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AN EXPERIMENTAL STUDY OF GOLDSTEIN–PETRICH

CURVES

Abstract. Numerical methods are used to prove the existence of closed embedded curves in
R2 andH2 whose shapes are invariant under the Goldstein–Petrich flow. Numerical routines
are used to compute all closed spherical free elasticæ. The evidence of the experiments shows
the existence of a unique, up to rotations, embedded closed free elastica ofS2 with symmetry
group of orderh, for every positive integerh≥ 2. The order of the symmetry groups and the
number of self-intersection points of any closed free elastica in S2 are determined.

1. Introduction

The interplay between integrable evolution equations and the motion of curves has been
the focus of intense research in the past decades, both in geometry and mathematical
physics (see for instance [6, 7, 8, 4, 11, 12, 14, 15, 16, 20, 21, 23] and the literature
therein). In the seminal paper [11], Goldstein and Petrich related the mKdV hierarchy
to the motions of curves in the plane. Later, this approach has been generalized to other
2-dimensional Klein geometries [6, 7, 8] or to higher-dimensional homogeneous spaces
[20, 21]. The second Goldstein–Petrich flow for curves in a 2-dimensional Riemannian
space formS 2

ε of constant curvatureε = 0,1,−1, is defined by themodified Korteweg–
de Vriesequation

(1) κt +κsss+
3
2

κ2κs = 0,

whereκ(s, t) denotes the (geodesic) curvature. Closed curves whose shape is invariant
under the flow defined by (1) are referred to asGoldstein–Petrichcurves. In this case,
κ(s, t) must be a periodic solution of (1) in the form of a traveling wave, soκ = κ(s+
(ε−λ)t) and

(2) κss+
κ3

2
+(ε−λ)κ = µ,

whereµ is a constant of integration. On physical and geometrical grounds it is natural
to demand that the curves are closed and without self intersections. Generic periodic
solutions of (2) need not correspond to closed curves [23]. And, even ifκ corresponded
to a closed curve, in general there would be points of self-intersection. It is known
that, in the spherical case, there exists a countable familyof simple Goldstein–Petrich
curves, withµ= 0 [2, 17]. These particular solutions are known aselastic curvesand
they constitute a classical topic in mathematical physics and geometry. However, in the
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Euclidean or hyperbolic case, closed elasticæ always have self intersections [2, 17, 23].
It is then a natural problem to look for numerical proceduresto recognize whether or
not there exist simple closed Goldstein–Petrich planar or hyperbolic curves. Another
natural problem is to develop effective computational methods to find all simple closed
elasticæ in the 2-sphere.

On the base of our numerical approach, we exhibit explicit examples of simple
Goldstein–Petrich curves in the Euclidean plane and in the Poincaré disk. Experimental
evidences confirm the existence of 1-parameter families of simple closed Goldstein–
Petrich curves with symmetry groupsZn, for everyn ∈ N. In the second part of the
paper we examine free elasticæ inS2. The curvature can be expressed in term of the
Jacobi elliptic function cn(−,

√
λ), λ ∈ (0,1/2). We compute the monodromy of the

spin Frenet system and we construct a mapφ : Q∩ (0,1/2)→ (0,1/2) such thatλ =
φ(p/q) gives a closed elastica. Every closed spherical elastica arises in this fashion, for
somep/q∈Q∩ (0,1/2). Our tests suggest that ifλ = φ(p/2q) then the corresponding
elastica has symmetry groupZq and possesses(p−1)q points of self intersection. In
particular, if p = 1 we obtain a simple closed elastica with symmetry groupZq, for
every q ≥ 2. If λ = φ(p/(2q+ 1)) then the curve has symmetry groupZ2q+1 and
possesses(2p−1)(2q+1) points of self intersection. As an application we compute
and visualize embedded Pinkall’s tori inR3 with non trivial symmetry groupsZn, for
everyn∈ N [26].

Acknowledgments.Numerical computations and visualization have been per-
formed with the softwareMathematica 6.

2. Goldstein–Petrich curves

2.1. Frames

We letR3
ε , ε = −1,0,1, be the real 3-dimensional space with coordinates(x1,x2,x3)

endowed with the bilinear form

〈x,y〉ε = εx1y1+ x2y2+ x3y3 =t xgεx

and with the orientationdx1∧dx2∧dx3 > 0. If ε = −1 we also fix a time-orientation
by saying that a null-vectorx is future-directed ifx1 > 0. We denote byS 2

ε ⊂ R3
ε the

space-like 2-dimensional submanifolds





S 2
1 = {x ∈ R3

1 : ‖x‖21 = 1} ∼= S2,
S 2
−1 = {x ∈ R3

−1 : ‖x‖2−1 =−1,x1≥ 1} ∼=H2,
S 2

0 = {x ∈ R3
0 : x1 = 1} ∼= R2.

We indicate by SOε(3) the connected component of the identity of the automorphism
group ofR3

ε . It is convenient to think of SOε(3) as the frame manifold of all oriented
basisa= (a1,a1,a3) of R3

ε such that〈ai ,a j〉= gε
i j . If ε =−1 we also require thata1 is

future-directed. We then letsoε(3) be the Lie algebra of SOε(3), whose elements are
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3×3 matrices of the form



0 −εy1 −εy2

y1 0 −y3

y2 y3 0


 .

REMARK 1. The hyperbolic planeS 2
−1 is identified with the unit disk∆ en-

dowed with its standard Poincaré metric

4
(1− x2− y2)2 (dx2+dy2)

by means of

x ∈ S 2
−1→

(
x2

x1 ,
x3

x1

)
∈ ∆.

Let γ : I ⊂ R→ S 2
ε be a regular curve parameterized by the arclength. For eachs∈

I we sett(s) = γ′(s) and we denote byn(s) ∈ R3
ε the unique unit vector such that

(γ(s), t(s),n(s)) ∈ SOε(3). The map

F : s∈ I → (γ(s), t(s),n(s)) ∈ SOε(3)

is theFrenet frame fieldof γ. It satisfies theFrenet–Serret equations

γ ′ = t, t′ =−εγ+κn, n′ =−κt

whereκ : I →R is thecurvatureof γ. The Serret–Frenet equations can be conveniently
written in the form

(3) F′ = FK (κ)

where

(4) K (κ) =




0 −ε 0
1 0 −κ
0 κ 0



 .

REMARK 2. By the existence and uniqueness of solutions of linear systems of
o.d.e. it follows that for every smooth functionκ : I → R and everya∈ SOε(3) there
exists a uniqueF : I → SOε(3) with initial conditionF(0) = a and satisfying (3). For
this reason we will simply say thatF is aFrenet frame with curvatureκ.

2.2. Jets, differential functions and total derivatives

We now collect some definitions taken from [24]. The space ofn-th order jets of
functionsu ∈ C∞(R,R) is denoted byJn(R,R). The independent variable iss, the
dependent variable and its virtual derivatives up to ordern are u,u(1), ...,u(n). The
projective limit of the natural sequence

(5) · · · → Jn(R,R)→ Jn−1(R,R)→ · · · → J1(R,R)→ J0(R,R)→R.
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is theinfinite jet space. It is denoted byJ(R,R). A function

W : J(R,R)→R

is said to be adifferential functionif there exists a polynomialW ∈R[x0,x1, ...,xn] such
that

W(u) =W(u,u(1), ...,u(n)),

for everyu = (s,u,u(1), ...,u(n), ...) ∈ J(R,R). The set of the polynomial differential
functions will be denoted byJ[u]. The total derivative

δ : J[u]→ J[u]

is defined by

δ(W)(u) =
∞

∑
j=0

∂W
∂x j
|uu( j+1).

A differential functionW ∈ J[u] is exactif there existP (W) ∈ J[u] such that

W = δ(P (W)).

Theprimitive P (W) is unique, up to a constant. We use the notation
∫

Wds to denote
the primitiveP (W) of W such thatP (W)|0 = 0. If κ : (s, t) ∈ R2→ R is a smooth
function, we put

js(κ) : (s, t) ∈ R→ (s,κ(s, t),∂sκ|(s,t), ....,∂n
sκ|(s,t)....) ∈ J(R,R).

ThemKdV hierarchy can be described as follows : letFn andGn be the differential
functions defined by

F1 = 0, G1 =−1, F2 = u(1), G2 =−
1
2

u2

and by

Fn = δ2(Fn−1)+u2Fn−1+u(1)

∫
uFn−1ds, Gn =−

∫
uFnds,

for everyn≥ 3. Then, then-th member of the mKdV hierarchyis the evolution equation

κt +
(
δ2(Fn)+u2Fn−u(1)Gn

)
| js(κ) = 0.

2.3. The Goldstein–Petrich flows

Following [11], alocal dynamicsof curves is defined by

(6) ∂tγ = U| js(κ)t +V| js(κ)n,

whereU,V ∈ J[u] are two differential functions and where

F(−, t) : s∈ R→ F(s, t) = (γ(s, t), t(s, t),n(s, t)) ∈ SOε(3),
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and
κ(−, t) : s∈ R→ κ(s, t) ∈ R

denote the Frenet frame and the curvature of the evolving curve, respectively. We also
assume thatuV is exact. From (6) and (7) we deduce

(7) F−1dF= K | js(κ)ds+Q| js(κ)dt,

where
K ,Q : J(R,R)→ soε(3)

are thesoε(3)-valued differential functions

(8) K =




0 −ε 0
1 0 −u
0 u 0



 ,

and

(9) Q =




0 −εU −εV
U 0 −δ(V)−uU
V δ(V)+uU 0


 ,

whereU is a primitive ofuV (i.e. δ(U) = uV). The compatibility equation of (7) is

(10) ∂t(K | js(κ))− ∂s(Q)| js(κ) = [K ,Q]| js(κ).

An easy inspection shows that (10) is satisfied if and only if

(11) ∂t(κ) =
(
δ2(V)+ (u2+ ε)V +u(1)U

)
| js(κ).

Thefirst Goldstein–Petrich flowis defined by the choice

V(1) = 0, U(1) =−1.

The curvature then evolves according to

∂t(κ)+ ∂s(κ) = 0.

Thus, the first GP-flow is trivial from a geometrical viewpoint (i.e. every curve evolves
by rigid motions). Thesecond Goldstein–Petrich flowis given by

(12) V(2) =−u(1), U(2) = ε− 1
2

u2,

which yields themKdV equation

(13) κt +κsss+
3
2

κ2κs = 0.
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The choice

V(3) = εu(1)−u(3)−
3
2

u2u(1), U(3) =−ε2+
1
2

εu2− 3
8

u4+
1
2

u2
(1)−uu(2)

gives thethird Goldstein–Petrich flow. The corresponding evolution equation is the
third member

κt +κsssss+
15
8

κ4κs+
5
2

κ3
s +10κκsκss+

5
2

κ2κsss= 0

of themKdV hierarchy.

REMARK 3. More generally, let{q(h,n)}1≤h≤n be the sequences defined recur-
sively by





q(1,2n) =−2n,
q(h,2n) = (−1)h(|q(h−1,2n−1)|+ |q(h,2n−1)|), h= 2, ...,n,
q(h,2n) = q(2n−h,2n), h= n+1, · · ·,2n−1,
q(2n,2n) = 1,

and by





q(1,2n+1) =−(2n+1),
q(h,2n+1) = (−1)h(|q(h−1,2n)|+ |q(h,2n)|), h= 2, ...,n,
q(h,2n+1) =−q(2n+1−h,2n), h= n+1, · · ·,2n,
q(2n+1,2n+1) =−1.

Then, we set

b(0,0) = 1, b(h,n) = εhq(h,n), h= 1, · · ·n, n∈ N

and we consider the differential functions defined recursively by

A(1,n) = 0, A(2,n) =−u(1), n≥ 2

and by

A(h,n) = δ2(A(h−1,n))+ (u2+ ε)A(h−1,n)+u(1)

(∫
uA(h−1,n)ds−b(h−2,n−2)

)
,

for eachn≥ 3 and eachh= 2, . . . ,n. If we defineV(n) andU(n) by

V(n) = A(n,n+1), U(n) =

(∫
uV(n)ds

)
−b(n−1,n−1)

we get then-th Goldstein–Petrich flow, whose corresponding evolution equation is the
n-th member of themKdV hierarchy.
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REMARK 4. If κ is a solution of (11) and ifK andQ are defined as in (8) and
(9) then the 1-form

Θ = K | js(κ)ds+Q| js(κ)dt

fulfils the Maurer-Cartan equation

dΘ+Θ∧Θ= 0.

Thus, by the Cartan-Darboux theorem, there exist F :R×R→SOε(3) such that F−1dF
= Θ. The map F is unique up to left multiplication by an element ofSOε(3). If we
put F= (γ, t,n), thenγ : R2→ R3

ε is the analytical parametrization of the dynamics of
a curve evolving according to (6).

REMARK 5. The first three basic distinguished functionals of (13) are

L0 =
∫

ds, L1 =
∫

k(s)ds, L2 =
∫

κ2(s)ds.

2.4. Goldstein–Petrich curves

Closed trajectories whose shapes are invariant under (13) are calledGoldstein–Petrich
curvesof S 2

ε (GP-curves for brevity). Solutions of (13) which correspond to Goldstein–
Petrich curves are periodic solutions in the form of a traveling wave, soκ = κ(s+(ε−
λ)t), for some constantλ and

(14) κ′′′+
(

3
2

κ2+(ε−λ)
)

κ′ = 0.

Integrating (14) we find

(15) κ′′+
κ3

2
+(ε−λ)κ =−µ,

whereµ is a constant. Another integration yields

(16) (κ′)2+
1
4

κ4+(ε−λ)κ2+µκ =−ν,

whereν is another constant of integration. Thus, thesignature[5, 22, 25] of a GP-curve
is one of the bounded components of an elliptic curve of the following type

y2+
1
4

x4+(ε−λ)x2+µx+ν = 0.

We notice that the extremal curves of the the action functional

(17) 2λL0+2εµL1+L2.

satisfies (15). In other words, stationary curves of the second order Goldstein–Petrich
flow arise as the critical points of linear combinations of the basic distinguished func-
tionalsL0,L1 andL2.
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REMARK 6. The valueµ= 0 yieldselastic curvesin S 2
ε , i.e. the critical points

of the total squared curvature functional with respect to variations with fixed length.
These curves have been extensively studied in [2, 9, 17, 18].If, in additionλ = 0 the
corresponding curves arefree elasticæ, i.e. the critical points of the total squared cur-
vature functional. Free elasticæ have a special interest indifferential geometry because
of their interrelations with Willmore surfaces [3, 9, 13, 26].

We note that (15) can be written in terms of a Lax pair. To provethe assertion we set

(18) Hλ =: Q+(λ− ε)K : J(R,R)→ soε(3),

whereQ andK are defined as in (8) and (9), withV =−u(1), that is

Hλ =




0 −ε(λ− u2

2 ) εu(1)
λ− u2

2 0 u(2)+
u3

2 −λu

−u(1) −u(2)− u3

2 +λu 0


 .

It is then a computational matter to verify that (15) holds ifand only if

(19) δ(Hλ| j(κ)) = [H,K ]| j(κ).

The main consequence of (19) is the integrability by quadratures of the Golstein-Petrich
curves. From the point of view of symplectic geometry, the Lax equation (19) is equiv-
alent to the Noether theorem of the conservation of the momentum map along the
extremal curves of the distiguished functionals (17).

3. Numerical solutions and examples

3.1. Numerical solutions

We now show how to implement standard numerical routines in our geometrical setting.

Step 1.Define the curvatureε of S 2
ε , the coefficientsλ andµ of (15), the initial condi-

tionsP0 = κ(0), P1 = κ′(0) and the intervalI = (a,b):

ε:=1; λ:=1− 2; µ:=0.626; P0:=− 0.2; P1:=2; a:=− 8; b:=8;

Step 2.Solve (15)

s[0]:=NDSolve[{k”[t]+ 1
2
k[t]∧3+(ε−λ)∗ k[t]+µ== 0,k[0] == P0,k′[0]==P1},

{k},{t,a− 0.5,b}];
K[t_]:=({k[t]}/.s[0])[[1,1]];

Step 3.Solve the Frenet–Serret linear system with curvatureκ:

s[1]:=NDSolve [{x′[s] == y[s],x[0] == ε,y′[s] == K[s]∗ z[s]− ε∗ x[s],
y[0] == 0,z′[s] ==−K[s]∗ y[s],z[0] == 0} ,{x,y,z},{s,a,b}] ;
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s[2]:=NDSolve [{x′[s] == y[s],x[0] == 0,y′[s] == K[s]∗ z[s]− ε∗ x[s],
y[0] == 1,z′[s] ==−K[s]∗ y[s],z[0] == 0} ,{x,y,z},{s,a,b}] ;
s[3]:=NDSolve [{x′[s] == y[s],x[0] == 0,y′[s] == K[s]∗ z[s]− ε∗ x[s],
y[0] == 0,z′[s] ==−K[s]∗ y[s],z[0] == 1} ,{x,y,z},{s,a,b}] ;
S[1][s_]:={x[s],y[s],z[s]}/.s[1];
S[2][s_]:={x[s],y[s],z[s]}/.s[2];
S[3][s_]:={x[s],y[s],z[s]}/.s[3];

Step 4.Define the corresponding GP curve (γS=spherical GP curve,γE= Euclidean GP
curve,γH=hyperbolic GP curve)

γS[t_]:={S[1][t][[1]][[1]],S[2][t][[1]][[1]],S[3][t][[1]][[1]]};
γH[t_]:= 1

S[1][t][[1]][[1]]
{S[2][t][[1]][[1]],S[3][t][[1]][[1]]};

γE[t_]:={S[2][t][[1]][[1]],S[3][t][[1]][[1]]};

Step 5.Visualize the curvature and the signature

SIGNATURE:=ParametricPlot[Evaluate[{K[t],D[K[t], t]}],{t,0,b},
PlotPoints→ 300,AspectRatio→ Automatic,
Axes→ True,PlotStyle→ {Thickness[0.01],Black}, ImageSize→ {400,400},
Background→ GrayLevel[0.8]];
HYPERBOLICCURVE:=Show[Graphics[{GrayLevel[0.6],Disk[{0,0},1]}],
ParametricPlot[Evaluate[γH[s]],{s,a,b},
PlotStyle→{{Thickness[0.01],Black}},Axes→ False,
AspectRatio→ Automatic,PlotPoints→ 140,PlotRange→ All],
Background→ GrayLevel[0.8]];
EUCLIDEANCURVE:=ParametricPlot[Evaluate[γE[s]],{s,a,b},
Background→ GrayLevel[0.8],PlotStyle→{{Thickness[0.01],Black}},
Axes→ False,AspectRatio→ Automatic,PlotPoints→ 140,
PlotRange→ All, ImageSize→{400,400}];
SPHERICALCURVE:=
Show[Graphics3D[{Opacity[0.5],GrayLevel[0.6],Sphere[{0,0,0}]},
Lighting→ "Neutral"],ParametricPlot3D[Evaluate[γS[s]],
{s,a,b},PlotPoints→ 300,Boxed→ False,AspectRatio→ Automatic,
Axes→ False,
PlotStyle→{Thickness[0.01],Black}],Boxed→ False,
Background→ GrayLevel[0.8],
PlotRange→{{−1,1},{−1,1},{−1,1}}, ImageSize→ {400,400}];

3.2. Wave-like Goldstein–Petrich curves

The values
ε = 0, λ = 0, µ≈ 1.103, P0 = 2, P1 = 0.2

and
ε = 0, λ =−1, µ≈ 1.103, P0 = 2.1904, P1 = 0.2
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give simple wave-like GP curves inR2 with symmetry groupsZ8 andZ11 respectively
(see Figure 1). The values

ε =−1, λ = 0, µ≈−9.987, P0 =−3, P1 = 1

and
ε =−1, λ = 0, µ≈−12.05, P0 =−3, P1 = 1

correspond to simple wave-like GP curves inH2 with symmetry groupsZ6 andZ8

respectively (see Figure 2).

Figure 1: Simple wave-like GP curves inR2

Figure 2: Simple wave-like GP curves inH2

3.3. Orbit-like Goldstein–Petrich curves

The values
ε = 0 λ =−2 µ≈−4.03, P0 = 2, P1 = 1,

and
ε = 1 λ =−1 µ≈−4.03, P0 = 2, P1 = 1
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give rise to closed orbit-like GP curves inR2 andS2 with symmetry groupZ7 (see
Figure 3).

Figure 3: Orbit-like GP curves

Setting
ε =−1 λ = 1, µ≈−3.8936, P0 = 2, P1 = 1

we obtain an orbit-like curve in the hyperbolic plane with symmetry groupZ6 and 24
points of self-intersection (see Figure 3).

4. Spherical free elasticæ

4.1. Spin frames

Consider the special unitary group

SU(2) = {V = (V1,V2) ∈ gl(2,C) : V ·VT
= 1, det(V) = 1}.

We take

i =
(

i 0
0 −i

)
, j =

(
0 i
i 0

)
, k =

(
0 −1
1 0

)

as standard infinitesimal generators of the Lie algebrasu(2). We consider the Euclid-
ean inner product

‖x‖2 =−1
2

Tr(x2), ∀x ∈ su(2).

Thus,(i, j ,k) is a orthogonal basis and

(x,y,z) ∈R3→ xi + yj + zk ∈ su(2)

gives an explicit identification ofsu(2) with the Euclidean 3-space. Consequently, the
2-dimensional sphereS2 is identified with{x∈ su(2) : ‖x‖2 = 1}. With these notations
at hand, the bundle of spin-frames ofS2 is defined by

π : V ∈ SU(2)→ V · i ·VT ∈ S2
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and, the 2 : 1 spin covering map SU(2)→ SO(3) is given by

V ∈ SU(2)→ (V · i ·VT
,V · j ·VT

,V ·k ·VT
) ∈ SO(3).

DEFINITION 1. Let γ : I −→ S2 be a smooth curve parameterized by the arc-
length and with curvatureκ. A spin frame field alongγ is a map

G = (Γ,Γ∗) : I → SU(2)

such that

(20) γ = G · i ·GT
, Γ′ =

1
2
(iκΓ+Γ∗), Γ∗′ =−1

2
(Γ+ iκΓ∗).

REMARK 7. The spin frameG : I → SU(2) is just a lift to SU(2) of the Frenet
frame F :I → SO(3) alongγ.

4.2. The monodromy

A spin frameG : R→ SU(2) with non-constant periodic curvatureκ and initial condi-
tion G(0) = 1 is the solution of linear system with periodic coefficients

(21) 2G′ = G ·
(

iκ −1
1 −iκ

)
, G(0) = 1.

Themonodromyof (21) is defined by

M := G(ω) ∈ SU(2),

whereω is the minimal period ofκ. The two eigenvalues ofM are

(22) µ± = Re
(
Γ1

1(ω)
)
±
√

Re
(
Γ1

1(ω)
)2−1= e±2πiθ ∈ S1,

whereθ ∈ [0,1). By the Floquet theorem for linear systems of o.d.e with periodic
coefficients (cfr. [1]) it follows thatG is a periodic solution of (21) if and only if

θ = p/q∈ [0,1), p,q∈N, gcd(p,q) = 1.

DEFINITION 2. The minimal period of the spin frameG is ℓs = qω and the
minimal periodℓ of the corresponding spherical curveγ = π ◦G can be eitherℓs or
elseℓs/2. In the first case we say thatγ is a spherical curve with spin1 while in the
second case we say thatγ is a spherical curve with spin1/2.

REMARK 8. For a spherical curve of spin 1 the integerq is odd and gives the
order of its symmetry group. For a curve of spin 1/2 the integerq is even and the order
of the symmetry group isq/2.
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4.3. The monodromy of free elasticae inS2

The curvature of a spherical free elastica satisfies

(23) κ′′+
1
2
(κ2+2)κ = 0.

The general periodic solution of (23) is

(24) κ(s,λ) = 2

√
λ

1−2λ
JacobiCN

(
s√

1−2λ
,λ
)

whereλ ∈ (0,1/2) and JacobiCN(z,λ) denotes the Jacobi cn-function with modulus√
λ. The minimal period ofk(s,λ) is given by

(25) ωλ = 4
√

1−2λ EllipticK(λ),

where

EllipticK(λ) =
∫ π/2

0

dθ√
1−λsin2(θ)

.

For eachλ ∈ (0,1/2) we denote by

G : R× (0,1/2)→G(s,λ) ∈ SU(2)

the spin frame field with curvatureκ(−,λ) and initial conditionGλ(0) = 1. We then
define theFloquet map

(26) m : λ ∈ (0,1/2)→m(λ) ∈ S1

by

m(λ) = Re(Γ1
1(ωλ,λ))+

√
Re(Γ1

1(ωλ,λ))2−1= e2πiθ(λ),

whereθ(λ) ∈ (0,1). The Floquet map can be computed in closed form by means of the
Heuman’s Lambda function [19] or with numerical methods. Wenow exhibit the code
of the numerical evaluation of the Floquet map:

Step 1.Defineκ(s,λ), the periodωλ :

K[t_,λ_]:=
√

4∗λ
1−2∗λ JacobiCN

[
t√

(1−2∗λ)
,λ
]

;

ω[λ_]:=
(
4 ∗
√
(1− 2 ∗λ)

)
∗EllipticK[λ];

Step 2.Solve numerically the linear system (20) :

A[1]:={1,0};
A[2]:={0,1};
sol[1][λ_]:=
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NDSolve [{x′[t] == (1/2)(i∗K[t,λ]∗ x[t]+ y[t]),x[0] == A[1][[1]],
y′[t] == (1/2)(−i∗K[t,λ]∗ y[t]− x[t]),y[0]== A[2][[1]]} ,{x,y},
{t,−0.5,ω[λ]}];
sol[2][λ_]:=
NDSolve [{x′[t] == (1/2)(i∗K[t,λ]∗ x[t]+ y[t]),x[0] == A[1][[2]],
y′[t] == (1/2)(−i∗K[t,λ]∗ y[t]− x[t]),y[0]== A[2][[2]]} ,{x,y},
{t,−0.5,ω[λ]}];
S[1][t_,λ_]:={x[t],y[t]}/.sol[1][λ];
S[2][t_,λ_]:={x[t],y[t]}/.sol[2][λ];
M[t_,λ_]:=Transpose[{{S[1][t,λ][[1]][[1]],S[2][t,λ][[1]][[1]]},
{−Conjugate[S[2][t,λ][[1]][[1]]],Conjugate[S[1][t,λ][[1]][[1]]]}}];
Monodromy[λ_]:=M[ω[λ],λ];
µ[λ_]:=Re[S[1][ω[λ],λ][[1]][[1]]]+

√
Re[S[1][ω[λ],λ][[1]][[1]]]∧2− 1;

Step 3.Compute the monodromy and the Floquet map

M[t_,λ_]:=Transpose[{{S[1][t,λ][[1]][[1]],S[2][t,λ][[1]][[1]]},
{−Conjugate[S[2][t,λ][[1]][[1]]],Conjugate[S[1][t,λ][[1]][[1]]]}}];
Monodromy[λ_]:=M[ω[λ],λ];
µ[λ_]:=Re[S[1][ω[λ],λ][[1]][[1]]]+

√
Re[S[1][ω[λ],λ][[1]][[1]]]∧2− 1;

Step 4.Plot and visualize the image of the Floquet map and the graph of its real part

α[λ_]:={Re[µ[λ]], Im[µ[λ]]};
FLOQUET:=Show[Graphics[{GrayLevel[0.8],Disk[{0,0}]}],
ParametricPlot[α[λ],{λ,0,0.499},Background→ GrayLevel[0.8],
PlotStyle→{{Thickness[0.02],Black}},
PlotRange→{{−1.2,1.2},{−1.2,1.2}},PlotPoints→ 200,
AspectRatio→ Automatic,Axes→ False]];

Figure 4: The Floquet map and its real part

Plotting the image of the Floquet map and the graph of its realpart (Figure 4) we infer
thatm is a bijection of(0,1/2) ontoS1

+ = {eit : t ∈ (0,π)}. We set

(27) φ : τ ∈ (0,1/2)→m−1(e2πiτ) ∈ (0,1/2)
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and, for everyτ ∈ (0,1/2) we let γτ be the free elastica with parameterλ = φ(τ).
Summarizing the discussion, we have

PROPOSITION1. The curveγτ is a closed free elastica if and only ifτ = p/q,
where p,q∈ N, gcd(p,q) = 1 and0< p/q< 1/2.

To evaluateφ(p/q) we proceed as follows : first we note thatφ(p/q) is the unique zero
of the function

Φp/q : λ ∈ (0,1/2)→‖m(λ)−e2πi p
q ‖2 ∈ R+.

Plotting the graph ofΦp/q we have a first rough estimate of the location ofφ(p/q)
(Figure 5).

Figure 5: The graphs ofΦ1/6 andΦ1/3

We then choose an initial valueλ1 ∈ (0,1/2) sufficiently near toφ(p/q) and we start
to search the minimumλ2 of Φp/q inside the interval[λ1− δ,λ1+ δ], among a finite
setD1 of k elements. We repeat the procedure by takingλ2 as a new initial value and
searching for the minimum ofΦp/q in the interval[λ2− δ/2,λ2+ δ/2] among a finite
setD2 of 2k elements. Proceeding recursively we find, aftern steps, a valueλn which
approximatesφ(p/q) with the desired precision. In practice, a good approximation of
φ(p/q) is given by anyλn such thatΦp/q(λn)< 10−h, with h≥ 8.

Step 1.ComputeΦp/q

Ψ[λ_,p_,q_]:=Abs
[
µ[λ]−Exp

[
2 ∗Pi∗ i∗ p

q

]]
∧2;

and visualize its graph

DISTRIBUTION:=Plot[Ψ[λ,p,q],{λ,−3,3},
PlotStyle→{{Thickness[0.01],Black}},PlotRange→ All,
PlotPoints→ 200,AspectRatio→ 1/2,Axes→ True, ImageSize→ {400,250},
Background→ GrayLevel[0.8],PlotRange→{{−3,3},{0,4}}]

Step 2.Search of the approximated values of min(Φp/q) :
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p:=1;q:=4;τ1:=0.4;
internalparameter[1]:=1/12;
internalparameter[2]:=20;
steps:=8;
Q[y_,δ_,k_]:=First[Sort[Table[{Ψ[λ,p,q],λ},{λ,y− δ,y+ δ,1/k}]]];
S[1,y_,δ_,k_]:=Q[y,δ,k];
S[m_,y_,δ_,k_]:=S

[
m− 1,S[m− 1,y,δ,k][[2]],δ

/(
2m−1

)
,k ∗

(
2m−1

)]
;

S[steps,τ1, internalparameter[1], internalparameter[2]];

4.4. Examples

The approximated values ofφ(1/2h), for h= 2, ...,7 are given by

φ(1/4)≈ 0.219105, φ(1/6)≈ 0.347017, φ(1/8)≈ 0.406183,

and by

φ(1/10)≈ 0.437212, φ(1/12)≈ 0.455251, φ(1/14)≈ 0.466582.

The corresponding free elasticæ are reproduced in Figures 6and 7. All these curves
are simple, with symmetry groupsZh and subdivideS2 into two congruent pieces.

Figure 6: The free elasticaγ1/2h, h= 2,3,4
.

The first approximated values ofφ(p/7) are

φ(1/7)≈ 0.381729, φ(2/7)≈ 0.166961, φ(3/7)≈ 0.0201934.

The associated free elasticæ are closed, with symmetry groupZ7 and with 7, 21 and 35
points of self-intersection, respectively. The curves arereproduced in Figure 8.

The first three approximated values ofφ(p/16) are

φ(3/16)≈ 0.315366, φ(5/16)≈ 0.130811, φ(7/16)≈ 0.0015496.

The associated free elasticæ are closed, with symmetry groupZ8 and with 8, 32 and 58
points of self-intersection, respectively. The curves arereproduced in Figure 9.
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Figure 7: The free elasticaγ1/2h, h= 5,6,7
.

Figure 8: The free elasticaγp/7, p= 1,2,3
.

4.5. Conclusions

The examples above and the evidence of other numerical experiments suggest the fol-
lowing geometrical facts∗.

PROPOSITION2. Let γp/q be a closed free elastica in S2 with p,q∈ N, p/q∈
(0,1/2) andgcd(p,q) = 1, then

• if q is even (q= 2q′) the elasticaγp/2q′ has spin1/2, symmetry groupZq′ and
possesses(p−1)q′ points of self-intersection;

• if q is odd (q= 2q′+1), the elasticaγp/(2q′+1) has spin1, symmetry groupZ2q′+1
and possesses(2p−1)q points of self-intersection;

• γp/q is a simple curve if and only if p= 1 and q∈ 2N.

∗See ref. [18] for similar results in the case of free elasticæin the Poincaré disk.
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Figure 9: The free elasticaγp/16, p= 3,5,7
.

4.6. Embedded Pinkall’s tori

If G : I → SU(2) is a spin frame field of a unit-speed spherical curveγ : I → S2 with
curvatureκ hen the map

f : (s,ϑ) ∈ I ×R→ e
i
2 (ϑ−

∫
κ(u)du)G(s) ∈ S3⊂ C2

is a flat immersion into the unit 3-sphere which is called theHopf immersionassociated
to γ. The first and second fundamental forms off are

I =
1
4
(ds2+dϑ2), II =

1
2
(κds2−dsdϑ).

Thus,κ gives the mean curvatureH of the corresponding Hopf immersion. Therefore,
if γ is a Goldstein–Petrich curve the mean curvature of the Hopf immersion satisfies

(28) △(H)+2
(

H2+
a
b
−K

)
H = p,

where△ is the Laplace-Beltrami operator of the induced Riemannianmetric anda,b, p
are constants. Immersions satisfying (28) are the criticalpoints of the Hooke’s energy

E( f ) =
∫
(bH2+a)dA.

They are known aselastic surfaces[13]. Physically,a is the surface tension,b the
bending energy andp is the pressure. The casea= b= 1 andp= 0 has a particular ge-
ometrical interest; the curveγ is a free elastica andf parameterizes aWillmore surface.
One of the key features of Willmore immersions is their invariance with respect to the
group of Möbius (conformal) transformations ofS3. Using this construction and the
results of Langer–Singer [17], U.Pinkall [26] discovered the first examples of embed-
ded Willmore tori which are not Möbius equivalent to any minimal surface inS3. The
stereographic projections of these surfaces are calledPinkall’s tori of R3. Our exper-
iments show that Pinkall tori are associated to the free elastic curvesγ1/2n, n∈ N and
n> 2. If we choose appropriately the pole of the stereographic projection, the Pinkall
surface defined byγ1/2n has a symmetry group isomorphic toZn (see Figure 10).
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Figure 10: Pinkall’s tori with symmetry groupsZ2, Z3 andZ4

.
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