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DIRAC STRUCTURES AND GAUGE SYMMETRIES

OF PHASE SPACES

Abstract. We study the geometry of the phase space of a particle in a Yang-Mills-Higgs field
in the context of the theory of Dirac structures. Several known constructions are merged into
the framework of coupling Dirac structures. Functorial properties of our constructions are
discussed and examples are provided. Finally, applications to fibered symplectic groupoids
are given.

1. Introduction

In symplectic geometry, the formulation of the so-called minimal coupling princi-
ple uses principal bundles over symplectic manifolds and HamiltonianG-spaces (see
[St77] and [We78]). By aclassical Yang-Mills-Higgs setup, we mean a triple(G,P,F)
formed by a Lie groupG, a principalG-bundleP over a smooth manifoldM, and a
Hamiltonian PoissonG-spaceF (see [We87]). Given any classical Yang-Mills-Higgs
setup, there is an induced HamiltonianG-action onT∗M×F with momentum map
J : T∗M×F→ g∗, whereg∗ is the dual of the Lie algebra ofG. The quotientJ−1(0)/G
is a Poisson manifold. This is theYang-Mills-Higgs phase space of a particle with
configuration space M and internal phase space F. Every connectionθ on P, called
a gauge potential, induces a diffeomorphismψθ : J−1(0)/G→ P′×G F , whereP′ de-
notes the pull-back ofP to T∗M by the canonical projection mapT∗M→ M. When
F is symplectic, one gets the Sternberg-Weinstein phase space of a particle in a Yang-
Mills field (see [We78]). Moreover, whenF is a Lie-Poisson manifold, one gets a
gauged Poisson structure as defined in [MMR84]. The key data in this model for the
phase space of a particle interacting with a gauge field is thepull-back principalG-
bundleP′→ (T∗M,ωcan) together with the gauge potentialθ. The symplectic manifold
(T∗M,ωcan) is considered as the canonical phase space of a particle withconfiguration
spaceM. However, the evolution space in the sense of Souriau [S70] is a presymplectic
manifold. Pre-symplectic structures naturally appear in the study of the Hamiltonian
dynamics of particles with gauge degrees of freedom.

In this paper, we describe the global geometric object induced on the associated
bundleP×G F if, instead of the above pull-back bundleP′→ (T∗M,ωcan), one works
with a principal bundleP over a given presymplectic manifold(B = P/G,ωB). We are
naturally led to the theory of Dirac structures on manifolds, which allows us to extend
Sternberg’s construction of a coupling form. We obtain Theorem 1, which generalizes
a result proven in [Wa05] and [BF07]. Connections between the minimal coupling
construction and the theory of Dirac structures were first observed in [DuW04], ex-
tending Vorobjev’s setting [Vo00] from the Poisson category to the Dirac category. In
[BF07], Brahic and Fernandès discuss Poisson fibrations based on gauge theory and
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Dirac geometry. While they emphasize the integration problem for Poisson fibrations,
we focus on the gauge transformations and the functorial property of our construction
of Poisson fiber bundles. We show that submersive (resp. immersive) morphisms of
Yang-Mills-Higgs setups having presymplectic base together with Ehresmann connec-
tions induce forward (resp. backward) Dirac maps of coupling structures. In Section 2,
we present basic definitions and results needed here. Our main results with examples
are established in Sections 3 and 4. Applications to fibered symplectic groupoids are
given in Section 5.

2. Coupling Dirac structures

2.1. Dirac structures

Let N be a smooth finite-dimensional manifold. Given(X1,α1), (X2,α2) smooth sec-
tions ofTN⊕T∗N we consider thesymmetric pairing

〈(X1,α1),(X2,α2)〉=
1
2

(
α1(X2)+ α2(X1)

)

and theCourant bracket

[(X1,α1), (X2,α2)] = ([X1,X2], LX1α2− iX2dα1).

A Dirac structureon N (see [C90]) is a sub-bundleL ⊂ TN⊕T∗N which is
maximally isotropic with respect to the symmetric pairing〈·, ·〉 and whose space of
sections is closed under the Courant bracket.

If (N1,L1) and (N2,L2) are two Dirac manifolds then a mapψ : N1→ N2 is
called aforward Dirac mapif

L2 = {(Tψ(X),β) | X ∈ TN1, β ∈ T∗N2, and(X,(Tψ)∗β) ∈ L1}

and abackward Dirac mapif

L1 = {(X,(Tψ)∗β) | X ∈ TN1, β ∈ T∗N2, and(Tψ(X),β) ∈ L2}.

2.2. Geometric data

Let π : E→ B be a smooth fiber bundle. We denote Vert= Ker(Tπ)⊂ TE. An Ehres-
mann connectiononE is a surjective bundle mapΓ : TE→Vert such that, at each point
e∈ E, Γ2

e = Γe and given any smooth path

c : [0,1] → B

t 7→ c(t)

joining x0 to x1 and for anyy0∈ π−1(x0), there exists a unique horizontal liftt 7→ γ(t) in
E so thatγ(0) = y0 andπ(γ(t)) = c(t) for all t. Considering the horizontal sub-bundle
HorΓ = kerΓ, one gets the splitting:

TE = HorΓ⊕Vert.
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Given any vector fieldX ∈ X(B), we denote byhorΓ(X) ∈ X(E) its horizontal lift.
Define the operator

∂Γ : Ωk(B)⊗C∞(E)→Ωk+1(B)⊗C∞(E)

by setting

∂Γα(X0, . . . ,Xk) =
k

∑
i=0

(−1)iLhorΓ(Xi)(α(X0, . . . , X̂i , . . . ,Xk))

+∑
i< j

(−1)i+ jα([Xi ,Xj ],X0, . . . , X̂i , . . . , X̂j , . . . ,Xk),

wherehorΓ(X) is the Γ-horizontal lift of X ∈ X(B) andLhorΓ(Xi) the Lie derivative
along the vector fieldhorΓ(Xi). Define the curvature ofΓ as follows:

CurvΓ(X,Y) = horΓ([X,Y])− [horΓ(X),horΓ(Y)],

for all X,Y ∈ X(B).

DEFINITION 1. Geometric dataon the fiber bundleπ : E→B consist of a triple
(V ,Γ,F) formed by an Ehresmann connectionΓ, a vertical bivector fieldV , and a
C∞(E)-valued 2-formF on B. It isintegrableif the following properties are satisfied:

• V is a Poisson tensor, i.e.[V ,V ] = 0;

• V is preserved by parallel transport, i.e.LhorΓ(X) V = 0, ∀X ∈ X(B);

• ∂ΓF = 0;

• CurvΓ(X,Y) = V ♯(d(F(X,Y))), ∀X,Y ∈X(B).

REMARK 1. a) In contrast with Vorobjev’s definition [Vo00], we do not assume
thatF is non-degenerate in the above definition.

b) The third property of Definition 1 means that the 2-formF defined by

(1) F(horΓ(X),horΓ(Y))e = F(X,Y)π(e) ∀X,Y ∈ X(B), ∀e∈ E

is horizontally-closed.

2.3. Coupling Dirac structures

DEFINITION 2. Letπ : E→ B be a smooth fiber bundle. A Dirac structure L on
E is called acoupling Dirac structureif there exists geometric data(F,Γ,V ) such that

(2) L =
{
(X, iXF)+ (V ♯α,α) | X ∈ HorΓ, α ∈ Ann(HorΓ)

}
.

We refer the reader to Vaisman’s paper [Va05] for more details about the prop-
erties of coupling Dirac structures.
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REMARK 2. Given a coupling Dirac structureL on E, the distributionD gen-
erated by the horizontal vector fieldsX satisfyingiXF = 0 defines a foliationF called
the characteristic foliationor thenull foliation of L. WhenL is reducible [LWX98],
the quotientE/F is a Poisson manifold called thespace of motion.

We will use the following result that can be found in [Wa05].

PROPOSITION1 ([Wa05]). Let π : E→ B be a smooth fiber bundle. The inte-
grability of geometric data(V ,Γ,F) is equivalent to the fact that the space of smooth
sections of the corresponding sub-bundle L⊂ TE⊕T∗E (defined as in Equation (2))
is closed under the Courant bracket.

3. Construction of phase spaces

First, we will prove the following result:

THEOREM 1. Let (G,P,F) be a classical Yang-Mills-Higgs setup. Assume that
the base manifold B= P/G is equipped with a pre-symplectic formωB. Then every
connectionθ on P induces a coupling Dirac structure on the associated bundle E =
P×G F which restricts to the Poisson structure along the fibers ofE inherited from the
Poisson manifold(F,VF).

Under the notations and assumptions of Theorem 1, the connection θ on P in-
duces a connectionΓ onE = P×G F . We have the splitting

TE = HorΓ⊕Vert.

Moreover, theΓ-horizontal lift ofX ∈ X(B) is given by

(3) horΓ(X)[p, f ] = T(p, f )πP×F (Xp,0f ),

where[p, f ] ∈ E = P×G F is the equivalent class of(p, f ) ∈ P×F , πP×F : P×F →
P×G F is the canonical projection,X is theθ-horizontal lift ofX ∈ X(B) and0f is the
zero tangent vector atf . Define the vertical bivector fieldV as follows

(4) V = (πP×F )∗VF

We have the following lemma:

LEMMA 1. Under the above notations, we have

• V is a vertical Poisson tensor;

• LhorΓ(X) V = 0, for any X∈ X(B).

Proof. The fact that the Schouten bracket[V ,V ] vanishes follows immediately from
[VF ,VF ] = 0. Furthermore, it follows from Equations (3)-(4) that one hasLhorΓ(X) V =
0, for anyX ∈ X(B).
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LEMMA 2. Under the assumptions of Theorem 1, there exist induced integrable
geometric data on E.

Proof. Taking into account Lemma 1, we only have to find a suitable 2-form F ∈
Ω2(B)×C∞(E). To construct such a 2-form we will use the momentum map asso-
ciated with the HamiltonianG-action onF , denoted byJ : F→ g∗, whereg∗ is the dual
of the Lie algebra ofG. The infinitesimal actionρF : g→ X(F) transforms an element
ξ ∈ g into a Hamiltonian vector fieldV ♯

F(dJξ), where

Jξ( f ) = 〈J( f ), ξ〉,

for all f ∈ F. Consider the connection 1-formθ ∈ Ω1
Vert(P)⊗g. The curvature ofθ is

the horizontalg-valued 2-form given by

(5) Curvθ

(
Xp,Yp

)
= θp

(
[X,Y]p− [X,Y]p

)
,

whereX,Y ∈ X(P) are theθ-horizontal lifts ofX,Y ∈ X(B), respectively. Next, we
define

(6)
(
G(X,Y)

)
([p, f ]) =

〈
J( f ), Curvθ

(
Xp, Yp

)〉
,

for all X,Y ∈ X(B). Let ωB be the pre-symplectic form onB. Define

(7) F = ωB⊗1+G.

We will show that CurvΓ(X,Y) = V ♯
(

d(F(X,Y))
)
, for all X,Y ∈ X(B). Notice that

the curvature ofθ and that ofΓ are related as follows

(8)
(

CurvΓ(X,Y)
)
([p, f ]) = T(p, f )πP×F

(
0p, (ρF ◦Curvθ(Xp,Yp))( f )

)
,

where0p is the zero tangent vector atp, ρF is the infinitesimal action associated to
theG-action onF . Since it is enough to work with local coordinates, we pick a local
system of coordinates(x1, . . . ,x2s) onB. Set

Gi j = G
( ∂

∂xi
,

∂
∂x j

)
and Fi j = F

( ∂
∂xi

,
∂

∂x j

)
.

From Equations (4) and (6), one gets

CurvΓ

( ∂
∂xi

,
∂

∂x j

)
([p, f ]) = T(p, f )πP×F

(
0p, V

♯
F(dGi j )( f )

)

= T(p, f )πP×F

(
0p, V

♯
F(dFi j )( f )

)
,

since the components(ωB)i j of ωB satisfyV ♯
F(d(ωB)i j ) = 0. Therefore,

CurvΓ(X,Y) = V ♯(d(F(X,Y))), ∀X,Y ∈X(B).
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Moreover,
∂ΓF = dωB⊗1+ ∂ΓG.

SinceωB is closed, we get∂ΓF = ∂ΓG. To show that∂ΓG = 0, we use classical argu-
ments. Precisely, we define the vertical 1-formΦ onP×G F as follows:

Φ[p, f ]([(Xp,Zf )]) =
〈

J( f ), θp(Xp)
〉
,

where[(Xp,Zf )] = T(p, f )πP×F (Xp,Zf ). One can easily check that

G(X,Y) = dΦ(horΓ(X),horΓ(Y)).

Consequently∂ΓG = 0 sinced2Φ = 0. Hence the triple(V ,Γ,F) defines integrable
geometric data onE = P×G F .

Theorem 1 follows immediately from Proposition 1 and Lemma 2.

EXAMPLE 1. Consider the trivial principal bundleSU(2)×R3→ R3 together
with the HamiltonianSU(2)-spacesu(2)∗, that is, the dual of the Lie algebrasu(2)
endowed with its canonical linear Poisson structure. HereR3 is equipped with the
exact formω = dη defined in the standard linear coordinates(x,y,z) by η = x∧dy.
Given any connectionθ on SU(2)×R3, we can apply Theorem 1 which provides a
Dirac structure on

(
SU(2)×R3

)
×

SU(2)
su(2)∗.

EXAMPLE 2. Consider the principalU(1)-bundleS5→ CP2 andF = S2. We
equipCP2 with its canonical homogeneous Kähler metric and the 2-sphere with its
canonical symplectic structure. By Theorem 1, any connection onS5→ CP2 deter-
mines a Dirac structure on the associated bundleS5×

U(1)
S2.

REMARK 3. The proof of Theorem 1 is quite similar to that of Theorem 3.2 in
[Wa05]. However, the fact that the base manifoldB is presymplectic leads to a major
improvement. Indeed, Theorem 1 includes both the construction of the phase space
for minimal coupling for gauge fields and Theorem 3.2 in [Wa05]. These two known
results correspond to the extremal cases where the rank of the presymplectic formωB

is equal to zero or dimB.

Another consequence of Theorem 1 is:

COROLLARY 1 (Weak coupling Poisson structures).Let(G,P,F) be a classical
Yang-Mills-Higgs setup andθ a connection on P→ B. Assume that both F and P are
compact and the base B is equipped with a symplectic formωB. Then there is 1-
parameter family of Poisson structuresΠε on the associated bundle E= P×G F such
that each Poisson structureΠε restricts to the Poisson structure along the fibers of E
which is inherited from(F,VF).

Proof. The additional condition saying thatP andF are compact ensures that we can
choose a real numberε > 0 sufficiently small so that the 2-form

Fε = ωB⊗1+ εG
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is non-degenerate. ReplacingF by Fε in the proof of Theorem 1, we conclude that the
triple (V ,Γ,Fε) is integrable. Furthermore, its corresponding coupling Dirac structure
Lε satisfies

Lε∩ (TE⊕{0}) = {0}.
This is equivalent to the fact thatLε is the graph of a Poisson structureΠε. There
follows Corollary 1.

REMARK 4. The associated bundleP×G F obtained in Theorem 1 is a Poisson
fiber bundle (also called Poisson fibration) [BF07, Wa05]. Recall that a Poisson fibra-
tion is a fiber bundle whose fiber is a Poisson manifold and which has an atlas of local
trivializations whose transition maps induce Poisson isomorphisms of the fibers.

4. Morphisms

4.1. Gauge transformations

Let λ = (G,P,F) be a classical Yang-Mills-Higgs setup together with a pre-symplectic
form on B = P/G and a connectionθ on P. Consider a diffeomorphismh : P→ P
which descends to the identity map onB. The maph× id : P×F→P×F, canonically,
induces a fiberwise Poisson diffeomorphismψ : P×G F→P×G F. Moreover, we have
two connections onP, namelyθ andθ′ = h∗θ. They induce connections onP×G F
denoted byΓθ andΓθ′ . Applying Theorem 1, one gets two Dirac structures onL1 and
L2 corresponding to geometric data(V ,Γθ,F) and(V ,Γθ′ ,F

′
), respectively. Precisely,

L1 =
{
(X, iXF)+ (V ♯α,α) | X ∈ HorΓ, α ∈ Ann(HorΓ)

}

and
L2 =

{
(X
′
, iX′F

′
)+ (V ♯α,α) | X′ ∈ HorΓ′ , α ∈ Ann(HorΓ′)

}
.

We know that there are 2-formsF andF′ ∈Ω2(B)×C∞(P×G F) such that

F
(

horΓ(X),horΓ(Y)
)

= F(X,Y) and F
′(

horΓ′(X),horΓ′(Y)
)

= F′(X,Y).

Setting
B = F−F′,

we can rewriteL1 as

L1 = Span
{
(horΓ(X), iXF′+ iXB )+ (V ♯α,α) | X ∈ X(B), α ∈ Ann(HorΓ)

}
,

whereiXF′ andiXB are the horizontalΓ-lift of iXF′ andiXB , respectively, i.e.

iXF′(horΓ(Y)) = F ′(X,Y) and iXB (horΓ(Y)) = B (X,Y).

We say thatL1 andL2 aregauge equivalentDirac structures.
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4.2. Functorial Property

We begin by recalling classical facts on principal fiber bundles with connection 1-
forms. Given a principal fiber bundle with connection 1-form(G,P,θ) the curvature
Curvθ defined in Equation (5) satisfies thestructure equation

(9) 2Curvθ(X,Y) = dθ(X,Y)+ [θ(X),θ(Y)] ∀X,Y ∈X(P).

DEFINITION 3. A morphism from a principal fiber bundle with connection 1-
form (G,P,θ) to (G′,P′,θ′) is a pair (φ,h), whereφ : G→ G′ is a homomorphism of
Lie groups, and h: P→ P′ is a φ-equivariant map such that the connection 1-forms
satisfy the pullback condition

(10) h∗θ′ = φ∗ ◦θ.

From equation (10) it follows that the induced maph : P/G→ P′/G′ satisfies

(11) h∗X = h∗X, ∀X ∈ X(B).

The structure equation (9) and (11) imply that the curvatures are related as fol-
lows:

(12) Curvθ′
(
h∗X1,h∗X2

)
= φ∗

(
Curvθ

(
X1,X2

))
∀X1,X2 ∈ X(B).

Let λ = (G,P,F) andλ′= (G′,P′,F ′) be two classical Yang-Mills-Higgs setups.
Suppose that the principal bundles are equipped with connections θ (resp. θ′) on P
(resp.P′), and assume thatB = P/G andB′ = P′/G′ are equipped with pre-symplectic
formsωB andωB′ , respectively.

DEFINITION 4. A morphism from(λ,ωB,θ) to (λ′,ωB′ ,θ′) is a triple (φ, f ,h),
where

• (φ,h) is a morphism of principal bundles with connection 1-forms such that
the induced map h: B→ B′ is a morphism of pre-symplectic manifolds, that
is, h∗ωB′ = ωB;

• f : F→ F ′ is aφ-equivariant Poisson map such the following diagram commutes

(13)

F F ′

g∗ g′∗

-
f

?

J

?

J′

-

φ∗

whereφ∗ : g′∗→ g is the canonical map induced byφ.
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Given two such classical Yang-Mills-Higgs setups, we denote byL = L(λ,ωB,θ)
andL′ = L(λ′,ωB′ ,θ′) the corresponding Dirac structures onE = P×G F andE′ =
P′×G′ F

′, respectively. We denote byψ = [h, f ] : (E,L)→ (E′,L′) the canonical map
induced on the associated bundles endowed with their coupling Dirac structure. Then
the diagram below commutes.

(14)

E E′

B B′

-
ψ

?

π
?

π′

-

h

LEMMA 3. Under the above notations, one hasF = (ψ,h)∗F′ where(ψ,h) :
E×B→ E′×B′ is the canonical product map.

Proof. Let X1,X2 ∈ TbB, let e= [p, f ] be a point in the fiber ofE = P×G F overb, and
let e′ = [p′, f ′] = ψ(e). We compute that

(ψ,h)∗F′(X1,X2)(e) = F′(h∗X1,h∗X2)(ψ(e))

= ω′(h∗X1,h∗X2)+G′(h∗X1,h∗X2)([p′, f ′]) by (7)

= (h∗ω′)(X1,X2)+ 〈J′( f ′),Curvθ′(h∗X1p′ ,h∗X2p′)〉 by (6)

= ω(X1,X2)+ 〈(J′ ◦ f )( f ),φ∗Curvθ(X1p,X2p)〉 by (12)

= ω(X1,X2)+ 〈(φ∗ ◦J′ ◦ f )( f ),Curvθ(X1p,X2p)〉

= ω(X1,X2)+ 〈J( f ),Curvθ(X1p,X2p)〉 by (13)

= ω(X1,X2)+G(X1,X2)([p, f ]) by (6)

= F(X1,X2)(e) by (7)

which was to be shown.

PROPOSITION2. Under the above notations, we assume that(φ, f ,h) is a mor-
phism from(λ,ωB,θ) to (λ′,ωB′ ,θ′). Then the induced map on coupling Dirac struc-
tures

ψ = [h, f ] : (E,L)→ (E′,L′)

is forward (resp. backward) Dirac ifψ is a submersion (resp. immersion).

Proof. We show here thatψ is forward Dirac whenψ is a submersion. We must verify
that

L′ = {(ψ∗X,β)|X ∈ TE, β ∈ T∗E′, (X,ψ∗β) ∈ L}.
Recall that the coupling Dirac structureL splits as a vector bundle into horizontal and
vertical components as

L = {(X, iXF)|X ∈ HorΓ}⊕{(V #α,α)|α ∈Hor0Γ} by (2),
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andL′ splits similarly. We will verify in turn that the forward Dirac condition is satis-
fied for each component of the splitting.

(i) Suppose thatX ∈ TE, β ∈ T∗E′, Y ∈ TBand

(15) (X,ψ∗β) = (Y, iYF).

We wish to show that(ψ∗X,β) ∈ L′, that is,

β = iψ∗XF′ by (2)

= iψ∗Y(π′∗F′) by (15)

= π′∗(ih∗YF′) by (14).

To this end, suppose thatZ′e′ ∈ Te′E
′. Sinceψ∗ : TeE→ Te′E

′ is surjective there exists
Ze∈ TeE such that

(16) Z′e′ = ψ∗Ze.

We compute that

β(Z′e′) = β(ψ∗Ze) by (16)

= (ψ∗β)(Ze)

= (iYF)(Ze) by (15)

= F(π∗Y,π∗Ze)(e) by (1)

= (ψ∗,h)∗F′(Y,π∗Ze)(e) by Lemma 3

= F′(h∗Y,h∗π∗Ze)(ψ(e))

= F′(h∗Y,π′∗ψ∗Ze)(ψ(e)) by (14)

= π′∗(ih∗YF′)(ψ∗Ze)

= π′∗(ih∗YF′)(Z′e′) by (16)

which was to be shown. Moreover, the entire horizontal component ofL′ is hit as the
mapψ∗ surjects HorΓ onto HorΓ′ .

(ii) Suppose thatX ∈ TE, α′ ∈ T∗E′, and(X,ψ∗α′) = (V ♯α,α) whereα ∈
Ann(HorΓ). Then

V ′♯α′ = (ψ∗V )♯α′ = ψ∗(V ♯ψ∗α′) = ψ∗(V ♯α) = ψ∗X.

Hence(ψ∗X,α′) = (V ′♯α′,α′). We note thatα′ ∈Ann(HorΓ′) sinceψ∗α′ ∈Ann(HorΓ)
and the mapψ∗ surjects HorΓ onto HorΓ′ . This also shows that the entire vertical
component ofL′ is hit.

The proof thatψ is backward Dirac ifψ is an immersion is a similar computa-
tion. In particular, the injectivity ofψ∗ ensures thatX is horizontal if(ψ∗X,β) is in the
horizontal component ofL′.
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5. Applications to fibered symplectic groupoids

Recall that a Lie groupoid over a smooth manifoldM is given by a smooth manifold
G together with two surjective submersionsα,β : G → M called the source map and
the target map, a multiplicationm : G2→ G , a unit sectionε : M→ G and an inversion
mapi : G → G , whereG2 = {(g,h) ∈ G ×G | β(g) = α(h)} is the set of composable
pairs and the following properties are satisfied:

1. α(m(g,h)) = α(h) andβ(m(g,h)) = β(g), ∀(g,h) ∈ G2,

2. m(g,m(h,k)) = m(m(g,h),k), ∀g,h,k ∈ G such thatα(g) = β(h) andα(h) =
β(k),

3. α(ε(x)) = x andβ(ε(x)) = x, ∀x∈M,

4. m(g,ε(α(g))) = g andm(ε(β(g)),g) = g, ∀g∈ G ,

5. m(g, ι(g)) = ε(β(g)) andm(ι(g),g) = ε(α(g)), ∀g∈ G .

In other words, a Lie groupoid is a small category such that all morphisms are invert-
ible, the spaces are smooth manifolds and all structure mapsare smooth. Here, the base
manifoldM, theα-fibers and theβ-fibers are supposed to be Hausdorff butG is not
necessarily Hausdorff. A symplectic groupoidG over a Poisson manifoldM is a Lie
groupoid such that source and target maps are Poisson (resp.anti-Poisson) maps and
such that the graph of the groupoid multiplication is Lagrangian.

Given a smooth manifold B, we denote byFib(B) the category of locally trivial
fiber bundles overB whose objects are the locally trivial fiber bundlesF → E → B
and whose morphisms are the fiber preserving mapsψ : E→ E′ over the identity map
id : B→ B. By afibered Lie groupoidG ⇉ E overB, we mean a small sub-category in
Fib(B).

DEFINITION 5 ([BF07]). A fibered symplectic groupoidG ⇉ E over B is fibered
Lie groupoid whose fiberF ⇉ F is a symplectic groupoid.

It is known that the baseE→ B of any fibered symplectic groupoidG has natu-
rally a Poisson fibration structure (see [BF07]). A Poisson structure onF is integrable
if its induced Lie algebroid is isomorphic to the Lie algebroid of some Lie groupoid. Up
to isomorphism, there is a unique source-simply connected Lie groupoidG (A) corre-
sponding to an integrable Lie algebroidA. By a source-simply connected Lie groupoid,
we mean that the source-fibers are simply connected. Given any classical Yang-Mills-
Higgs setup(G,P,F) such that the fiberF admits an integrable Poisson structureVF ,
the associated bundle

G = P×G F ⇉ P×G F

is a source 1-connected fibered symplectic groupoid, whereF is the unique source
1-connected symplectic groupoid integratingF . We will use that fact as well as the
following definition:
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DEFINITION 6 ([CF05]). A Poisson manifold(F,VF) is said to be ofcompact
type if it is integrable and its 1-source connected symplectic groupoidF is compact.

We have the following result:

PROPOSITION3. Let (G,P,F) be a classical Yang-Mills-Higgs setup andθ a
connection on P. Assume that P is compact, F is of compact typeand the base B is
equipped with a symplectic formωB. Then the associated bundle E= P×GF integrates
into a source 1-connected fibered symplectic groupoidG ⇉ E. Furthermore, there is
1-parameter family of symplectic forms on the total spaceG such that each of them
restricts to the symplectic structure along the fibers ofFb.

Proof. The Poisson fiber bundleE = P×G F→ B integrates into a source 1-connected
fibered symplectic groupoidG ⇉ E sinceF is of compact type. The existence of a 1-
parameter family of symplectic forms on the total space ofG ⇉ E which is compatible
with its fibered symplectic groupoid structure can we shown by using exactly the same
method as in the proof of Corollary 1.

EXAMPLE 3. Consider the principalU(1)-bundleS2n+1→CPn, where the pro-
jective spaceCPn is endowed with its natural Kähler form. LetF be the 2-sphereS2,
with its canonical symplectic structure. It’s known thatS2 is of compact type and its
associated source 1-connected symplectic groupoid is the pair groupoidF = S2×S2,
where the notationS2 means that we consider the opposite of the symplectic formω0

onS2. Moreover the associated fibered fibered symplectic groupoid is:

G = S2n+1×
U(1)

(S2×S2) ⇉ S2n+1×
U(1)

S2.

It follows from Proposition 3 that, given any connectionθ on our principal circle bun-
dle, there is a 1-parameter family of symplectic forms on thetotal space ofG ⇉ E
which is compatible with its induced fibered symplectic groupoid structure.
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