
Rend. Sem. Mat. Univ. Pol. Torino
Vol. 67, 1 (2009), 33 – 40

B. Khani Robati∗

ON THE CLOSURE OF POLYNOMIALS IN Lt(µ)

Abstract. Let µ be a positive Borel measure with compact support. For eacht ∈ [1,∞), the
spacePt(µ) consists of the functions inLt(µ) that belong to the norm closure of the analytic
polynomials. Multiplication byzonPt(µ) is a bounded operator which we denote bySµ. We
assume thatSµ is irreducible. In 1990, J.E. Thomson has shown that in this case the set of
bounded point evaluations forPt(µ) is a nonempty simply connected regionG. In this article
we determine the commutant ofMh, the operator of multiplication byh for certain multiplier
functionsh∈ Pt (µ)∩L∞(µ). Let ϕ : G→G be a function inPt(µ) such thatf ◦ϕ is in Pt(µ)
for every f ∈ Pt(µ). We investigate the compactness of the composition operator Cϕ defined
by Cϕ( f ) = f ◦ϕ.

1. Introduction

In this section we make a few definitions and set up our notation. Let µ be a positive
Borel measure with compact support. For eacht ∈ [1,∞), we denote byPt(µ) the
uniform closure of the analytic polynomials inLt(µ). A point λ in C is called abounded
point evaluation(bpe) forPt(µ) if there is a constantc such that|p(λ)| ≤ c(

R |p|tdµ)1/t

for every polynomialp.

If λ is a bpe forPt(µ), then the linear functionalp 7→ p(λ) of evaluation atλ
defined on polynomials has a unique extensioneλ to Pt(µ). We can therefore find a
unique elementkλ of Ls(µ) (with t−1 + s−1 = 1) such that

R

f kλdµ= 〈 f ,eλ〉 = eλ( f )
for every f in Pt(µ). The set of bounded point evaluations forPt(µ) is denoted by
Bt(µ). For f ∈ Pt(µ) let f̂ (λ) =

R

f kλdµ. It is not hard to see thatf = f̂ a.e. [µ] on the
setBt(µ). In fact, let{pn} be a sequence of polynomials such thatpn→ f in Pt(µ) and
a.e. Becausepn(λ) = 〈pn,eλ〉 for λ ∈ Bt(µ) andn≥ 1, we obtain the result by passing
to the limit. A point λ in Bt(µ) is an analytic bounded point evaluation(abpe) for
Pt(µ) if λ ∈ Bt(µ)0, the interior ofBt(µ), and for everyf in Pt(µ), the mapz 7→ f̂ (z)
is analytic in a neighborhood ofλ. We denote the set of all analytic bpe’s forPt(µ) by
Bt

a(µ). For more information on bpe’s, see [1]. The operator of multiplication byz on
Pt(µ) is a bounded operator which we denote bySµ. Shields and Wallen [4] studied
the commutant of the operator of multiplication byz on the Hilbert spaces of analytic
functions. By a slight change in their methods one can obtainthe commutant ofSµ.

In 1990, J.E. Thomson [5] proved a remarkable theorem which we state without
proof.

Thomson’s Theorem.If µ is any compactly supported measure onC andSµ is
multiplication byz on Pt(µ), then there exist a Borel partition{∆i}∞

i=0 of the support
of µ such that ifµn = µ|∆n, then the following statements are true:

(a) Pt(µ) = Lt (µ0)⊕ (
∞

L

i=1
Pt(µi)).
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(b) If n≥ 1, thenPt(µn) is irreducible; that is,Pt(µn) contains no nontrivial character-
istic functions.

(c) If n≥ 1 andΩn = Bt
a(µn), thenΩn is simply connected with supp(µn)⊂Ωn.

d) If Sµ is pure (that is, the set∆0 is empty) andf ∈ Pt(µ) such thatf vanishes a.e.
[µ] on the set of abpe’s forµ, then f = 0. Equivalently, theeλ for λ an abpe ofµ have
dense span inPs(µ) (with t−1 +s−1 = 1).

(e) If Sµ is pure andΩ is the set of abpe’s forµ, then the mapf 7→ f̂ is a dual algebra
isomorphism ofPt(µ)∩L∞(µ) ontoH∞(Ω).

If Sµ is pure, by part (e) of Thomson’s Theorem the mapf 7→ f̂ is an algebraic
and isometric isomorphism and a weak star homeomorphismPt(µ)∩L∞(µ)→ H ∞(G)

and we denote its inverseH ∞(G)→ Pt(µ)∩L∞(µ) by f 7→ f̃ . Hence ˜̂f = f .

Let t ∈ [1,∞). Throughout this article unless the contrary is explicitlystated,
we assume thatSµ is irreducible (i.e.,Pt(µ) cannot be decomposed into the direct sum
of two nonzero closed subspaces which are invariant subspaces ofSµ). Equivalently,
Pt(µ) contains no nontrivial characteristic functions. By Thomson’s Theorem, the set
of Bt

a(µ) = Bt(µ) is a nonempty simply connected region. We letBt
a(µ) = G. Also

we assume thatA(G) denotes the subalgebra ofC(G) consisting of those functions
that are continuous onG and analytic onG. A complex valued functionϕ ∈ Pt(µ)
is called a multiplier ofPt(µ) if ϕPt(µ) ⊂ Pt(µ) i.e. ϕ f is in Pt(µ) for every f in
Pt(µ). The set of all multipliers ofPt(µ) is denoted byM (Pt(µ)). It is well known
thatM (Pt(µ)) = Pt(µ)∩ L∞(µ). Given a multiplierϕ, let Mϕ, which is defined by
Mϕ( f ) = ϕ f , denote the operator of multiplication byϕ. By the closed graph theorem,
Mϕ is bounded.

A Caratheodory regionG is an open simply connected subset ofC whose bound-
ary equals its outer boundary.

In section two of this article we characterize the commutantof the operator
Mh under certain conditions onh ∈ A(G), also we extend the results obtained in [2]
concerning the splitting of{Mz}′ on Pt(µ). In section three, we give some sufficient
conditions under which a composition operatorCφ (φ ∈ A(G)) is compact.

2. On the commutant of certain multiplication operators onPt(µ)

In this section we first study the commutant of the multiplication operatorMh for cer-
tain functionh.

LEMMA 1. For t ∈ [1,∞), we have A(G) ⊂ Pt(µ)∩C(suppµ). Hence every
f ∈ A(G) is a multiplier of Pt(µ).

Proof. See [3, proof of Theorem 4.2].

LEMMA 2. If f ∈ Pt(µ) and g∈ Pt(µ)∩L∞(µ), then f̂ g = f̂ ĝ.

Proof. See [1, page 62, Proposition 7.3].
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LEMMA 3. If h ∈ H ∞(G) and T∈ {Mh̃}′, then T∗(eλ) ∈ ker(Mh̃−h(λ))∗ for
everyλ ∈G.

Proof. Let f ∈ Pt(µ). We have

〈 f , Mh̃
∗T∗(eλ)〉 = 〈 f , T∗Mh̃

∗(eλ)〉 = 〈Mh̃T( f ),eλ〉
= h(λ)T̂ f(λ) = h(λ)〈T( f ),eλ〉

= h(λ)〈 f ,T∗(eλ)〉 = 〈 f ,h(λ)T∗(eλ)〉 .

Hence,Mh̃
∗T∗(eλ) = h(λ)T∗(eλ), which implies thatT∗(eλ) ∈ ker(M−h(λ))∗.

THEOREM 1. Let h∈ A(G) and let S be a subset of G which has a limit point
in G. If h−1{h(λ)}= {λ} for eachλ ∈ S, then{Mh}′ = {Mψ : ψ ∈M (Pt(µ))}.

Proof. Let λ ∈ S. We shall show that ran(Mh−h(λ)) = kereλ. Let g ∈ Pt(µ). By
Lemma 2, we have

〈(h−h(λ))g,eλ〉= ((h−h(λ))ĝ)(λ) = 0,

hence ran(Mh−h(λ))⊂ kereλ.

To show the converse, since ran(Mz− λ) = kereλ, we have(h− h(λ))(z) =
(z− λ)ĝ(z) for someg ∈ Pt(µ). As h ∈ A(G), ĝ has a continuous extension onG.
Hence by Thomson’s Theorem, without loss of generality we can assumeg ∈ A(G).
Sinceh is not constant we can assume thath′(λ) 6= 0 for eachλ ∈ Sso by assumption
g(z) 6= 0 onG. Therefore 1/g is in A(G) and we havez−λ = (h(z)−h(λ))/g(z). Now
if f ∈ kereλ, then f = (z−λ)ϕ for some functionϕ ∈ Pt(µ). Hence

f =
h−h(λ)

g
ϕ = (h−h(λ))

ϕ
g
.

Sinceϕ∈Pt(µ) and 1/g∈A(G) we conclude that kereλ⊂ ran(Mh−h(λ)) by Lemma 1.

Now by Lemma 3,

(Mh−h(λ))∗(eλ) = (Mh−h(λ))∗T∗(eλ) = 0.

Since dim ker(Mh−h(λ))∗ = 1, we conclude thatT∗(eλ) = ψ̂(λ)eλ for some constant
ψ̂(λ). Hence for everyλ ∈ Swe have

T̂( f )(λ) = 〈T( f ),eλ〉= 〈 f ,T∗(eλ)〉= ψ̂(λ)〈 f ,eλ〉= ψ̂(λ) f̂ (λ),

in particularψ̂(λ) = T̂(1)(λ). Let ψ denoteT(1); sinceS has a limit point inG, we

conclude that̂T( f )(λ) = ψ̂(λ) f̂ (λ) for everyλ in G. It is then not hard to see that
‖ψ̂‖∞ ≤ ‖T‖. Hence,ψ̂ ∈ H ∞(G), and it follows by part (e) of Thomson’s Theorem
thatψ ∈ Pt(µ)∩L∞(µ). The proof is now complete.
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EXAMPLE 1. Let G be a Caratheodory region and letµ be area measure on
G. It is well known thatPt(µ) = Lt

a(µ), the Bergman space of analytic functions for
t ∈ [0,∞). Let h(z) = z2, G = {z∈ C : 0 ≤ |z| < 1, α 6= argz} for some constant
0 < α < π andS= {z∈ G : α

2 + π = argz}. It is obvious thath is not univalent onG,
but by Theorem 1, we have{Mz2}′ = {Mφ : φ ∈ H ∞(G)}. One can easily construct
similar examples forh = zn.

By Theorem 1 ifPt(µ) is pure, andh ∈ A(G) is a univalent function, then
{Mh}′ = {Mψ : ψ ∈ M (Pt(µ))}. In the next theorem we show that ifh ∈ H ∞(G)
is a univalent map, then{Mh̃}′ = {Mψ : ψ ∈M (Pt(µ))}.

THEOREM 2. Let Pt(µ) be pure. If h∈ H ∞(G) is a univalent function, then
{Mh̃}′ = {Mψ : ψ ∈M (Pt(µ))}.

Proof. The proof is similar to the proof of Theorem 1. We replaceMh by Mh̃. Sinceh
is univalent ˆg is bounded below onG. Hence 1/ĝ is in H ∞(G), now we substitute 1/g

by (̃1/ĝ) andh−h(λ) by h̃−h(λ) in the remainder of the proof.

THEOREM3. Let h∈H ∞(G). The operator M̃h is invertible if and only if there
is a constant c> 0 such that|h(z)|> c for all z∈G. Therefore,supp(Mh̃) = h(G).

Proof. Let c > 0 be a constant such that|h(z)|> c for all z∈G. Hence 1/h∈ H ∞(G)
andM

1̃/h
is the inverse ofMh̃.

To show the converse let{λn} be a sequence inG such thath(λn)→ 0, since
ran(Mh̃− h(λn)) ⊂ kereλn it follows that Mh̃−h(λn)

is not invertible, furthermore we
have

‖Mh̃−h(λn)
−Mh̃‖ ≤ |h(λn)|,

henceMh̃−h(λn)
tends toMh̃. Since the set of noninvertible operators inB(Pt(µ)) is

closed, we conclude thatMh̃ is not invertible.

Now letλ∈G. HenceMh̃−h(λ) is not invertible, and thereforeh(G)⊂ supp(Mh̃).

Conversely letz∈ supp(Mh̃) andz /∈ h(G). Hence, by the first part of theorem,Mh̃−z is
invertible which is a contradiction.

THEOREM 4. Let µ1 and µ2 be two measures. Let Bt
a(µ1) = G1 and Bt

a(µ2) =
G2. Also, we assume that h∈ H ∞(G1) and g∈ H ∞(G2), and there is a bounded
operator T : Pt(µ2)→ Pt(µ1) such that TM̃g = Mh̃T. Now if G1 contains a subset S
which has a limit point in G and h(S)∩g(G2) = /0, then T= 0.

Proof. For λ ∈ S, let e1
λ denote the point evaluation functional atλ. SinceTMg̃ =

Mh̃T, we haveM∗g̃T∗ = T∗M∗
h̃
. Applying the latter on everye1

λ with λ ∈ S, since

(Mh̃−h(λ))∗(e1
λ) = 0, we get

M∗g̃T∗(e1
λ) = T∗M∗h̃(e1

λ) = h(λ)T∗(e1
λ).
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If T∗(e1
λ) 6= 0, then it is an eigenvalue forM∗g̃ corresponding to the eigenvalueh(λ).

Becauseh(S)∩g(G2) = /0, we get a contradiction. HenceT∗(e1
λ) = 0 for everyλ ∈ S

which implies that

T̂( f )(λ) =
〈
T( f ),e1

λ
〉

=
〈

f ,T∗(e1
λ)

〉
= 0

for every f ∈ Pt(µ2) and everyλ ∈ S. ThereforeT̂( f )(λ) = 0 for everyλ ∈ G. Now

sinceT̂( f ) = T( f ) a.e.[µ] onG, by Thomson’s Theorem,T( f ) = 0. HenceT = 0.

Let B1 andB2 be Banach spaces. Every operatorX acting onB = B1⊕B2 can
be written in the form

X =

[
X11 X12

X21 X22

]
(1)

whereXi j : B j → B i , i, j = 1,2 is defined byXi j = PiX|B j andPi : B → B i is the pro-
jection ontoB i for i = 1,2.

THEOREM 5. Suppose, µ1 and µ2 are measures andB = Pt(µ1)⊕Pt(µ2). Let
Bt

a(µ1) = G and Bt
a(µ2) = W. Also assume that g∈ H ∞(G) and h∈ H ∞(W) are

univalent functions, and A= Mh̃⊕Mg̃. If h(W)∩g(S1) = /0, where S1 is a subset of G
which has a limit point in G andg(G)∩h(S2) = /0, where S2 is a subset of W which has
a limit point in W, then X∈ {A}′ if and only if

X =

[
Mφ 0
0 Mψ

]

in whichφ ∈M (Pt(µ1)) andψ ∈M (Pt(µ2)). That is,{Mh̃⊕Mg̃}′ = {Mh̃}
′⊕{Mg̃}′.

Proof. Let X ∈ {A}′, and representX as in (1). Then we have the following relations:

X11Mg̃ = Mg̃X11, X22Mh̃ = Mh̃X22,

X12Mh̃ = Mg̃X12, X21Mg̃ = Mh̃X21.

Now apply Theorem 2 and Theorem 4.

LEMMA 4. Let µ be a measure such that Pt(µ) is pure. If{Wi}∞
i=1 are compo-

nents of Bta(µ) = G, then there is a Borel partition{∆i}∞
i=1 of suppµ such that

Pt(µ) = Pt(µ1)⊕Pt(µ2)⊕ ·· · (2)

In which µi = µ|∆i , each Pt(µi) is irreducible and∆i ⊂Wi .

Proof. See the proof of Thomson’s Theorem in the pure case.

THEOREM 6. Let µ be a measure such that Pt(µ) is pure and let G,{Wi}∞
i=1

and{∆i}∞
i=1 be as in Theorem 6. If h∈ H ∞(G) is a univalent map and X∈ {Mh̃}′,
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then

X =




Mφ1 0 0 . . .
0 Mφ2 0 . . .
0 0 Mφ3 . . .
0 0 0 . . .
0 0 0 . . .




where eachφi , i = 1,2, ..., belongs to Pt(µi)∩L∞(µi). Moreover if{hi}∞
i=1 is the de-

composition of h with respect to (2), then

{Mh̃}′ =
∞

L

i=1
{Mh̃i
}′.

Proof. Set Bt
a(µi) = Gi . Sincehi = h|Gi

∈ H ∞(Gi), we have that̃hi belongs to the
intersectionPt(µi)∩ L∞(µi). Now let X ∈ {Mh̃}′. BecauseXMh̃ = Mh̃X, we have
Xi j Mh̃ j

= Mh̃i
Xi j . Also sinceh is univalent,hi(Gi)∩ h j(G j) = /0 for i 6= j. Hence

by Theorem 4,Xi j = 0 for i 6= j. SinceXii ∈ {Mh̃i
}′ by Theorem 2, it follows that

Xii = Mφi for someφi ∈ Pt(µi)∩L∞(µi).

Let µ be a compactly supported positive Borel measure such thatSµ is irre-
ducible andBt

a(µ) = G. Assumeµ0 is a measure with suppµ0∩G= /0 andASµ = Nµ0A,
whereNµ0 : Lt(µ0)→ Lt(µ0) with f 7→ z f. ThenA∗Sµ

∗ = Nµ0
∗A∗. Letting this act on

eλ,(λ ∈G) and using the fact thatσ(Nµ0)⊂ suppµ0 and suppµ0∩G = /0, we conclude
thatA = 0.

LEMMA 5. Let µ be a compactly supported positive Borel measure and letµ0,
µ1, µ2, . . . be as in Thomson’s Theorem. If Ai : Pt(µi)→ Lt(µ0) is an operator such that
AiSµi = Nµ0Ai , then Ai = 0 for i = 1,2, . . . .

Proof. For every polynomialp it is easy to see thatAi(p f) = pAi f . HenceAi p =
pψi , whereψi = Ai1 ∈ Lt(µ0). Now let f ∈ Pt(µi) and choose a sequence{pn} of
polynomials such thatpn→ f in Pt(µ) and so inPt(µi). By the continuity ofAi it
follows thatAi pn→ Ai f in Lt(µ0). By passing to subsequences we may assume that
pn→ f a.e.[µ] andpnψi→ Ai f a.e.[µ0]. Becausepn→ 0 a.e.[µ0] we haveAi f = 0 for
all f ∈ Pt(µi). HenceAi = 0.

THEOREM 7. Let µ be a compactly supported positive Borel measure. Rela-
tive to the decomposition in part (a) of Thomson’s Theorem{Sµ}′ consists of all el-
ements X= (Xi j )

∞
i, j=0 such that Xii = Mφi for i = 0,1,2, . . . . Here, φ0 ∈ L∞(µ0) and

φi ∈M (Pt(µi)) and Xi j = 0 for i 6= j, i = 0,1,2, . . . , j = 0,1,2, . . . . In fact

X =




Mφ1 0 0 . . .
0 Mφ2 0 . . .
0 0 Mφ3 . . .
0 0 0 . . .
0 0 0 . . .




.
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Hence

Pt(µ)∩L∞(µ) = L∞(µ0) ⊕ (Pt(µ1)∩L∞(µ1)) ⊕ ·· · ⊕ (Pt(µn)∩L∞(µn)) ⊕ ·· · .

3. On the compactness of composition operators onPt(µ)

In this section we give some sufficient conditions under which a composition operator
Cϕ (ϕ ∈ A(G)) is compact. First we give several lemmas that we use later.

Let D t denote the unit ball ofPt(µ). We setD̂ t = { f̂ : f ∈D t}.

LEMMA 6. D̂ t is a normal family on G for every1≤ t ≤ ∞. Hence if fn→ f
weakly, thenf̂n→ f̂ uniformly on each compact subset of G.

Proof. The necessary and sufficient condition for normality ofD̂ t is that the functions
in the family be uniformly bounded on each compact subset ofG. Let K ⊆ G be a
compact set. Then we have sup{|eλ( f )| : λ ∈ K} = sup{| f̂ (λ)| : λ ∈ K} < ∞ for each
f ∈ D t . Hence by the principle of uniform boundedness there is a constantcK such
that‖eλ‖ ≤ cK for all λ ∈ K thus| f̂ (λ)| ≤ cK for each f in the unit ball ofPt(µ) and
all λ ∈ K. Now let { fn} be a sequence inPt(µ) such thatfn→ f weakly. Then by
the principle of uniform boundedness{ fn} is bounded and therefore by the first part of
theorem the proof is complete.

LEMMA 7. Let Pt(µ) be pure and let{ fn} be a bounded sequence in Pt(µ) such
that f̂n→ f pointwise on G. Then there exists a functionf̃ in Pt(µ) such that fn→ f̃
weakly andf̃ = f on G a.e.[µ].

Proof. SincePt(µ) is a separable reflexive Banach space, the unit ball ofPt(µ) in the
weak topology is compact. Assume there are two subsequences{ fnk} and{ fmk} of
{ fn} and functionsh andg in Pt(µ) such thatfnk → h and fmk → g weakly. Since for
eachλ ∈G, eλ is bounded we havef (λ) = ĝ(λ) = ĥ(λ) a.e.[µ] onG. As Pt(µ) is pure
andh−g= 0 a.e. [µ] on G, we conclude thath = g andh has desired properties.

THEOREM 8. Let ϕ : G→G be in A(G), and letϕ induce a composition oper-
ator Cϕ on Pt(µ). If ϕ(G)⊂G, then Cϕ is compact.

Proof. We show thatCϕ is completely continuous. Sinceϕ(G) ⊂ G, so ϕ(G) is a
compact subset ofG. Now let { fn} be a sequence of functions inPt(µ) such that
f̂n→ 0 in compact open topology ofG. Let

E = {λ ∈G : fn(λ) 6= f̂n(λ) for some positive integern}.

Sinceµ(E) = 0, χE is the zero function inPt(µ), henceµ(ϕ−1(E)) = ‖CϕχE‖t = 0.
Using the change of variables formula, we have

Z

ϕ(G)
| fn|t dµ◦ϕ−1 =

Z

G
| fn ◦ϕ|t dµ=

Z

G−ϕ−1(E)
| f̂n ◦ϕ| dµ.
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Hence, we conclude that‖Cϕ fn‖→ 0 and the proof is complete.

LEMMA 8. Let U be a simply connected region containing G, and let f be a
Riemann map of U ontoD. Then| f̃ (z)|= 1 a.e. with respect to µ|∂G.

Proof. See [3, Lemma 2.2].

THEOREM 9. Let Cϕ be a compact composition operator on Pt(µ). If we set
A = {z∈G : ϕ(z) ∈ ∂G}, then µ(A) = 0.

Proof. Let φ be the Riemann map fromG ontoD. It is easy to see that{φ̃n} tends to
zero weakly. Now we have

‖φ̃n◦ϕ‖t =
Z

A
| φ̃n ◦ϕ |tdµ+

Z

Ac
| φ̃n ◦ϕ |tdµ= µ(A)+

Z

Ac
| φ̃n ◦ϕ |tdµ.

Hence‖φ̃n◦ϕ‖t → µ(A) and sinceCϕ is compact, we conclude thatµ(A) = 0.
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