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A. Perego

RAMIFICATION OF QUATERNION ALGEBRAS
OVER STABLE ELL IPTIC SURFACES

Abstract. The am of this work is to study the ramification o quaternion algebras over the
function field of a stable dliptic surface in particular over the field of complex numbers.
Over number fields there ae aiteria for the ramificaion o quaternion algebras auch as the
tame symbad formula. We study haw this formula can be interpreted in a geometricd way,
and haw the ramificaion relates to the geometry of the surface In particular, we consider
stable complex dlli ptic surfaces that have four 2-torsion sedions.

1. Introduction

Let X be an (absolutely) irreducible variety over afield k. Let BrX bethe Brauer group
of the variety X, that is, the group d equivalence dasses of Azumaya dgebras on X.
We have various descriptions of thisgroup. One of theseis given by means of the éale
cohamology o X: by [2, Th. 1.1.8], we have an injedive homomorphism

BrX — H2(X, 0%)tors = H& (X, Gr).

We will denoteK := k(X) thefunctionfield of X, and BrK its Brauer group, that is, the
group d equivalence dasss of central simple K-algebras. As shownin [4, Ch. 4, 84
and 83, BrK isatorsion goupand we have the following description o this group by
means of Galois cohamology.

~ i 2 *
BrK = limH?(Gal (L/K), L"),

where the dired limit is taken over the family of finite Galois extensions L of K. For
later use, we will denote Br,K the n-torsion part of BrK. We will be concerned with
Br2K, and, in particular, with equivalence dasss of quaternionalgebras over K.

The Brauer groups of X andK are deeply related: if o7 isan Azumaya dgebra,
then, by definition, its galk 7, at the generic pointn of X isa central smpleK-algebra
This givesamorphism

BrX — BrK, [&] — [#],

which is injedive when X is regular (see[1]). Thus, we can think of an Azumaya
algebraon X as a central simple K-algebra which extends to an Azumaya dgebra on
X. We will make this datement predsein Sedion 3

The problemisthefollowing. Let us sippaethat we ae ebleto give an explicit
element in BrK. Does this element extend to an Azumaya dgebraover X? If we have
a positive answer to this question, is the Azumaya dgebra obtained in this way non
trivial ?
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Our drategy will be the following. Let 1: X — IP}C be a omplex dlliptic
surface By [6, Ch. Ill, Rem. 3.1 and Prop. 3.8], the generic fiber Ex of tisan elliptic
curveover thefield C(t). Inthe next sedion, we describe away to construct quaternion
algebras over Ex. Then we study when these extend to Azumaya dgebras over X.

2. TheBrauer group of an dlliptic curve

We remlled some basic fads abou the 2-torsion o the Brauer group d an elli ptic
curve E over afield k. Let us uuppcse that the 2-torsion pdnts of E are k-rational, and
fix an isomorphism E(K)[2] ~ (Z/2Z)?. Let

BrOE := ker(BrE — Brk)

be the kernel of the restriction of an Azumaya dgebra to the origin of E, where g :
Speak) — E isthe point 0 € E. We have:

PROPOSITION 1. Thereisa canorical isomorphism BroE ~ H(k,E).
Proof. See[9, LemmaZ2.1]. O
The Kummer sequencefor the 2-torsion part of the dli ptic curveE is

0—>E[2]—>E'—2>E—>0.

Using the previous propasition we get the foll owing exad sequence:
0— E(K)/2E(K) -2 (K*/(k")?)2 - BrIE — 0

(see[5, Ch. VIII, 82)).

Before going on we fix some notation. A quaternion algebraover afieldkisa
four dimensional K-algebra A with center k, for which we can find elementsi, j,I € A
suchthat A=kai-ka j-kel-k andsuchthatij = —ji =1. These dements being
fixed, we denote A with the standard symbal (a,b)y, where a = i2 and b = j2 are
elementsin k*. When noconfusion onthis symboal is possble, we will dropk, andwe
will simply write (a,b) for the correspondng queternion algebra. The same symbol
will be used for its equivalence dassin the Brauer group d k.

REMARK 1. If a,b € k*, the quaternion algebras (a, b)k, (b,a)k, (a, —ab)k are
all i somorphic. Moreover, for any ¢ € k*, (a,bc?)x is equivalent (in Brk) to (a, b)k, so
that (a,b)k, (1/a,b)k, (a,1/b)x and (1/a,1/b)k are dl equivalentin Brk. Finaly, the
quaternionalgebra (1,a) istrivial in Brk.

Now fix a Welerstrassequation for E:

Y2 = X(x— p)(x—q),
where p,g € k, thenR=(0,0), P= (p,0) aregeneratorsof E(k)[2]. Letalso Q= (q,0).
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PROPOSITION 2. Let M € E(k)/2E (k). Then&(M) € (k*/(k*)?)? is given by:

(X(M),x(M)—p) if M#RP
_J@/p,—p) if M=R
oM) = (p.(p—a)/p) ifM=P
(1,1) if M= 0.

Let f,g € k*/(k*)2. Theny(f,g) = (X, F)k® (Xx— p,Q)x € BrOE.

Proof. For & see[5, Ch. X, Prop. 1.4]. For y see[9, Prop. 2.2]. Note that since we
have chasen Rand P as generatorsof E (k) /2E(k), the equationsof & andy are diff erent
from what iswritten in [9] (wherethe basisis given by P and Q). O

Letm: X — ]P’(lC be a @mplex elli ptic surfacewhich hasfour 2-torsionsedions
SR, Sp, So and O. The generic fiber Ex of 1thas therefore Weierstrassequation:

Y = X(x— p)(x—q),

With p,q € C(t), andwe asuumethat sz, S and sg correspondto the points R= (0, 0),
=(p,0), Q= (q,0) (and, clealy, O correspondsto the origin of Ex). By Propasition
(x P, fee (x A, 9)cw), Xh)ew € BrIEx for every f,g,h € C(t). For example,
by Remark 1 we have thaI (x— P, f)cwy = Y(1, ). Sincethe function field K of the
surfaceX is generated by the rational functions x,y,t, we seethat (x—p, f)cq) (as
well as the others) can be viewed as an element in BrK. These will be the quaternion
algebras we will study.

3. TheBrauer group of a smoath surface

Inthis ®dion, X will be asmooth surfaceover an algebraicaly closed field k of char-
aderistic zeo. In the introduction, we saw that there is an injedive homomorphism

BrX -2 Brk. We give adescription of the dements in the image of p. The main
result we will useisthefollowing:

THEOREM 1. Thereisanexact sequence

OHBrXHBrKH@H (C),Q/7),
CcX

where the dired sumis taken over the set of irreducible aurvesin X. The map a is
defined in the followingway: let n be the generic point of anirreducible aurveC on X,
Oxn C K thelocal ring o X inn, andlet D be a central division dgebra over Ox .
Then a(D) will bethe cydic exensionL of k(C) associated to D.

Prodf. See[1, Ch. 3, Th. 1], or [8, Lemma4.1]. O
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Let D = (a,b) be aquaternion algebra over K, so that a and b are rationdl
functionson X. Let us denate a(D)c the comporent of a(D) in H1(k(C),Q/Z). By
Theorem 1, there can only be afinite number of irreducible aurvesC;,...,Cy C X such
that a(D)c, # 0. The aurveCp given bytheunion d these C; will be cdl ed ramification
curveof D. By Theorem 1, D extendsto an Azumaya dgebraover X if and orly if its
ramificaion curve Cp is empty. But how to find this ramificaion curve?

Let V be the dosed subset of X given by the aurves on which a or b have
zeroes or pales, and let U be its complement. Over this open subset we can define the
followinglocdly freeshed o7, p: if W C U isan openinU, we define

Hap(W) := Ox (W) &i-Ox(W) & j- Ox(W) 1 Ox (W),

where i? = ayy, j2=byw andij = —ji =1. Moreover, Ox(W) is the center of this
agebra. Since ayy and by are regular functions withou zero onW, 7, is a shed
of Oy-modues which has the structure of Azumaya dgebraonU. Thus, <7 is the
extension o the quaternion algebra (a,b) to U, and the ramification curve of (a,b) is
contained in V. To determine this curve we have to study hov <7, , behaves on the
irreducible comporents of V. We use the foll owing well -known tame symbal formula
and, for completeness ske, we give aproof:

PROPOSITION 3. Let X be a smoath surfaceover an dgebraically dosed field
k of characteristic 0, andlet (a,b) € Bra(k(X)) be a quaernion dgebra over k(X).
Let U andV be asabove, andC be anirreducible amporent of V. Then 47, ,, exends
to an Azumaya algebra over U UC if and only if the following rationd function onC

(call ed tame symbal):
c= (—1)@vbgUb)p-v@)

isasguarein k(C)*, where visthe valuationfor the discrete valuationring 0x ,, at the
generic point n of C.

Prodf. First, choose afunctiont such that C is given byt = 0 and v(t) = 1, so that
Ox.n/(t) = K(C). Then we can write a = at¥®, b = BtY(®), where v(a) = v(B) = 0.
By Remark 1, it suffices to study orly where a or b have zeoes, that is, we can take
v(a),v(b) > 0. Sincek is agebraicdly closed, c is a square in k(C)* if and orly if
aV®) B~V jsasquare. Thisis possbleif one of the followingis stisfied:

1. v(a) andv(b) are even,
2. v(a) (resp. v(b)) isevenand a (resp. B) isasquarein k(C),
3. v(a) andv(b) are odd and o isasquarein k(C).

The remaining case, namely v(a) and v(b) are oddand af3 is nat a square in k(C), is
studiedin[1, Ch. 4, Prop. 2], whereitis shownthat (a,b) ramifiesover C. So, we study
the 3 cases listed above. Write v(a) = 2m+¢, v(b) = 2n+ f, whereeand f can be 0
or 1. The strategy gees as follows: by purity, it suffices gudy the problem locdly, so
we take p € C andaneighbahoodU’ of pin X. We construct an Azumaya dgebra 2
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onU’ and an isomorphism between 2y~ and .o/, punur- 2 isthe quaternionalgebra
Oy ®i1- Oy @ j1- Oy ®i1j1- Oy, whereis and j; are sedionsof 2 over U’ such that
i1j1 = —jai1. Similarly, we have o/qpy = Oy ®i- Oy @ j- Oy ®ij - Oy with i2=aand
j?> =b. So let us gudythe 3 cases above:

1l Ife=1f=0 wetakei; =t™™, j1 =t "j, and the isomorphism is given by
i1l—>i, j1>—> j

2. Ife=0,f =1wetakei; =t j; =t"j, sothat i? = a is a square moduo
t. Wewritei? = —z2 + ht, j? = Bt, where v(h) > 0. Now takei, = i1 — j1i1 and
j2 = j1. Inthisway,

—i24 (ji1)2= (14 D)2 = (14 Bt)(—2+ht) = 2 +tw,

is unit, where w = h— BZ 4 Bht. Now take iz =iy, jz =t~1(z—i2)]j2, S0 that
iZ = —Z2+twand j§ = Pw. Sincethese two have valuation 0, we ae dore.

3. lfe=1, f =0 wetakei; =t"j, j1 =t ™ and we go onasin the previous
case.

4. Ife=1, f =1, wetakei; =t ""™%j, j; =t~"j andwe go onasin the second
case.

O

4, Criterion for r amification

In this dion we give a citerion for the ramification o a quaternion algebra of the
form (x—p, f), (x—0,9), or (x,h) over an elli ptic surfacer: X — IP’}C whaose Weier-
strassmodel Tt: X — P has equation:

¥ =x(x—p)(x—0),

where p,q € CJt]. For simplicity’s sake, we will only consider stable dli ptic surfaces.
We then need the foll owing criterion, which establishes when X is gable: we studythe
fibers of Ttand foll ow the Kodaira dassfication.

PrROPOSITION 4. Using the same notation as above let p(t) = t?ps(t) and

q = tPa(t), with p1(0),q1(0) # 0. Moreover, let p(t) — q(t) = t"h(t), with h(0) # 0.
The fiber r71(0) is gableif and orly if ab= 0. In this case, the fiber is of type

1. lxpifa>0,b=0;
2. lppifa=0,b>0;

3. Iynifa=b=0.
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Proof. This can easily be dore using the Weierstrassform of the equation of X, that
isy? = x3 4 Ax+ B, where A and B depend orly on p and g. Since T %(0) is gable
if and orly if A(0)B(0) + 0 (see[3, Ledure 2, 83 and Ledure 3, §2, §3]), writing ou
the explicit formulas for A and B, we seethat the fiber is dable if and orly if ab= 0.
The discriminant of this Weerstrass equation is A(t) = 222042 (t)gy (t)h(t), and
we get the three passhiliti es listed above (see aain [3, Ledure 2, 83 and Ledure 3,
82, 83)). O

We use Propasition 2to study the ramificaion o the quaternion algebras of the
form (x, f), (x—0q,9) or (x— p,h). If we change mordinatesby Xx—q+> X 0r Xx— p+ X,
we can always get to a quaternion algebra of the form (x, f).

We have the following propasition:

PROPOSITION 5. Let TT: X — P(lc be a stable dliptic surface, whase Weier-
strassmodel 7t: X —» PL isgiven bythe aquaiony? = x(x— p)(x—q), with p,q e C[t],
p # g andm= max{deg(p),deg(q)} even. Let f € C(t). Thequaernion adgebra (x, f)
exends to an Azumaya algebra over X if and ody if for evey zero or pdety € IP’}C of
f, we have p(to)d(to) # 0 and plto) = q(to).

Proof. UsingRemark 1, itisclea that it sufficesto show the propasitionin the case of
f(t) =t, sothattgisO or « € PL.

_Itisclea that (x,t) extendsto an Azumaya dgebra & least over the open subset
U of X where x andt do nd have any zero or pole: we blow up any singuarity in U
and apply Propasition 3 (here there is no zero nar pole of t or X). Next, we have to
study what happenson X \ U, whichisgiven byx = 0 and bythe fibers of Ttover 0 and
o € PL. We start by studying the fiber over 0.

We begin with the case when p(0)q(0) # 0 and p(0) # q(0), so that the fiber of
Ttover O is snoath. Here, we dor't need to blow up (at least nea this fiber). We have
v(t) =1, v(x) = 0. By Propasition 3 we get that (x,t) extendsto an Azumaya dgebra
over U UTT(0) if and orly if x is a square in the functionfield of T%(0). Sincethe
equation o thefiber isy? = x(x— p(0))(x—q(0)), with p(0),g(0) # 0 and p(0) # q(0),
we seethat thisis not the case, so that (x,t) ramifies.

As sondcase, we consider when p(0)q(0) # 0 and p(0) = g(0), so T 1(0) has
equation y? = x(x — p(0))2. The point Py = (p(0),0,0) is snguar. Let p(t) — q(t)
t"h(t) with h(0) # 0. We change mordinates in order to get Py = (0,0,0), so the
equation beames:

8_0

y=X(X+p)(x+p-0q),

andthe quaternionalgebrais (x+ p,t). We blow upthe surfaceX in Py. We shall write
down explicit equations for the blow-up: we work in the subvariety of A3 x P2 with
coordinates (X,Y,t, (x1 : y1 : t1)) defined by the equations xy1 —x1y =0, xt1 —xit =0
and yt; — yi1t = 0. Where x; # 0 we have y = y1x and t = t1x, so that the eguation
becomes

y2 = tPh(t2)X" 4+ tPh(tex) p(tax) X" 4 x + p(t1x),
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smooth nea the exceptional fiber. The quaternionalgebrais (x+ p,t1x), and we study
it over the aurves given byt; =0 and x= 0. If t; = 0, then y2 = x+ p(0), so that
v(t1) = 1, v(x+ p(0)) = 0 and x+ pisasquare moduot. If x=0, thenv(x) = 1, but
v(x+ p(0)) = 0 and p(0) isa square. In bah cases (x+ p,t1x) extends to Azumaya
algebraonthis curve.

Where y; # 0 we have x = xpy, t = t1y, quaternion algebra (x1y + p,t1y) and
equation 1= X1 (X1y + p(try)) (X1 +tly"~th(tyy)). Calculations gmilar to those we did
before show that the quaternion algebra extendsto Azumaya dgebra dso over t;y = 0.

There remains the comporent given byt; = 0, where we have x = x3t andy =
yit. The quaternion algebra becomes (xit + p,t) andthe equationis

y2 = xq (tx1 + p) (X1 +t""1h).

If n= 1, this aurfaceis snoath, while if n > 1, it hasasingdar point in (0,0,0). Let
n=1:ift =0, wehavev(t) = 1, v(xit + p) = 0. By Propasition 3, (xit + p,t) extends
to an Azumaya dgebra over this curve if and oy if x;t + p isasquare moduot, that
isif and orly if p(0) is asquarein C, which isthe cae. This ows that if n= 1,
then (x,t) extendsto an Azumaya dgebraover 7t 1(0). Thereremainsn > 1: we must
blow upin (0,0,0) till we get asmooth surface ad analyzethe quaternion algebrawe
obtain aswe did for the case n = 1. By induction onn, we study the ramification o the
quaternionalgebra (xt"~* + p,t) over a surfaceof equation

y? = X"+ p)(x-+th).

With the same notation as before, if x; # 0 we get the quaternion algebra (x”t{‘*l +
p(t1x),t1x) and equation

¥i = (t7 %"+ p(tax)) (1 + t1h(tax)),

which describes again a smocth surface As before, the quaternion algebra doesn’'t
ramify over the aurve given by tjx = 0. If y; # 0, we get the quaternion algebra
(xt]y" + p(tzy), 1y) and the equation

1=x1(xat] 1y + p(tay)) (x1 + tah(tay)),

thus we dorit have any ramificaion. If t; # 0, we get the quaternion agebra (x;t" +
p,t) andthe equation

¥i = xa(xat"+ p)(xa + h),
which describes a smoath surface and we have noramificdion.

Finally, we show that if p(0)q(0) = O, then (x,t) ramifies overt = 0. We can
suppase q(0) = 0 (and p(0) # O by Propasition 4), and we write q(t) = t°qgy(t), with
01(0) # 0. We use the same notation as before for the blow-up.

Where x; # 0 we havey = y1X, t = t1X, quaternionalgebra (X,t1x) and equation

Y3 = (x= p(tx) (1~ 0z (tx)x* )
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which is smooth. Over the aurvet; = 0 we have v(t1) = 1, v(x) = 0 so that (x,t1X)
extends to an Azumaya dgebra over this curve if and only if x is a square moduo t;.
By the equation above, we get x = y2 + p(0), so that x isnot asquare moduot;. Since
this comporent does nat change under further blow-ups, (x,t) ramifies over TT1(0).
Next, we study haw (x, f) behavesonthefiber TT(w). Since(x,t) isequivalent
to (x,1/t), we can reduce to the previous case, but the equation is different: using

s=1/t, weget
¥ = x(x— p(1/8))(x—d(1/s)).
Using m= max{deg(p),deg(q) }, we have
My = X(8™x— pa(s)) (S"X— P2(9))

where p1(s) = s™p(1/s), q1(s) = s"qu(1/s). Sincemiseven, we can defineY = M2y
and X = s™x. Finally, we get the equation

Y2 =X(X - pr)(X —qu),

and the quaternion algebra (S™X, s), which is equivalent to (X,s) sincemis even. By
the first part of the proof, we can study this quaternion algebra on the fiber of 0 and
conclude & dated in the propasition.

In order to finish the proof, we shall study haw (x,t) behaves over the aurve
{x=0}. The only problem here can be given by singuar points of the surfacethat lie
onthis curve. Let tg € P! be the image under Ttof such apoaint, and assume tg # 0, .
We can change coordinatesin order to get a quaternionalgebra (x,t +tp) and the usual
equation. We can use the same cdculations as abowe for the blow-ups, and look to the
transform of x = 0. In any case, we seethat sincety # 0 isa square in C, we do nd
have any ramificaion. O

REMARK 2. Aswe saw in the proof, we often make use of the fad that we ae
over thefield of complex numbers, as here any number isa square. We can modify the
statement for any field k of charaderistic O asking also that for every zero or paletg of
f, p(to) and q(to) are squaresin k.

A natural questioniswhether (x, f) isnontrivial in BrX. We havethefollowing:

PROPOSITION 6. Let 11: X — P be a stable complex dli ptic surface whose
Weierstrassmodel has equaiony? = x(x— p)(x— ), where p,q € C[t], p # g. Assume
that rk(MW(X)) = 0, where MW(X) is the Mordell-W&il group d X. If f € C(t) and
(x, f) € BrX istrivial, then we are in ore of the followingthree @ses. f isasquarein
the function field of Ex; f =Agand g p= f = —Aq and p= —, where A\, are
squaresin the function field of Ex.

Proof. We can argue & follows: if (x, f) is trivial in BrX, then its restriction to the
general fiber Ex of mistrivial in BrEx. By Propasition 2 (x, f) = y([f],1), where[f]
is f moduo squaresin the functionfield C(t) of Ex. Itisnow clea that if (x,f) =0in
BrX, then there must be aC(t)-rational point M of Ex such that (M) = ([f],1). Since
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the Mordell-Well group d X is torsion, the only posshle M can be P, Q, R and the
origin O of Ex. By Propasition 2 we have only thisfour possbiliti es:

1. fisasguareinthefunctionfield of Ex;
2. g=Afandp=p(f-—1);

3. q=-Afandp=—

4. p=Afandq=pf(f-1)

with A, squaresin the functionfield of Ex. Sincethe surfaceis gable, by Propasition
4 we seethat the last case is imposshle. The other cases agree with the hypahesis
(x,f) e BrX. O

We give two examples. The first one, due to Olivier Wittenberg, is an elli ptic
K3 surfacewith Picard number 20. Thisis described in [9, Sedion 3, but here we can
study it in a more geometricd way. The seaond ore was uggested to me by Bert van
Geamen, and shows how important the hypahesisonthe annuation o the rank of the
Mordell -Weil group d the dli ptic surfaceis.

EXAMPLE 1. Let X bethe dli ptic complex surfaceover P! whose Weierstrass
model has equation

¥ =x(x—p)(x—a),

where p(t) = 3(t+1)3(t —3) andq(t) = 3(t — 1)3(t + 3). It iseasy to show that the only
singuar fibersare of typel, over 0,3, —3and d typelg over 1, —1, . Thus X is dable,
has Euler number e(X) = 24 (which impliesthat X isa K3 surface and Picard number
p(X) = 20. By the Shioda-Tate formula(see[3, Corallary VII.2.4]), rk(MW (X)) = 0.
By Propasition 5 since p(0) = q(0) = —9, the quaternionalgebra (x,t) does not ramify
over 0. Over o, following the proof of Propasition 5 we study the ramification over O
of the quaternion algebra (x, s) for the surfaceof equation

y? = X(x— p1)(x— ),

where p1(s) = 3(1+5)3(1—3s) and gy = 3(1—8)3(1+3s). Since p1(0) = q1(0) = 3,
(x,t) € BrX. By Propasition 6, (x,t) isnontrivial.

By Remark 2, we even get [9, Remark 3.7]: the quaternion algebra (x,t) €
Br(Q(X)) is not ramified over the field Q(i,/3) (we must have that —9 and 3 are
square in the base field, which is the case for Q(i, v/3)).

We can even show that (x— p,t) ramifies, but (x—p,(t —1)(t+3)) isin BrX
anditisnontrivial. To doso, we can write X = X — p, so that the Welierstrassmodel of
X becmes y? = X(X + p)(X 4 p — q) and the quaternion algebras become (X, t) and
(X, (t—=1)(t+3)). Now we can apply Propacsitions 5 and 6. Using the same kind of
arguments, we get the same conclusionsfor (x—q,t) and (x—q, (t+ 1)(t — 3)).
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EXAMPLE 2. Let X be an elli ptic complex surfaceover P! whose Weierstrass

model has equation
¥ =x(x— p)(x—a),

where p(t) = (t —1)? and q(t) = t>+ 1. It is easy to show that X is rationd: the only
singuar fibers are of type I4 over 1, and of typel, over i, —i, 0 and oo, so that the Euler
number of X is 12 and Picard number 10 (see[7, Lemma 10.2]). By Propasition 5
we get easily that (x,t) € BrX. Since X isrational, BrX = 0. In this case, we seethat
the rank of the Mordell-Weil group d X is 1, by the Shioda—Tate formula, so that we
canna apply Propasition 6.
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