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THE COHOMOLOGY OF RANK 2 BUNDLES ON P?

Abstract. We classify all sequences of integers that can be, up to & #héf cohomology
sequencgh'(E(n))} of a rank 2 bundlé&€ onP2. We show how some of the main invariants
of the bundle can be read from the sequence.

1. Introduction

The purpose of this paper is to determine the possible dimesnsf the cohomology
groups of rank 2 vector bundles on the projective plane, amgscribe what informa-
tion follows from the knowledge of these nhumbers, conceytiire bundles themselves
and the geometry of a finite set of points.

The correspondence between rank 2 bundles on the plane atedsits of
pointsZ C P? is controlled by Serre’s construction and Cayley—Bacharagmbers
(CB) of Z. We refer to Definition 1 for a technical setting of what a CBiristhis note.
Suffice it to say now that it corresponds to an integiguch that the obvious restriction
mapH®(&2(e)) — HO(67) is uniformly non—surjective.

Once one determines thate Z is a CB for a finite se, then there is an
extension leading to a rank 2 bundteon P2, with first Chern class; = e+ 3, such
that Z is the zero locus of a sectiomof E. The bundle and the set of points are
algebraically linked by the exact sequence:

(1) 0— Opr >E — F7(e+3)—0

where.#7 is the ideal sheaf df.

WhenZ is a complete intersection of curves of degegle thena+b—3 is
CB for Z, and Serre’s construction returns the bun@le(a) ¢ Cp2(b), i.e. a splitting
bundle. Conversely iE splits as a sum of line bundlds = 0p2(a) ® Tp2(b), then
a+b—3isaCB forZ andZ is a complete intersection of curves of degassndb.

We have the celebrated Horrocks’ criterion for the splitid E:

THEOREM1 (Horrocks). A vector bundle E of rank 2 d? splits if and only if
H(E(n)) =0, vn.

So the group#i*(E(n)), n € Z, measure, in a certain sense, howEais from
being split, and also how fat is from being a complete intersection.

The main tool for the study of the geometry ofis the Hilbert functionhz,
defined as usual biiz(n) = h%(Gp2(n)) — h%(#z(n)) or equivalently,hz(n) = d —
hl(.#z(n)), whered is the number of points aZ. Thus the Hilbert function gives
essentially the same information of the functioh{.#z(t)). The sequence (1) yields
that the Hilbert function oZ has an immediate link with the functidgi(E(t —e— 3)).
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So we have some reasons why the study of the dimensions ofderaous
pieces in the moduleH(E(n)) could be of interest. The purpose here is to give an
answer to the question:

Q) Which sequencelan} correspond to the sequengd@ (E(n)) = dim(H(E(n))}
of integers for some rank 2 vector bunden P2 ?

Of course not every sequence of integers is allowed; foaircst, we know that
a, must vanish fom > 0. Furthermore, by dualith!(E(n)) = h'(EY(-n—3)) =
h'(E(—cy—n—3)), thus{a,} must be symmetric arounelcl—f’.

A related question considers how we can detect whether tteelaeus of a
section of a rank 2 vector bundle is a complete intersect®eware that this is not
equivalent to the splitting dt:

ExampPLE 1. FixZto be one poinP ande= —2. Theneis a CB forZ. LetE
be an associated rank 2 bundle. &$¢,.(—2)) = 0, then from the sequence

0— 72— Opp— 07 —0

we geth}(E(—2)) # 0, i.e. E does not split, while on the other ha@ds complete
intersection.

The point in this example is based on the fact &t not themaximalCB for
Z.

So we have the following, natural:

QQ) For which sequencesy,} does there exist a non—split rank 2 bunBlehaving
a global sectiors € E(np) whose zero locus is a complete intersection, and such
thath!(E(n)) = a, Vn?

In this note we provide an answer to both questions (see #ueems of Section
3 and Theorem 7 below).

The description of the first cohomology also allows us to rapé inPP? the
fact (valid for bundles irP3, by [3]) that the vanishing of a single, well-determined
cohomology group foE implies that the bundle splits (see Proposition 4).

Also, we are going to show how interesting invariants of thedde (such as the
Atiyah invariantA) can be read, in some cases, from the cohomology sequence.

Finally, we will determine some effects on the cohomology e invariants of
sets of points, caused when passing from sectiolistofsections of some twigt(n).

2. Preliminaries

Let Z be a set of points in the projective spdeover the complex field. Led denote
lengthZ). We will always assume that is formed byd distinct points, even if a
weaker hypothesis should work.

Let hz the Hilbert function oZ. We establish the following notation:
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a = minimum degree of a (possibly reducible) curve contairing
Co = one curve of degreacontainingZ;

b = minimum degree of a curve containiZgand not containin@o (possibly
a=Dh).

Then we have the following, almost classical descriptiontfe “difference Hilbert
function” Ahz(n) = hz(n) — hz(n—1).

THEOREMZ2. For any set of d distinct points Z, put % Ahz(n). Then we have:
A) % >0Vnandy®, x,=d;
B) forn< —landn> 0, x, =0;
C) for0O<n<a, Xp=X-1+1(=n+1);
D) fora<n<b, % =xn-1(=a);
E) forn>b, % <Xp—1and % < Xp_1.

If moreover the curve of minimal degreg &s above can be chosen irreducible, then
we havedhz(n) < Ahz(n—1) Vn > b, unlessthz(n) = 0.

Conversely given any sequence of integpgs} satisfying conditions A)-E),
there exists a set of d points Z such thag(n) = x, Vn.

Proof. See [5]. O

Putting everything into a diagram, we get:

On,

a-1 b-1 n

and everyshapelike this can be realized as the difference Hilbert functidra set of
points.

The relation between rank 2 bundles and cohomology of p@riased on the
following:

DEFINITION 1. An integer e is a Cayley-Bacharach number (CB) for Z if for
any subschemé Z= Z of length d— 1, we have A(.#z (e)) = h%(7z(e)).

Equivalently, e is CB if and only if no elements of the canainiiasis for
HO(07) = CYlie in the image of the restriction map¥&;2(e)) — HO(07). Of course,
if eis CB for Z,thene-1,e—2,... are also.
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Notice that our definition of Cayley-Bacharach numbers ighsly different
from what we find in other related papers. Indeed we do not takiB to be the
maximumsuch that the property holds, but just any number satisfjtiegproperty.
This justifies our remark that has infinitely many CB.

We have (see [1]):

THEOREM3 (Brun). If e is CB for Z, then there exists a vector bundle EP8n
and a section & HO(E) such that Z is, scheme-theoretically, the zero locus of s and
the Chern classes of E are e e+ 3, ¢, =d. E and Z are related by the sequence

0— Opz >E — F7(e+3) — 0.

Of course, the bundlg is not unigue, neither if we fix the CB numbeerindeed,
in order to determin&, we also need to fix an element®kt!(.#z(e+ 3), Op2), which
in general has dimension larger than 1.

The correspondendgsets of points — {rank 2 bundles can be more deeply
understood as follows: sequence (1) comes about by theelobian element) €
Extl(#z(e+ 3), Op2). By the sequence

(2) 0— I7— Op2— 07— 0
we get

0— Extl(Sz(e+3),0p) — EX(0z,0p2) 5 ExX®(Op2(e+3),0p) —

3) l I
HO(02)" HO(Tp2(€))”

wherea is the dual of the obvious restriction map. Further, sikcis a vector bun-
dle, £xt}(E, 0p2) must be 0, sa) is a local generator foE xt'(.z(e+ 3), Op2) =
EXt?(0z,052) = O7. Hencen corresponds to an elemeny of H%(&7) which is not

in the image oH%(p2(e)) — HO(67) and with no vanishing components. The exis-
tence ofng is precisely the CB property f& at levele.

We need to point out some relations between CB and the Hilbectionhz:
LEMMA 1. With the previous notation:
a) b—2is a CB number for Z.
b) Ife> 0thenAhz(e+1) # 0.
Proof.

a) If not, there is a poinP € Z and a curveC of degreeb — 2 passing through
Z — P and missingP. Clearly C cannot contairCy. But then, for a general
line L throughP, CUL has degreé — 1, containsZ and notCy, contrary to the
minimality of b.
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b) If Ahz(e+1) =0 thenhz(e) = hz(e+1) = --- = hz(e+n) Vn and this implies
hz(e) = d, that is, the restriction maH®(;2(e)) — H(0%7) is surjective, but
this is a contradiction, by definition of CB humber.

O

3. The study of the sequenca!(E(n))

The relationship between the cohomology of the buidlend the Hilbert function of
Zis given by:

PropPOSITIONL. LetZ, e, E be as usual. Therm e Z
(4) h'(E(n)) =d—hz(—n—3) —hz(e+3+n).

Proof. By sequence (1) we get on cohomology

59 0 — HYEM) — His(e+3+n) B HXo(n)
— H2(E(n)) — HASz(e+3+n) — 0

whereh?(&(n)) = h°(6(—n—3)), P*(E(n)) = h%(E(-n—e—6)) and
h?(7z(e+3+n) = h¥((e+3+n)) = h°(G(—e—6—n)).

Further,h%(E(—n—e—6)) = h%(&(—n—e— 6)) +h%(#z(—n— 3)). Putting all this
together and recalling the definition of Hilbert functionetformula is settled. O

This relation can be understood in details. Return to sexpi€3) of Section 1:
the vector bundI& comes from the choice of € Ext'(.#z(e+3),0) c H%(07)" and
n vanishes undem, hence, inH?(&7), it is orthogonal to the image ¢1°(&(e)). In
sequence (5) the dual ffis then, by construction, obtained from the map

y:HY(@(—n—13)) — Ext(#%(e), 6(—n—6)) = Extl(#2(e+3),0(—n—13))
given by restriction td1°(&%), followed by tensoring witm. Thus forn < —3,
(6) h(E(m) = dim(Ext'(.%2(€), 6(—n—6))) —dim(Im(y))
=hl(#(e+3+4n)) —hz(—n—3) =d—hz(e+3+n) —hz(—n—3).
On the other hand, far > —3, y andp vanish, aiz(—n— 3) does, so:
(7) hYE(n)) =dim(Ext}(#(e),0(—n—6))) = h*(Fz(e+3+n))
=d-— hz(e+ 3+ n) =d-— hz(e+3+ n)— hz(—n — 3)

Now one can use the classificationZtiz(n) to give a description of the “dif-
ference cohomology sequence”

AhE(n) = hY(E(n)) —hY(E(n—1))
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which is equal toAhz(—n— 2) — Ahz(e+3+n). By Serre duality, the sequence
h'(E(n)) is symmetric around—%ﬁ, thus the sequenash'E(n) is anti-symmetric

around—-&2 =n=-% -1

LEMMA 2. Let E be a vector bundle d¥?. Then for g 0, E(q) has a section
whose zero locus Z is smooth and a general curve of minimaedemassing through
Z is irreducible; in this case by Theorem 8hy strictly decreases from b 1 till it
reache<.

Proof. See [7], prop 7.2 and [9]. O

REMARK 1. Since a shifting does not change (but merely shifts) tih®cwml-
ogy modules of a vector bundle, we assume form now on that

(*) c1(E) > 0 andE satisfies the thesis of Lemma 2.

We need at this point, to make a distinction between staldleiastable bundles,
since they have a quite different behaviour in cohomology.

DEFINITION 2. A rank2 vector bundle E ofP? is stable (resp semistable) if
for all invertible subsheaves C E, ci(£) < 3ci(E) (resp. a(£) < 3c1(E)). If E has
a section whose zero locus is Z andE) > 0, then E is stable (resp semistable) if
and only if Z is not contained on curves of degi@écl ) (resp.< ch( )) (se€l8],
Section 3).

If the numbers ae have the usual meaning, then E is stable (resp. semi-$table
if and only if a> &2 (resp. a> &53).

Now we are ready for classifying the cohomology sequeXit¢E (n)). By the

; ; c+2 C+2.
antisymmetry of the sequence, we may equivalently lookat—=>= orn > ==,

we choose < — %12 since in this case we gah'(E(n)) > 0.

PROPOSITION2. Let E be a non—stable rank 2 bundle BA which does not
split. Then there are numberg & np, n; < — Cﬁz , such that

A1) Fo °1—+2 >n>ny, AhE(n) = 0;

B1) Forng >n>ny, AR'E(n) = Ah'E(n+1) + 1;
C1) Forn < mp, Ah'E(n) < Ah'E(n+1);

D;) Forn< 0, Ah'E(n) =0.

(Condition B above may be empty.)
If furthermore n = °1+2 , then E is semi-stable.

Proof. Twist E until condition (*) is satisfied. Le¥ be the zero locus of a general
section ofE and leta, b, e have their usual meaning. Pt = a—e—4, andn; =
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max{—b—1,—c;— 1}. We haveny < n;. Indeed otherwise, as—e—4=a—c;— 1,
n, must be—b—1 ande > a+b— 3, but by our assumptions afy Ahz decreases
strictly fromb — 1, going to 0, so that necessardy- a+ b — 3 and the Hilbert function
of Z coincides with the Hilbert function of a complete interseatof curves of degree
aandb. But in this case, by [4], Z is complete intersection &hdplits.

Now formulasA;) — D;) follows by the corresponding formulas A) - E) estab-
lished in Theorem 2 foAAhz, via the equality (4) of Proposition 1.

Whenn; = fcl—;z, thena= eJrT?’ so thatE is semistable. O

REMARK 2. It is probably unavoidable to draw a picture of the sitmmati if
the following diagrams represent the functifhz; then, by Proposition 1, the non—
zero values ofh!(E(—n)), in the rang€(°1—2+3, +o0), are given by the shadowed shape
(backward!).

Aty (m) An,(m)

a-1 e+l b-1 m a-1 b-1 e+l M

For stable bundles, we have a slightly different descniptio

PROPOSITION3. Let E be a stable rank 2 bundle &% which does not split.

Then there are numberg & ny, m < 7(:1_;2’ such that

Ay) if ¢y is odd, themh'E(—23) = 1; if ¢4 is even, thelh'E(— %2) = 0;
Bp) For —%t >n>ny, AWE(n) = ARE(n+1) +2;
Cz) Forng >n>ny, AR'E(n) = AM'E(n+1) +1;
D) Forn< np, Ah'E(n) < Ah'E(n+1);
Ez) Forn< 0, Ah'E(n) =0.
(Condition G above may be empty.)

Proof. Twist E until condition (*) is satisfied. Then I&t be the zero locus of a general
section ofE and leta, b, e have their usual meaning. Put

—a—-1 ifnp=-c—1
n=max{-a—1-c—1} np= a " . “
max{—b—1,—c1—1} otherwise
The Proposition follows now by Proposition 1, together wifita fact that — 1 > eJrTl =
‘:1%2 by stability andAhz strictly decreases frofm— 1, going to 0. O
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REMARK 3. Here the pictures go as follows:

Ay (m) Ay (m) Ay (m)

(8)

a-1 e+l b-1 m e+l a-1 b-1 m ‘ a-1 b-le+l m

n=-a-—-1 m=-c-1 m=-a-1
np=-c-1 n=-a-—1 n=-b-1

The main results of the section say that the two previousgsitipns are invert-
ible, that is, they describe all the numerical sequenceswtnrrespond tah!(E(n))
for some vector bundIE.

THEOREMA4. Let {&} i > 0 be a sequence of non-negative integers with the
following properties: there are numbe@s< m; < mp with

a

b

ap <1,

g=aj_1+2for0<i<m;

d>

)
)
C2) & = a1+ 1for my < i <mp (this condition may be empty);
) a <aj_yfori>ny;

)

e) a=0fori> 0.

Then there is a stable rank 2 bundle E Bfand a constant k Z such thatvi > 0
ARE(—i+K) = a.

Proof. First note that, by Proposition 3, & is a stable bundle, the sequerge=
ARY(E(—i+K)), wherek is the first integer such that< fclT*Z, satisfiesy) — ).

Now, sete = 2mp + ap — 3 and letq be the first integer such thgt> HTl (=
mp — 1). Define the sequendem} as follows:

m+1 for0<m<q
Xm=4{e+2-—m+anq forg<m<e+1
am_q form>e+1

Using conditionsy) — €2) one can see immediately thty,} satisfies the hypothesis
of the last part of Theorem 2, hence there exists a set of gbinthich is smooth and
vm > 0 Ahz(m) = Xm.

By constructionym > xm—1 for m< e+ 2 (for instanceXe2 = ae2—q < am,—1+
1= Xe+1), hence the usual numbkeffor Z is greater than or equal &+ 2; it follows
by Lemma 1, pard) thateis a CB number foZ giving rise to a vector bundIg such
that, by Propositions 2 and 3 and by constructgfE) = e+ 3, AhY(E(—i +k)) = a;
if we let k be the first integer such thiat< 7(:1_;2_

Finally E is stable by construction and by Proposition 5. O
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There is the obvious analogue for semi-stable and unstabigiés.

THEOREMS. Let {&} i > 0 be a sequence of non-negative integers with the
following properties: there are numbe@s< my < my, with:
a1) =0for0<i<my;
b1) a =a_-1+ 1for my <i <nmp (this condition may be empty);
1) & <aj-1fori>my;
di) & =0fori>>0.

Then there is a non-stable rank 2 bundle ERfrand a constant k Z such thatvi > 0
AR'E(—i+ k) = &. If further my = 0, then E can be chosen semi-stable.

Proof. Pute=2m, — 3 ore=2mp — 2 and letq be the minimum integer such that
q> & Define

m+1 foro<m< &l -—m

g X for & —mp<m< &2 4my
e+2-m-anq for&E2+m<m<e+l
am-q form>e+1.

Now the proof goes just as in Theorem 4 daid the minimum integer such th&t<
7%2. The bundleE we get here is not stable by Proposition 5, but when= 0, by
choosinge = 2mp — 3 we get a semi-stable bundle. O

ExamMPLE 2. It could be interesting to show directly how the constirct
works. Let us begin with the stable bundle case.

Pick a sequence satisfyirg) — &), for instance

i |o|1]2|3|4|5]6]|7]>8]
afof2]4]e[7[8[8[6] 0|

which satisfies the inequalities, witty = 3, m, = 5. Heree= 7, g = 4. One can, by
hand, build up the sequenégy,} as follows: fori < mp, starting fromq+ 1, write a
vertical row ofg; points, pushing for everythe row one step downward, in such a way
that the row ofam, begins from 0, then align on the right the rows representiegits
fori > my.

O O0OO0OO
OO0OO0OO0

[ONe)
OO0OO0O0
[ONe)
[O}e)

@)
o OO0 O0OO0O0O000O0
OO0OO0OO0O0O00OO0

OO0OO0O00O0

[
o
[
[
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Thenfill the triangular shape at the bottom: this represtetsequencéhz(m).

The set of point& here is given by 66 points lying on a curve of degree 8 (and not
less) and having = 11.

The corresponding bundiE hasc; = e+ 3= 10,c; = 66.
For the unstable case, take

i [0]1]2]3]4]5]>86]
afofo[1][2]3[1] 0|

which satisfiesy ) — di) of Theorem 5. Choose= 2m; —2=6 (heremy =1, mpy = 4).
In a diagram, starting frorﬁg—1 = I leavemy + 2 = 2 free places on the right
and perform the same procedure as above.

o+ O

HereZ is formed by 25 points on a curve of degree 3 (and not less)tamabi
b = 9. The vector bundl& has Chern classes = e+ 3 =9, c, = 25.

4. Some consequences of the theorems

Through this section, we write down a series of corollandsich can be used to build
several cohomological criteria for rank 2 bundle®fh
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We point out first the following (more or less known) critarifor the splitting
of a bundleE. It is the analogue of the splitting criterion of [3], but ibéls not follow
from it.

PROPOSITION4. Let q be the maximum integer such thagcrLZ)Jr2 then
h'(E(q)) = 0if and only if E splits.

Proof. If E splits, therh(E(n)) = 0'¥n. Conversely assunté(E(q)) = 0; by Proposi-

tions 2 and 3AhY(E(n)) > 0forn < —2EH2 Hencenh! (E(q)) = 0impliesh!(E(n)) =

O0forn< —%, thus, by antisymmetryy!(E(n)) vanishes for alh. It follows that
E splits, by Horrocks’ criterion. O

Next, we show how the cohomology sequence can be used tcedebiether a
bundle is stable or not.

PROPOSITIONS.
a) A vector bundle E of ranR onP? is stable if and only if:
ARYE(-21) =2 wheng is even
ARYE(-%3%))=1 when q is odd.
b) A vector bundle as above is semi-stable but not stabledfanty if ¢ is even
andAht(E(— %)) = 1.

Proof. This is immediate from conditio®; of Proposition 2 and conditioB, of
Proposition 3. O

The previous criterion can be extended to determine prgctsestability index
of a rank 2 bundle.

DEFINITION 3. Let k be the minimum integer such thatklE has a non-zero
section. We define thatability indexs(E) as the number k % which is invariant
under twisting of E.

The stability index gives a measure of the “stability”E&findeed one can see
thatE is stable (resp. semi-stable) if and onlg(E) > 0 (resp.s(E) > 0).

PROPOSITIONG. Let x be the minimum integer such that
x < — %2 andAhl(E(x)) = AhY(E(x— 1)) + 1.
Then|s(E)| = — (x+2+%).

Proof. Twisting E the numbex+ 2+ % does not change, so assul@aatisfies con-

dition (*) and furtherh®(E(—1)) # 0. Take the zero locu® of a general section d&;
looking at

0— 0 —E— 42(c1) — 0,



26 C. Bocci and L. Chiantini

with the usual notation we g(kt a—cy; if E is stable then, by Proposition 8=
—a—2so thas(E) = —x— 2— % which is positive by our assumption an

If E is not stablex=a— clf 2 by Proposition 2, so tha{E) =x+2+%. O

There are several other characteristic numbers of the bubhdabhich can be
read soon in the sequenab! (E).

For instance, let us look at the Atiyah invaridy(E) = c3 — 4c; (see [8]). Itis
well know that ifE is stable, thed < 0.

PROPOSITIONY. Let E be stable. Then

(E) = A3 a2 ARY(E(n)) ?f c1 fs even
—1-4% a2 AhY(E(n)) if c1is odd

Proof. Twist E until it satisfies (*); thenc, = degre€Z) is the area enclosed in the
2
shape of diagram (8), while the non-shadowed area in theaﬁaxgrepresent% or
2_
clTl according to the residue of mod 2. O
ExampLE 3. There is not an analogue of the above formula for unstale b

dles. Indeed choose bundl&sand E’, built as in Theorem 5, whose cohomology
sequences (in the rang@%z, +0)) are respectively:

olo|1|2]3]0]...
and
0|1|2|3|O|...

We get Chern classes(E) =9, 2(E) = 24,¢1(E’) = 7,¢2(E’) = 18 hences Ah(E(n))
=y AhY(E'(n)) butA(E) = —15+# A(E') = —23.

5. Cayley-Bacharach numbers and the effect of twisting

Let Z be a smooth set of points,a CB forZ and letE be the associated bundle. If,
for somen, E(n) has a section whose zero locus is itself a smooth set of paints
then one would expect strong relations between the sequdn¢e) andAhz (m). In
fact, Ahz/(m) can be reconstructed once we knaiag (m), as the following proposition
shows.

PrROPOSITIONS. In the above setting, puth 0. Then

0 ifm<O
m+1 ifO<m<n
Ahz/(m) —Ahz(m—n) =< n ifn<m<e+3+n

2n+e+2-m ife+3+n<m<e+3+2n
0 ifm>2n+e+3.
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Proof. By
0— 0 —E(n) — Sz(e+34+2n)—0

we get:
Dhz(m) = hO(&(m)) —hO(Fz(m)) — ( (m—1)) +h%(sz(m-1))
h%(o ( m)) —h°(&(m—1)) —h ( (M—e—3-2n))
h%(&(m—e—4-2n)) —hE(m—e—3-n))
+h°(( —4-n)).

Similarly

Ahz(m—n) = h9(@(m—n))—hO(#z(m—n)) —h%(@(m—n—1))
+h0(7z(m—n—1))
ho(&(m—n)) —h%(@(m—n—1)) —h%(&(m—e—3—n))

from which

Ahz(m) —Ahz(m—n) = [h%(&(m)) —h(&(m—1))]
+[n°(¢(m—e—-3-2n)) —h%(@(m—e—4—2n)))
—[°(¢(m—-n)) =% (G(m—e—4—n))]
—[°(0(m-—e—3-n))—hY(G(m—e—4—n))]

and the proposition follows. O

Let Z be a smooth set of points iF? and assume we know the whole Hilbert
function ofZ.

Are we able to establish which number is a CB numbeZf@r

The answer is negative. In the following example we produeesmooth sets
of points with the same Hilbert function but with a differdrghaviour with respect to
the Cayley-Bacharach property.

ExXAMPLE 4. Consider the sequence

m|O|1|2|3|4]--
Xm[1[2[3[1]0]-

which satisfies the hypothesis of Theorem 6. We know that 2@8anumber of a
smooth set of pointZ such that, = Ahz(m), Vm: it is enough to take to be seven
points in general position.

In fact, going through the proof of Theorem 6, we get a seqagpcwhich
is 1 at 0 and vanishes elsewhere. He#tés formed by one point with-2 as CB-
number and gives a vector bundeand a sequence & ¢ — E — 97(1) — 0.
Sinced'(2) and.#» (3) are generated by global sections aht(¢(2)) = 0, then also
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E(2) is generated by global sections. A general sectiof @) has as zero locus
Z = {7 general points ifP?}, as one can see by comparing the above sequence with
0— 0 —E(2)— #2(5) — 0.

On the other hand, not every smooth set of points hayig as difference
Hilbert function admits 2 as a CB. For instance, one gets amgje by taking

Z = {6 points on a coni¢ U { one general point if#?}.

Observe that, as explained in [2] (but see also [6]), thexérdiact sets of points
with the same Hilbert function as a complete intersectiohictv are not complete
intersections themselves.

In order to see an example, just take the union of three pomtsline and one
general point.

A different question arises if, instead of fixing the Zetve just fix a “difference
Hilbert function” (that is, a sequendem} satisfying conditions A)-E) of Theorem 2).
We know that there exists some smooth set of pathtgith Ahz(m) = xyn. Now we
ask:

QQQ) Forwhich numbemsdoes there exists a smooth set of poiitgith Ahz (m) = xm
¥m, such thakis a CB forz?

We give a partial answer to this question here.
From now on, lefxm} be a sequence, satisfying condition A)-E) of Theorem 2:

A) Xm>0Vm;
B) xm=0form< 0andm:>> 0;
C) thereisa> 0 such thaky =xn-1+1for0<m< a;
D) there isb > a such thaty = xm—1 =afora<m<b;
E) Xp < Xp_1 andvVm > b Xq < Xm_1.
THEOREM 6. Let {xm} be a sequence as above, and define min{m>0:

xm = 0}. Assume further tham > b, m< w, we have % < Xn_1. Then there is a
smooth set of points Z such thah Ahz(m) = xy and w— 2 is a CB-number for Z.

First observe that iZ is a set of points witlAhz(m) = Xy, ¥Ym, thenAhz(w) =0
implies thatw— 1 is not a CB-number of by Lemma 1,b), and— 2 is the maximal
candidate to be a CB-number far

Secondly, note that the conditiog, < xm—1 for b < m < w is satisfied when

{xm} is the difference Hilbert function of a set of points con&adrin a curve of minimal
degree which is irreducible.
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Proof. Putl = w—b+ 1; clearlyl > 0 by construction otw andb. Consider the
function

0 ifm<Oorm>w
m+1 forO<m<l
m) =
Geot (M) | forl <m<w-1I

w-—m foro—l<m<w

which is the difference Hilbert function of a complete irgection of curves of degree
[ andw—I.

By the assumptio®y < Xm—1 for b < m< wwe see immediately that> | and
a=|Iifand only if ¢, (M) = Xm, Ym, in which case the Theorem is trivial.

If a>1, then it is easy to see that the functigh = Xm1 — §ei (M+1) also
satisfies conditions A)-E) above, where the new critical hars now are = a—1,
b =b—1. LetZ be a smooth set of points such thgt,/(m) = ym, Ym. We have
w—2l <b'—1 hencew— 2l — 2 is a CB-number foZ’ by Lemma 1a). LeE be the
associated bundle. If we can prove tEdt) has a section whose zero lo&is smooth
then, by Proposition 8, we must hafaz(m) = xm, Ym, and we are done.

To prove the existence of suclZawe will show that (1) is generated by global
sections, then apply [8, 1.4]. We halv&E(l — 2)) = h%(E(I — w— 2)) by duality, and
the lastoneisOby 6> & — E — 2 (w—2l +1) — 0 since O< | < a< w. Moreover
h'(E(1 - 1)) = hY(E(l — w—3)) but,¥n> 0, AN'E(l —w—3—n) = Ahy(w+n—1)
by Proposition 1, anfhz (w+n—1) =Yg n-1 = Xw+n — Pe) (w+n) = 0; this implies
h'(E(I — 1)) = 0. Now we can apply t&(l) the Castelnuovo-Mumford criterion ([10,
814]), which implies thaE is generated by global sections. O

As pointed out in the introduction (Example 1), there are—ramiit rank 2 bun-
dles with sections vanishing on a complete intersectiofpbintsZ. This situation
happens when one starts with the complete interse@iof type a,b and chooses
e<a+b—-3asacCBfoZ.

In this situation, however, we have the following restoatifor the sequence
an = h'(E(n)).

THEOREM7Y. Let{a} i > 0be a sequence of non-negative integers.

There exists atablerank 2 bundle E orfP?, associated with a complete inter-
section set Z, and a constantKZ such thatvi > 0 AhlE(fi +k) =@, if and only if
{a} satisfies the following property: there are numb@rs m; < mp < mg with

as) ap<1

bs) ag=ai_1+2for0O<i<m

$

)
)
) & = aj_1+ 1for m <i < mp (this condition may be empty)
ds) a =a_1 for mp < i < my (this condition may be empty)

)

&) ag=a_1—1fori > nmg, unlessa 1=0.
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There exists aon—stableank 2 bundle E orP?, associated with a complete
intersection set Z, and a constantkz such thatvi > 0 Ah'E(—i+k) = &, if and only
if {a} satisfies the following property: there are numbers my < mp < mg with

ay) =0for0<i<my

by a=a_1+1lformp<i<mp

cu) ai=a-1form <i<mg

dy) & =g_1—1fori>mg, unlessai=0.

Proof. This is a simple computational consequence of the theoréssction 3, and
the fact that a sequence of integers is the Hilbert functiom complete intersection
set of points if and only if it satisfies the numerical coratis of theorem 2 with E)
replaced by:

E') forn> b, eitherx, =0 orx, = X,_1 — 1.
O

Notice that, as there are sets of points which have the satberHfunction
as a complete intersection, one cannot push forward theofagkaracterizing rank 2
bundles associated to a complete intersection set of portsthe dimensions of its
cohomology groups.
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