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DIRAC STRUCTURES AND GAUGE SYMMETRIES
OF PHASE SPACES

Abstract. We study the geometry of the phase space of a particle in a-ValtgzHiggs field

in the context of the theory of Dirac structures. SeveralWkmgonstructions are merged into
the framework of coupling Dirac structures. Functorial pgdies of our constructions are
discussed and examples are provided. Finally, applicatiorfibered symplectic groupoids
are given.

1. Introduction

In symplectic geometry, the formulation of the so-callechimial coupling princi-
ple uses principal bundles over symplectic manifolds anchifanian G-spaces (see
[St77] and [We78]). By &lassical Yang-Mills-Higgs setupre mean a tripléG, P, F)
formed by a Lie groups, a principalG-bundleP over a smooth manifol/, and a
Hamiltonian Poissofs-spacer (see [We87]). Given any classical Yang-Mills-Higgs
setup, there is an induced Hamiltoni@action onT*M x F with momentum map
J:T*M x F — g*, whereg* is the dual of the Lie algebra &. The quotient—1(0)/G

is a Poisson manifold. This is théang-Mills-Higgs phase space of a particle with
configuration space M and internal phase spaceBvery connectio® on P, called
agauge potentialinduces a diffeomorphisng : J=1(0)/G — P’ xg F, whereP’ de-
notes the pull-back oP to T*M by the canonical projection map‘M — M. When

F is symplectic, one gets the Sternberg-Weinstein phasesdacparticle in a Yang-
Mills field (see [We78]). Moreover, wheR is a Lie-Poisson manifold, one gets a
gauged Poisson structure as defined in [MMR84]. The key detfais model for the
phase space of a particle interacting with a gauge field igthieback principalG-
bundleP’ — (T*M, wean) together with the gauge potenttal The symplectic manifold
(T*M, wean) is considered as the canonical phase space of a particleaifiguration
spaceM. However, the evolution space in the sense of Souriau [S#presymplectic
manifold. Pre-symplectic structures naturally appeahigtudy of the Hamiltonian
dynamics of particles with gauge degrees of freedom.

In this paper, we describe the global geometric object irdwmn the associated
bundleP x g F if, instead of the above pull-back bund¥— (T*M, txan), one works
with a principal bundld® over a given presymplectic manifol@ = P/G, wg). We are
naturally led to the theory of Dirac structures on manifolakich allows us to extend
Sternberg’s construction of a coupling form. We obtain Teeo 1, which generalizes
a result proven in [Wa05] and [BFO7]. Connections betweenrttinimal coupling
construction and the theory of Dirac structures were firsteobed in [DuwO04], ex-
tending Vorobjev’s setting [Vo00] from the Poisson catggtrthe Dirac category. In
[BFO7], Brahic and Fernandes discuss Poisson fibratiosscan gauge theory and
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Dirac geometry. While they emphasize the integration problor Poisson fibrations,
we focus on the gauge transformations and the functoriglgytg of our construction

of Poisson fiber bundles. We show that submersive (resp. isiveg¢ morphisms of

Yang-Mills-Higgs setups having presymplectic base togettith Ehresmann connec-
tions induce forward (resp. backward) Dirac maps of cogpditnuctures. In Section 2,
we present basic definitions and results needed here. Ourremilts with examples
are established in Sections 3 and 4. Applications to fibeyatpkectic groupoids are
given in Section 5.

2. Coupling Dirac structures

2.1. Dirac structures

Let N be a smooth finite-dimensional manifold. Givefy,a1), (X2,02) smooth sec-
tions of TN@ T*N we consider theymmetric pairing

(0,a1), (0, 02)) = 3 (020%) + c2))

and theCourant bracket
[(Xj_,d]_), (szaz)] = ([X15X2]7 Lxlaz - ixzdul)'

A Dirac structureon N (see [C90]) is a sub-bundlec TN@ T*N which is
maximally isotropic with respect to the symmetric pairiag) and whose space of
sections is closed under the Courant bracket.

If (N1,L1) and (N2, L) are two Dirac manifolds then a map: Ny — Ny is
called aforward Dirac mapif

Lo = {(TW(X).B) [ X € TN1, B€ T*Np, and (X, (TY)"B) € L1}
and abackward Dirac magf
L1 ={(X,(TWB) | X e TNy, B TNy, and(TW(X),B) € Lo}

2.2. Geometric data

Lett: E — B be a smooth fiber bundle. We denote VerKer(Tm) C TE. An Ehres-
mann connectioonE is a surjective bundle mdp: T E — Vert such that, at each point
e € E, 2 =T and given any smooth path
c: [0,1]] —B
t — c(t)
joining xo to x; and for anyyp € T 1(x0), there exists a unique horizontal kift- y(t) in

E so thaty(0) = yp andmi(y(t)) = c(t) for all t. Considering the horizontal sub-bundle
Horr = kerl", one gets the splitting:

TE = Horr ¢ Vert
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Given any vector fieldX € X(B), we denote byhorr(X) € X(E) its horizontal lift.
Define the operator

or : QX(B)®C*(E) — Q*1(B)  C*(E)
by setting

k

ora(Xo,..-, X) = _%(*1)iLhor|—(Xa)(a(an---;)zi,---;xk))
+ 3 (D) a(X, Xj), X0, K, XK X,

i<]

wherehorr (X) is the-horizontal lift of X € X(B) and Lyor (x) the Lie derivative
along the vector fielthorr (X;). Define the curvature df as follows:

Cunvr (X,Y) = horr ([X,Y]) — [horr (X), horr (Y)],
for all X,Y € X(B).

DEFINITION 1. Geometric datan the fiber bundlet: E — B consist of a triple
(v,I,F) formed by an Ehresmann connectibna vertical bivector fieldv, and a
C>(E)-valued 2-forn¥ on B. It isintegrableif the following properties are satisfied:

e 7/ is a Poisson tensor, i.¢9, 7] =0;

e 7 is preserved by parallel transport, i.&qor-(x) ¥ = 0, VX € X(B);
e OrF =0;

e Curv(X,Y) = V4(d(F(X,Y))), VX,Y € X(B).

REMARK 1. a) In contrast with Vorobjev’s definition [Vo00], we do not asse
thatlF is non-degenerate in the above definition.

b) The third property of Definition 1 means that the 2-fafrdefined by
) F(horr (X),horr (Y))e=F(X,Y)re VXY € X(B), VecE

is horizontally-closed.

2.3. Coupling Dirac structures

DEFINITION 2. Lettt: E — B be a smooth fiber bundle. A Dirac structure L on
E is called acoupling Dirac structur# there exists geometric dat&,I", 9 ) such that

2) L:{(Y,iYF)Jr(fVuO(,O() | X € Horr, chAnn(Horr)}.

We refer the reader to Vaisman'’s paper [Va05] for more detdibut the prop-
erties of coupling Dirac structures.
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REMARK 2. Given a coupling Dirac structuteon E, the distributionp gen-
erated by the horizontal vector fieldssatisfyingixF = 0 defines a foliatiorr called
the characteristic foliationor thenull foliation of L. WhenL is reducible [LWX98],
the quotienE/ 7 is a Poisson manifold called tispace of motion

We will use the following result that can be found in [Wa05].

PrRoPOSITIONL ([Wa05]). Lett: E — B be a smooth fiber bundle. The inte-
grability of geometric datd+’,I",F) is equivalent to the fact that the space of smooth
sections of the corresponding sub-bundle ME® T*E (defined as in Equation (2))
is closed under the Courant bracket.

3. Construction of phase spaces

First, we will prove the following result:

THEOREML1. Let(G,P,F) be a classical Yang-Mills-Higgs setup. Assume that
the base manifold B- P/G is equipped with a pre-symplectic fomg. Then every
connection® on P induces a coupling Dirac structure on the associateddtei =
P x g F which restricts to the Poisson structure along the fiberg dafiherited from the
Poisson manifoldF, 7).

Under the notations and assumptions of Theorem 1, the ctian&con P in-
duces a connectidnonE = P xg F. We have the splitting

TE = Horr ¢ Vert
Moreover, thd -horizontal lift of X € X(B) is given by
3) horr (X)p,f) = T(p.t)Th.r (Xp, 01),

where[p, f] € E = P xgF is the equivalent class ¢p, f) e Px F, 1, . :PxF —
P x g F is the canonical projectioiX is theB-horizontal lift of X € X(B) andOs is the
zero tangent vector dt Define the vertical bivector fiel& as follows

(4) V = (T )« VF
We have the following lemma:
LEMMA 1. Under the above notations, we have
e 7/ is a vertical Poisson tensor;
® Lhor(x) ¥V =0, forany Xe X(B).

Proof. The fact that the Schouten bracket, 7] vanishes follows immediately from
[Ve, Ve] = 0. Furthermore, it follows from Equations (3)-(4) that or@shyo, (x) V =
0, foranyX € X(B).
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LEMMA 2. Under the assumptions of Theorem 1, there exist inducegratiee
geometric data on E.

Proof. Taking into account Lemma 1, we only have to find a suitabler®fF €
Q?(B) x C*(E). To construct such a 2-form we will use the momentum map asso-
ciated with the Hamiltonia-action onF, denoted byl : F — g*, whereg* is the dual

of the Lie algebra 06. The infinitesimal actiopg : g — X(F) transforms an element

& € g into a Hamiltonian vectorfield/,ﬁ (dJ), where
J(f) = Q(F), &),

for all f € F. Consider the connection 1-forbne Ql,,(P) ® g. The curvature 06 is
the horizontal-valued 2-form given by

(5) Cung (Xp.,¥p) = 8p(X,¥]p— X.YT, ),

whereX,Y € X(P) are theb-horizontal lifts of X,Y € X(B), respectively. Next, we
define

®) (X)) ([, 1)) = (3(F), Curw(Xp, V) ),
for all X,Y € X(B). Letwg be the pre-symplectic form dB. Define
(7) F=wg®1+G.

We will show that Cury(X,Y) = ‘Vu<d(F(X,Y))), for all X,Y € X(B). Notice that
the curvature 06 and that of” are related as follows

®  (Cune(X,Y))([p. 1) = Tipr) e (Op, (Pr o Cure(Xp,¥p))(F)).

whereQy is the zero tangent vector @t pr is the infinitesimal action associated to
the G-action onF. Since it is enough to work with local coordinates, we picloeal
system of coordinategsq, . . . ,X2s) onB. Set

Gij :G(a%,aixj) and Fj; :F(%a%])

From Equations (4) and (6), one gets
0 0 4
Cunv (5 30) (P 1) = T (0, E(@G (1)
= TpH)Th.r (0p7 Vg(dFij)(f)),
since the componentsig )ij of wg satisny,E(d(wB)ij) = 0. Therefore,

Cunv-(X,Y) = vH(d(F(X,Y))), VX,Y € X(B).
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Moreover,
orF =dweg® 1+ 0rG.

Sincews is closed, we gedrF = or G. To show tha®rG = 0, we use classical argu-
ments. Precisely, we define the vertical 1-fotnon P x g F as follows:

o, 1) ([(%p, Z0)]) = (I(F), 8p(Xp) ),
where[(Xp, Zt)] = Tp, )T, (Xp, Zt ). One can easily check that
G(X,Y) = dd(horr (X),horr(Y)).

ConsequentlyprG = 0 sinced?® = 0. Hence the triplé v ,I,F) defines integrable
geometric data o = P xgF. O

Theorem 1 follows immediately from Proposition 1 and Lemma 2

EXAMPLE 1. Consider the trivial principal bundBU(2) x R® — R® together
with the HamiltonianSU(2)-spacesu(2)*, that is, the dual of the Lie algebsa(2)
endowed with its canonical linear Poisson structure. Hetds equipped with the
exact formw = dn defined in the standard linear coordinatgs/,z) by n = x A dy.
Given any connectiof on SU(2) x R3, we can apply Theorem 1 which provides a
Dirac structure or{SU(2) x R3) x g, su(2)".

EXAMPLE 2. Consider the principal (1)-bundleS® — CP? andF = $*. We
equip CP? with its canonical homogeneous Kahler metric and the Zephith its
canonical symplectic structure. By Theorem 1, any conoaain S — CP? deter-
mines a Dirac structure on the associated buS%IbeU<1) S

REMARK 3. The proof of Theorem 1 is quite similar to that of Theorei8.
[Wa05]. However, the fact that the base manifBlés presymplectic leads to a major
improvement. Indeed, Theorem 1 includes both the construct the phase space
for minimal coupling for gauge fields and Theorem 3.2 in [WaOEhese two known
results correspond to the extremal cases where the rank girésymplectic forneg
is equal to zero or dirB.

Another consequence of Theorem 1 is:

COROLLARY 1 (Weak coupling Poisson structured)et (G, P,F) be a classical
Yang-Mills-Higgs setup anél a connection on P-» B. Assume that both F and P are
compact and the base B is equipped with a symplectic fogm Then there is 1-
parameter family of Poisson structurBls on the associated bundle£P xg F such
that each Poisson structuf@, restricts to the Poisson structure along the fibers of E
which is inherited fron{F, 7).

Proof. The additional condition saying thRtandF are compact ensures that we can
choose a real number> 0 sufficiently small so that the 2-form



Dirac structures and gauge symmetries of phase spaces 129

is non-degenerate. Replacifighy F¢ in the proof of Theorem 1, we conclude that the
triple (7,1, F¢) is integrable. Furthermore, its corresponding couplingDstructure
L satisfies

L.N(TE@{0}) = {0}.
This is equivalent to the fact that is the graph of a Poisson structure. There
follows Corollary 1. O

REMARK 4. The associated bundfex g F obtained in Theorem 1 is a Poisson
fiber bundle (also called Poisson fibration) [BFO7, WaO5]cdllethat a Poisson fibra-
tion is a fiber bundle whose fiber is a Poisson manifold and whis an atlas of local
trivializations whose transition maps induce Poisson zgrhisms of the fibers.

4. Morphisms

4.1. Gauge transformations

LetA = (G,P,F) be a classical Yang-Mills-Higgs setup together with a pneyslectic
form on B = P/G and a connectio® on P. Consider a diffeomorphist: P — P
which descends to the identity mapBnThe magh x id : P x F — P x F, canonically,
induces a fiberwise Poisson diffeomorphigmP x s F — P xg F. Moreover, we have
two connections o, namely® and® = h*0. They induce connections dixg F
denoted by g andl"g. Applying Theorem 1, one gets two Dirac structured grand
L, corresponding to geometric d&ta, g, F) and(7/, re,,F’), respectively. Precisely,

L1 = {(Y,iyﬁ)wL (v*a,a) | X € Horr, a € Ann(Horr)}

and
L, = {(Y/JYF/%L (Via,q) | X' € Horp, a € Ann(Horr/)}.

We know that there are 2-fornfisandF’ € Q?(B) x C*(P x F) such that
F(horr(X),horr(Y)) =F(X,Y) and F (horr/(X),horr/(Y)) —F'(X,Y).

Setting
3=F-—TF,

we can rewritd_; as

Ly = Spar{(horr(X), ixF +ix38)+ (vfa,a) | X € X(B), a € Ann(Horr)},

whereixF’ andix3 are the horizontdr -lift of ixF’ andix 3, respectively, i.e.
ixF'(horr(Y)) =F/(X,Y) and ix3(horr(Y)) = 8(X,Y).

We say that 1 andL, aregauge equivalerirac structures.
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4.2. Functorial Property

We begin by recalling classical facts on principal fiber desdwvith connection 1-
forms. Given a principal fiber bundle with connection 1-fof@ P, 8) the curvature
Curvy defined in Equation (5) satisfies thucture equation

9) 2Cung(X,Y) =do(X,Y) +[8(X),0(Y)] VX,Y € X(P).

DerINITION 3. A morphism from a principal fiber bundle with connection 1-
form (G,P,0) to (G',P',#') is a pair (g,h), wherep: G — G’ is a homomorphism of
Lie groups, and h P — P’ is a @-equivariant map such that the connection 1-forms
satisfy the pullback condition
(10) h*e’ =@, 06.

From equation (10) it follows that the induced ntapP/G — P’ /G’ satisfies

(11) hX=hX, VXeX(B).

The structure equation (9) and (11) imply that the curvatare related as fol-
lows:
(12) Cung (h.X1,h,X2) = @. (Curvg (X1, X2))  ¥X1,Xz € X(B).

LetA = (G,P,F)and\ = (G',P’,F’) be two classical Yang-Mills-Higgs setups.
Suppose that the principal bundles are equipped with cdioms®d (resp. 6') on P
(resp.P’), and assume th&= P/G andB' = P/ /G’ are equipped with pre-symplectic
formswg andwg, respectively.

DEFINITION 4. A morphism from(A, wg,8) to (A, wg,8') is a triple (@, f, h),
where

e (@,h) is a morphism of principal bundles with connection 1-forraststhat
the induced map hB — B’ is a morphism of pre-symplectic manifolds, that
is, hwg = wg;

e f:F — F’isa@-equivariant Poisson map such the following diagram conesut

F—F

(13) J\ lJ/

g* gl*

)

whereq* : g’ — g is the canonical map induced Igy
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Given two such classical Yang-Mills-Higgs setups, we demgl. = L (A, wg, )
andL’ = L(N,wg,8') the corresponding Dirac structures Bn= P xgF andE’ =
P’ xa F’, respectively. We denote hy = |h, f] : (E,L) — (E’,L’) the canonical map
induced on the associated bundles endowed with their cayiplirac structure. Then
the diagram below commutes.

(14) T{ ln’

LEMMA 3. Under the above notations, one his= ({,h)*F’ where (y,h) :
E x B— E’ x B’ is the canonical product map.

Proof. Let X1, Xz € TyB, lete= [p, f] be a point in the fiber dE = P xg F overb, and
lete = [p/, f'] = W(e). We compute that

(W.h)"F'(X1, Xz)(e) = F'(h.X1,h,Xo)(W(e))

= W(h.X,hXo)+G'(h. X1, hX)([p', f']) by (7)

= ()%, X) + (I(F), Curvg (B, Xy B Xep)) by (6)

= (X3, %)+ ((I" o f)(f),@.Curvg (Xyp, Xzp)) by (12)
= (X1, X2) +((¢" 0 o F)(f),Curvg(Xyp, Xzp))

= @(X1,X2) 4+ (I(f),Curvg(X1p, X2p)) by (13)
= (X1, X2) +G(X1,X2)([p, f]) by (6)

= F(Xy,X2)(e) by (7)

which was to be shown. O

PrROPOSITION2. Under the above notations, we assume {lgaf , h) is a mor-
phism from(A, wg, 8) to (\',wg/,6'). Then the induced map on coupling Dirac struc-
tures

Y= [ha f] : (EvL) - (EI,LI)
is forward (resp. backward) Dirac i) is a submersion (resp. immersion).
Proof. We show here thap is forward Dirac when is a submersion. We must verify

that
L' = {(w.X,B)XeTE,Be TE/, (X,0"B) € L}.

Recall that the coupling Dirac structutesplits as a vector bundle into horizontal and
vertical components as

L = {(X,igF)|X € Horr } & {(v*a,a)|a € Ho?} by (2),
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andL’ splits similarly. We will verify in turn that the forward Daic condition is satis-
fied for each component of the splitting.

(i) Suppose thaXx ¢ TE, B T*E’,Y € TBand

(15) (X, WB) = (V. iyF).
We wish to show that,. X, 3) € L', that s,
B = ipxF by (2)

= lyy(M°F) by (15)
= 1 (inyF) by (14)

To this end, suppose thaf, € TyE’. Sincey. : TeE — TyE’ is surjective there exists
Ze € TeE such that

(16) Zy =Y. Ze.
We compute that
B(Zg) = B(W.Ze) by (16)

= (UB)(Z)
= (iyF)(Z) by (15)
= F(LY,mZe)(e) by (1)
= (W",h)'F'(Y,T.Z)(e) byLemma3
= F(h.Y,h,mZe)(Y(e)
= F(hY my.Z)(W(e) by (14)
= T (inyF) (B Ze)
= 1 (inyF')(Z)) by (16)

which was to be shown. Moreover, the entire horizontal camepoofL’ is hit as the
mapy, surjects Hofr onto Hok-.

(ii) Suppose thaX € TE, o’ € T*E/, and (X,y*a’) = (¢*a,a) wherea €
Ann(Horp). Then

v = () = P (V) = G (V) = BLX.

Hence(y. X,a’) = ("a’,a’). We note thatt’ € Ann(Hor,) since*a’ € Ann(Hory )
and the map). surjects Hor onto Hog:. This also shows that the entire vertical
component of.’ is hit.

The proof thatp is backward Dirac ifp is an immersion is a similar computa-
tion. In particular, the injectivity o), ensures thaX is horizontal if (Y. X, B) is in the
horizontal component df’. O
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5. Applications to fibered symplectic groupoids

Recall that a Lie groupoid over a smooth manifdddis given by a smooth manifold
G together with two surjective submersions3 : ¢ — M called the source map and
the target map, a multiplication: g, — G, a unit sectiorg : M — ¢ and an inversion

mapi: ¢ — G, wherega = {(g,h) € 6 x 6 | B(g) = a(h)} is the set of composable
pairs and the following properties are satisfied:

a(m(g, h)) = a(h) andB(m(g,h)) = B(g), V(9. h) € 2,

1.
2. m(g,m(h,k)) = m(m(g,h),k), Vg,h,k € ¢ such thato(g) = B(h) anda(h) =
B(k),

)
3. a(e(x)) =xandB(e(x)) =x, ¥x e M,
4,

3

g,€(a(9))) = gandm(e(B(9)),9) =9, Vge g,

5. m(g,1(9)) = €(B(g9)) andm(1(g),g) = €(a(g)), Vg€ G.

In other words, a Lie groupoid is a small category such tHahalphisms are invert-
ible, the spaces are smooth manifolds and all structure ar@msmooth. Here, the base
manifold M, the a-fibers and thg3-fibers are supposed to be Hausdorff guts not
necessarily Hausdorff. A symplectic groupajdover a Poisson manifoldl is a Lie
groupoid such that source and target maps are Poisson @eggPoisson) maps and
such that the graph of the groupoid multiplication is Lagjian.

Given a smooth manifold B, we denote Bip (B) the category of locally trivial
fiber bundles oveB whose objects are the locally trivial fiber bundles— E — B
and whose morphisms are the fiber preserving napg — E’ over the identity map
id : B— B. By afibered Lie groupoid; = E overB, we mean a small sub-category in
Fib(B).

DEFINITION 5 ([BFO7]). Afibered symplectic groupoigl = E over B is fibered
Lie groupoid whose fiber = F is a symplectic groupoid.

Itis known that the basé — B of any fibered symplectic groupoig has natu-
rally a Poisson fibration structure (see [BF07]). A Poisstomcsure onF is integrable
if its induced Lie algebroid is isomorphic to the Lie algelbrof some Lie groupoid. Up
to isomorphism, there is a unique source-simply connectedtoupoidg (A) corre-
sponding to an integrable Lie algebr@ddBy a source-simply connected Lie groupoid,
we mean that the source-fibers are simply connected. Givwenlassical Yang-Mills-
Higgs setup(G, P, F) such that the fibeF admits an integrable Poisson structue,
the associated bundle

G =Px,F =3Px,F

is a source 1-connected fibered symplectic groupoid, wheis the unique source
1-connected symplectic groupoid integratifg We will use that fact as well as the
following definition:
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DEFINITION 6 ([CFO5]). A Poisson manifoldF, F) is said to be ofcompact
typeif it is integrable and its 1-source connected symplectaugioid 7 is compact.

We have the following result:

ProOPOSITION3. Let (G,P,F) be a classical Yang-Mills-Higgs setup afd
connection on P. Assume that P is compact, F is of compactaydehe base B is
equipped with a symplectic fora. Then the associated bundle-EP x g F integrates
into a source 1-connected fibered symplectic grouppick E. Furthermore, there is
1-parameter family of symplectic forms on the total spgcsuch that each of them
restricts to the symplectic structure along the fiberggf

Proof. The Poisson fiber bundie = P xgF — B integrates into a source 1-connected
fibered symplectic groupoid = E sinceF is of compact type. The existence of a 1-
parameter family of symplectic forms on the total spaceg of; E which is compatible
with its fibered symplectic groupoid structure can we showunding exactly the same
method as in the proof of Corollary 1. O

EXAMPLE 3. Consider the princip&l (1)-bundleS*"** — CP", where the pro-
jective spaceCP" is endowed with its natural Kahler form. LEtbe the 2-spher&?,
with its canonical symplectic structure. It's known tigtis of compact type and its
associated source 1-connected symplectic groupoid isaigmupoids = S x 2,
where the notatio®? means that we consider the opposite of the symplectic togm
onS?. Moreover the associated fibered fibered symplectic graligoi

G =t X o (P x P) = 1 X o s

It follows from Proposition 3 that, given any connecti&ion our principal circle bun-
dle, there is a 1-parameter family of symplectic forms onttital space oig = E
which is compatible with its induced fibered symplectic groid structure.

Acknowledgements.We would like to thank Alan Weinstein for stimulating diseus
sions and for bringing to our attention several referenéésalso would like to thank

Jean-Paul Dufour for his interest in our work and for helgfiscussions. We are in-
debted to the Mathematical Sciences Research Institusfigport and hospitality.

References

[BFO7] BRAHIC O.AND FERNANDESR.-L.,Poisson Fibrations and Fibered Symplectic Groupoiden-
temp. Math.450(2008), Amer. Math. Soc., Providence, RI, 41-59

[CFO5] CrAINIC M. AND FERNANDES R.-L., Rigidity and flexibility in Poisson geometryiravaux
mathématiques. Fasc. XVI, 53-68, Luxembourg, 2005.

[C90] CouRANT T., Dirac structures Trans. A.M.S319(1990), 631-661.

[Duw04] DuFouRJ.-P.AND WADE A., On the local structure of Dirac manifoJdCompositio Math144
(2008), no. 3, 774-786.

[GLS96] GUILLEMIN V., LERMAN E. AND STERNBERGS., Symplectic fibrations and multiplicity dia-
grams Cambridge University Press, Cambridge, 1996.



Dirac structures and gauge symmetries of phase spaces 135

[LWX98] L1u, WEINSTEIN AND XU, Dirac structures and Poisson homogeneous sp&asm. Math.
Phys.192(1998), 121-144.
[MMR84] MARSDENJ., MONTGOMERY R. AND RATIU T., Gauged Lie-Poisson structureBluids and

plasmas: geometry and dynamics (Boulder, Colo., 1983);-104, Contemp. Math28, Amer. Math.
Soc., Providence, RI, 1984.

[SW01] SEVERA P.AND WEINSTEINA., Poisson geometry with a 3-form backgroumbncommutative
geometry and string theory (Yokohama, 2001). Progr. TheBteys. Suppl. No144(2001), 145-154.
[S70] SouriAu J.-M.,Structure des systemes dynamiquzsnod, Paris, 1970.

[St77] STERNBERGS.,Minimal coupling and the symplectic mechanics of a cladgeaticle in the pres-
ence of a Yang-Mills fiel[d’roc. Nat. Acad. Sci. U%4(1977), 5253-5254.

[Va05] VAISMAN I., Foliation-Coupling Dirac structures). Geom. Phys. 56 (2006), 917-938.

[Vo00] VOROBJEVY., Coupling tensors and Poisson geometry near a single sytipleaf. Lie algebroids
and related topics in differential geometry, Banach Ceftésl., Vol54, Warszawa (2001), 249-274.

[Wa05] WADE A., Poisson fiber bundles and Dirac structurémn. Global Anal. Geom33 (2008), 207—
217.

[We78] WEINSTEIN A., A universal phase space for particles in Yang-Mills fieldstt. Math. Phys2
(1978), 417-420.

[We87] WEINSTEINA., Poisson geometry of the principal series and nonlineafzatructures J. Differ-
ential Geom25 (1987), 55-73.

AMS Subject Classification: 53D17, 55Rxx, 57Rxx

Benjamin Lent DAVIS

Department of Mathematics and Computer Science, Saint’d@wllege of California,
1928 Saint Mary's Road, Moraga, CA 94556, USA

e-mail: bdavis@stmarys-ca.edu

Aissa WADE,

Department of Mathematics, Penn State University,
University Park, PA 16802, USA

e-mail: vade@math. psu.edu

Lavoro pervenuto in redazione il 13.06.2008 e, in forma d&fi il 29.01.2009.



