyway tbhésdntroduce any new
arithmetical principle, hence we completely disregard thatter here.
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