Rend. Sem. Mat. Univ. Pol. Torino
Vol. 67, 1 (2009), 33 — 40

B. Khani Robati*

ON THE CLOSURE OF POLYNOMIALS IN  Lt(p)

Abstract. Let 1 be a positive Borel measure with compact support. For eacfi,«), the
spaceP!(p) consists of the functions ikt () that belong to the norm closure of the analytic
polynomials. Multiplication by on P! (L) is a bounded operator which we denoteSyy We
assume tha§, is irreducible. In 1990, J.E. Thomson has shown that in thiedhe set of
bounded point evaluations f&Y (L) is a nonempty simply connected regiGn In this article
we determine the commutant i, the operator of multiplication bly for certain multiplier
functionsh € Pt() "L (). Letd : G — G be a function irP!(p) such thatf o ¢ is in Pt (p)

for every f € P!(j). We investigate the compactness of the composition opeCytdefined

by Cy(f) = fod.
1. Introduction

In this section we make a few definitions and set up our notatie@t i be a positive
Borel measure with compact support. For each[1,»), we denote byP!(u) the
uniform closure of the analytic polynomialslif(p). A pointA in C is called ebounded
point evaluatior(bpe) forP!(p) if there is a constartsuch thatp(A)| < c( [ | p[tdpw) Y/t
for every polynomiab.

If A is a bpe forP!(p), then the linear functiongd — p(A) of evaluation at
defined on polynomials has a unique extensipito P!(u). We can therefore find a
unique elemenk, of LS(u) (with t=*+s71 = 1) such that/ fkydu= (f,e\) = e\(f)
for every f in P'(l). The set of bounded point evaluations ff(y) is denoted by
BY(W). For f € PY(p) let f(A\) = [ fkydw. Itis not hard to see thét= f a.e. i on the
setB'(p). In fact, let{ p,} be a sequence of polynomials such that- f in P'(p) and
a.e. Becauspn(A) = (pn,e\) for A € B'(l) andn > 1, we obtain the result by passing
to the limit. A pointA in BY(p) is ananalytic bounded point evaluatiof@bpe) for
PY(u) if A e BY(W)°, the interior ofB!(u), and for everyf in P!(p), the mapz— f(2)
is analytic in a neighborhood &f We denote the set of all analytic bpe’s (L) by
B.(1). For more information on bpe’s, see [1]. The operator of iplitiation byz on
P!() is a bounded operator which we denoteQyy Shields and Wallen [4] studied
the commutant of the operator of multiplication bpn the Hilbert spaces of analytic
functions. By a slight change in their methods one can oltk&rcommutant 0§,.

In 1990, J.E. Thomson [5] proved a remarkable theorem whiktate without
proof.

Thomson’s Theorem.If pis any compactly supported measure®ands, is
multiplication byz on P!(p), then there exist a Borel partitioft\; };> , of the support
of psuch that ifun = pa,, then the following statements are true:

(8) PH() = L (ko) & @1 Pt ().
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(b) If n> 1, thenP!(i,) is irreducible; that isP! (i) contains no nontrivial character-
istic functions.

(c) If n> 1 andQ, = BL (W), thenQ,, is simply connected with supp,) C Qn.

d) If S, is pure (that is, the seg is empty) andf € P'(p) such thatf vanishes a.e.
[W on the set of abpe’s fq, thenf = 0. Equivalently, thes, for A an abpe ofi have
dense span iRS(p) (witht—1+s 1 =1).

(e) If S, is pure andQ is the set of abpe’s fau, then the mag — f is a dual algebra
isomorphism oP'(p) NL®(K) ontoH*(Q).

If S, is pure, by part (e) of Thomson’s Theorem the niap: f is an algebraic
and isometric isomorphism and a weak star homeomorpRigm) N L™ (1) — 7 “(G)
and we denote its inverse®(G) — P!(u) NL®(u) by f — f. Hencef = f.

Lett € [1,00). Throughout this article unless the contrary is explicétated,
we assume tha, is irreducible (i.e.P'(p) cannot be decomposed into the direct sum
of two nonzero closed subspaces which are invariant subspe&,). Equivalently,
P!(u) contains no nontrivial characteristic functions. By Tham's Theorem, the set
of BL(K) = B'(p) is a nonempty simply connected region. WeB&tp) = G. Also
we assume thad(G) denotes the subalgebra 6fG) consisting of those functions
that are continuous o6 and analytic orG. A complex valued functiop € Pt(p)
is called a multiplier ofP!(p) if ¢P'(p) C Pt(p) i.e. ¢f is in Pt(p) for every f in
Pt(u). The set of all multipliers oP!(y) is denoted byw (Pt(l)). It is well known
that a7 (P'(p)) = P'(W) NL®(p). Given a multiplierd, let My, which is defined by
Mo (f) = ¢ f, denote the operator of multiplication iy By the closed graph theorem,
My is bounded.

A Caratheodory regio@ is an open simply connected subsetoffhose bound-
ary equals its outer boundary.

In section two of this article we characterize the commuti#nthe operator
Mn under certain conditions ome A(G), also we extend the results obtained in [2]
concerning the splitting of M.}’ on Pt(p). In section three, we give some sufficient
conditions under which a composition opera@gr(¢ € A(G)) is compact.

2. On the commutant of certain multiplication operators on P! ()

In this section we first study the commutant of the multigima operatoiMy, for cer-
tain functionh.

LEMMA 1. Fort € [1,00), we have AG) C P'(n) NC(suppy). Hence every
f € A(G) is a multiplier of P (p).

Proof. See [3, proof of Theorem 4.2]. O
LEMMA 2. If f € Pt(n) and ge P!(u) NL> (), thenfg = fg.

Proof. See [1, page 62, Proposition 7.3]. O
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LEMMA 3. Ifhe #*(G) and T € {M;}', then T*(e,) € ker(My, —h(X))* for
everyA € G.

Proof. Let f € P'(l). We have

(M T(en)) = (F, T'Mg*(&)) = (MRT(f), e

Hence M;*T*(e\) = h(A)T*(ey), which implies thall *(e,) € kerM —h(A))*. O

THEOREM1. Let he A(G) and let S be a subset of G which has a limit point
in G. If h™{h(A)} = {A} for eachA € S, then{Mp}’ = {My,: W€ o (P*(W))}.

Proof. Let A € S. We shall show that rdivi, —h(A)) = kere,. Let g € P'(y). By
Lemma 2, we have

((h—h(d))g.&) = ((h—h(A))§)(A) =0,

hence rafM, —h(\)) C kerey,.

To show the converse, since (My — A) = kere,, we have(h—h(A))(z) =
(z—MN)§(2) for someg € P'(u). As h e A(G), § has a continuous extension @
Hence by Thomson’s Theorem, without loss of generality we assumeg € A(G).
Sinceh is not constant we can assume thi@h) # O for each\ € Sso by assumption
g(z) #0 onG. Therefore ¥gis in A(G) and we have— A = (h(z) —h()A))/g(z). Now
if f < kerey, thenf = (z—\)¢ for some functionp € Pt(). Hence

h—h(\)

= 6= (h—h()

Q|

Sinced € P'(u) and ¥g € A(G) we conclude that ke, C ran(Mp —h()\)) by Lemma 1.
Now by Lemma 3,

(Mh—h(2))*(&r) = (Mh—h(A))*T"(&)) = 0.

Since dim kefMy, —h(A))* = 1, we conclude that*(e),) = {)(A)e, for some constant
(Q(N). Hence for every € Swe have

T(H)A) = (T(f).e) = (f.T" (&) = BA) (f.en) = BA) f (M),

in particularQi(A) = T/(I)()\). Let  denoteT (1); sinceS has a limit point inG, we
conclude thafl (f)(A) = ¢(A\)f(A) for everyX in G. It is then not hard to see that
|B]l < ||IT]]. Hence, B € #*(G), and it follows by part () of Thomson’s Theorem

thaty € P'(1) NL™(u). The proofis now complete. O
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ExamMPLE 1. Let G be a Caratheodory region and |ebe area measure on
G. Itis well known thatP!(u) = L (1), the Bergman space of analytic functions for
t € [0,00). Leth(z) =2%, G={zcC:0< |z <1, a # argz} for some constant
O<a<mandS={ze G: §+m=argz}. Itis obvious thah is not univalent orG,
but by Theorem 1, we havfM,2} = {My: @€ # ®(G)}. One can easily construct
similar examples foh = 2.

By Theorem 1 ifP'(p) is pure, andch € A(G) is a univalent function, then
{Mp} ={My: g e (P'()}. Inthe next theorem we show thattife # *(G)
is a univalent map, thefiM} = {My : W e ar (P(p))}.

THEOREM 2. Let P'(i) be pure. If he # “(G) is a univalent function, then
{Mi} = {My: wear (P(w)}

Proof. The proof is similar to the proof of Theorem 1. We replaeby M;,. Sinceh
is univalentg’is bounded below o®. Hence ¥§is in # ©(G), now we substitute Ag

by (/17/@ andh—h(A) by h—h()) in the remainder of the proof. O

THEOREM3. Let he #*(G). The operator M is invertible if and only if there
is a constant ¢~ 0 such thath(z)| > c for all ze G. ThereforesupgM;,) = h(G).

Proof. Letc > 0 be a constant such thif(z)| > cfor all ze G. Hence Yhe # *(G)

ande is the inverse oM;,.

To show the converse IdiAn} be a sequence i® such thath(An) — 0, since
ran(Mp —h(An)) C kerey, it follows thatM_y, , is not invertible, furthermore we
have

[IM&_h(n) — Mal < [h(An)],

henceM;_p,, tends toM;. Since the set of noninvertible operatorsB(P! () is
closed, we conclude th;, is not invertible.

Now letA € G. HenceMj,_y,,, is notinvertible, and therefot€G) C supgMp,).

Conversely lez € supMj;) andz ¢ h(G). Hence, by the first part of theorei;,_, is
invertible which is a contradiction. O

THEOREM4. Let |y and |, be two measures. LettBy) = G; and B\(lp) =
Gy. Also, we assume thaté # ©(G1) and ge # ©(Gy), and there is a bounded
operator T: P'(p2) — P'(p) such that TNy = M;T. Now if G contains a subset S

which has a limit pointin G and (%) Ng(G.) = 0, then T=0.

Proof. For A € S, let e} denote the point evaluation functionalJat SinceTMg =
MiT, we haveMzT* = T*MZ. Applying the latter on everye} with A € S, since
(M —h(0)"(e}) = 0, we get

M5T*(e}) = T"M3(ey) = h(A) T (e}).
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If T*(e}) # 0O, then it is an eigenvalue favg corresponding to the eigenvalbér).

Becausen(S) N g(Gz) = 0, we get a contradiction. Hende'(e}) = 0 for everyA € S
which implies that

—

T = (T(f).el) = (£,T*(e)) = 0

—

for every f € P!(lz) and everyh € S. ThereforeT (f)(A) = O for everyA € G. Now
sinceT(f) =T(f) a.e.]y) onG, by Thomson's TheorenT,(f) =0. HenceT =0. O

Let 81 and3; be Banach spaces. Every operafaacting ons = 81 & B, can
be written in the form

X112 X2
X= 1
{ Xo1 X2 ] )
whereX;j : 8j — Bi, i, ] = 1,2 is defined byX;; = P.X|$J. andP : 3 — 3; is the pro-

jection ontos; fori =1,2.

THEOREMS5. Suppose, yand » are measures ang = P(l) ® P (). Let
Bl() = G and B (k) =W. Also assume that g # ®(G) and he # *(W) are

univalent functions, and A Mj, ® Mg. If h(W) Ng(S1) = 0, where $is a subset of G

which has a limit point in G and(G) Nh($:) = 0, where S is a subset of W which has
a limit pointin W, then Xe {A}’ if and only if

_| My O
X{O 'V'w]

in whichg e a7 (P'(p1)) andy € o (P(pe)). Thatis,{M; & Mg} = {M;} © {Mg}'.
Proof. Let X € {A}/, and represenf as in (1). Then we have the following relations:

X11Mg = MgX11, X22Mfp = MpXa2,
XioMy, = MgX12, X21Mg = M Xo1.

Now apply Theorem 2 and Theorem 4. O

LEMMA 4. Let u be a measure such that(R) is pure. If{W}®; are compo-
nents of B() = G, then there is a Borel partitiofd; }i> ; of suppu such that

P' () =P' () @P' (o) & - 2
In which Yy = p|a,, each P() is irreducible andd; € W.
Proof. See the proof of Thomson’s Theorem in the pure case. O

THEOREM 6. Let p be a measure such that(R) is pure and let G{W}{
and{Ai}” ; be as in Theorem 6. If B #*(G) is a univalent map and X {M;}’,
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then
Mg O 0
0 My O
X= 0 0 Mg
0 0 0
0 0 0
where eachy, i = 1,2,..., belongs to P(1;) NL*(1). Moreover if{hj}?* , is the de-

composition of h with respect to (2), then
{Mip} = iEPl{Mﬁi}'-

Proof. SetBY (1) = Gi. Sinceh; = hig € #“(Gi), we have thab; belongs to the
intersectionP! () NL* (). Now let X € {Mg}'. BecauseXM; = MyX, we have
XijMp, = Mg Xj. Also sinceh is univalent,hi(Gi) Nh;j(Gj) = 0 for i # j. Hence
by Theorem 4X;j =0 fori # j. SinceXi € {M,}’ by Theorem 2, it follows that
Xii = Mg, for some@ € P () NL™(1). O

Let pu be a compactly supported positive Borel measure suchShét irre-
ducible andB}, (1) = G. Assumal is a measure with supg NG = 0 andAS, = Ny A,
whereNy, : L'(ko) — L'(po) with f — zf. ThenA*S,* = Ny, *A*. Letting this act on
e, (A € G) and using the fact that(N,,) C supplo and supio N G = 0, we conclude
thatA = 0.

LEMMA 5. Let u be a compactly supported positive Borel measure ang)et
W, o, ... be as in Thomson’s Theorem. A (1) — L'(lo) is an operator such that
AS; = NyuA, thenA=0fori=1,2,....

Proof. For every polynomiap it is easy to see thad(pf) = pAf. HenceAp =
pYi, whered = Ail € L'(lp). Now let f € Pt(l;) and choose a sequenépn} of
polynomials such thap, — f in P'(1) and so inP!(y;). By the continuity ofA it
follows thatAjpn, — A f in L'(lp). By passing to subsequences we may assume that
pn— f a.e.[y andpadi — A f a.e.[uo]. Becausep, — 0 a.e.[pg] we haveA; f =0 for
all f € P'(l). HenceA = 0. O

THEOREM 7. Let p be a compactly supported positive Borel measure. Rela-
tive to the decomposition in part (a) of Thomson’s Theof&y}’ consists of all el-
ements X= (Xij)j_o such that X = Mg fori=0,1,2,.... Here, @ € L*(Ho) and

@ € M (P'(W)) and X; =0fori#j,i=0,1,2,...,j=0,1,2,.... In fact
Mg O O
0 Mg O
X=| 0 0 Mg
0 0 0
0 0 0
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Hence

P{WNL*(W) = L”(ho) ® (P' (1) "L () @ -+ & (P' () ML (Mn)) & -+

3. On the compactness of composition operators dn' (1)

In this section we give some sufficient conditions under Wiicomposition operator
Co (¢ € A(G)) is compact. First we give several lemmas that we use later.

Let D! denote the unit ball P! (). We seDt = {f : f ¢ D!}.

LEMMA 6. ?t is a normal family on G for every <t < c. Hence if f — f
weakly, thenf, — f uniformly on each compact subset of G.

Proof. The necessary and sufficient condition for normalitydéfis that the functions
in the family be uniformly bounded on each compact subséb.olLet K C G be a
compact set. Then we have gl (f)| : A € K} = sup{|f(\)] : A € K} < o for each

f € D!. Hence by the principle of uniform boundedness there is atemck such
that||e,|| < ck for all A € K thus|f())| < ck for eachf in the unit ball ofP!(u) and

all A € K. Now let{f,} be a sequence iR'(l) such thatf, — f weakly. Then by
the principle of uniform boundednes$$, } is bounded and therefore by the first part of
theorem the proof is complete. O

_LEMMA 7. Let P'(u) be pure and lef fn} be a bounded sequence if(R) such
that f, — f pointwise on G. Then there exists a functioim P(p) such that § — f
weakly andf = f on G a.e[y].

Proof. SinceP!(y) is a separable reflexive Banach space, the unit ba g) in the
weak topology is compact. Assume there are two subsequériggsand { f, } of
{fa} and functionsh andg in P'(p) such thatf, — hand fy, — g weakly. Since for
each\ € G, e, is bounded we havé(\) = §(A) = h(A) a.e.[l] onG. As P!(p) is pure
andh—g=0 a.e. []] on G, we conclude that = g andh has desired properties. [

THEOREMS. Let¢ : G — G be in AG), and let¢ induce a composition oper-
ator Gy on P'(l). If $(G) C G, then G is compact.

Proof. We show thatCy is completely continuous. Sina(G) C G, so$(G) is a
compact subset oB. Now let {f,} be a sequence of functions ®f () such that

fn — 0in compact open topology @. Let
E={AeG: fo(A) # fa(A) for some positive integar}.

Sincepu(E) = 0, Xg is the zero function iP! (), henceu(¢p—%(E)) = HCq,)(EHt = 0.
Using the change of variables formula, we have

[, Jlduoo = [ itooltdu= [ |fiodldu
6(G) G G-07Y(E)
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Hence, we conclude th§€, fa|| — 0 and the proof is complete. g

LEMMA 8. Let U be a simply connected region containing G, and let f be a
Riemann map of U ont®. Then|f(z)| = 1 a.e. with respect to|pg.

Proof. See [3, Lemma 2.2]. O

THEOREMO. Let G be a compact composition operator oh(R). If we set
A={zeG: §(z) € 0G}, then A) =0.

Proof. Let @ be the Riemann map fro@ ontoDD. It is easy to see tha[tf;f‘} tends to
zero weakly. Now we have

@00l = [ 1300 dur [ @00 [du=pA)+ [ |00 [ap
Hencel||@ o q;Ht — M(A) and sinceCy is compact, we conclude thatA) = 0. O
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