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P. Bonacini

HILBERT FUNCTIONS OF DECREASING TYPE
IN POSITIVE CHARACTERISTIC

Abstract. LetC be an integral curve i3, with k an algebraically closed field. In the main
result of this paper we prove that the Hilbert function of general plane sectio@ NH

is of decreasing type, extending to any characteristic @ltrpsoved in the case chiar= 0

by Maggioni and Ragusa. Moreover, the proof given in thisepaioes not depend on the
uniform position property. We also prove in any characterithat every 0-dimensional
differentiable O-sequence of decreasing type is the Hifoection of a general plane section
of an integral smooth ACM curve ifi3. Starting from these results other properties of the
Hilbert functions ofCNH andC are extended to any characteristic.

1. Introduction

LetC be an integral curve i3, wherek is an algebraically closed field of characteristic
0, and leCNH be its general plane section. Maggioni and Ragusa in [12} shat the
Hilbert function of a general plane section®fs of decreasing type and that every 0-
dimensional differentiable O-sequendeof decreasing type is the Hilbert function of
a general plane section of an integral smooth arithmeyicathen-Macaulay (ACM)
curve inP3,

In this paper we extend Maggioni and Ragusa’s results toteaby character-
istic. More precisely, in Theorem 3 we prove that the Hillfariction of the general
plane section of an integral space curve defined over anraligelly closed field of any
characteristic is of decreasing type. As consequencesadréin 3 we extend to any
characteristic some bounds for the graded Betti numberfoatite number of minimal
generators of the ideal of an integral ACM space curve (Témads). Using Theorem
3 it is also possible to prove in arbitrary characteristit thn integral curve with the
Hilbert function of a complete intersection is a completetisection (Theorem 6).

In Theorem 4 we prove in any characteristic that every O-dsienal differ-
entiable O-sequendd of decreasing type is the Hilbert function of a general plane
section of an integral smooth ACM curvelli. This correspondence between the gen-
eral plane sections of integral curves and the 0-dimenkiffierentiable O-sequences
of decreasing type gives us the possibility of proving th&laegue of Sauer’s result [15]
(Theorem 7) on smoothable ACM curveshA over algebraically closed fields of any
characteristic, in which we characterize the degree mafrike generic plane section
of an integral space curve.

If chark = 0, the points of a general plane sectiomH of an integral space
curveC lie in uniform position, which means that all the subset€ofH of the same
cardinality have the same Hilbert function [7]. This is theste fact that is used by
Maggioni and Ragusa in [12] in order to prove their resulid toat is commonly used
in characteristic 0 for studying properties of the genetahe section of an integral
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space curve. In positive characteristic the Uniform PosiBroperty may not hold (see
for example [14, Example 1.2]). An open problem in this séssegive a characteriza-
tion of space curves satisfying the Uniform Postion Propierpositive characteristic.

Some results in this direction have been proved by Rathmafii.

Note that Gruson and Peskine in [6, Lemme 3.2] show that,afkhk- 0, the
numerical character of the generic plane sectidd isf‘sans lacune” a condition equiv-
alent for the Hilbert function of the generic plane sectié€do be of decreasing type
(see [3, Proposition 1.2]). It seems that the proof of Grusod Peskine can be ex-
tended also to the case of positive characteristic. Howthetechnigue used here
seems more suitable for proving other results still unknowpositive characteristic.

2. Preliminaries and notation

Let us denote by a finite set of points ifP2, wherek is an algebraically closed

field. Let us recall thaX has theUniform Position Propertybriefly UPP) if, for any

n < degX, all the subsets afi points have the same Hilbert function. If this happens,

the Hilbert function of a seZ C X of n points is the following truncated function:
H(Z,i) = min{H(X,i),n} Vi.

In fact, in [2] it is shown the existence of a subschem& afith the truncated Hilbert
function and so every subschemengfoints ofX has that Hilbert function.

Let us consider the first difference of the Hilbert functidnixo
AH(X, i) =H(X,i)—H(X,i—1).

It is known [2] that there existy < ap <t such that:

i+1 fori=0,...,a1—1
a fori=ai,...,a0—1

AH(X,i) =< < a1 fori=a
nonincreasing for=ax+1,...,t
0 fori > t.

DEFINITION 1. We say that X hathe Hilbert function of decreasing tyjifefor
ap <i < j<twe havedH (X,i) > AH (X, j).

Maggioni and Ragusa (see [12, Corollary 2]) show this fact:

COROLLARY 1. If H is the Hilbert function of a set of points & with the
UPP, then H is of decreasing type.

An important result about the UPP is the following:

THEOREM 1 ([7]). If C C PE is an integral curve and k is an algebraically
closed field of characteristic 0, then the generic planeisaatf C has the UPP.
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If chark = p > 0, then in genera N"H may not have the UPP, even in the case
of complete intersections, as the following example shows:

ExamMPLE 1 (see [14, Example 1.2]). L& be the curve defined as the com-
plete intersection afg — x;x39~ 1 = x19 — xox39~1 = 0, whereq = p', for somef > 0.
On the open affine set defined ky+ 0 C is described by:

Xo=t, xg =19, xzth2

so thatC is rational and integral. However the general plane seafdhlooks like a
2-dimensional vector space over a field witlelements. Indeed, P, P1,P> € C are
linearly independent anid is the plane containing the three points, then the points of
CnNH are given by:

P=Py+A1(P1—Po) +A2(P2— Py)

where)\iq = A fori = 1,2. Note also that given two point, P, € C the line PyPy
meetsC in the points given by:

P=Po+H(PL—Po)

wherepd = 1. So in every generic plane section®@fthere are, foig > 4, at least 3
collinear points and 3 linearly independent. It means thatgteneric plane section of
C does not have the UPP. However the Hilbert function of theegiemplane section of
Cis of decreasing type, because it is a complete interseatidrthe first difference of
H(CnNH,i) looks like:

i+1 fori=0,...,9-1
AH(CNH,i)=¢2q—i—1 fori=gq,...,2q—2
0 fori >2q-—2.

In this example we have shown the existence of an integrakcir a projective space
over a field of positive characteristic, with a generic plaeetion that does not have the
UPP, but whose Hilbert function is of decreasing type. Inribgt paragraph we will
show that the general plane section of an integral curvelivasya the Hilbert function
of decreasing type.

Let us fix some notation.

DEFINITION 2. If X C P?is a set of n distinct point, we denote I the ideal
sheaf of X. If §X) is the linear system associated t8 (1)), | € Z, we denote by
Z(X) the base locus ofi &), that is:

Z(X)={PeP?|f(P)=0VfecS(X)}=V(S).

Now we put:
¢ (X) =AH(X,l) VI e N.
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We will write ¢ instead ofc(X) if there is no confusion on the zero-dimensional
scheme we are considering.

The following theorem, which is true in any characteristid| be useful in the
proof of the main result of the paper:

THEOREM2 ([10, Theorem 2.9],[1, Corollary 4.2])_et X be a set of n points
in P2, Suppose that the first differences of the Hilbert functibiX care such that
Cs—1 = Cs > Ofor some integer s. Then we hadienZs(X) > O0and, if D is its component
of positive dimensiordegD = cs. Furthermore:

t
degX ND) = cs(s+ 1) (CS) +3
2 i=st+1
Another result that will be useful in the next section is thkoiwing:

LEMMA 1 ([5, Corollaire 3.3.5]).Let X and Y be two locally noetherian schemes
and f: X — Y be a flat morphism. If Y is reduced in the points Of)fand if f=1(y)
is a reduced ky)-scheme for everyg f(X), then X is reduced.

3. The main result

In this section we consider an integral cutve 3, wherek is an algebraically closed
field of any characteristic. Lefx} be a system of coordinates ovét and {tj} a

system of coordinates over the dual spﬁéé. Denote by.#c the ideal sheaf of in
P3 and let us consider the incidence varidtyc P3* x P2 determined by:

Q) h:= _itixi =0.

We have the two projections:
p: McP? xP3p3

and y y
g:McP¥ xP? P2,

Now consider the following module oveérny:
J(mn) =g (Gpav (M) @y P*(Sc(N))
and let us make the following position:
7 =.7(0,0).

ProPOSITIONI. If:
T=pXC)c™m

and 47 is the ideal sheaf of T iy, then T is integral and? = 7.
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Proof. Note that the fibres of the projectidn— C are all integral and equidimensional
of dimension 2, being isomorphic to a projective planeT3s irreducible and™ — C
is flat, by [8, Theorem 9.9] (note thatC P3Y x C). By Lemma 1T is reduced.

Now note that:
9" (Gpav (M) = Om(m, 0),

P* (Op2(n)) = Om(0,N),
so that:
P (Se(n) = P (e @y Gps() = P (SC) Doty G (O.1).
From this it follows easily that:
F(mn) =g* (Gpav (M) @y P* (Sc(N) = Om(M,n) R4y, P* (S

for anym,n € Z. Now we can observe thatis a smooth morphism, so that it is flat
andoy is flat overdps. This implies that the following sequence is exact:

(2) 0— p* S — P Ops — p*js0c — 0

wherej : C — P2, Considering the inclusiort T — P2 and the commutative diagram:

L C
Jj
- 5 p3
p P
by [8, Ch.lII, Proposition 9.3] we see that:

L — 4

p*j*ﬁc = i*p'r*ﬁc = i*ﬁ'r.
So from (2), being* Ops = O, We getp* S = . O

An important tool for the proof of the main theorem of this pafs the follow-
ing:

PROPOSITION2. Let H C P2 be a generic plane for C and letRz P3 be the
corresponding point in the dual projective space. Then f@re ne N the following
evaluation map is surjective:

HO (.7 (a,n)) — HO (f(a,n)|g,1(m)) . 0Ya>0

and:
HO (f(a,n)|g,1(m)) — HO(Sermn () Var.



46 P. Bonacini

Proof. First of all note that by the projection formula ([8], II, Bx1(d))Va € N:
97 (a,N) = Opav (A) @65 8P (Se(N)).

For eacho € N g,.#(a,n) is a coherent sheaf over’ (see [8, Ch. IlI, Proposition 5.8
and Corollary 5.20]) and so for sonee> 0 g..# (a,n) is generated by its global sec-
tions. So, considering the stalk in the pdiat, we find the following exact sequence:

H%.,.7 (a,n) — (9.7 (a,n))p, — O.
Since the following map is surjective:

(9-7(a,n))p, — 97 (a,n)|p, — 0,
combining the two maps we get the exact sequence:
©) H%..7 (a,n) — g..# (a,n)|p, — 0.

Now we computey,.7 (a,n)|p,.

Take an affine open subset C P3" such thatPy € U. Then the inclusion
Py — P3” can be factored as:

Py U P
So we want to Compute:

(io])"[g (#(a,m)] = J* ["g. (S (a,n))]

where:
" M9 (a,n)] =797 (a,n) @y juK(PH).

From the commutative diagram:

and using [8, Ch. lll, Proposition 9.3] we get:
i*g..7 (a,n) =d,i"”" .7 (a,n).

So:
79 (a,n)] = d,i"”" .7 (a,n) @, jK(Pr)
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from which it follows that:

g (a,n)p = HO(j*(i*g.7(a,n)))
HO (juj* ("9 (a,1))) = HO (d,i"".7 (a,n) @, juK(PH))

where the second equality comes from the definition of thectlimage sheaf. Now
we can apply [8, Ch. IlI, Corollary 9.4], observing tfgaifl(PH) =g 1(Py), and we
get the equality:

HO (¢,i”" 7 (a,8) ®ay j+K(P4)) =HO (j"1"”" 7 (a,n))
wherej’ : g7 (Py) — g 1(U). Buti’o j = ju : g"}(Py) — M and so:
9. (a.n)lmy =H(ju"7 (a,n)).
Combining this equality with (3) we get:
HO(g.. (a,m)) — HO(ju*.7 (a,m) — 0.

Since:
HO,.7 (a,n) = HO.7 (a,n)

we get the surjective map:
(4) HO.# (a,n) > HOj*.7 (a,n) — 0
whereg@is the map determined by the morphism of sheaves:
Z(a,n) 2, jp* A (o,n) = (a,n)|g-1(p,)-
Note now that the morphisio jy : g~ (Py) — P3" can be factored in this way:
g H(Pu) — Py — P
and, since’sv (a)|py = Op,, We get:
(gO jH>* (ﬁﬂﬁv (C()) == ﬁg—l(pH)
So:
HOG"7 () = HO((goin)* (Gp) @0, 1 (PO )" (Fe(n))

= H(Ggam) @0, 1, (PO 1) (S())

= HO((pejn)* () = HIampu ().
From (4) we get the following surjective map:

HO.7 (a,n) — H% A n (n) — 0.



48 P. Bonacini

THEOREM 3. Let C be a reduced and irreducible curve in a projective space
3 defined over an algebraically closed field of any charactirisThen the Hilbert
function of the generic plane section of C is of decreasipg.ty

Proof. Take a generic planid and consider the Hilbert function &N H. Obviously
if cs_1>csVs=a1+1,...,t, there is nothing to prove. So, we can suppose that there
existsse {a;+1,...,t} such thats_1 = cs > 0. In this case we apply Theorem 2 and
we can say that the curveskhof degrees containingCNH have a common factor of
degreecs.

We will prove thatcs = a; and this will give us the statement.

First note that by the Kiinneth formula (see [13, Ch.VI, GQlary 8.13]) we get:

HY (ﬁwﬁvxwﬁ(m, n)) =0vYmn.
This implies that we have the following surjective map:
HO (ﬁwvxw(m, n)) — H%(G\(m,n)) — 0Ym,n > 0.

This means that any elementtt?( &y (m,n)) can be lifted to a homogeneous form in
HO(Oav  ps(m,n)) for anym,n > 0.
By Proposition 2 we get the surjective map:

HO(M, .7 (a,)) — HO (H, Zoupu (s)) — 0.

In this way, taken any nonzero elementHi?(7cn 4 (s)), we find a hypersurface

V C M with a fibre with respect to the projection ovig?” that is a curve of degree
s containing a generic plane section@f Note that the projection of overP?” is
dominant, because otherwise each fibre would have dimewrgiteast 2, while we
know that there exists one of dimension 1. So, taken a geﬁ@E’[cIP’3v, the image of
Vin HO(JCQL‘L(S)) is nonzero and is exactly the fibre over the p&int And so:

p(g~*(R)NV)>CnL

for L generic plane.

In particular, we consider a basis of the vector sﬂd@(aﬂmH‘H(s)), whose
associate plane curves dbe, ...,Dy, and in correspondence we fi&g, ..., S hyper-
surfaces of the incidence varigty. By Proposition 1 we get that = p~1(C) c S for
eachi. Note that, since> aj, r > 1.

Consider now the scheme-theoretic intersecBenS; N --- NS and the projec-
tion:

gs: S— P’

restriction ofg to S. The fibregs*(Py) O D, whereD is the plane curve of degreg
associated to the common factort®?(.7c-y 4 (S)). Indeed:

gs '(P4)=()g *(Pu)=Din---ND; DD.
i=1
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Sogs 1(Py) is the plane curv® plus some possible additional points on the plane.
Besides for a generic plaiheand for the corresponding poiRt € p3Y,

gs'(A) =gg'(R)N---Ngg'(R) D DL

whereD, is the plane curve oh of degreecs associated to the common factor of
HO(SrL(s))- Sogs is dominant and for anf. € P3" generic the fibreg (R.) is
1-dimensional, since it contains a plane curve and is coethin plane curves, from
which it follows that:

dimS=4
even ifSmight not be equidimensional.

SinceSis the intersection of some 4-dimensional hypersurfacdd irits 4-
dimensional part is a common compon&hof S, ..., S. So for each:

(5) S=SuV

whereV; is equidimensional of dimension 4. Considering now thegotipnsyg : S —
P3’ andgy : i — P3" for eachi, sinceS andV; are equidimensional of dimension 4,
we have that all the componentsggl(m) and g\jil(PH) have dimension at least 1.

Since for each ggl(PH) is a curve orH, that is equidimensional of dimension 1, from
(5) we get that the fibreggl(PH) andg\jil(PH) must be curves oHl, that is they are

equidimensional of dimension 1. SingeC S, gg'(P4) C g™ (P4) and sogg*(Ph)
is a part ofD, that is the plane curve of degregassociated to the common factor of

Ho(fCQH\H(S))-
Since:
TCcS=5N---NS andS =S UV, Vi
andT is integral, then:

r
eitherT c SorT C (Vi
i=1

If T CNi_{ Vi, thenT CV,,Vi=1,...,r. Fromthisis follows tha€NH c g\jil(PH) Vi=
1,...,r. Note some of th@\jil(PH) may haveggl(PH) as a component, but not all of
them. In fact, otherwise we find that any eIemenHPi(me‘H(s)) is not reduced
and it leads us to a contradiction, becaG@seH is reduced. So there exists asuch
thatCNH C g\7i,1(PH), whereggi,l(PH) is a curve of degree less thamot containing
gg'(Ph). Sincegg'(Ph) is a component ob, theng, *(P4) containsCNH and does
not containD. It follows that there exist curves of degreeontainingCNH and not
containingD. This contradicts the choice of

So it must beT ¢ S. SoCNH C ggl(PH) and, sinceggl(PH) is equidimen-
sional of dimension 1 and is a part Bf, the only possibility is thaggl(PH) =D,
because any curve of degrges must contairD and so:

CnH cD.
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So obviouslyD is the minimal curve containing the generic plane sectio@.of
In this casea; = cs and so:

ACNH,cs) =¢s
while by definition
A(CNH,s)=cs

wheres > cs. Since at the beginning of the proof we chose asych thatcs = ¢s_1,
then the Hilbert function is of decreasing type. O

4. Further results

In this section we show some results that are well known irradtaristic O and that
we prove in any characteristic, most of them as consequerfidéseorem 3.

Let us first recall that a 0-dimensional O-sequeHce: {h;} is a sequence of
positive integers such that there exists a set of point®82ofvhose Hilbert function
is H (see [16] and [2] for more details). Then it is possible toeext to arbitrary
characteristic the following result:

THEOREMA4. If H is a 0-dimensional O-sequence of decreasing type, thenet
exists an irreducible smooth ACM curvel®f whose generic plane section has H as
its Hilbert function.

Proof. We can proceed as in [12, Theorem 4], just observing that asrénBtype
theorem we have to use [4, Corollary 2.11(ii)]. O

Now we must fix some notation.

If X ¢ P2is a reduced 0-dimensional scheme, then the ideal sheaff X has
a minimal free resolution of the type (becauses ACM of codimension 2):

m-1 m
(6) 0— P Opa(—bi) — P Op2(—a) — Ix — 0.
i=1 i=1

In this resolutiors; < ap < --- < an, are the degrees of a minimal set of generators of
Ix andb; < by <--- <bp_1 the degrees of a minimal set of generators for the syzygy
module.

Given the Hilbert functioH (X, i) of X we use the following notation:
hi = H(X,i)
G =AH(X,i)=hi—hj_1
di = A?H(X,i) =G —Ci_1

e =A0%HX,i)=d —d_1.
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We callaj (resp. 3j) the number of they (resp. bj) equal toj. From (6) it follows
that there exist at leaste generators of degreeif g < 0, and at leas syzygies of
degresd, if § > 0.

Now we can prove the following result in arbitrary charaistiée:

THEOREM 5. Let C C IP® be an integral ACM curve and X a generic plane
section of C with Hilbert function H= {h;}. Then the numbexs; of elements of degree
i in any minimal system of generators gfdatisfy:

Oa, = —€y, Oa, = —€a, andmax{0,—a} < a; < —di —1fori > ap.

In particular, denoting by(lc) the number of elements of a minimal set of generators
of 4, we have:
V(|c) <a+ay—t.

Proof. For the first part of the statement note that by Theoré#(8,i) is of decreasing
type and, sinc€ is ACM, H(X,i) = AH(C,i) for eachi. SoX C Cl(a1,a2) and we
can apply [11, Proposition 1.4].

The second part of the statement now follows as in [11, Canpll.6]. O

Following the notation of [12], let us denote BY(a1,a2) a complete intersec-
tion of two plane curves of degreags anda,. We get:

THEOREM®G. Let CC P2 be an integral curve such that(€,i) = H(Cl(a,b),i)
foreachi. ThenCis aGh,b).

Proof. We follow the proof of [11, Proposition 3.2]. By hypothesigf = aband, if
X is a generic plane section 6f degX = degC. SinceAH(C,i) > H(X,i) for each
i, if AH(C,i) > H(X,i) for somei, then deX = de¢C < ab, becauseH (X, i) is of
decreasing type by Theorem 3. 6ds an ACM curve and we can apply Theorem 5.
In fact in our caseé = a; + ap — 2, so that it must be(Ic) = 2, which means that is
aCl(a,b). O

Another consequence of our main result is the following:

PROPOSITION3. Let X C P? be a reduced 0O-dimensional scheme such that X is
a generic plane section of an integral curvecGP3. Then X is contained in a complete
intersection of typéas,az).

Proof. From the definition of; anda, we see thag; is the least degree of a curize
containingX and that there exists a cur@of degreea; containingX, but notF. If
X were not contained in a complete intersection of tygneay), then the linear system
of curves of degrea, containingX had in its base locus a componédniof degree
1<r<a.

If X =CnL, whereL is a generic plane for the cur¢ thenC is such that
the plane curves of degreg containingX have a common factd¥ of degreer. So
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proceding as in Theorem 3 we see tat F. Howeverr < a; and this is a contradic-
tion. O

The last relevant result we prove concerns the degree nutexset of points
in P2. Let us recall some definitions. L¥tbe a set of points if?? and let us consider
its minimal free resolution:

m-1 m
0— P Orao(—p) > @ Opa(—dh) — 5% — 0
i=1 i=1

with dy > - > dmandpy > -+ > pm-1. Letus recall thag, di = 37 p;. If Ais
matrix associated t¢, then the entries i have degrees;j, with uij = pi —d;. The
matrix of the degrees dk is denoted byA = (ujj) and is called thelegree matriof
Ix.

From Theorem 3 we are able to prove in any characteristioahaafing result,
well known in characteristic O:

THEOREM7Y. Letdy > ...dnand p > --- > pm_1 be two sequences of positive
integers such thay ", dj = z?’;ll pj. Letuj = pi —d;j and let us consider the matrix
A= (ujj). Then A is the degree matrix of the generic plane section aftagral curve
CcPiifandonlyifyj_i>O0foralli=1,...,m—1.

Proof. If C c P2 is an integral curve and is a general plane section 6f then by [9,
Lemma 2.1] and Proposition 3 we see that it mustilpe; >0 fori=1,...,m—1. For
the converse see [15, Proposition 2] and also [9, Coroll&} 3 O
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