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HILBERT FUNCTIONS OF DECREASING TYPE

IN POSITIVE CHARACTERISTIC

Abstract. Let C be an integral curve inP3
k, with k an algebraically closed field. In the main

result of this paper we prove that the Hilbert function of itsgeneral plane sectionC∩H
is of decreasing type, extending to any characteristic a result proved in the case chark = 0
by Maggioni and Ragusa. Moreover, the proof given in this paper does not depend on the
uniform position property. We also prove in any characteristic that every 0-dimensional
differentiable O-sequence of decreasing type is the Hilbert function of a general plane section
of an integral smooth ACM curve inP3. Starting from these results other properties of the
Hilbert functions ofC∩H andC are extended to any characteristic.

1. Introduction

LetC be an integral curve inP3
k, wherek is an algebraically closed field of characteristic

0, and letC∩H be its general plane section. Maggioni and Ragusa in [12] show that the
Hilbert function of a general plane section ofC is of decreasing type and that every 0-
dimensional differentiable O-sequenceH of decreasing type is the Hilbert function of
a general plane section of an integral smooth arithmetically Cohen-Macaulay (ACM)
curve inP3.

In this paper we extend Maggioni and Ragusa’s results to arbirtrary character-
istic. More precisely, in Theorem 3 we prove that the Hilbertfunction of the general
plane section of an integral space curve defined over an algebraically closed field of any
characteristic is of decreasing type. As consequences of Theorem 3 we extend to any
characteristic some bounds for the graded Betti numbers andfor the number of minimal
generators of the ideal of an integral ACM space curve (Theorem 5). Using Theorem
3 it is also possible to prove in arbitrary characteristic that an integral curve with the
Hilbert function of a complete intersection is a complete intersection (Theorem 6).

In Theorem 4 we prove in any characteristic that every 0-dimensional differ-
entiable O-sequenceH of decreasing type is the Hilbert function of a general plane
section of an integral smooth ACM curve inP3. This correspondence between the gen-
eral plane sections of integral curves and the 0-dimensional differentiable O-sequences
of decreasing type gives us the possibility of proving the analogue of Sauer’s result [15]
(Theorem 7) on smoothable ACM curves inP3 over algebraically closed fields of any
characteristic, in which we characterize the degree matrixof the generic plane section
of an integral space curve.

If chark = 0, the points of a general plane sectionC∩H of an integral space
curveC lie in uniform position, which means that all the subsets ofC∩H of the same
cardinality have the same Hilbert function [7]. This is the basic fact that is used by
Maggioni and Ragusa in [12] in order to prove their results and that is commonly used
in characteristic 0 for studying properties of the general plane section of an integral
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space curve. In positive characteristic the Uniform Position Property may not hold (see
for example [14, Example 1.2]). An open problem in this senseis to give a characteriza-
tion of space curves satisfying the Uniform Postion Property in positive characteristic.
Some results in this direction have been proved by Rathmann in [14].

Note that Gruson and Peskine in [6, Lemme 3.2] show that, if chark = 0, the
numerical character of the generic plane section ofC is “sans lacune” a condition equiv-
alent for the Hilbert function of the generic plane section of C to be of decreasing type
(see [3, Proposition 1.2]). It seems that the proof of Grusonand Peskine can be ex-
tended also to the case of positive characteristic. Howeverthe technique used here
seems more suitable for proving other results still unknownin positive characteristic.

2. Preliminaries and notation

Let us denote byX a finite set of points inP2
k, wherek is an algebraically closed

field. Let us recall thatX has theUniform Position Property(briefly UPP) if, for any
n≤ degX, all the subsets ofn points have the same Hilbert function. If this happens,
the Hilbert function of a setZ⊂ X of n points is the following truncated function:

H(Z, i) = min{H(X, i),n} ∀ i.

In fact, in [2] it is shown the existence of a subscheme ofX with the truncated Hilbert
function and so every subscheme ofn points ofX has that Hilbert function.

Let us consider the first difference of the Hilbert function of X:

∆H(X, i) = H(X, i)−H(X, i−1).

It is known [2] that there exista1≤ a2≤ t such that:

∆H(X, i) =





i +1 for i = 0, . . . ,a1−1

a1 for i = a1, . . . ,a2−1

< a1 for i = a2

non increasing fori = a2 +1, . . . ,t

0 for i > t.

DEFINITION 1. We say that X hasthe Hilbert function of decreasing typeif for
a2≤ i < j < t we have∆H(X, i) > ∆H(X, j).

Maggioni and Ragusa (see [12, Corollary 2]) show this fact:

COROLLARY 1. If H is the Hilbert function of a set of points ofP2
k with the

UPP, then H is of decreasing type.

An important result about the UPP is the following:

THEOREM 1 ([7]). If C ⊂ P3
k is an integral curve and k is an algebraically

closed field of characteristic 0, then the generic plane section of C has the UPP.
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If chark = p > 0, then in generalC∩H may not have the UPP, even in the case
of complete intersections, as the following example shows:

EXAMPLE 1 (see [14, Example 1.2]). LetC be the curve defined as the com-
plete intersection ofx0

q−x1x3
q−1 = x1

q−x2x3
q−1 = 0, whereq = pf , for somef > 0.

On the open affine set defined byx3 6= 0 C is described by:

x0 = t, x1 = tq, x2 = tq2

so thatC is rational and integral. However the general plane sectionof C looks like a
2-dimensional vector space over a field withq elements. Indeed, ifP0,P1,P2 ∈C are
linearly independent andH is the plane containing the three points, then the points of
C∩H are given by:

P = P0 + λ1(P1−P0)+ λ2(P2−P0)

whereλq
i = λi for i = 1,2. Note also that given two pointsP0,P1 ∈ C the lineP0P1

meetsC in the points given by:

P = P0 +µ(P1−P0)

whereµq = µ. So in every generic plane section ofC there are, forq≥ 4, at least 3
collinear points and 3 linearly independent. It means that the generic plane section of
C does not have the UPP. However the Hilbert function of the generic plane section of
C is of decreasing type, because it is a complete intersectionand the first difference of
H(C∩H, i) looks like:

∆H(C∩H, i) =





i +1 for i = 0, . . . ,q−1

2q− i−1 for i = q, . . . ,2q−2

0 for i > 2q−2.

In this example we have shown the existence of an integral curve, in a projective space
over a field of positive characteristic, with a generic planesection that does not have the
UPP, but whose Hilbert function is of decreasing type. In thenext paragraph we will
show that the general plane section of an integral curve has always the Hilbert function
of decreasing type.

Let us fix some notation.

DEFINITION 2. If X ⊂ P2 is a set of n distinct point, we denote byIX the ideal
sheaf of X. If Sl (X) is the linear system associated to H0(IX(l)), l ∈ Z, we denote by
Zl (X) the base locus of Sl (X), that is:

Zl (X) = {P∈ P2 | f (P) = 0 ∀ f ∈ Sl (X)}= V(Sl ).

Now we put:
cl (X) = ∆H(X, l) ∀ l ∈ N.
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We will write cl instead ofcl (X) if there is no confusion on the zero-dimensional
scheme we are considering.

The following theorem, which is true in any characteristic,will be useful in the
proof of the main result of the paper:

THEOREM 2 ([10, Theorem 2.9],[1, Corollary 4.2]).Let X be a set of n points
in P2. Suppose that the first differences of the Hilbert function of X are such that
cs−1 = cs > 0 for some integer s. Then we havedimZs(X)> 0 and, if D is its component
of positive dimension,degD = cs. Furthermore:

deg(X∩D) = cs(s+1)−
(

cs

2

)
+

t

∑
i=s+1

ci .

Another result that will be useful in the next section is the following:

LEMMA 1 ([5, Corollaire 3.3.5]).Let X andY be two locally noetherian schemes
and f : X→Y be a flat morphism. If Y is reduced in the points of f(X) and if f−1(y)
is a reduced k(y)-scheme for every y∈ f (X), then X is reduced.

3. The main result

In this section we consider an integral curveC⊂ P3
k, wherek is an algebraically closed

field of any characteristic. Let{xi} be a system of coordinates overP3 and{t j} a

system of coordinates over the dual spaceP3∨. Denote byIC the ideal sheaf ofC in
P3 and let us consider the incidence varietyM ⊂ P3∨×P3 determined by:

(1) h :=
3

∑
i=0

tixi = 0.

We have the two projections:

p: M ⊂ P3∨×P3→ P3

and
g: M ⊂ P3∨×P3→ P3∨.

Now consider the following module overOM:

I (m,n) = g⋆
(
O

P3∨(m)
)
⊗OM p⋆ (IC(n))

and let us make the following position:

I = I (0,0).

PROPOSITION1. If:
T = p−1(C)⊂M

andIT is the ideal sheaf of T inOM, then T is integral andI = IT .
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Proof. Note that the fibres of the projectionT→C are all integral and equidimensional
of dimension 2, being isomorphic to a projective plane. SoT is irreducible andT→C
is flat, by [8, Theorem 9.9] (note thatT ⊂ P3∨×C). By Lemma 1T is reduced.

Now note that:
g⋆

(
O

P3∨(m)
)

= OM(m,0),

p⋆ (OP3(n)) = OM(0,n),

so that:

p⋆ (IC(n)) = p⋆
(
IC⊗O

P3 OP3(n)
)

= p⋆ (IC)⊗OM OM(0,n).

From this it follows easily that:

I (m,n) = g⋆
(
O

P3∨(m)
)
⊗OM p⋆ (IC(n)) = OM(m,n)⊗OM p⋆ (IC)

for anym,n∈ Z. Now we can observe thatp is a smooth morphism, so that it is flat
andOM is flat overOP3. This implies that the following sequence is exact:

(2) 0→ p⋆
IC→ p⋆

OP3→ p⋆ j⋆OC→ 0

where j : C →֒ P3. Considering the inclusioni : T →֒ P3 and the commutative diagram:

M P3

T C

................................................................................................................
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.
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.
.

p

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

.

..

.

..

.

.

.

.

.

.

.

..

.

..
.

j

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

..

.

.

.

.

.

..

.

..
.

.

.

.

.

.

.

..

.

..
.

i

................................................................................................................
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by [8, Ch.III, Proposition 9.3] we see that:

p⋆ j⋆OC = i⋆pT
⋆
OC = i⋆OT .

So from (2), beingp⋆OP3 = OM, we getp⋆IC = IT .

An important tool for the proof of the main theorem of this paper is the follow-
ing:

PROPOSITION2. Let H⊂ P3 be a generic plane for C and let PH ∈ P3∨ be the
corresponding point in the dual projective space. Then for every n∈ N the following
evaluation map is surjective:

H0 (I (α,n))→H0
(
I (α,n)|g−1(PH)

)
→ 0 ∀α≫ 0

and:
H0

(
I (α,n)|g−1(PH)

)
= H0(

IC∩H|H(n)
)
∀α.
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Proof. First of all note that by the projection formula ([8], II, Ex.5.1(d))∀α ∈N:

g⋆I (α,n)∼= O
P3∨(α)⊗O

P3∨ g⋆p⋆ (IC(n)) .

For eachα ∈N g⋆I (α,n) is a coherent sheaf overP3∨ (see [8, Ch. II, Proposition 5.8
and Corollary 5.20]) and so for someα≫ 0 g⋆I (α,n) is generated by its global sec-
tions. So, considering the stalk in the pointPH , we find the following exact sequence:

H0g⋆I (α,n)→ (g⋆I (α,n))PH
→ 0.

Since the following map is surjective:

(g⋆I (α,n))PH
→ g⋆I (α,n)|PH → 0,

combining the two maps we get the exact sequence:

(3) H0g⋆I (α,n)→ g⋆I (α,n)|PH → 0.

Now we computeg⋆I (α,n)|PH .

Take an affine open subsetU ⊂ P3∨ such thatPH ∈ U . Then the inclusion
PH →֒ P3∨ can be factored as:

PH
j→֒U

i→֒ P3∨.

So we want to compute:

(i ◦ j)⋆ [g⋆ (I (α,n))] = j⋆ [i⋆g⋆ (I (α,n))]

where:
j⋆ j⋆ [i⋆g⋆I (α,n)] = i⋆g⋆I (α,n)⊗OU j⋆k(PH).

From the commutative diagram:

U P3∨

g−1(U) M

..............................................................................................................
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..
.
.

g′

..........................................................................................
...

.....
..
..
.
..

i′

and using [8, Ch. III, Proposition 9.3] we get:

i⋆g⋆I (α,n)∼= g′⋆i′⋆I (α,n).

So:
j⋆ j⋆ [i⋆g⋆I (α,n)]∼= g′⋆i′⋆I (α,n)⊗OU j⋆k(PH)
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from which it follows that:

g⋆I (α,n)|PH = H0 ( j⋆ (i⋆g⋆I (α,n)))

= H0 ( j⋆ j⋆ (i⋆g⋆I (α,n))) = H0(
g′⋆i′⋆I (α,n)⊗OU j⋆k(PH)

)

where the second equality comes from the definition of the direct image sheaf. Now
we can apply [8, Ch. III, Corollary 9.4], observing thatg′−1(PH) = g−1(PH), and we
get the equality:

H0(
g′⋆i′⋆I (α,s)⊗OU j⋆k(PH)

)
= H0(

j ′⋆i′⋆I (α,n)
)

where j ′ : g−1(PH) →֒ g−1(U). But i′ ◦ j ′ = jH : g−1(PH) →֒M and so:

g⋆I (α,n)|PH = H0( jH
⋆
I (α,n)) .

Combining this equality with (3) we get:

H0(g⋆I (α,n))→ H0 ( jH
⋆
I (α,n))→ 0.

Since:
H0g⋆I (α,n) = H0

I (α,n)

we get the surjective map:

(4) H0
I (α,n)

φ→H0 jH
⋆
I (α,n)→ 0

whereφ is the map determined by the morphism of sheaves:

I (α,n)
φ→ jH

⋆
I (α,n) = I (α,n)|g−1(PH).

Note now that the morphismg◦ jH : g−1(PH)→ P3∨ can be factored in this way:

g−1(PH)→ PH → P3∨

and, sinceO
P3∨(α)|PH = OPH , we get:

(g◦ jH)⋆
(
O

P3∨(α)
)

= Og−1(PH).

So:

H0 ( jH
⋆
I (α,n)) = H0

(
(g◦ jH)⋆

(
O

P3∨
)
⊗Og−1(PH )

(p◦ jH)⋆ (IC(n))
)

= H0
(
Og−1(PH)⊗Og−1(PH )

(p◦ jH)⋆ (IC(n))
)

= H0(
(p◦ jH)⋆ (IC(n))

)
= H0

IC∩H|H(n).

From (4) we get the following surjective map:

H0
I (α,n)→H0

IC∩H|H(n)→ 0.
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THEOREM 3. Let C be a reduced and irreducible curve in a projective space
P3 defined over an algebraically closed field of any characteristic. Then the Hilbert
function of the generic plane section of C is of decreasing type.

Proof. Take a generic planeH and consider the Hilbert function ofC∩H. Obviously
if cs−1 > cs ∀s= a1 +1, . . . ,t, there is nothing to prove. So, we can suppose that there
existss∈ {a1+1, . . . ,t} such thatcs−1 = cs > 0. In this case we apply Theorem 2 and
we can say that the curves inH of degreescontainingC∩H have a common factor of
degreecs.

We will prove thatcs = a1 and this will give us the statement.

First note that by the Künneth formula (see [13, Ch.VI, Corollary 8.13]) we get:

H1
(
O

P3∨×P3(m,n)
)

= 0 ∀m,n.

This implies that we have the following surjective map:

H0
(
O

P3∨×P3(m,n)
)
→ H0(OM(m,n))→ 0 ∀m,n≥ 0.

This means that any element inH0(OM(m,n)) can be lifted to a homogeneous form in
H0(O

P3∨×P3(m,n)) for anym,n≥ 0.

By Proposition 2 we get the surjective map:

H0 (M,I (α,s))→ H0(
H,IC∩H|H(s)

)
→ 0.

In this way, taken any nonzero element inH0(IC∩H|H(s)), we find a hypersurface

V ⊂ M with a fibre with respect to the projection overP3∨ that is a curve of degree
s containing a generic plane section ofC. Note that the projection ofV over P3∨ is
dominant, because otherwise each fibre would have dimensionat least 2, while we
know that there exists one of dimension 1. So, taken a genericPL ∈ P3∨, the image of
V in H0(IC∩L|L(s)) is nonzero and is exactly the fibre over the pointPL. And so:

p
(
g−1(PL)∩V

)
⊃C∩L

for L generic plane.

In particular, we consider a basis of the vector spaceH0(IC∩H|H(s)), whose
associate plane curves areD1, . . . ,Dr , and in correspondence we findS1, . . . ,Sr hyper-
surfaces of the incidence varietyM. By Proposition 1 we get thatT = p−1(C)⊂ Si for
eachi. Note that, sinces> a1, r > 1.

Consider now the scheme-theoretic intersectionS= S1∩·· ·∩Sr and the projec-
tion:

gS : S→ P3∨

restriction ofg to S. The fibregS
−1(PH) ⊃ D, whereD is the plane curve of degreecs

associated to the common factor ofH0(IC∩H|H(s)). Indeed:

gS
−1(PH) =

r
\

i=1

gi
−1(PH) = D1∩·· ·∩Dr ⊃ D.
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So gS
−1(PH) is the plane curveD plus some possible additional points on the plane.

Besides for a generic planeL and for the corresponding pointPL ∈ P3∨,

g−1
S (PL) = g−1

S1
(PL)∩·· ·∩g−1

Sr
(PL)⊃ DL

whereDL is the plane curve onL of degreecs associated to the common factor of
H0(IC∩L|L(s)). SogS is dominant and for anyPL ∈ P3∨ generic the fibreg−1

S (PL) is
1-dimensional, since it contains a plane curve and is contained in plane curves, from
which it follows that:

dimS= 4

even ifSmight not be equidimensional.

SinceS is the intersection of some 4-dimensional hypersurfaces inM, its 4-
dimensional part is a common componentS′ of S1, . . . ,Sr . So for eachi:

(5) Si = S′∪Vi

whereVi is equidimensional of dimension 4. Considering now the projectionsgS′ : S′→
P3∨ andgVi : Vi → P3∨ for eachi, sinceS′ andVi are equidimensional of dimension 4,
we have that all the components ofg−1

S′ (PH) andg−1
Vi

(PH) have dimension at least 1.

Since for eachi g−1
Si

(PH) is a curve onH, that is equidimensional of dimension 1, from

(5) we get that the fibresg−1
S′ (PH) andg−1

Vi
(PH) must be curves onH, that is they are

equidimensional of dimension 1. SinceS′ ⊂ S, g−1
S′ (PH) ⊂ g−1

S (PH) and sog−1
S′ (PH)

is a part ofD, that is the plane curve of degreecs associated to the common factor of
H0(IC∩H|H(s)).

Since:
T ⊂ S= S1∩·· ·∩Sr andSi = S′∪Vi ∀ i

andT is integral, then:

eitherT ⊂ S′ or T ⊂
r

\

i=1

Vi .

If T ⊂Tr
i=1Vi , thenT ⊂Vi, ∀ i = 1, . . . , r. From this is follows thatC∩H ⊂ g−1

Vi
(PH) ∀ i =

1, . . . , r. Note some of theg−1
Vi

(PH) may haveg−1
S′ (PH) as a component, but not all of

them. In fact, otherwise we find that any element inH0(IC∩H|H(s)) is not reduced
and it leads us to a contradiction, becauseC∩H is reduced. So there exists ani such
thatC∩H ⊂ g−1

Vi
(PH), whereg−1

Vi
(PH) is a curve of degree less thans not containing

g−1
S′ (PH). Sinceg−1

S′ (PH) is a component ofD, theng−1
Vi

(PH) containsC∩H and does
not containD. It follows that there exist curves of degrees containingC∩H and not
containingD. This contradicts the choice ofs.

So it must beT ⊂ S′. SoC∩H ⊂ g−1
S′ (PH) and, sinceg−1

S′ (PH) is equidimen-
sional of dimension 1 and is a part ofD, the only possibility is thatg−1

S′ (PH) = D,
because any curve of degree≤ smust containD and so:

C∩H ⊂ D.
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So obviouslyD is the minimal curve containing the generic plane section ofC.
In this casea1 = cs and so:

∆(C∩H,cs) = cs

while by definition
∆(C∩H,s) = cs

wheres≥ cs. Since at the beginning of the proof we chose anys such thatcs = cs−1,
then the Hilbert function is of decreasing type.

4. Further results

In this section we show some results that are well known in characteristic 0 and that
we prove in any characteristic, most of them as consequencesof Theorem 3.

Let us first recall that a 0-dimensional O-sequenceH = {hi} is a sequence of
positive integers such that there exists a set of points ofP2 whose Hilbert function
is H (see [16] and [2] for more details). Then it is possible to extend to arbitrary
characteristic the following result:

THEOREM4. If H is a 0-dimensional O-sequence of decreasing type, then there
exists an irreducible smooth ACM curve ofP3 whose generic plane section has H as
its Hilbert function.

Proof. We can proceed as in [12, Theorem 4], just observing that as a Bertini type
theorem we have to use [4, Corollary 2.11(ii)].

Now we must fix some notation.

If X ⊂ P2 is a reduced 0-dimensional scheme, then the ideal sheafIX of X has
a minimal free resolution of the type (becauseX is ACM of codimension 2):

(6) 0→
m−1
M

i=1

OP2(−bi)→
m

M

i=1

OP2(−ai)→IX → 0.

In this resolutiona1 ≤ a2≤ ·· · ≤ am are the degrees of a minimal set of generators of
IX andb1≤ b2≤ ·· · ≤ bm−1 the degrees of a minimal set of generators for the syzygy
module.

Given the Hilbert functionH(X, i) of X we use the following notation:

hi = H(X, i)

ci = ∆H(X, i) = hi−hi−1

di = ∆2H(X, i) = ci−ci−1

ei = ∆3H(X, i) = di−di−1.
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We call α j (resp. β j ) the number of theai (resp. bi) equal to j. From (6) it follows
that there exist at least−ei generators of degreei, if ei < 0, and at leastei syzygies of
degreei, if ei > 0.

Now we can prove the following result in arbitrary characteristic:

THEOREM 5. Let C⊂ P3 be an integral ACM curve and X a generic plane
section of C with Hilbert function H= {hi}. Then the numbersαi of elements of degree
i in any minimal system of generators of IC satisfy:

αa1 =−ea1, αa2 =−ea2 and max{0,−ei} ≤ αi ≤−di−1 for i > a2.

In particular, denoting byν(IC) the number of elements of a minimal set of generators
of IC, we have:

ν(IC)≤ a1 +a2− t.

Proof. For the first part of the statement note that by Theorem 3H(X, i) is of decreasing
type and, sinceC is ACM, H(X, i) = ∆H(C, i) for eachi. SoX ⊆CI(a1,a2) and we
can apply [11, Proposition 1.4].

The second part of the statement now follows as in [11, Corollary 1.6].

Following the notation of [12], let us denote byCI(a1,a2) a complete intersec-
tion of two plane curves of degreesa1 anda2. We get:

THEOREM6. Let C⊂P3 be an integral curve such that H(C, i) = H(CI(a,b), i)
for each i. Then C is a CI(a,b).

Proof. We follow the proof of [11, Proposition 3.2]. By hypothesis degC = aband, if
X is a generic plane section ofC, degX = degC. Since∆H(C, i) ≥ H(X, i) for each
i, if ∆H(C, i) > H(X, i) for somei, then degX = degC < ab, becauseH(X, i) is of
decreasing type by Theorem 3. SoC is an ACM curve and we can apply Theorem 5.
In fact in our caset = a1 +a2−2, so that it must beν(IC) = 2, which means thatC is
aCI(a,b).

Another consequence of our main result is the following:

PROPOSITION3. Let X⊂ P2 be a reduced 0-dimensional scheme such that X is
a generic plane section of an integral curve C⊂ P3. Then X is contained in a complete
intersection of type(a1,a2).

Proof. From the definition ofa1 anda2 we see thata1 is the least degree of a curveF
containingX and that there exists a curveG of degreea2 containingX, but notF. If
X were not contained in a complete intersection of type(a1,a2), then the linear system
of curves of degreea2 containingX had in its base locus a componentF of degree
1≤ r < a1.

If X = C∩ L, whereL is a generic plane for the curveC, thenC is such that
the plane curves of degreea2 containingX have a common factorF of degreer. So
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proceding as in Theorem 3 we see thatX ⊂ F . Howeverr < a1 and this is a contradic-
tion.

The last relevant result we prove concerns the degree matrixof a set of points
in P2. Let us recall some definitions. LetX be a set of points inP2 and let us consider
its minimal free resolution:

0→
m−1
M

i=1

OP2(−pi)
ϕ→

m
M

i=1

OP2(−di)→IX → 0

with d1 ≥ ·· · ≥ dm andp1 ≥ ·· · ≥ pm−1. Let us recall that∑m
i=1di = ∑m−1

j=1 p j . If A is
matrix associated toϕ, then the entries inA have degreesui j , with ui j = pi −d j . The
matrix of the degrees ofA is denoted by∂A = (ui j ) and is called thedegree matrixof
IX.

From Theorem 3 we are able to prove in any characteristic the following result,
well known in characteristic 0:

THEOREM7. Let d1≥ . . .dm and p1≥ ·· · ≥ pm−1 be two sequences of positive
integers such that∑m

i=1di = ∑m−1
j=1 p j . Let ui j = pi−d j and let us consider the matrix

A = (ui j ). Then A is the degree matrix of the generic plane section of anintegral curve
C⊂ P3 if and only if ui,i−1 > 0 for all i = 1, . . . ,m−1.

Proof. If C⊂ P3 is an integral curve andX is a general plane section ofC, then by [9,
Lemma 2.1] and Proposition 3 we see that it must beui,i−1 > 0 for i = 1, . . . ,m−1. For
the converse see [15, Proposition 2] and also [9, Corollary 3.2].
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Viale A. Doria 6, 95124 Catania, ITALIA
e-mail: bonacini@dmi.unict.it

Lavoro pervenuto in redazione il 11.09.2006 e, in forma definitiva, il 03.12.2007.


