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E. Ballico*

GRAPH CURVES WITH GONALITY ONE

Abstract. A graph curve is a nodal curv@ such that each irreducible component®fs
smooth, rational and meets exactly 3 others (Bayer and RisgnHere we classify the graph
curves with gonality 1 with respect to balanced line bundidgbe sense of L. Caporaso.

1. Introduction

L. Caporaso defined, constructed and studied a universaidPiariety oveﬁg ([2D).
In her construction she introduced the following notiont Kebe a genug semistable
curve. A degree line bundleL on X satisfies the Basic Inequality if and only if

d(2pa(C) — 2+ 4(CNX\C))
(20-2)

1) degL|C) — <#CnX\C)/2

for all proper subcurve€ of X. Let X be a semistable curve. For any integelet
A(X,d) denote the set of all line bundles &nwith degreed and satisfying the Basic
Inequality ([2], p. 611) (or semibalanced in the sense of Définition 1.1). For any
integerr > 0 setW} (X) := {L € A(X,d) : h%(X,L) > r +1}. We say that a depth 1
sheafF onX has pure rank 1 if its restriction g is @ pure rank 1 vector bundle. For
the elementary properties of depth 1 coherent sheaves anaddurves, see [8], parts
VIl and VIII. Let F be a sheaf oiX with depth 1 and pure rank 1. Set

Sing[F) := {P € X: F is not locally free aP}.

Hence SingF) C Sing(X). The degree dé§ ) of F may be defined by the Riemann—
Roch formulgx(F) = dedF) +x(&x). Now assume tha{ is stable. Se$:= Sing(F).
Let us: Xs — X be the quasi-stable curve obtained by “blowing-®"i.e. Xs is
semistable and connected,

us|(Xs\u=(9)) : Xs\u1(S) — X\S

is an isomorphism and for evely € S the schemeep = ugl(P) is a smooth ra-
tional curve intersecting the other componentsXgfat two points. Letv:C — X
be the partial normalization of in which we only normalize the points & Set
M :=Vv*(F)/Torsv*(F)); thenM is a line bundle o€ and de¢gM) = degF) — #(S)
(see Corollary 1). Se€ as a subcurve ofs (the complementary of the union of all
exceptional divisor&p, P € S).

*Partially supported by MIUR and GNSAGA of INdAM.
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Let L be any line bundle oiXs such that_|C = M and dedL|Ep) = 1 for all
P €S We have de@-) = degF) (Remark 2). The she& on X is said to satisfy the
Basic Inequality if the line bundle on Xs satisfies the Basic Inequality.

L. Caporaso began the study of the Brill-Noether theory alblst curves from
the point of view of rank 1 sheaves (or line bundles) satigfythe Basic Inequality
(31, [4])- Here we consider a very particular class of statlirves: the graph curves
considered in [1]. A graph curve is a nodal cuXasuch that each irreducible compo-
nent of X is smooth, rational and intersects exactly 3 other comptsnheach of them
only at one point. Hencp,(X) > 3 andX has 24(X) — 2 irreducible components. See
[1] for many properties of graph curves and the introductibfl] for several reasons
to study them.

Let X be a nodal projective curve defined over an algebraicallyeddieldK
with chafK) = 0. Let 3 (X) denote the set of the irreducible componentXofThe
dual graph||X]| of X is the following non-oriented graph with multiple edges and
loops. There is a bijection between the set of all verticdsdfands (X). If v#£ware
vertices of||X|| andTy, Ty are the associated irreducible componentX othenv and
w are connected by(T, N Ty) edges. Each vertex ¢iX||, say associated b € 3 (X),
has exactlyf(Sing(T)) loops. The graph of a graph curve is trivalent and the comvers
holds if we restrict to graphs without loops and multiple eslgnd to nodal curves with
smooth irreducible components, any two of them intersgainmost at one point. If
g > 9 there are many graph curves with(X) # 0, i.e. with gonality 1 with respect
to line bundles satisfying the Basic Inequality. To deseribem we introduce the
following definition.

DEerINITION 1. Let X be a graph curve of genus g. Let Wenote the set of
all T € 8(X) such that XT has3 connected components. An elementypfd/called
a totally disconnecting component of X. FixelVx. Let G,Cy,Cg be the connected
components oX\ T, with the conventiong§Cy) > pa(Cz) > pa(Cs). Set g:= pa(G).
Hence g= 01 + g2+ gs. We will say that T is allowable (and write & Vy) if 291 < g,
i.e.ifg <go+0s.

THEOREM 1. Let X be a graph curve of genus>g3. There is a bijection
between W/(X) and \§. Every Le W} (X) is spanned and%{X,L) = 2.

LetY be any nodal and connected projective curve. The singulat Pof Y is
called adisconnecting nodef Y if Y\{P} is not connected. Sincéis nodal,Y\{P}
has exactly 2 connected components for any disconnectidgfof Y. Letv:C —Y
be the partial normalization of in which we only normalize the disconnecting node
P. SinceP is a disconnecting node &f, C has two connected components. Hence
ho(C, oc) = 2. SetFp| := Vi(Oc). The coherent shedfp has depth 1, pure rank 1,
degFp)) = 1, SingFp)) = {P}, ho(Y, Fip) = 2 andFpp) is spanned (Lemmas 1 and 2).

DEFINITION 2. Let X be a graph curve of genus g and P a disconnecting node
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of X. Let G and G denote the closures in X of tReonnected components of ¥P}.
The disconnecting node P is said to be allowable if g is eveh@(C1) = pa(Cz) =

9/2.

THEOREM?Z2. Let X be a graph curve of genusg3. Let® denote the set of all
allowable disconnecting nodes of X. [‘Btdenote the set of all isomorphism classes
of depthl sheaves F on X with pure rarlk degreel, h°(X,F) > 2, SingF) # 0, and
satisfying the Basic Inequality. The map-PFp) induces a bijectiof8: ® — W. Every
F € Wis spanned and satisfieS({X,F) = 2.

If the graph curveX has no disconnecting nodes, then much more can be said
(see [4], Proposition 5.2.7, for the case of degree 2 shiaves

We want to thank the referees of previous versions of thiepégr precious
remarks.

2. The proofs and related results

Let X be a graph curve of gengs The inequality (1) for the irreducible components
of X gives the following necessary condition for the Basic Iraufor L € Picd(X):

2) |degL|T) —d/(29-2)[ < 3/2
forall T € 8(X).

ExampPLE 1. Fix an integeg > 9. Here we show the existence of many graph
curvesX of genugy with Vi # 0 or Vx \Vy # 0. Fix integergy; > 3, 1<i < 3, such that
01+ 02+ 03 =g, and letX; be any graph curve of gengs Fix P € Sing(X) and let
fip 1 Yi = X be the quasi-stable curve obtained frnby “blowing-up” the point?.
Hencepa(Y;) = gi and there is a unique compondhip = f,*(R) of Y intersecting
the other components &f at two points. FixQ; € Ej p, 1 <i <3, and 3 distinct points

1, @5, Q5 of D :=PL. Take asX the curve obtained fronfy LIY> LI Y3 LD by gluing
together the poin®; and the point); for alli = 1,2, 3. X is a genug graph curve and
D € Vx. D € Vi if and only if max 1,092,093} < g/2.

EXAMPLE 2. Fix an even integay > 6. Here we show the existence of many
genusg graph curves with an allowable disconnecting node. Fix lg@pvesX, i =
1,2, of genug/2 andP, € Sing(X). Letu; : Y; — X; be the “blowing-up” ofR. Hence
eachy; is a quasi-stable curve of geng& with a unique exceptional componéit=
u(P). Fix Q € EiN(Y)reg LetX be the only nodal curve obtained frovpL Yz
by gluingQ1 andQ,. X has genug and each irreducible componentXfis smooth
and rational. Leu:Y1LY> — X denote the quotient map. L&tbe an irreducible
component ofX, say coming from an irreducible componetof Y;. If D # Eg,
thenQ ¢ D and henc&(T NX\T) =#(DNY1\D) = 3. If T = Ey, thenT intersects
u(Ez) and the images iX of the two irreducible components ¥ associated to the
two irreducible components of; containingP;. HenceX is a graph curve. S& :=
u(Q1) = u(Q2). The pointP is an allowable disconnecting nodeXf




20 E. Ballico

REMARK 1. Let X be a reduced and quasi-projective curRes X, andF a
sheaf onX with pure rank 1 and depth 1. The geffn of F at P is a torsion free
Ox p-module with pure rank 1. Hence there exists an inclugiofrp — M with M
a free0x p-module with rank 1. The minimal integer diffiM /Fp) for all such pairs
(j,M) is an important invariant of the gerfp. Call ¢(F,P) this integer. We have
¢(F,P) > 0 and((F,P) = 0 if and only if Fp is a freedx p-module. This invariant may
be computed on the formal completion@ p. Let my p be the maximal ideal of the
local ring O p. Notice thatmy p is a freed’x p-module if and only ifP € Xieq. Hence
if P e Sing(X) andFp = mx p, then?(F,P) = 1. Now assume tha{ is projective. Fix
a finite setSC Sing(X) and letf : C — X be the partial normalization o in which we
only normalize the points d&. The support of the torsion df*(F) is contained in the
finite setf ~1(S). SetG:= f*(F)/Torgf*(F)). G is a coherent sheaf dhwith depth
1 and pure rank 1. Sincé andC are projective, the integers dég and degG) are
well-defined and satisfy the Riemann—Roch formylés) = dedF) +X(0x), X(G) =
dedg G) +X(&c) even ifX or C are not connected. We have

3) deqG) = degF) — PZSE(F, P).

We need this formula only when each point®is either an ordinary node of or an
ordinary cusp oK. In this case we may decompobénto {(S) partial normalizations
of a singular point which is either an ordinary node or an mady cusp. Hence for
nodes or ordinary cusps it is sufficient to prove it wiés) = 1, sayS= {P}. In this
case (3) is obviously true Fp is free. IfF is not locally free aP andP is either an
ordinary node or an ordinary cusp, then the gern @t P is formally isomorphic to
the maximal ideal of the local ringx p ([6] or, for nodes, [8], pp. 163—-166). Hence it
is sufficient to check (3) wheR = Ip. In this case (3) holds, becau&gp,P) = 1 and
G is the ideal sheaf of the length two schefé (P).

Remark 1 immediately gives the following result.

COROLLARY 1. Let X be a reduced projective curve and F a coherent sheaf
on X with depthl and pure rankl. Fix SC SingF). Assume that each point of S is
an ordinary node or an ordinary cusp of X. Let@ — X be the partial normalization
of X in which we only normalize the points of S. Set=M/*(F)/Tors(v*(F)). Then
SingM) = v-1(SingF)\S) anddegM) = degF) — #(S).

LEMMA 1. Let X be a nodal projective curve. FixSSingX) and let F be
a coherent sheaf on X with depthpure rankl and SC SingF). Let v:C — X be
the partial normalization of X in which we only normalize thaints of S. Set N=
v¥(F)/Tors(v*(F)). Then M has depth, pure rankl, £(SingM)) = £(SingF)) — (),
degM) = degF) — #(S), h%(X,F) = h%(C,M) and F= v,(M). If F is spanned, then
M is spanned.

Proof. By Corollary 1 it only remains to check the®(X,F) = h%(C,M), F = v.(M)
and thatM is spanned if is spanned. There is a natural mapF — v.(M) which is
an isomorphism outsid8. The mapr is an isomorphism at each poiRtc S because
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the germ ofF atP is isomorphic to the germ of the ideal sheaf while M is free in a
neighborhood of the two points(P). SinceF = v, (M), h°(X,F) = h%(C,M). Now
assume thaf is spanned. Since the tensor product is a right exact fungigs) is
spanned. Hence any quotientd{F ) is spanned. O

REMARK 2. Let X be a stable curve of gengsandF a depth 1 sheaf oX
with pure rank 1. Assume Sii§) # 0. Letv:C — X be the partial normalization
of X in which we normalize only the points of Siffg). SetM := v*(F)/Torsgv*(F)).
Remark 1 shows tha is a line bundle o€ and that degM) = ded F) — #(Sing(F)).
We havex(dc) = 1— g+ 4(SingF)), butC may be disconnected. L&t be the only
quasi-stable curve wit as its stable model and such tl‘{alrl(P)}PESingF) is the
set of the exceptional componentsfwhereu : D — X is the stable reduction. The
curveD is connected anga(D) = g. There is an inclusiof: C— D such that/=uo |
andD\ j(C) is the union of the exceptional componentfofAny line bundleL on D
such thatj*(L) = M and dedL|E) = 1 for every exceptional compone&tof D will
be said to bessociatedo F or to M. The existence of is trivial for the following
reason. LeW be a reduced projective curve aWg a union of some of the irreducible
components dlV. Assume) AW #W and set\, :=W\W. Then the restriction maps
Pic(W) — Pic(W), i = 1,2, induce a surjection Pi&/) — Pic(W;) x Pic(Ws). Since
D hast(Sing(F)) exceptional components aimd, j(C) is the union of the exceptional
components oD, we have defl-) = degM) +#(SingF)) = degF). We only need
the set of integer$L|T }rc5p) to check the Basic Inequality. We ubkto study the
cohomological properties (e.g. the spannednesB) of

LEMMA 2. Fix a nodal projective curve X and @ SingX). Letv:C — X be
the partial normalization of X in which we only normalize h@int P. Let u: D — X
be the blowing-up of P andfE= u(P) the exceptional component of D. SetF
V.(Oc). Then F is a coherent sheaf on X with deftlpure rankl and degreel. Let
L be any line bundle on D associated to F (Remark 2). If P is eafisecting node of
X, then R(X,F) =h°(D,L) = 2and F and L are spanned. If P is not a disconnecting
node of X, then{{(X,F) =h°(D,L) = 1.

Proof. SinceF = v,(0¢), h°(X,F) = h(C, &c). The latter integer is the number of
connected components Gf Hence this integer is either 1 @ is not a disconnecting
node) or 2 (ifP is a disconnecting node). In both cases we easily sedt@toc) =
ho(D, L) (use thaC may be identified with a subcurve bf(the complementary of the
exceptional divisoEp), thatM = L|C, thatL|Ep has degree 1 and the Mayer—Vietoris
exact sequence (6) below wilp instead oD). Now assume tha is a disconnecting
node. LetG be the subsheaf & spanned by%(X,F). Henceh®(X,G) = h%(X,F) =

2. SinceG is a subsheaf of a depth 1 sheaf, it has depth 1. Fix a gemer#°(X,F).
The sectioro is associated to a general sectipof H%(C, ). Hencen has no zero.
Henceo has no zero outside. HenceG has pure rank 1 and eith&=F orF /G is
supported byP. AssumeG # F. SinceP is an ordinary node anfl € Sing(F), there
is H € Pic(X) such thatG C H C F andF /H is the skyscraper she&p supported
by P and withh®(X,Kp) = 1. We haven®(X,H) = 2. Since de(|T) = 0 for every
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T € 3(D)\{Ep}, we have de@|T) < 0 for everyT € 8(X). SinceX is connected
andh®(X,H) > 2, we obtained a contradiction. O

PrRoOPOSITIONL. Let X be a genus g graph curve. Thég is the only Le
A(X,0) such that R(X,L) > 0.

Proof. Fix L € A(X,0) such thah®(X,L) > 0 and assumk # &x. Settingd = 0 in (2)
we getde@L|T) € {—1,0,1} forall T € 8(X). SetS :={T € 8(X) : degL|T) =i}.
Since degl) = 0,4(Sy) =#(S_1). Fixo € H(X,L)\{0} and seZ := {Pc X : o(P) =
0}. SinceL#0x,Z#0. f TeS 1,thenT CZ. If T € X, then eitherT C Z
orTNZ=0. If T €S, then eithelT CZ or§(ZNT) < 1. Sinced # Z # X, we
getS #0. SetW :={T € 3(X): T C Z} andY := UrewT. SinceZ # X, Y # X.
SinceS 1 #0andS 1 CW, Y # 0. SinceX is connectedn:= #(Y NX\Y) > 0. Set
A:={T e 3(X\Y):TNY #0}. We just saw thah C S; and that any € A intersects
Y at a unique point. Thus déigX\Y) > m. By takingC := X\Y andd = 0 in the Basic
Inequality (1) we getm| < m/2, contradiction. O

PROPOSITION2. Fix an integer d< 0 and a genus g graph curve X. Then
ho(X,L) = 0 for every Le A(X,d).

Proof. Assume the existence &f ¢ A(X,d) such thath®(X,L) > 0. The inequality
(2) gives degL|T) <1 forall T € 3(X). Set§ :={T € 8(X):dedL|T) =i} and
S :=Ui-«0S. Sinced <0,S #0. Fix 0 € HO(X,L)\{0} and setZ := {P € X :
o(P)=0}. Sinced < 0,Z#£0. If Te S ,thenT CZ If T € S, then eithel C Z
orTNZ=0. If T €S, then eithelT C Zorf(ZNT) < 1. Sinced # Z # X, we
getS #0. SetW :={T € 3(X): T C Z} andY := UrewT. SinceZ # X, Y # X.
SinceS. CW andS_ # 0, Y # 0. LetC be a connected componentX¥tY. Since
X is connectedm:= (CNX\C) > 0. SetA:={T € 3(X\Y): TNY # 0}. We just
saw thatA C S; and that anyT € Aintersects at a unique point. Thus dégC) > m.
SinceX is semistable, eithen > 2 or pa(C) = 1. Sinced(2p,(C) — 2+ m) <0, the
Basic Inequality (1) givem| < m/2, contradiction. O

Proof of Theorem 1Fix L € W (X). Sinceg> 3, 1/(2g—2) < 1/2. Hence
the inequality (2) gives dég|T) € {—1,0,1} forall T € 8(X). SetS :={T € 8(X):
degL|T) =i} andY; := UtcsT. LetB’ be the base locus &f andB the union of the
irreducible components of contained inB’. We haveY_; C B. If T € § then either
TCBorTNB =0. If T € S, then eithe CBorf(TNB') < 1.

(a) First assum® # 0. Sinceh?(X,L) > 0, B # X. SinceX is connected,
BNX\B# 0. LetA;, 1<i <z be the connected components)){B. SinceA is
a connected component ¥\B, A N X\A; = A NB. SinceX is connected, we get
m :=#(A NB) > 0. We just saw that d¢f|T) = 1 andf(T NB) = 1 for everyT C A
such thafl NB # 0. Hencea; := dedL|A) > m. The Basic Inequality (1) applied to
A givespa(Ai) > 0and

(4) ai(2g—2) —m(g—1) < 2pa(A)) —2+m.
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SinceA; # X, pa(Ai) <g—2. Hence
(5) (28 —m)(g—1)<29—-6+m

with & > m; > 0. The inequality (5) is not satisfied for dlf, m,g) such thatg; >
m >1,9> 3 anda > 2. Thus ifB # 0 we get a contradiction, unlesg=m =1
for all connected components of X\B. Assumea = m = 1 for all i. SinceX
is connected and each connected componeit\& intersectsB at a unique point,
B must be connected. Since defp) = 1, we also see that the poiAtN B is the
only base point of. contained inA;, thatL|A; = ¢ (AN B) and that the restriction
map pi : HO(X,L) — HO(A,L|A) has one-dimensional image. Sind¥X,L) > 2,
we getz > 2. From (4) witha; = my = 1 we getpa(Ai) > g/2 for alli. SinceB is
connectedpa(B) > 0. Sincez > 2 andg > pa(B) + 37_; pa(Ai), we obtainz = 2,
g even,pa(A1) = pa(A2) = g/2 andpa(B) = 0. Sincef(BNX\B) =z=2< 3 and
pa(B) = 0, wx is not ample, contradiction. The contradiction gi&es: 0.

(b) SinceB =0, S_; = 0. Hence there i® € 3(X) such that ded |D) =1
and dedL|T) =0 forall T € 3(X)\D. HenceB’ C DN Xeg. SinceB'NX\D =0and

degL|T)=0forallT € X\D, we getL|X\D = O%b and the existence afc HO(X, L)

with no zero in a neighborhood of\D. Consider the Mayer—Vietoris exact sequence

(6) 0—L—LD®LX\D—LDNX\D — 0.

SinceL|X\D is trivial, h°(X\D,L|X\D) is the numbers, of the connected components
of X\D. Since|X|| is 3-valent, 1< s< 3. CallM;, 1 <i < s, the connected com-

ponents ofX\D. SinceL|X\D = ﬁx\—o and every connected componen®dfD inter-
sectsD, the restriction mapi®(X\D,L|X\D) — H?(DNX\D,L|DNX\D) is injective.
Hence (6) gives the injectivity of the restriction mapH°(X,L) — H°(D,L|D). Since
degL|D) = 1,h%(D,L|D) = 2. Sinceh®(X,L) > 2, the linear mayp is an isomorphism.
Hencen®(X,L) =2 andB'ND = 0. SinceB’ C DN Xeg, We getd’ =0, i.e. L is spanned.

Let@_: X — P! be the morphism induced Bi|. SinceL|M; = On; andM; is
connectedq_ (M) is a pointQ; € PL. Sincep is bijective and ded.|D) = 1,@_|Dis an
isomorphism. Sincey |M; is constant, we ge{M; ND) < 1. Since eaclM; is a con-
nected component of\D, we haveM; ND # 0. Thust(M; D) = 1. SinceX is a graph
curve,f(DNX\D) = 3. Thuss= 3. Sinces= 3, D € V. Conversely, tak® < Vx and
callGj, 1<i < 3, the connected component6fD. Fix an isomorphisnu : D — P2,

Let f : X — P! be unique morphism such th&tD = u and f(C;) = u(Ci N D) for
all'i. SetL := f*(&p1(1)). Hencel is a degree 1 spanned line bundle. Obviously,
dedL|C) = 1 for any subcurv€ of X containingD, while dedL|C) = 0 for any sub-
curveC of X not containingD. It is clear that the second construction is the inverse of
the first one. Hence to conclude the proof of Theorem 1 it iS@eant to check thak
satisfies the Basic Inequality if and onlyDf e Vy.

Let Cy,Cy,C3 be the connected components)XO{D. Setg; := pa(Ci) and as-
sumeg; > g2 > gs. To check the Basic Inequality it is sufficient to check it &
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proper connected subcurvesXf LetU be a connected proper subcurvexaf Set
T:=4(UNX\U) andq:= pa(U). First assume thdt does not contaid. Hence
degL|U) = 0. The Basic Inequality is satisfied by if and only if [29—241| <
1(g—1). The latter inequality is always satisfiedtif> 2, because & g < g-1 and
g > 3. Now assume& = 1. SinceU is connected and does not cont&n there is
i € {1,2,3} such thall C C;. SinceC; is connectedq < g;. Sinceg; < gi, the pair
(L,U) satisfies the Basic Inequality iig2 < g, i.e. if L € V. By takingU :=C; we
see that if 8; > g, thenL does not satisfy the Basic Inequality. Now assumne U.
Hence dedl|U) = 1. The Basic Inequality is satisfied if and only if

@) 2g—29—-1/<t(g—-1).

Since 0< q < g-— 2, the inequality (7) is satisfied if and only if either>2 ort =1
and 2y > g. Assumert = 1. HenceD # U. SinceU is connected, ead is connected
andD g U, we get that contains at least two of the curve€s,C,,Cz, sayC; andC;.
SinceU is connected, we gef > gi +g;. Thus ifg; < g2+ 03, thenL satisfies the
Basic Inequality. O

REMARK 3. LetX be a stable curve of gengs> 4 such that there B € 3 (X)
with D = P1. CallCy,...,C, the connected components %D with the convention
Pa(Ci) > -+ > pa(Cy,). Setgi := pa(Ci). Assumef(CiND) =1 for alli. SinceX is
stablez > 3. Sincef(DNGC;) = 1 for alli, there is a unique morphisgt X — P! such
that@|D is anisomorphism anglC) = (¢|D)(CiND) for all i, i.e. eachp|C; is constant.
SetL := ¢*(0p1(1)). Lis a spanned line bundle, dégD) = 1 andL|C; = I, for alli.
Following the proof of Theorem 1 we now prove ttasatisfies the Basic Inequality if
and only if 231 < g. LetU be a connected proper subcurveXofSett := (U N X\U)
andq:= pa(U). First assumé ¢ U. Hence def)-|U) = 0. The Basic Inequality
is satisfied byJ if and only if |20 — 2+ 1| < 1(g—1). The latter inequality is always
satisfied ift > 2, because & q< g—1 andg > 3. Now assume = 1. SinceJ C C; for
somei, andC; is connected) < g;. Hencel satisfies the Basic Inequality with respect
to everyU C C with t =1 if and only if Zy; < g. TakingU := C; we get that the Basic
Inequality is satisfied with respect to all connected subesipfX not containingD if
and only if 31 < g. Now assum® C U. In this case the palil,U) satisfies the Basis
Inequality if and only if (7) is satisfied. Since<0q < g— 1 andg > 4, (7) is satisfied
if eithert > 2 ort =1 and 21> g. Assumet = 1. HencedJ # D. Sincet=1,D S U
andU is connected, there is a unique index{1,...,z} such thaC; Z U. SinceU is
connected, we gef> g— g;. Hence 21> gif 2g; < g. Sinceg; < g1, we are done.

REMARK 4. LetX be any graph curv¥ such thaty # 0. Theorem 1 gives
the existence of € A(X,1) such that®(X,L) = 2 > degL)/2+ 1. Hencel. does not
satisfy Clifford’s inequality, contrary to the case of bipnaurves studied in [3] and to
many other cases studied in [4].

PROPOSITIONS. Let X be a graph curve of genus g and F a sheaf on X with
depthl and pure rankl satisfying the Basic Inequality. Assume-ddegF) < 0 and
that F is not locally free. Then®X,F) = 0.
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Proof. By assumptiors:= Sing(F) # 0. Sets:= #(S). Letus: Xs — X be the quasi-
stable curve obtained by blowing-&LetL be any degred line bundle orXs associ-
ated toF in the sense of Remark 2. By assumption A(Xs,d). Assumen®(X,F) > 0.
SinceF has no torsion, the natural mag: H(X,F) — H%(Xs,L) is injective. Hence
h9(Xs,L) > 0. Fixo € H(Xs,L)\{0} and seZ := {o = 0}. Let B be the union of the
irreducible components ofs contained inZ. Fix T € 8 (Xs) which is not contracted
by us. We havet(T N Xs\T) = 3. Sincepa(T) =0, pa(Xs) = g, dedL) = d andL
satisfies the Basic InequalitydegL|T) —d/(2g—2)| < 3/2. Sinced < 0, we get
degL|T) <1. SetS :={T € B(Xs) :dedL|T) =i}, Y :=Uteg TsandY_ := UioY,.
The curveY; contains every irreducible componentX{ contracted byus. We have
Y, CZforalli<0andifT € &, theneithem CZorTNZ=0. If Dis anirreducible
component ofyy, then eitheD C Z or §(DNZ) < 1. Since de@-|Ep) = 1 for every
exceptional componetip, s> 0, andy tc4(xg degL|T) = d < 0, we obtainy_ # 0.
HenceB # 0. Sinceo # 0, B # Xs. LetA be any connected componem)ﬁ. Since
Xsis connectedBN Xs\B # 0. Hencem:= £(ANB) > 0. We saw that ded@|A) > m.
SinceXs is semistable, eithepa(A) > 1 orm > 2, i.e. pa(A)—1+m/2 > 0. Since
d <0, the Basic Inequality gives ddgA) < m/2, contradiction. O

PrROPOSITION4. Let X be a graph curve of genus g. There is a bijection be-
tween Yy and the set of all spanned line bundles on X with dedree

Proof. Fix a spanned line bundleon X such that ded-) = 1. SinceL is spanned, it
induces a morphist : X — P", r := hO(X, L) — 1. SincelL is spanned, dég|T) > 0
forall T € 3(X). Hence there i® € 8(X) such that de@-|D) =1 and de@L|T) =0
for all T € 8(X)\{D}. LetCy,...,Cs be the connected componentsXfD. Notice
thath, contracts eacft € 3(X)\{D}. Now we repeat the proof of Theorem 1 to get
s= 3 and thaD € V. Conversely, fix an € Vx. In the proof of Theorem 1 we used
D to construct a spanned degree 1 line bundlXon O

Proof of Theorem 2.Let F be a sheaf oiX with depth 1, pure rank 1,
degree 1h°(X,F) > 2, and satisfying the Basic Inequality. Assume fhég not locally
free. SetS:= Sing(F) ands:=4(S) > 0. Letus: Xs — X be the quasi-stable curve
obtained by blowing-uis. LetL be any degree d¢€g) line bundle onXs associated
to F (Remark 2). By assumptiob € A(Xs,1). As in the previous proofs we have
hO(Xs,L) > h9(X,F) and hencé®(Xs,L) > 2. SinceXs is quasi-stable witiX as its
stable reduction, Z #(T NXs\T) < 3 for everyT € 8(Xs) andf(T NXs\T) = 2 if and
only if T is one of the exceptional componekis P € S. Since 2< §(TNXs\T) < 3 for
everyT € 8 (Xs) andg = pa(Xs) > 3, the Basic Inequality gives ddgT) € {—1.,0,1}
for everyT € B(Xs). Let B’ be the base locus &f andB the union of the irreducible
components oKs contained inB'. SetS := {T € 8(Xs) : degL|T) =i} andY; :=
UtesT. Notice thatEp € S; for everyP € S. HenceS; # 0. If T € S for somei < 0,
thenT CB. If T € S; for somej > 0, then eithel C Bor (T NB') < j.

(a) Here we assun®+ 0. Sinceh®(Xs,L) > 0,B# X. SinceXsis connected,
BNXs\B# 0. LetA;, 1<i < z be the connected componentsX\B. Seta; :=




26 E. Ballico

degL|A) andm; :=#(A NB) > 0. We repeat verbatim part (a) of the proof of Theorem
1. SinceXsis nota graph curve, we only use the inequahi{yAi) < g—1, which is true
for any semistable curve. We first gegt> m; for all i, and then we get a contradiction
unless eitheay = my = 2 andpa(A)) =g—1org =m = 1 foralli.

(al) Here we assunge=m = 2 andpa(A)) =g— 1. SinceXsis quasi-stable,
every connected subcurve of it with arithmetic gegusl is the complement of one of
the exceptional components. Herce 1, B is irreducible and is contracted byis.
Hence de¢l |B) = 1. Hence de(.) = & +degL|B) = 3, contradiction.

(a2) Here we assumm = m; = 1 for all i. SinceXs is connected and each
connected component &\B intersectsB at a unique pointB must be connected.
Since de@L|A)) = 1, we also see that the poif&f N B is the only base point of
contained inAj, thatL|A; = ¢ (AiNB) and that the restriction mapm : HO(X,L) —
HO(A;,L|A) has one-dimensional image. Sint¥X,L) > 2, we getz > 2. From (4)
with & = my = 1 we getpa(A)) > g/2 for alli. SinceB is connectedp,(B) > 0. Since
z> 2 andg > pa(B) + Y7, pa(A), we obtainz= 2, g even,pa(A1) = pa(A2) = g/2
and pa(B) = 0. Sincewyg is semiample and the exceptional componentsgére
the only connected subcurveks,of Xs such that de@oxs|J) = O, there isP € Ssuch
thatB = Ep. Hence de(-|B) = 1. Sincez=2 anda; = ap = 1, we get def-) = 3,
contradiction.

(b) Here we assumB = 0. HenceS_; = 0. Since de@.|Ep) = 1 for all
P € Sing(F), we gets=1, Y; = Ep (whereP is the only point of Sin¢gF)) and
degL|T) = O for everyT € B8(Xs)\{Ep}. ThusYy = Xs\Ep is isomorphic to the
partial normalization ofX in which we normalize only the poirfe. SinceB = 0,
B'NYy = 0. Hence a generat HO(XS, L) has no zero in a neighborhood .
Thus there is an open neighborhd@af Yp such thal|Q = & and the trivialization
is given by a global section df. Since each connected componenYgintersectEp,
we obtain the injectivity of the restriction mgp: H%(Xs,L) — HO(Ep,L|Ep). Since
hO(Ep,L|Ep) = 2, andh®(Xs,L) > 2, p is bijective. Hence8' NEp = 0. HenceB' = 0,
i.e. L is spanned. Let: C — X be the partial normalization of in which we only
normalizeP. SetM := v*(F)/Torgv*(F)). M is a degree 0O line bundle (Lemma 1).
SeeC as the subcurv of Xs. With this identificationM = L|C (Remark 2). Hence
M is spanned and dél|T) = O for everyT € 8(C). HenceM = ¢c. We also get
F = v,(0c). Any of the inequalitiesi®(Xs,L) > 2 or h%(X,F) > 2 gives thatP is a
disconnecting node of and thatF is spanned (Lemma 2). Conversely, for any dis-
connecting nod® of X we get in this way a unique spanned shiggf with degree 1
andhO(X, Fg)) =2 (Lemma 1). It only remains to check that the shiegfsatifies the
Basic Inequality if and only iP is allowable.

LetCi, i =1,2, be the closure iXs of the 2 connected componentsStf\ {Ep}.
Setg; := pa(Ci). These components are isomorphic to the closup¢ of the 2 con-
nected components of\{P}. Notice thatXs\Ci = C,_j UEp. Since dedL|C) =
0, and(Ci N (Co—i UEp)) = 1, C; satisfies the Basic Inequality fdr if and only
if |2pa(Ci) —1] <g—1. Thus the Basic Inequality holds for the pajtsC;) and
(L,Cy) if and only if 2maxgi,g2} < g, i.e. (sinceg = g1+ gp) if and only if g is
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even andy; = g2 = g/2. From now on we assuntgeven andg; = g2 = g/2. Let
A be a proper connected subcurveXgf SinceA is connectedq := pa(A) > 0. Set
x:=f#(ANXs\A). Firstassum&p ¢ A. HenceA C C; for somei. SinceA s connected,
we getq < pa(Gi) < g/2. Since defl-|A) = 0, the Basic Inequality for the pait, A) is
equivalent to the inequality— (20— 2+ x)/(2g — 2)| < x/2, which is always satisfied,
because > 1 andg < g/2. Now assumé&p C A. Hence de@_|A) = 1. The pair(L,A)
satisfies the Basic Inequality if and only if

(8) |29 —29—-x)| <x(g—1).

Since 0< g < g, g >3 andx > 1, (8) is satisfied if and only if eithet> 2 orx=1
and 21 > g. Assumex = 1. HenceA # Ep. Sincex = 1, the connectedness X¥fandA
and the inclusiorcp ; Aimply the existence of € {1,2} such thaC; C A. Thusqg >
pa(Ci) > g/2. Hencd satisfies the Basic Inequality. Obviously different discecting
nodes, say: andQy, give non-isomorphic sheaves, because §ig) = {Q1} #
{Q2} = Sing(F|q,)), giving the injectivity of the maj : ® — W. The last sentence of
the statement of Theorem 2 follows from the surjectivity3afnd Lemma 2. O

REMARK 5. Take the set-up of Lemma 2. Assume tRast stable with genus
g > 4 and thatP is a disconnecting node of. LetC; andC; be the closures iiD
of the two connected components@fEp. Thusg = pa(Ci) + pa(Cz). The proof of
Theorem 2 just given shows thiasatisfies the Basic Inequality if and onlygfis even
andpa(C1) = pa(Ca).

References

[1] BAYER D. AND EISENBUD D. Graph curves.Adv. Math. 86 1 (1991), 1-40. With an
appendix by Sung Won Park.

[2] CapoRrAsoOL. A compactification of the universal Picard variety ovee thoduli space of
stable curvesJ. Amer. Math. Soc.,B (1994), 589—-660.

[3] CaporAsoL. Brill-Noether theory of binary curves, arXiv:math/0BQ484.
[4] CAPORASOL. Linear series on semistable curves, arXiv:math/083g21

[5] EisenBuD D. AND HARRIS J. Divisors on general curves and cuspidal rational curves.
Invent. Math. 743 (1983), 371-418.

[6] GREUELG.-M. AND KNORRERH. Einfache Kurvensingularitaten und torsionsfreie Mod-
uln. Math. Ann. 2703 (1985), 417—-425.

[7] MELO M. Compactified Picard stacks ovefy. Math. Z. 2634 (2009), 939-957.

[8] SESHADRIC. S. Fibrés vectoriels sur les courbes algébriquesl. 96 of Astérisque So-
ciété Mathématique de France, Paris, 1982.



28

AMS Subject Classification: 14H51, 14H10, 14H20

Edoardo BALLICO,

Dipartimento di Matematica, Universita di Trento,
Via Sommarive 14, 38123 Povo (TN), ITALIA
e-mail:ballico@science.unitn.it

Lavoro pervenuto in redazione il 23.02.2009 e, in forma d&fag il 28.12.2009

E. Ballico



