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ON SOME COMPLETE METRIC SPACES OF STRONGLY

SUMMABLE SEQUENCES OF FUZZY NUMBERS

Abstract. In this article we introduce and study the notions of∆(r)-lacunary strongly sum-
mable,∆(r)-Cesàro strongly summable,∆(r)-statistically convergent and∆(r)-lacunary sta-
tistically convergent sequences of fuzzy numbers. Consequently we construct the spaces of
these four types of difference sequences and investigate the relationship among these spaces.
Further we show that the spaces of∆(r)-lacunary strongly summable and∆(r)-Cesàro strongly
summable sequences are complete metric spaces.

1. Introduction

The concept of fuzzy sets and fuzzy set operations was first introduced by Zadeh [15]
and subsequently several authors have studied various aspects of the theory and appli-
cations of fuzzy sets. Bounded and convergent sequences of fuzzy numbers were intro-
duced by Matloka [8] where it was shown that every convergentsequence is bounded.
Nanda [9] studied the spaces of bounded and convergent sequence of fuzzy numbers
and showed that they are complete metric spaces.

Functional analytic studies of the space of strongly Cesàrosummable sequences
of complex terms and other closely related spaces of strongly summable sequences can
be found in [3].

The notion of difference sequence of complex terms was introduced by Kizmaz
[5]. In this article, we define the difference operator∆(r), which we describe in the next
section. With the help of this new operator, we then extend the notion of difference
sequence to sequences of fuzzy numbers.

The idea of the statistical convergence of a sequence was introduced by Fast [2]
and Schoenberg [14] independently, in order to extend the notion of convergence of
sequences. It is also found in Zygmund [16]. Later on it was linked with summability
by Fridy and Orhan [4], Maddox [7], Rath and Tripathy [11] andmany others. In [10]
Nuray and Savaş extended the idea to sequences of fuzzy numbers and discussed the
concept of statistically Cauchy sequences of fuzzy numbers.

Among the various types of fuzzy sets, those that are defined on the setR of real
numbers have special significance. Membership functions ofthese sets, which have the
form

A : R−→ [0,1]

clearly have a quantitative meaning and under certain conditions can be viewed as fuzzy
numbers or fuzzy intervals. To view them in this way, they should capture our intuitive
conception of approximate numbers or intervals, such as “numbers that are close to a
given real number” or “numbers that are around a given interval of real numbers”. Such
concepts are essential for characterizing states of fuzzy variables and consequently,
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play an important role in many applications, including fuzzy control, decision making,
approximate reasoning, optimization and statistics with imprecise probabilities.

2. Definitions and preliminaries

Let D denote the set of all closed bounded intervalsA= [A1,A2] on the real lineR. For
A,B∈ D define

A≤ B iff A1 ≤ B1 and A2 ≤ B2,

h(A,B) = max(|A1−B1|, |A2−B2|).
Then(D,h) is a complete metric space. Also≤ is a partial order relation inD.

A fuzzy number is a fuzzy subset of the real lineR which is bounded, convex
and normal. LetL(R) denote the set of all fuzzy numbers which are upper semi-
continuous and have compact support. In other words, ifX ∈ L(R) then for anyα ∈
[0,1], Xα is compact where

Xα =

{
{t ∈ R : X(t)≥ α} if α ∈ (0,1],

{t ∈ R : X(t)> 0} if α = 0.

Define a mapd : L(R)×L(R)−→R by

d(X,Y) = sup
0≤α≤1

h(Xα,Yα).

It is straightforward to see thatd is a metric onL(R). In fact (L(R),d) is a complete
metric space.

ForX,Y ∈ L(R), we define

X ≤Y iff Xα ≤Yα for any α ∈ [0,1].

A subsetE of L(R) is said to be bounded above if there exists a fuzzy numberM, called
an upper bound ofE, such thatX ≤ M for everyX ∈ E. M is called the least upper
bound or supremum ofE if M is an upper bound andM is the smallest of all upper
bounds. A lower bound and the greatest lower bound or infimum are defined similarly.
E is said to be bounded if it is both bounded above and bounded below.

Let r ∈R. Then ¯r ∈ L(R) is defined by

r̄(t) =

{
1 if t = r

0 if t 6= r.

ForX,Y ∈ L(R), the arithmetic operations are defined as follows:

(X⊕Y)(t) = sup
s∈R

{X(s)∧Y(t − s)},

(X−Y)(t) = sup
s∈R

{X(s)∧Y(s− t)},

(X⊗Y)(t) = sup
s∈R\{0}

{X(s)∧Y(t/s)},

(X÷Y)(t) = sup
s∈R

{X(st)∧Y(s)},
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wheret ∈ R and X(s)∧Y(t) = min(X(s),Y(t)). Furthermore, ifXα = [aα
1 , bα

1 ] and
Yα = [aα

2 , bα
2 ], then we have

(X⊕Y)α = [aα
1 +aα

2 , bα
1 +bα

2 ],

(X−Y)α = [aα
1 −bα

2 , bα
1 −aα

2 ],

(X⊗Y)α =
[

min
i, j∈{1,2}

aα
i bα

j , max
i, j∈{1,2}

aα
i bα

j

]
,

(Y−1)α =
[ 1

bα
2
,

1
aα

2

]
, aα

2 > 0.

A sequenceX = (Xk) of fuzzy numbers is a functionX from the setN of all
positive integers intoL(R). The fuzzy numberXk denotes the value of the function
at k ∈ N and is called thek-th term or general term of the sequence. A setEF of
sequences(Xn) of fuzzy numbers is said to be a sequence space of fuzzy numbers if,
for (Xn),(Yn) ∈ EF , we have

(Xn)+ (Yn) = (Xn⊕Yn) ∈ EF and r(Xn) = (rXn) ∈ EF ,

where

rXn (t) =

{
Xn(r−1t) if r 6= 0,

0̄ if r = 0.

We can now state the following definitions (see [7, 9]):

A sequenceX = (Xk) of fuzzy numbers is said to be convergent to the fuzzy
numberX0, written as lim

k
Xk = X0, if for everyε > 0, there existsn0 ∈ N such that

d(Xk,X0)< ε for k> n0.

The set of convergent sequences is denoted bycF . A sequenceX = (Xk) of fuzzy
numbers is said to be Cauchy if for everyε > 0, there existsn0 ∈ N such that

d(Xk,Xl )< ε for k, l > n0.

A sequenceX = (Xk) of fuzzy numbers is said to be bounded if the set{Xk : k∈N} of
fuzzy numbers is bounded. The set of such bounded sequences is denoted byℓF

∞.

The natural density of a setK of positive integers is denoted byδ(K) and defined
by

δ(K) = lim
n

1
n

card{k≤ n : k∈ K}.

A sequenceX = (Xk) of fuzzy numbers is said to be statistically convergent to a fuzzy
numberX0 if for everyε > 0, we have

lim
n

1
n

card{k≤ n : d(Xk,X0)≥ ε}= 0.

We write st-limXk = X0.
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Throughout the article we denote bywF , the set of all sequencesX = (Xk) of
fuzzy numbers.

By a lacunary sequenceθ = (kp) wherep= 1,2,3, . . . andk0 = 0, we mean an
increasing sequence of non-negative integers withhp = (kp − kp−1) → ∞ as p → ∞.
We setIp = (kp−1,kp] for p= 1,2,3. . . .

Let r be a non-negative integer. Then for a lacunary sequenceθ we define:

LF
θ (∆(r)) = {X ∈ wF : lim

p→∞

1
hp

∑
k∈Ip

d(∆(r)Xk,X0) = 0 for someX0},

where(∆(r)Xk) = (Xk −Xk−r) and∆(0)Xk = Xk for all k ∈ N. In this expansion it is
important to note that we takeXk−r = 0̄ for non-positive values ofk− r.

Kizmaz [5] introduced the difference operator∆, to define the spacesc(∆),
c0(∆) andℓ∞(∆) of complex sequences. If we apply this operator to sequence of fuzzy
numbers, we have(∆Xk) = (Xk−Xk+1) and∆0Xk = Xk for all k∈ N. If we taker = 1
in the new difference operator, we get the operator∆(1). It is obvious that for a space
Z, we haveX = (Xk) ∈ Z(∆(1)) if and only if X = (Xk) ∈ Z(∆).

If X ∈ LF
θ (∆(r)), then we say thatX is ∆(r)-lacunary strongly summable sequence

of fuzzy numbers.

A sequenceX = (Xk) ∈ wF is said to be∆(r)-Cesàro strongly summable ifX
belongs to the set

CF(∆(r)) =
{

X ∈ wF : lim
n→∞

1
n

n

∑
k=1

d(∆(r)Xk,X0) = 0 for someX0

}
.

In particular forθ = (2p) with p= 1,2,3, . . . , we haveLF
θ (∆(r)) =CF(∆(r)).

A sequenceX =(Xk)∈wF is said to be∆(r)-statistically convergent ifX belongs
to the set

SF(∆(r)) =
{

X ∈ wF : lim
n

1
n

card{k≤ n : d(∆(r)Xk,X0)≥ ε}= 0

for every ε > 0 and someX0

}
.

A sequenceX = (Xk) ∈ wF is said to be∆(r)-lacunary statistically convergent ifX
belongs to the set

SF
θ (∆(r)) =

{
X ∈ wF : lim

p

1
hp

card{k∈ Ip : d(∆(r)Xk,X0)≥ ε} = 0

for every ε > 0 and someX0

}
.

3. Main results

THEOREM 1. Let θ be a lacunary sequence. Then if a sequence X= (Xk) is
∆(r)-lacunary strongly summable then it is∆(r)-lacunary statistically convergent.



Strongly summable sequences of fuzzy numbers 33

Proof. SupposeX = (Xk) is ∆(r)-lacunary strongly summable toX0. Then

lim
p→∞

1
hp

∑
k∈Ip

d(∆(r)Xk,X0) = 0.

The result follows from the inequality:

∑
k∈Ip

d(∆(r)Xk,X0)≥ ε card{k∈ Ip : d(∆(r)Xk,X0)≥ ε},

and the proof is complete.

THEOREM2. If a sequence X=(Xk) is ∆(r)-bounded and∆(r)-statistically con-
vergent, then it is∆(r)-Cesàro strongly summable.

Proof. SupposeX = (Xk) is ∆(r)-bounded and∆(r)-statistically convergent toX0. Since
X = (Xk) is ∆(r)-bounded, we can find a fuzzy numberM such that

d(∆(r)Xk,X0)≤ M for all k∈ N.

Again, sinceX = (Xk) is ∆(r)-statistically convergent toX0, for everyε > 0

lim
n

1
n

card{k≤ n : d(∆(r)Xk,X0)≥ ε}= 0.

Now the result follows from the following inequality:

1
n ∑

1≤k≤n

d(∆(r)Xk,X0) =
1
n ∑

1≤k≤n
d(∆(r)Xk,X0)≥ε

d(∆(r)Xk,X0)+
1
n ∑

1≤k≤n
d(∆(r)Xk,X0)<ε

d(∆(r)Xk,X0)

≤ M
n

card{k≤ n : d(∆(r)Xk,X0)≥ ε}+ ε.

The proof is complete.

THEOREM 3. Let θ be a lacunary sequence. Then if a sequence X= (Xk)
is ∆(r)-bounded and∆(r)-lacunary statistically convergent, then it is∆(r)-lacunary
strongly summable.

Proof. This follows by similar arguments as applied to prove Theorem 2.

THEOREM4. Letθ be a lacunary sequence and X=(Xk) is ∆(r)-bounded. Then
X is ∆(r)-lacunary statistically convergent if and only if it is∆(r)-lacunary strongly
summable.

Proof. The proof follows by combining Theorem 1 and Theorem 3.

THEOREM 5. If a sequence X= (Xk) is ∆(r)-statistically convergent and

lim inf
p

(
hp
p

)
> 0 then it is∆(r)-lacunary statistically convergent.
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Proof. Assume the given conditions. For a givenε > 0, we have

{k∈ Ip : d(∆(r)Xk,X0)≥ ε} ⊆ {k≤ n : d(∆(r)Xk,X0)≥ ε}.

Hence the proof follows from the inequality:

1
p

card{k≤ p : d(∆(r)Xk,X0)≥ ε} ≥ 1
p

card{k∈ Ip : d(∆(r)Xk,X0)≥ ε},

and it suffices to replace 1/p on the right by(hp/p)(1/hp).

THEOREM 6. LF
θ (∆(r)) is a complete metric space with metric g defined by

g(X,Y) = sup
p

[
1
hp

∑
k∈Ip

d(∆(r)Xk,∆(r)Yk)

]
.

Proof. It is easy to see thatd is a metric onLF
θ (∆(r)). To prove completeness, let(Xi)

be a Cauchy sequence inLF
θ (∆(r)), whereXi = (Xi

k) = (Xi
1,X

i
2, . . . ) for eachi ∈N. Then

for a givenε > 0, there exists a positive integern0 such that

g(Xi ,X j) = sup
p

[
1
hp

∑
k∈Ip

d(∆(r)X
i
k,∆(r)X

j
k )

]
< ε for all i, j ≥ n0.

It follows that

1
hp

∑
k∈Ip

d(∆(r)X
i
k,∆(r)X

j
k )< ε for all i, j ≥ n0 andp∈ N.

Hence
d(∆(r)X

i
k,∆(r)X

j
k )< ε for all i, j ≥ n0 and for allk∈ N.

This implies that(∆(r)X
i
k) is a Cauchy sequence inL(R) for all k ≥ 1. But L(R) is

complete and so(∆(r)X
i
k) is convergent inL(R) for all k≥ 1.

For simplicity, we set lim
i→∞

∆(r)X
i
k = lim

i→∞
(Xi

k −Xi
k−r) = Nk, say, for eachk ≥ 1.

By consideringk= 1,2,3, . . . , r, . . . , we can easily conclude that lim
i→∞

Xi
k = Xk, exists for

eachk≥ 1. It remains to showX = (Xk) ∈ LF
θ (∆(r)).

Now one can verify that

lim
j→∞

1
hp

∑
k∈Ip

d(∆(r)X
i
k,∆(r)X

j
k )< ε for all i ≥ n0 andp∈ N.

Thus
1
hp

∑
k∈Ip

d(∆(r)X
i
k,∆(r)Xk)< ε for all i ≥ n0 and p∈ N,

which implies that
g(Xi,X)< ε for all i ≥ n0.

This shows thatX = (Xk) ∈ LF
θ (∆(r)), and completes the proof.
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THEOREM 7. CF(∆(r)) is a complete metric space with metric g′ defined by

g′(X,Y) = sup
p

[
1
p ∑

1≤k≤p

d(∆(r)Xk,∆(r)Yk)

]
.

Proof. The proof is identical to the proof of Theorem 6.

Conclusions

In this paper, with the help of the introduced difference operator ∆(r) for sequences
of fuzzy numbers, we studied lacunary and Cesàro strongly summable difference se-
quences of fuzzy numbers and investigate their relationship with statistically conver-
gent and lacunary statistically convergent difference sequences of fuzzy numbers. Two
further suitable metrics are defined on the spaces of lacunary and Cesàro strongly
summable difference sequences of fuzzy numbers under whichthey become complete
metric spaces. The whole paper revolves around difference sequences of fuzzy num-
bers and there are differences between difference sequences of fuzzy numbers and dif-
ference sequences of complex terms. For example, let(xk) be a sequence of complex
terms that converges toL. Then(∆xk) converges to 0. But for the fuzzy numbers, when
(Xk) converges toX (a fuzzy number), then(∆Xk) converges toZ (a fuzzy number),
where the area bounded by the curveZ and the real line is twice the area of the curve
bounded byX and the real line. Further, the nature of the curve will be symmetric
about the membership line, i.e. the linet = 0. It may be worthwhile to study further
properties of the spaces of this paper for particular valuesof r in the difference operator
∆(r).
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