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AN EXPERIMENTAL STUDY OF GOLDSTEIN-PETRICH
CURVES

Abstract. Numerical methods are used to prove the existence of clasééaded curves in
R? andH? whose shapes are invariant under the Goldstein—Petrich Klamerical routines
are used to compute all closed spherical free elasticee. videnee of the experiments shows
the existence of a unique, up to rotations, embedded closedfastica o8 with symmetry
group of orderh, for every positive integeln > 2. The order of the symmetry groups and the
number of self-intersection points of any closed free &lash S are determined.

1. Introduction

The interplay between integrable evolution equations hadrtotion of curves has been
the focus of intense research in the past decades, both mejgoand mathematical
physics (see for instance [6, 7, 8, 4, 11, 12, 14, 15, 16, 2022]land the literature
therein). In the seminal paper [11], Goldstein and Petritated the mKdV hierarchy
to the motions of curves in the plane. Later, this approastblean generalized to other
2-dimensional Klein geometries [6, 7, 8] or to higher-dirsienal homogeneous spaces
[20, 21]. The second Goldstein—Petrich flow for curves indirBensional Riemannian
space forms2 of constant curvature= 0,1, —1, is defined by thenodified Korteweg—
de Vriesequation

3
(1) Kt + Ksss+ EKZKS = O,

wherek(s,t) denotes the (geodesic) curvature. Closed curves whose ghieariant
under the flow defined by (1) are referred toGaldstein—Petrictturves. In this case,
K(s,t) must be a periodic solution of (1) in the form of a travelingv@asok = K(s+
(e—=M)t)and

3
2) Kser%JF(S*}\)K:pv

wherepis a constant of integration. On physical and geometricaligds it is natural
to demand that the curves are closed and without self irtBoss. Generic periodic
solutions of (2) need not correspond to closed curves [28H, &ven ifk corresponded
to a closed curve, in general there would be points of sédfréection. It is known
that, in the spherical case, there exists a countable fash#ymple Goldstein—Petrich
curves, withu= 0 [2, 17]. These particular solutions are knowretestic curvesand
they constitute a classical topic in mathematical physicsgeometry. However, in the

*This research was partially supported by the MIUR profeéebmetria delle varieta differenziabitnd
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Euclidean or hyperbolic case, closed elasticae always ledfi@tersections [2, 17, 23].
It is then a natural problem to look for numerical proceducesecognize whether or
not there exist simple closed Goldstein—Petrich planarypelbolic curves. Another
natural problem is to develop effective computational rad#to find all simple closed
elasticee in the 2-sphere.

On the base of our numerical approach, we exhibit explic@ngples of simple
Goldstein—Petrich curves in the Euclidean plane and in ¢iredaré disk. Experimental
evidences confirm the existence of 1-parameter familiesngble closed Goldstein—
Petrich curves with symmetry grouf@, for everyn € N. In the second part of the
paper we examine free elasticeedh The curvature can be expressed in term of the
Jacobi elliptic function cfi-,v/A), A € (0,1/2). We compute the monodromy of the
spin Frenet system and we construct a mpaf®) N (0,1/2) — (0,1/2) such that =
©(p/q) gives a closed elastica. Every closed spherical elastisasan this fashion, for
somep/q e QN(0,1/2). Our tests suggest thatif= @(p/2q) then the corresponding
elastica has symmetry grofy and possessép — 1)q points of self intersection. In
particular, if p= 1 we obtain a simple closed elastica with symmetry gr@gpfor
everyg > 2. If A =q@(p/(29+1)) then the curve has symmetry grofipy,1 and
possessep— 1)(2g+ 1) points of self intersection. As an application we compute
and visualize embedded Pinkall’s toriR? with non trivial symmetry groupZ,, for
everyn € N [26].

AcknowledgmentsNumerical computations and visualization have been per-
formed with the softwar&athematica 6

2. Goldstein—Petrich curves

2.1. Frames

We letRS, € = —1,0,1, be the real 3-dimensional space with coordingxése, x°)
endowed with the bilinear form

(x,y)e = extyt +x%y2 +x3y% =t xgx

and with the orientatiodx! Adx2 Adx@ > 0. If e = —1 we also fix a time-orientation
by saying that a null-vectox is future-directed ' > 0. We denote by2 c R? the
space-like 2-dimensional submanifolds

5P = {xeR}:|xi=1}=%,
s2, = {xeR;:|x|2;=-1x > 1} =H2,
s8¢ = {xeR3:xt=1}=R2

We indicate by S@3) the connected component of the identity of the automorphism
group ofR2. It is convenient to think of SE@3) as the frame manifold of all oriented
basisa = (a;,a1,a3) of Rg such thata;, a;) = gfj If €= —1 we also require that; is
future-directed. We then leb¢(3) be the Lie algebra of SO3), whose elements are
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0 —gyt —gy?
yvoo0 -y .
v ¥y 0

REMARK 1. The hyperbolic planefl is identified with the unit diskA en-
dowed with its standard Poincaré metric

4
m(d%m;ﬁ)

2
X2 x3
xe521—>( )eA

X1 x1

3 x 3 matrices of the form

by means of

Lety: 1 Cc R — s2 be a regular curve parameterized by the arclength. For gach
| we sett(s) = y(s) and we denote by(s) € R2 the unique unit vector such that
(Y(s),t(s),n(s)) € SQ:(3). The map

F:sel — (y(s),t(s),n(s)) € SC:(3)

is theFrenet frame fielaf y. It satisfies thérenet—Serret equations

!

vy =t, t'=—ey+kn, n =—kt

wherek : | — R is thecurvatureof y. The Serret—Frenet equations can be conveniently
written in the form

3) F =Fx (k)
where
0 — O
4 xK)=[ 1 0 —«
0 K 0

REMARK 2. By the existence and uniqueness of solutions of linedesysof
o.d.e. it follows that for every smooth functien | — R and everya € SC;(3) there
exists a uniqué : | — SO (3) with initial conditionF (0) = a and satisfying (3). For
this reason we will simply say th&t is aFrenet frame with curvature.

2.2. Jets, differential functions and total derivatives

We now collect some definitions taken from [24]. The space-tii order jets of
functionsu € C*(R,R) is denoted byl"(R,R). The independent variable & the
dependent variable and its virtual derivatives up to oml@re u,uy),...,Un). The
projective limit of the natural sequence

(5) o= I"(R,R) — I"YR,R) = --- = IHR,R) = °(R,R) — R.
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is theinfinite jet spacelt is denoted byl(R,R). A function
W:JR,R)—R

is said to be aifferential functiorif there exists a polynomi&V € R[xo, X1, ..., Xn] such
that
W(U) = W(U, U(l), ceey U(n)),

for everyu = (s,u,u),...,Un),--.) € I(R,R). The set of the polynomial differential
functions will be denoted by[u]. The total derivative

0 : Ju] — J[u]
is defined by

2 oW
O(W)(u) = E — Jul(jL1)-
pA OXj ut(j+1)

A differential functionW € J[u] is exactif there existe (W) € J[u] such that
W =3(?(W)).

Theprimitive # (W) is unique, up to a constant. We use the notafié®dsto denote
the primitive (W) of W such thatr (W)|o = 0. If K : (s;t) € R? = R is a smooth
function, we put

js(k) : (st) € R = (S,K(S,1),05K](s1), -+, OgK | (sp) ) € IR, R).

The mKdV hierarchy can be described as follows : Ief andG, be the differential
functions defined by

1
Fj_:O, Gj_:—l, FZZU(_‘L), GZZ_EUZ

and by
Fn = 62(anl) + Uanfl‘i‘ U(l) /UanldSs Gn = - /UFndS

for everyn > 3. Then, then-th member of the mKdV hierarctgthe evolution equation

Kt + (8%(Fn) + U?Fn— U(1)Gn) |j5() = O-

2.3. The Goldstein—Petrich flows

Following [11], alocal dynamic®f curves is defined by
(6) 0ty = Uljs0t +Vljgun,
whereU,V € J[u] are two differential functions and where

F(—,t):se R— F(st) = (y(s,t),t(st),n(s,t)) € SQ(3),
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and
K(—,t):seR—=kK(st)eR

denote the Frenet frame and the curvature of the evolvingecuespectively. We also
assume thatV is exact. From (6) and (7) we deduce

(7) PldF: K|jS(K)dS+ Q|jS(K)dt7

where
K,Q:J(R,R) — s0¢(3)

are thesog(3)-valued differential functions

0 - O
(8) K= 1 0 -u |,
0O u 0

and
0 —eU —&V
9 Q=| U 0 —5(V)—uU |,
VvV d(V)+uU 0
whereU is a primitive ofuV (i.e. dU) = uV). The compatibility equation of (7) is
(10) 0t (Kl js)) = 9s(Q)ljs(x) = (K, Qlljs(rc)-
An easy inspection shows that (10) is satisfied if and only if
(11) 0(K) = (B2(V) + (W + &)V +umU) [j50)-

Thefirst Goldstein—Petrich flous defined by the choice

The curvature then evolves according to
0t(K) +0s(K) = 0.

Thus, the first GP-flow is trivial from a geometrical viewpbiine. every curve evolves
by rigid motions). Thesecond Goldstein—Petrich flaw given by

1
(12) V(Z) = 7U(1), U(Z) =&— EUZ,

which yields thenKdV equation

3
(13) Kt + Ksss+ EKZKS =0
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The choice

3 1 3 1
V(3) = €U(y) — U3 — EUZU(l), U(3) —e2 4 ZEU — §U4+ Eu(zl) — Uz

gives thethird Goldstein—Petrich flow The corresponding evolution equation is the
third member

15 5 5
Kt + Kssssst §K4Ks+ EKg + 10KKsKss+ EKZKsss: 0

of themKdV hierarchy.

REMARK 3. More generally, le{qnn) } 1<h<n be the sequences defined recur-
sively by

Q(lZn 2n7
Ahzn = (=D"(|Ah-120-1)| + Gn2n-1]), h=2,...n,
0(h,2n) = G(2n—h,2n); h=n+1,...2n—-1,
Ueon.2n) = 1,
and by
d2ni1) = —(2n+1),
Anznsr) = (=D (|dn-12m] + [Anon))), h=2,...n,
Ah2n+1) = —Y(2n+1-h2n) h=n+1,--2n,
Qnt1.2nt1) = — 1

Then, we set
booy=1 bnn=€"dnny, h=1--n neN
and we consider the differential functions defined recetgiby
Aan=0, Agn=-Uzg, nN>2

and by

Ahn = 8 (Ah-1n) + (U2 +E)AR_1n) + U </ UA (_1,n)ds— b(hz,nz)) ;

for eachn > 3 and eacth = 2,...,n. If we defineV ) andU, by

Viy=Annt1), UYUn = </ UV(n)dS> —bn-1n-1)

we get then-th Goldstein—Petrich floywhose corresponding evolution equation is the
n-th member of thenKdV hierarchy.
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REMARK 4. If K is a solution of (11) and iK andQ are defined as in (8) and
(9) then the 1-form
© = Kjsds+ Qljswdt

fulfils the Maurer-Cartan equation
do+0A0O0=0.

Thus, by the Cartan-Darboux theorem, there exigkk R — SQ.(3) such that F1dF

= O. The map F is unique up to left multiplication by an elemens@t(3). If we
put F= (y,t,n), theny: R? — R3 is the analytical parametrization of the dynamics of
a curve evolving according to (6).

REMARK 5. The first three basic distinguished functionals of (18) ar
Eoz/ds £1:/k(s)ds SZ:/KZ(s)dS

2.4. Goldstein—Petrich curves

Closed trajectories whose shapes are invariant under (@®p#ledGoldstein—Petrich
curvesof 52 (GP-curves for brevity). Solutions of (13) which corresgaom Goldstein—
Petrich curves are periodic solutions in the form of a trianplvave, sk = K(s+ (e —
A)t), for some constant and

(14) K" + (2K2+ (s)\)) k' =0.

Integrating (14) we find
K3
(15) K”+7+(£—)\)K: —l,
wherepis a constant. Another integration yields
(16) (K')2+%K4+(€—)\)K2+ K = —V,

wherev is another constant of integration. Thus, $ignature[5, 22, 25] of a GP-curve
is one of the bounded components of an elliptic curve of thieviang type

1
v+ Zx4+ (e—A)X2 4 px+v = 0.
We notice that the extremal curves of the the action funetion

17) AL+ 2epls + Lo

satisfies (15). In other words, stationary curves of the msg@@vder Goldstein—Petrich
flow arise as the critical points of linear combinations a&f basic distinguished func-
tionals £o, £1 and£o.
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REMARK 6. The valugi = 0 yieldselastic curvesn s2, i.e. the critical points
of the total squared curvature functional with respect teat@ns with fixed length.
These curves have been extensively studied in [2, 9, 17,I88h additionA = 0 the
corresponding curves afeee elasticegi.e. the critical points of the total squared cur-
vature functional. Free elasticae have a special interestfarential geometry because
of their interrelations with Willmore surfaces [3, 9, 13]26

We note that (15) can be written in terms of a Lax pair. To prtreeassertion we set
(18) Hy=:Q+ A —¢)K:J(R,R) — s0¢(3),

whereQ andK are defined as in (8) and (9), with= —u(y), thatis

0 i —-eA-%) su(%)
H) = )\_u7 0 u(2)+“7—}\u
w
—Uay —Uo—7% +Au 0

It is then a computational matter to verify that (15) holdand only if

(19) S(Halj)) = H,K]ljw)-

The main consequence of (19) is the integrability by quadestof the Golstein-Petrich
curves. From the point of view of symplectic geometry, th& gquation (19) is equiv-
alent to the Noether theorem of the conservation of the maumemap along the
extremal curves of the distiguished functionals (17).

3. Numerical solutions and examples

3.1. Numerical solutions

We now show how to implement standard numerical routinesirgeometrical setting.

Step 1.Define the curvature of 52, the coefficients. andp of (15), the initial condi-
tionsPy = k(0), P1 = K’(0) and the interval = (a,b):

e=1; A=1-2; w=0.626; P0:=—0.2; P1=2; a=—8; b:=8;
Step 2.Solve (15)

s[0]:=NDSolve[{k’[t] + 2k[t]"3+ (¢ — A) * k[t] +- p== 0,k[0] == PO,K'[0]==P1},
{k}.{t,a—0.5,b}];

Kt J:=({k[t]}/s[OD[[1, 1]];

Step 3.Solve the Frenet—Serret linear system with curvakure

s[1]:=NDSolve [{X'[s] == y[s],x[0] == €,y'[s] == K]s] x z[s] — € xx]s],

y[0] ==0,2[s] == —K]s] +y[s],2[0] == 0} , {x,y, 2}, {s,a,b}];
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s[2]:=NDSolve [{X'[s] == y[s],x[0] == 0,y'[s] == K]s] *z[s] — € xx[s],
y[0] ==1,2/[s] == —K[s] x y[s],2[0] == 0} {x.y,z},{s.a,b}];
s[3]:=NDSolve [{X'[s] == y[s],x[0] == 0,y’[s] == K]s] * z[s] — € x x[s],
y[0] ==0,2'[s] == —K[s] xy[s],2[0] == 1}, {x,y,z},{s,a,b}];
S[1][s_]: {X[SLY[S],Z[ ] }.s[1];

S[2][s_|:={x[s],y[s],z[s]}/.s[2];

S[3][s_]:={x[s].y[s],z[s]}/:s[3];

Step 4.Define the corresponding GP curw&€spherical GP curveE= Euclidean GP
curve,yH=hyperbolic GP curve)

Step 5.Visualize the curvature and the signature

SIGNATURE:=ParametricPlot[Evaluate[{K]t], D[K[t],t] }],{t,0,b},
PlotPoints — 300, AspectRatio — Automatic,

Axes — True, PlotStyle — {Thickness[0.01], Black},ImageSize — {400,400},
Background — GrayLevel[0.8]];
HYPERBOLICCURVE:=Show|[Graphics[{ GrayLevel[0.6], Disk[{0,0},1]}],
ParametricPlot/Evaluate[yH[s]], {s,a, b},

PlotStyle — {{Thickness[0.01], Black} }, Axes — False,

AspectRatio — Automatic, PlotPoints — 140, PlotRange — All],
Background — GrayLevel[0.8]];
EUCLIDEANCURVE:=ParametricPlot[Evaluate[yE[s]], {s,a,b},
Background — GrayLevel[0.8], PlotStyle — {{Thickness[0.01], Black} },
Axes — False, AspectRatio — Automatic, PlotPoints — 140,

PlotRange — All,ImageSize — {400,400}];

SPHERICALCURVE:=
Show|Graphics3D[{Opacity[0.5], GrayLevel[0.6], Sphere[{0,0,0}] },
Lighting — "Neutral"], ParametricPlot3D[Evaluate[yS|s]],
{s,a,b},PlotPoints — 300, Boxed — False, AspectRatio — Automatic,
Axes — False,

PlotStyle — {Thickness[0.01], Black}], Boxed — False,

Background — GrayLevel[0.8],

PlotRange — {{—1,1},{—1,1},{—1,1}},ImageSize — {400,400}];

3.2. Wave-like Goldstein—Petrich curves

The values
€=0, A=0, pu~1103 Py=2, P =02

and
, A=-1 u=x1103 P;=21904 P;=0.2
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give simple wave-like GP curves R? with symmetry group&sg andZi; respectively
(see Figure 1). The values

and
e=-1 A=0, p=-1205 Py=-3, P =1

correspond to simple wave-like GP curvesHR with symmetry groupgs and Zg
respectively (see Figure 2).

Figure 1: Simple wave-like GP curvesit?

Figure 2: Simple wave-like GP curveslif?

3.3. Orbit-like Goldstein—Petrich curves

The values

£=0 A=-2 p~-403 Py=2 P =1,

and
e=1 A=-1 p~-403 Py

2, P=1
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give rise to closed orbit-like GP curves B? and$? with symmetry groufZ; (see
Figure 3).

Figure 3: Orbit-like GP curves

Setting
e=-1 A=1 p~-38936 P=2 P =1

we obtain an orbit-like curve in the hyperbolic plane witmsyetry groupZe and 24
points of self-intersection (see Figure 3).

4. Spherical free elasticae

4.1. Spin frames

Consider the special unitary group

SU2) = {V = (V1, Vo) €gl(2,C) : V-V =1, detV)=1}.

=(o %) =0 o) *=( 9)

as standard infinitesimal generators of the Lie algeb(a@). We consider the Euclid-
ean inner product

We take

X2 =~ 5TH02), VK€ su(2).
Thus,(i,],k) is a orthogonal basis and
(%,Y,2) € R® — Xi +yj +ZK € su(2)

gives an explicit identification ofu(2) with the Euclidean 3-space. Consequently, the
2-dimensional spher®’ is identified with{x € su(2) : ||x||? = 1}. With these notations
at hand, the bundle of spin-frames$fis defined by

TVESU?2) -V iV €
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and, the 2 : 1 spin covering map &) — SQ(3) is given by
Vesu®R) = (V-i-V',V.j- V' V.k-V')esaa).

DEFINITION 1. Lety: | — S? be a smooth curve parameterized by the arc-
length and with curvature. A spin frame field alongis a map

G=(I,r):1—Ssu?)
such that

(20) y=G-i-G', r':%(ixwr*), F*’:—%(FHKF*).

REMARK 7. The spin framé& : 1 — SU(2) is just a lift to SU2) of the Frenet
frame F:I — SO(3) alongy.
4.2. The monodromy

A spin frameG : R — SU(2) with non-constant periodic curvatukeand initial condi-
tion G(0) = 1is the solution of linear system with periodic coefficients

21) G =G ('1" |1K) G0) =1

Themonodromyof (21) is defined by
M = G(w) € SU(2),

wherew is the minimal period ok. The two eigenvalues dfl are

(22) W = Re(M'j(w) £ Re(F%(m))2 — 1= c gl

where® € [0,1). By the Floquet theorem for linear systems of o.d.e with quiid
coefficients (cfr. [1]) it follows thaG is a periodic solution of (21) if and only if

8=p/qe(0,1), p.geN, gcdp,g) =1

DEFINITION 2. The minimal period of the spin fran® is /s = qw and the
minimal period? of the corresponding spherical curye= 1o G can be either’s or
elsels/2. In the first case we say thgtis a spherical curve with spit while in the
second case we say thgis a spherical curve with spih/2.

REMARK 8. For a spherical curve of spin 1 the integgs odd and gives the
order of its symmetry group. For a curve of spif2lthe integeq is even and the order
of the symmetry group ig,/2.
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4.3. The monodromy of free elasticae ir§?

The curvature of a spherical free elastica satisfies
" 1 2

(23) K +§(K +2)k =0.

The general periodic solution of (23) is

A . S
(24) K(S,A) =24/ mJaCOblc%ﬁ’})

whereA € (0,1/2) and JacobiCiz, A) denotes the Jacobi cn-function with modulus
V/A. The minimal period ok(s, ) is given by

(25) W, =4v/1—2\ EllipticK (A)

where
EllipticK (A) =

/”/2 de
o /1-xsirR(e)

G:Rx(0,1/2) = G(s,A) € SU(2)

For each\ € (0,1/2) we denote by

the spin frame field with curvatune(—,A) and initial conditionG, (0) = 1. We then
define the=loquet map

(26) m:\ € (0,1/2) - m(\) € St

by

m(\) = Re(T(wn.A)) + /Re(TH(en,A)2 — 1= 10

whereB(A) € (0,1). The Floquet map can be computed in closed form by means of the
Heuman’s Lambda function [19] or with numerical methods. M exhibit the code
of the numerical evaluation of the Floquet map:

Step 1.Definek(s,A), the periodw, :

Kt A=/ 15 4*7‘ 5 JacobiCN [m )\} ;

WA _Ji= (4 «/I_2% )\)) «Elliptick[A];

Step 2.Solve numerically the linear system (20) :

A[1]:={1,0};
A[2:={0,1};
sol[1][A_J:=

E
J:
1
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NDSolve [{x'[t] == (1/2)(i= K[t,A] +x[t] +y[t]),x[0] == A[L][[1]],
Y[t == (1/2)(=i=K[t, A+ y[t] = x[t]), y[0] == AR][[1]]}, {x,v},
{t —0.5,wAl}];

sol[2][A_]:=

NDSolve [{x'[t] == (1/2)(i * K[t,A] xx[t] + y[t]),x[0] == A[1][[2]],
y'[t] == (1/2)(—i=Kt,A] xy[t] — x[t]),y[0] == A[2][[2]]}, {x.y},
{t,—0.5,w[A]}];
5[1][t_7?\_]:={><[t],y[t]}/-sol[ JIAL;
S2J[t_, A_J:={x[t], y[t]}/-sol[2][A];
'Vl[t_,?\ J:==Transpose[{{S[1][t, A][[1]][[1]], S[2][t, AJ[[1]][[1]]},
{—Conjugate[S[2][t, A][[1]][[1]]], Conjugate[S[1][t, AJ[[1]][[1]]] } }];

Monodromy[A_]:=M[w [] ]
HIA_]:=Re[S LA AL 1] + /Re[STLT@AL A2 — 1

Step 3.Compute the monodromy and the Floquet map

J[t AL S[R] [ ALY [L]]

M[t_,A_]:=Transpose[{{S[1
{—Conjugate[S[2][t, A][[1]][

[1]]], Conjugate[S[1][t, AJ[[1]][[1]1}} }];
Monodromy[A_]:=M[w [)\] Al;
WA_J:=Re[S[L][wA], AJ[[L]][[1]]] + /Re[S[ A2 =15

Step 4.Plot and visualize the image of the Fquuet map and the grajpb ieal part

aA_J:={Re[A] Im[A]}};
FLOQUET:=Show|Graphics[{GrayLevel[0.8], Disk[{0,0}]}],
ParametricPlot[a[A], {A,0,0.499}, Background — GrayLevel[0.8],
PlotStyle — {{Thickness[0.02], Black} },

PlotRange — {{—1.2,1.2},{—1.2,1.2}}, PlotPoints — 200,
AspectRatio — Automatic, Axes — False]|;

Figure 4: The Floquet map and its real part

Plotting the image of the Floquet map and the graph of itspa#l(Figure 4) we infer
thatmis a bijection of(0,1/2) ontoS! = {€' :t € (0,1)}. We set

(27) @:T€(0,1/2) »m (&™) € (0,1/2)
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and, for everyt € (0,1/2) we lety; be the free elastica with paramefer= ¢(1).
Summarizing the discussion, we have

PrRoOPOSITIONL. The curvey is a closed free elastica if and onlytf= p/q,
where pge N, gcd(p,q) =1and0< p/q<1/2.

To evaluatep(p/q) we proceed as follows : first we note thgip/q) is the unique zero
of the function

®pqi A€ (0,1/2) - [m(A) — 7T |2 R

Plotting the graph ofb,,,, we have a first rough estimate of the locationgdp/q)
(Figure 5).

20
1s

19

/ B
04 [ B

Figure 5: The graphs @b, s and®; /3

We then choose an initial valug < (0,1/2) sufficiently near tap(p/q) and we start
to search the minimurh; of ®, 4 inside the intervalA1 — d,A1 + d], among a finite
setD; of k elements. We repeat the procedure by takip@s a new initial value and
searching for the minimum @b,  in the interval]A; — 8/2, A2+ 3/2] among a finite
setD, of 2k elements. Proceeding recursively we find, aftsteps, a valua, which
approximates(p,/q) with the desired precision. In practice, a good approxiomatf
®(p/q) is given by anyA, such thatb, 4(An) < 10~ with h > 8.

Step 1.Computed, q
WA_,p_,q ]:=Abs [pm —Exp [2 +Pix i % g“ n2:
and visualize its graph

DISTRIBUTION:=PIlot[W[A, p,q], {A, —3,3},

PlotStyle — {{Thickness[0.01], Black} }, PlotRange — All,

PlotPoints — 200, AspectRatio — 1/2, Axes — True, ImageSize — {400,250},
Background — GrayLevel[0.8], PlotRange — {{—3,3},{0,4}}]

Step 2.Search of the approximated values of fay ) :
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p:=1;q:=4;11:=0.4;

internalparameter{1]:=1/12;

internalparameter(2]:=20;

steps:=8;

Qly_,d_,k_|:=First[Sort[Table[{W[A,p,q],A}, {A,y — &,y +8,1/k}]]];
S[1,y_,8_,k_]:=Qly, 8, k];

S[m_ay_v 6_7 k_]::S [m - 175[m - 17}’»57 k][[2]]76/(2m_1) vk * (2m—1):| ;
S[steps, T1,internalparameter(1], internalparameter(2]];

4.4, Examples
The approximated values @f1/2h), forh=2,...,7 are given by
®(1/4) ~0.219105 ¢(1/6) ~0.347017 (1/8) ~ 0.406183
and by
®(1/10) ~ 0.437212 (1/12) ~ 0.455251 (1/14) ~ 0.466582

The corresponding free elasticee are reproduced in Figueesl&. All these curves
are simple, with symmetry grouff, and subdivides? into two congruent pieces.

Figure 6: The free elastiog »n, h=2,3,4

The first approximated values @fp/7) are
©(1/7) ~0.381729 @(2/7)~0.166961 @(3/7)~ 0.0201934

The associated free elasticee are closed, with symmetrpgipand with 7, 21 and 35
points of self-intersection, respectively. The curvesrapFoduced in Figure 8.

The first three approximated valuesg@fp/16) are
®(3/16) ~ 0.315366 (5/16) ~ 0.130811 (7/16) ~ 0.0015496

The associated free elasticee are closed, with symmetrp@eoand with 8, 32 and 58
points of self-intersection, respectively. The curvesraproduced in Figure 9.
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Figure 8: The free elastiog7, p=1,2,3

4.5. Conclusions

The examples above and the evidence of other numericaliexgras suggest the fol-
lowing geometrical facts

PROPOSITION2. Letyp/q be a closed free elastica ifsith p,ge N, p/qe
(0,1/2) andged(p,q) = 1, then

e if g is even (g= 2q) the elasticayy /oy has spinl/2, symmetry grougy and
possesse@ — 1)q’ points of self-intersection;

e ifqisodd (g=2q +1), the elasticayp(2q+1) has spint, symmetry groufiy ;1
and possessé&p — 1)q points of self-intersection;

® Yp/qis asimple curve if and only if g 1 and ge 2N.

*See ref. [18] for similar results in the case of free elastitthe Poincaré disk.
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Figure 9: The free elastiog 16, p=3,5,7

4.6. Embedded Pinkall’s tori

If G:1 — SU(2) is a spin frame field of a unit-speed spherical cuyvé — S with
curvaturex hen the map

f:(s9) el xR 2@ /xWdIG(g) e P - 2

is a flat immersion into the unit 3-sphere which is calleditogf immersiorassociated
toy. The first and second fundamental formsfadre

1 1
| = 21(c|§+o|32), I = E(dez—dsdﬂ).

Thus,k gives the mean curvatuké of the corresponding Hopf immersion. Therefore,
if yis a Goldstein—Petrich curve the mean curvature of the Hopférsion satisfies
(28) A(H)+2(H2+S—K)H:p,

whereA is the Laplace-Beltrami operator of the induced Riemanmiatric anda, b, p
are constants. Immersions satisfying (28) are the crifioalts of the Hooke’s energy

E(f) :/(bH2+a)dA

They are known aslastic surface$13]. Physically,a is the surface tensior the
bending energy angis the pressure. The cage- b= 1 andp = 0 has a particular ge-
ometrical interest; the curvwgs a free elastica anflparameterizesWillmore surface
One of the key features of Willmore immersions is their in&ace with respect to the
group of Mébius (conformal) transformations 8f. Using this construction and the
results of Langer—Singer [17], U.Pinkall [26] discoverkd first examples of embed-
ded Willmore tori which are not Mébius equivalent to any miai surface irs®. The
stereographic projections of these surfaces are cRilekhll's tori of R3. Our exper-
iments show that Pinkall tori are associated to the fredielesrvesy; o, n € N and
n> 2. If we choose appropriately the pole of the stereograptajeption, the Pinkall
surface defined byy o, has a symmetry group isomorphicg (see Figure 10).
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-

Figure 10: Pinkall's tori with symmetry grou(#, Z3 andZa
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