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POLENI CURVES ON SURFACES OF CONSTANT
CURVATURE

Abstract. In the euclidean plane, a regular curve can be defined thricaigitrinsic equation
which relates its curvaturk to the arc lengtts. Elastic plane curves were determined this
way. Ifk(s) = %ﬁus) the curve is known by the name “la courbe des forcats”pthiced

in 1729 by Giovanni Poleni in relation with the tractrix [9]he above equation is yet mean-
ingful on a surface if one interpreksas the geodesic curvature of the curve. In this paper we
solve the above equation on a surface of constant curvature.

1. Elastic Poleni curves

In [7] the authors show that on surfaces of Gaussian curw&@yelastic curvey are
solutions of the intrinsic equation

kg+%kg+kg(G—)\):0,

wherekg denotes the geodesic curvatureyph is a constant and the primes indicate
derivation with respect to the arc-length parametany. As the functionf (s) =

2
i . cosh(s)
satisfies the equation

f”+%f3—f:0,

there exist on a surfac®of constant curvature elastic curves with intrinsic equati

2
~ cosh(s)’

1) kg(s)

If Sis the euclidean plane, the solution of (1) is Giovanni Piderurve intro-
duced in 1729 in relation with the tractrix [9]. Its paramegquations are

2
2 =s—2t = .
2) X(9) =s—2tans), y(9 = o
Itis plotted in Figure 1. Actually, for every € R, the functionf (s) = —coszt((xas) satisfies

the differential equation
1
'+ Zf3—a2f=0.
2
Therefore there exist on surfaBelastic curves with intrinsic equation

2
~ coslas)’

(3) kg(s)
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Figure 1: Poleni’s curve

If Sis the euclidean plane, equation (3) writes

_ —2ay y' = 20X
coshas)’ coshas)’

Integrating these equations, with initial condition

X(O) =0, X/(O) =1 y(0> = aa y,(o) =0,
one finds
2 2
X(s) =s— a tanh(as), y(s) = acoshas)’

Notice that the curvéax(s/a),ay(s/a)) is simply the Poleni curve (2), so that the
study of equation (3) in the euclidean plane reduces to tiaysif equation (1). For
the sphere and the hyperbolic space, there are no dilasadimhequation (3) deserves
a special study. In the following, we call “Poleni curvesétbolutions of the intrinsic
equation (3).

Geodesics on cylinders having as directrix the curve (2eateemals of Sad-

owsky’s functional
2\ 2
1
S z/K2(1+—2) ds
y K

wherex, T represent the curvature and the torsion of the cyrirethe three-dimensional
euclidean spaci?, see [5]. An analogous result is valid for geodesics on cesihav-
ing as directrix elastic Poleni curves on the splf#esee [4]. This example motivates
our research.

Notice that the Poleni curve (2) in the euclidean plane haaxarof symmetry
and it has an asymptote as~ +oo. In fact, on any surface, a solution of equation (3)
is asymptotically geodesic and has an axis of symmetr8.idfthe sphere, the Poleni
curve corresponding te = 1, is (see Proposition 1):

x = 2cogs)tanh(s/2), y = 2sin(s)tanh(s/2),

where(x,y) are the stereographical coordinates. It is a symmetricléagiral which
tends to the circle of radius 2 centered at the origin. Hefbegrem 1), on the sphere,
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the situation is similar to the euclidean case: there ewistdgeodesics (here circles)
which are characterized by the fact that the first one is am@bsymmetry of the curve
and the second one is asymptotic to the curve.
If Sis the hyperbolic half plane, the Poleni curve correspogithim = 1 is (see
Proposition 2):
X=S§, y = cosh(s).

Notice that this is the catenary (or chainette) curve of thelidean space. Hence
(Theorem 2), on the hyperbolic space, the Poleni curve impsytic to all geodesics
that intersect it transversally at a unique point and ambege geodesics there is one
which is an axis of symmetry of the curve.

The study of elastic curves goes back to Euler in 1744 [3]. diissification
of plane elastic curves can be found in Love’s book (see [8EtiBn 263) or in the
historical survey by Truesdell [10]. This study was thetbiof the Euler Lagrange
calculus of variation. In Euler’s classification of planastlc curves, Poleni’s curve,
called also “la courbe des forcats”, occupies a specia@epldiscarding the circle and
the straight line, it is the only elastic plane curve thatslnet need elliptic functions
for its parametrization.

The study of euclidean elastic curves (together with theresibn to the non-
euclidean case) was revisited by Langer and Singer [7] awdogl Bryant and Griffiths
[1], using Griffiths’s formalism based on the theory of eidedifferential systems, and
by Jurdjevic [6], using Pontryagin’s Maximum Principle gftonal control theory. The
papers [1, 6, 7] contain important results on the classifinadf elastic curves in the
non euclidean case. Even though they mentioned the spedalaf asymptotically
geodesic elastic curves (see especially Figure 8 of [1] agdré 2.c of [7]), they all
don’t give explicit formula for the Poleni curve. On the spiag?, the Poleni curve is
explicitly mentioned by Brunnett and Crouch, see Figure [2]nbut its double spiral
behavior is not apparent in their figure.

This paper is organized as follows. In Section 2 we recallesdaats on the
riemannian geometry of surfaces. In Section 3, equatiom{®oleni curves is ex-
pressed in the geographical coordinates of the spfeend numerical solutions of
the obtained equation are given. In Section 4, equations(8xpressed in the stereo-
graphical projection of the sphere and the obtained equéiexplicitly solved in the
casea = 1. In Section 5, equation (3) is expressed in the hyperbaligiane and the
obtained equation is explicitly solved in the case- 1. In Section 6 we compare our
results with the parameterizations given by Jurdjevic in |6 Section 7, the Poleni
curves of geodesic curvatufés) = #ﬁ‘as) are considered. Discarding the constant
curvature curves, these curves are the only elastic cuma¢san be parametrized by
elementary functions.

2. Geodesic curvatures and intrinsic equations

On the surfac&, the geodesic curvatukg of the curvey represents the modulus of the
normal component of the acceleration vedtot= [, y’. Clearly,sbeing an arc-length
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parameters om, lety’ = dy/dsbe the unit tangent vector field aloyg Denoting by
g(-,-) the scalar product on the tangent bundle of the suigitdollows that

IV|*:=a(y.y) =1

Let O denotes the operator of covariant (absolute) differeintiain the surface. Then

1
g(0yy'y') = EDy/g(V’,v’) =0,

so the acceleration vectér= 0, /y’ is orthogonal toy " along the curve. Equation (3)
of Poleni curves becomes therefore
2da

4) 1By Y'll= Cosiasy

If alongy, an orthonormal frame fieliT =y’, N} is chosen, in order to solve (4) one
has to integrate the system

, 2a

®) Hyyi= coshas) N

Following [11], we recall some general formulas from theattyeof surfaces
when the local coordinates, x, are used. Let

2
(6) d = 3 gijdxdy; = gudx + 2gra0xadx + goothd
i,]=1

be the riemannian metric on the surf&&and let

1 2
(7) L== gijd>quj

2,2,
be the Lagrange function associated to (6). The Euler-lragraystem corresponding
toLis

doL 4L :
8 —— —— = =12
® dsox ox =5
and we use it to deduce the components of the acceleratidorvee- 0, y’. This is
done by isolating second order derivatives of the coordmain (8) i.e. transforming
it in

2 .
) X+ > MexX =0, i=12
j,k=1

Now the left side part of (9) represents the comporfgrif the acceleration vector
A with respect tax;, fori = 1,2. In the sequel, we apply this procedure for several
curvilinear systems of coordinates on surfaces of constanature.
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3. Geographical coordinates on the spherg?

Denoteg and® the longitude and the colatitude of a point on the unit sp§éreThe
cartesian coordinates of the point are

x=sinBcosp, y=sinBsing, z=cosh, 0<O<T
and the riemannian metric 82 becomes
(10) ds’ = d6? + sir’ 6d¢’.
The Lagrange function (7) associatediss is

(11) L= % ((0)*+sir?e (¢)?)

and the Euler-Lagrange equations write

d_., . 2 E . B
30 —sinBcosd (¢)° =0, ds(smze(d) =0

so that, transforming in the form (9) gives
0" —sinfcosd (¢)2 =0, ¢+ 2%9%5 )

The left side parts of these equations represent the comkg A, of the accelera-
tion vectorA of a curvey along which® andg are functions of arc-length parameser
The vector fields along the curve(®',¢), N(—¢'sin®, 6'/sin) are orthonormal as

(12) 9(T.T)=|lv'|? = (') +sirfe (¢)* =1
and

g(N,N) = (—¢sing)”+sint6 (8'/sing)” = sint8 (¢f)° + (8)> =1
g(T,N) = @ (—¢sinB) +sinf 6y (¢'/sin6) = 0.

It follows that the system of differential equations

(13) 8" —sin(8) cos(8) (¢)° = —mdsin(e)
, C0s8) . 2a o
(14) ¢'+2 sin(8) 0¢ = cosHas) sin()

translates the vector equation (5).

We have solved numerically (13)—(14), in the case- 1, together with the
conditions8 (0) = 11/4, & (0) = 0, @(0) = 1/4 and¢ (0) = —v/2 by a Runge-Kutta
algorithm of fourth order using the symbolic computing systMAPLE. We have
obtainedd;, 0, ¢, @ approximation 0B(iAs), & (iAs), ¢(iAs), ¢ (iAs) respectively.
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Figure 2: The curve of geographic coordinates®;) (left) and its projection on the
symmetry plane (right). The asymptotic plane is orthogtm&lVv

LetV be the peak of the curvei.e. the point with maximal curva.fer s= 0)
and denote by, the tangent at the solution curveVh We observe on Figure 2 that
the plane orthogonal iy in V is a plane of symmetry for the curve. It contains a first
self-intersecting point. Despite the curve seems to beedlom fact it is composed
by two symmetrical spirals which wind around a diamete$dénd these spirals tend
asymptotically to the equatorial circle correspondiny{see Theorem 1.

At this stage, the computegl, 6;, ¢ and®] verify the equations (13) and (14).
The equation (12) has not been used yet. The computed deastitisfy

~2.10°%< ()% +sin’6; (¢)°~1<6-10°°,

in other words, the computegl, 6;, ¢ and6; verify the three equations (12), (13) and
(14).

4. Stereographical projection

If one projects the unit sphe® from its north pole on the plane tangent$8 at
its south pole and one transports its metric on that plane,gats on the plane the
Riemann metric

d¥ +dy?

d§ = —2.
[1+ 102 +y?)]

The geodesics of this metric are the images of the greaesiraiS?, these are the
circles or straight lines of the plane which contain two dérically opposed points
of the circle of radius 2 centered on the origin. Starting e®ie with the Lagrange
function

X'2+y'2

L1
2 [14+102+y2)]?



Poleni curves on surfaces of constant curvature 97

the Euler-Lagrange equations are

g X +} X(X/Z +y2) o
ds[1+%(xz+yz)]2 2 [1+%(x2+y2)}3 ’
d y 1 y (X2 +y?)

ds 275 3T
Isolating the second order derivativésy” one gets the components of the acceleration

X (X% —y?) +2yxy y (Y2 —x?) +2xxy

Ac=X'—
" 2+302+y?) 2+ 302 +y?)

) Ay:)//*

The vector fields (X,y'), N(—Y,X') along the curve are unitary and orthogonal as
P KO+ (9

(143 () + (v(9)°)]
and equation (5) is expressed by the system

N X(X/z — ylz) + 2y>(y’ _ *Zayl
2+3(x@+y2)  coshas)’

(15) Iy'(s) ;=1

(16)

, Y(Y2-X2) 42Ky 20X
() Y- 2+10@+y?)  coshas)’

PrRoPOSITIONL. Up to isometry, the parametric equations of the Poleni curve
with a = 1 on the sphere are

(18) X(s) = 2cogs)tanh(s/2), y(s) = 2sin(s)tanh(s/2).
Proof. Up to isometry, one can restrict to the initial condition
x(0)=0, x(0)=1 y(0)=0, y(0)=0.

We use the symbolic computing system MAPLE to write Taylofeseof the solution
of (16,17), witha = 1, satisfying the previous initial conditions. At order 7eawbtains

Lo 1 7 _ @i te s o9
X(s)=s 1253+12055+0(s), y(s) = 32+4$4 3665 +0(s-
Then we compute
X(s) o, ¢ ¢ 6
*EﬁLﬂJrO(S)—COiS),
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y(s) $ 9 6 ;
=s— —+-—+4+0(s’) =sin(s),
X2(s) +y2(9) 6 120 () ()
Oy _s S O 6
f = E — ﬂ+ 2—40+0(S ) —tanl"(S/Z).

Hence formulas (18) are conjectured. By straightforwatdwations we verify that
(18) is actually the solution of (16,17), with= 1, satisfying the specified initial con-
ditions. O

THEOREML1. LetV be the peak of the Poleni curve, with= 1, on the sphere.
Then the plane orthogonal to the Poleni curve atV is a symnpgéne for the curve.
The curve has an infinite number of self-intersecting pahtec-length+s, given by

1
S = > + N, neN
contained in the symmetry plane. The Poleni curve is contbobbevo symmetrical
spirals which wind around the diameter determined by V and tesymptotically to a
circle of radius 1.

Proof. Let us project the unit sphe@ from point—V on the plane tangent & atV.
We chose cartesian coordinatesndy on this plane such thag projects on the vector
(1,0). Then the Poleni curve is given by equations (18). Tkfs) + y?(s) tends to 4.
The circle of radius 2 correspond to the circle of radius lhasiphere, orthogonalta
The arc-lengthgs, of the self-intersecting points are given by equationsgs= 0.
Thuss, = T +nm O

(N
C

)/

Figure 3: The Poleni curve (18) and its image via the tramsétion (19), showing the
self-intersection points on theaxis

Figure 3 shows the Poleni curve (18) and its image via thestoamation

(19) (X,y) — (xf (\/x2+y2) yf (\/x2+y2)),
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wheref(r) = *M = % +O(r). This transformation is a magnifying glass of the
neighborhood of the circle of radius 2. It shows many seiéigection points of the
Poleni curve. In the geographic coordinat@®) the curve (18) is given by

Qo(s) =s, B(s) = arccos(Flﬁs)) .

In the cartesian coordinatés y,z) such thax?+y? + 22 = 1, the Poleni curve has the
following parametric equations

_ 1
~ coshs)’

(20) X(s) = cogs)tanh(s), y(s) =sin(s)tanh(s), z(s)

5. The Poinca® model of hyperbolic geometry

In the half-planéP = {(x,y) € R? : y > 0} the riemannian metric and the Lagrange

function are 0 dy? 2,2
+ 1x°+
d52 - 72, L - E y2 .

The Euler-Lagrange equations are

d X d 12 2
— = =0, — Z + X +y’ =0.
dsy? dsy? y3
Thex, y components of the acceleration are
/ 12 \J2
AX:x”—ZXT, A=y Y

and equation (5) is expressed by the system

! _ 12 \J2
x”—zﬂ— 20y’ )/’+X ys  2ax

(21) y  coshas)’ y  coshas)’

The Poleni curve$x(s),y(s)) are the solutions of (21) satisfying

/ 2 2
(22) X+ Py
(¥(s))
PROPOSITION2. Up to isometry, the parametric equations of the Poleni curve
with a = 1, on the hyperbolic half-plane are

(23) X(s) =s, y(s) = cosh(s).
Proof. Up to isometry, one can restrict to the initial condition
x(0)=0, X(0)=1, y0) =1 Yy (0 =0.

As in the proof of Proposition 1, we use the symbolic commusgstem MAPLE to
write Taylor series of the solution and we conjecture forsP3). By straightforward
calculations we verify that (23) is actually the solution(®1), witha = 1, satisfying
the previous initial conditions. O
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y
y=coshx)
- Q
P
(x—a)?+y?=R?
L
\%
a X

Figure 4: Vertical lines are asymptotic to the Poleni curvecoshx) in P

THEOREM 2. Let V be the peak of the Poleni curve. The geodesic which is
orthogonal to the Poleni curve at point V is an axis of geockdssymmetry of the
curve and it is asymptotic to the curve ass+o. A geodesic is asymptotic to the
Poleni curve as s- + or s— —oo if and only if it intersects transversally the Poleni
curve at an unique point.

Proof. Up to isometry, the Poleni curve is the graphy = coshx), with V = (0,1).
The geodesic which is orthogonalfoatV is they axis. It is an axis of symmetry of
?. A vertical line is the only geodesic that can be asymptatie t Let us prove that
any vertical linex = a is asymptotic tap. Let P = (s,coshs)) be a point ofr. The
geodesic passing by and orthogonal to the vertical line= a intersects this line at
pointQ (see Figure 4). Its equation is

(x—a)>+y?’=R%, where R?=(s—a)?+cosH(s).
Hence the distance from poiRtto the geodesig = a is

siea- | [ e

: 0 : f(x) =1/RP—(x—a)2

Thus
s—4

dp(P,Q) = argtanh
(s— )2+ cosk¥(s)

tends to 0 as — +oo. O

Figure 5 shows various images of the Poleni curve (23) urtdehyperbolic
rotations
az+b

,  a4br=1,
—bz+a

Z=X+iy—
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Figure 5: Isometric Poleni curves thandD

together with their corresponding curves in the unit disk {(x,y) € R?: x> +y? < 1}
via the transformation

- 2 2 .

. zZ—i xX+y —1-2ix
=x+iyeP— —=—5———¢D.

Z=x+l Z+i X2+ (y+1)2

In particular, the isometric image of (23) under the isometr —% of P is the curve.

___—S (s) = Lk(s)
~ ?+cosh(s)’ e = s2+cosh(s)’
The geodesics which are asymptotic to this curve arg thes and all the circles with

center on thex axis and tangent to theaxis. All these geodesics intersect the Poleni
curve transversally at a unique point.

X(s)

6. Jurdjevic’s parametrization of non euclidean elastic cuves

Jurdjevic gave the following parametrization (see [6],rRola (10) page 117) of an
elastic curve on the sphere of geodesical curvat(se

(24) X = £ cog )\/1—k—2 = sin(@) 1—k—2 Z—L
- (p M) y_ (p M7 _\/M,

whereq(s) is defined by

VMH; 1,
‘P(fm, Ha(s) = H - Sk(s).
The constantsl andM in these formulas are given by (see [6], Proposition 4)

(U)?+ W@ —4P(H—1)+4u(H>—=M) =0,  u(s) = Kk(s).
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In the case(s) = COSZHS), the functionu(s) = k?(s) is a solution of

(25) (U2 +u—4u?=0.

HenceH =2,M = H2 =4 and

2

K
@(s) = 21:%‘5) —1
cost(s)

Thusg(s) = s. On the other hand

k2 1
\/1M = \/1m = |tanh(s)|.

Consequently formula (24) becomes

(26)  x(s) ==xcogs)|tanh(s)|, y(s) =sin(s)|tanhs)|, z(s)

- coshs)’

Actually, these formulas define two symmetrical Poleni esran the sphere, compare
with (20). Notice that there is no choice of the sighén (26) which gives a complete

Poleni curve, see Figure 6.

Figure 6: The curve (26) with sign (left) and sigr+- (right), seen from the north pole

Jurdjevic gave also the parametrization of elastic curvéherhyperbolic space

H={(xy,2) eR®:x2+y?*—Z=-172>0}.

He distinguishes three cases. The first case corresporMst®, see [6], Formula
(10), page 117. Notice that this formula contains a mispihshould be replaced by
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[M|. The parametrization of the elastic curve is

(27) x = tcoq@) I(—271 = sin(p) k—271 sz
- (p —M ) y* (p —M ) 7@5

whereq(s) is defined by

dimHl
M-k

The second case corresponddvta> O, see [6], Formula (12) page 120. The elastic
curve is parametrized by

k [ k2 ) [k
(28) xffm, y = cosh@) 1+M’ y = sinh(@) 1+M’

whereq(s) is defined by

~ VMH;

=N +k2
In the third case, correspondingltb= 0, the parametrization (which appears without
number in page 122 of [6]) is

Ko—k?+1 K@+k?+1
(29) X= 2k ) y - k(pv Z= 2k )
whereq(s) is defined by
Hi
e

In the hyperbolic caskl;(s) = H — k?(s)/2, as in the spherical case, but constats
andM are given now by (see [6], Proposition 4)

(U)%+ W8 — 42(H + 1) + 4u(H>— M) = 0.

The Poleni curve satisfies (25). Thus, it correspondd te 0, M = H? = 0. In this
casey = —1/2. Thusg(s) = —s/2. Consequently formula (29) writes:

_ S +cosH(s) -4 S _ P+costt(s) +4
~ 4costts) y(s) = cosh(s)’ 2s) = 4coshis)

The coordinate$xs, y:) in the Poincaré hyperbolic half spaere linked to the coor-
dinates(x,y,z) by the relations

(30)  x(9

_y _ 1
“ENT Mt rx
Thus, the curve if® corresponding to the curve (30) is
S cosh(s
X1= = yi(s) = #

This curve is isometric to the Poleni curve (23) since thegfarmationx; = x/2,
y1 =Yy/2is an isometry oP.



104 Th. Hangan, C.M. Murea and T. Sari

20

7. Poleni curves of geodesic curvaturé(s) = Zosha9

We analyze the spherical case first. We use cartesian cabedirHere we have
H=1+0a2  M=H2=(14+0%2

Using Jurdjevic's parametrization (24), we obtain, afteme lengthy computations
and simplifications, the following formulas (the detaildlvaippear in a forthcoming

paper)

PrROPOSITION3. Up to isometry, the parametric equations of the Poleni curve
on the spher&? are

X(s) = (1— a?)sin(s) 1++222cos(s) tanhas)
(a? — 1) cogs) + 2o sin(s) tanh(ais) B 2
+ A= T ajcosias)

)

y(s) =

1+ 02

Figure 7: Poleni curves in the sphere with= 2 (left) anda = 0.5 (right)

Figures 7 and 8 show the curves corresponding te 2 anda = 1/2. From
this parametrization we deduce the following result

THEOREM 3. The plane which is orthogonal to the Poleni curve at its peak V
is a plane of symmetry for the curve. The diameter containgtié plane which is
orthogonal to the symmetry plane and makes the angle

B(a) = 2arctaria)

with the vector OV, is asymptotic to the curve. The Polenveuras an infinite num-
ber of self-intersection points of arc-lengths, which are given by the solutions of
equation

20 tanh(a
S+ arctan# =n, neN.
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Figure 8: Orthogonal projection on the symmetry plane of Flodeni curve in the
sphere witho = 2 (left) anda = 0.5 (right), showing the anglp = (o)

We analyze now the hyperbolic case. We use cartesian catedioriH?. Here
we have
H=0?-1  M=H?>=(a®-1)0>2

Using Jurdjevic’s parametrization (28) in the case# 1, we obtain the following
formulas (the details will appear in a forthcoming paper)

PrROPOSITION4. Up to isometry, the parametric equations of the Poleni curve
with a2 £ 1, on the hyperbolic space are

20 (s) = (1+a?)sinh(s) — 2a cosh(s) tanh(as)
|a2 — 1| cosHas)’ ne = |aZ — 1] ’

X(s) =

(14 a?) cosh(s) — 2a sinh(s) tanh(as)
z(s) = =1 )

Notice that this family of elastic curves does not contai Boleni curve (23)
which corresponds ta = 1. From the parametrization we deduce the following result.

THEOREMA4. For all a # +1, the geodesic which is orthogonal to the Poleni
curve at its peak, is an axis of symmetry of the curve and #isdst a unique geodesic,
which is asymptotic to the curve as-s+». When|a| < 1 the Poleni curve has no
self-intersection. Wheju| > 1 the Poleni curve has a unique self-intersection point.
The arc-lengths-sy of the self-intersecting point are given by the solutiongpfagion

_20(

=112 tanh(asy).

tanh(so)

The Poleni curves correspondingt@nd—a respectively, are isometric. Recall

that in Theorem 2 we proved that in the case- 1, all the geodesics which intersect
the Poleni curve transversally at a unique point are asytiefitothe curve as — +oo.
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1/2

aQ

1/5 -5

Figure 9: Poleni curves ifP and D, corresponding to the curve given by the
parametrization of Proposition 4, with=2,a0 =1/2,a = -5 anda = —1/5

Figure 9 shows the curves thandD corresponding to the Poleni curveldf defined
by the parametrization given in Proposition 4, with varieabies ofa. In P, the peak
V of the curve and its tangent vectgrare

a—1 a—1
V=(0l— tv=——=,0
( 3 a + 1 > 3 V <u + 15 > 3
thusV tends to the “boundary” as — +1. In P the asymptotic geodesic is the circle
of radius 1 centered at the origin. Ihthe asymptotic geodesic is the vertical axis.

i

Figure 10: Poleni curves ik andD, corresponding tar = O (a geodesic)x = 0.65,
o = 1 (the Poleni curvely = 1.35 anda = 2

Figure 10 shows various Poleni curves in the hyperbolic-badfceP, and the
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corresponding curves in the dik where the initial condition is fixed at

x1(0) =0, x1(0) =1, y1(0) =0, y4(0) =0,

where(xy,y1) are the coordinates ih. The parametrization of these curves is

(0 + 1) (a2 + 1) 8L _ (2 _ 1) cosH(s) sinh(as)
2a (cosH(a — 1)g) + 1) + (a — 1)?cosk(s) cosHas)

Xj_(S) =

B (a4 1)2cosHas)
20 (cosh(a — 1)s] + 1) + (a — 1)2cosh(s) cosHas)

y1(s)

This parametrization reduces to the Poleni curve (23) whenl. It shows how the
Poleni curve (23) is the limiting case between Poleni cuwiéls self-intersection and
those without self-intersection.
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