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AUTOMORPHS OF INDEFINITE BINARY QUADRATIC
FORMS AND K3-SURFACES WITH PICARD NUMBER 2

Abstract. Every even indefinite binary form occurs as the Picard atitsome K3-surface.
For these there is an explicit description for the group ofristries, ormutomorphsas they
are called in classical literature [4, 8]. This group is glwanfinite, while the automorphism
group of the corresponding K3-surface can be finite. To silgit the automorphs induced
by actual automorphisms of the K3-surface requires somansidins of the classical results
and, when carried out, leads to an explicit description bpassible automorphism groups
of “general” K3's with Picard number two.

1. Introduction

The theory of automorphisms of indefinite integral latticégank 2 has a rich his-
tory, a synopsis of which is given in 83. Certain natural sobgs of the entire group
of isometries which come up in applications have not beedistihowever. One of
the subgroups is therthochronous groupi.e. the group which preserves the “for-
ward” light-cone. This light-cone can subdivided in subesmvhich are bounded by
the reflection-hyperplanes associated to “roots” of thiéckafelements of norm-2).
One can ask to describe the subgroup of the orthochronoug greserving one (and
hence all) of these subcones (cf. §3.4). Furthermore, tisefee discriminant group
for the lattice and one can ask for the subgroup of any of tkegating groups con-
sisting of elements inducinttid on the discriminant group. These come up when one
considers primitive embeddings of the lattice into any wdar lattice since such
elements extend automatically to the entire lattice. Se8.88ombining these with
the previous considerations we obtain some new resultgoBitions 3 and 4. In §3.7
we summarize our results as an algorithm which yields geoeréand relations) for
any of these groups in terms of a) solutions of certain Pelbégns associated to the
discriminant of the lattice, and b) certain congruencestfercoefficients of the binary
form. In 84 certain immediate consequences of this algorée applied to automor-
phism groups of K3-surfaces. In fact, we consider thoseraatphisms which act as
+id on the transcendental lattice. We recall that a complexs#i3ace is a simply con-
nected complex projective surface with trivial canonicahtlle. Despite this abstract
definition, K3-surfaces have been classified in detail. 8emétance [1, Chap. 8] and
the literature cited there. In 84 we collect the necessartgria

The general theory of automorphisms of K3-surfaces is lamgee to Nikulin,
cf. [14, 13, 15]. The case of Picard number 1 turns out to beecgasy to deal with.
The automorphism group is finite and almost always the idefitb]. The question of
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which finite groups are possible has been answered in dgtallkulin and this ques-

tion has been further investigated by Mukai [12] and Kofitld, 9]. Further attention

has also been given to those groups that act trivially onrtirestendental lattice, the
symplecticautomorphisms, [6, 7, 22].

The case of Picard number 2 has been briefly touched uponjmjidge Sev-
eri's example [19] of a K3-surface with the infinite dihedgabup as automorphism
group is put into perspective by tying it in with the classiteeory of binary quadratic
forms. Furthermore, some special cases of K3's with Picamdgof rank 2 appear in
the literature [21, 2, 20, 5].

This note can alternatively be viewed as a systematic stbidgssible automor-
phism groups of K3’s with Picard number 2. So one can rephtestattice theoretic
results by saying that for ‘most’ K3-surfaces with Picardnier 2 the automorphism
group can be described in terms of explicit number theopetiperties of the intersec-
tion form on the Picard group. In 85 we give some examples foicivthe number
theoretic data can be made explicit and we explain where taeples previously
treated in the literature fit in.

The first two authors would like to thank Bert van Geemen foesa fruitful
discussions.

Notation and terminologyA quadratic form

q(X1,..-,%) = Z Gij Xi X

<]

in n variables with coefficients in a field of characteristicZ£ 2 determines and is
determined by the bilinear fori® obtained from it by polarization. By conventi@h
is obtained frong by placingg; on thei-th diagonal entry anéqij on the(i, j)-th and
(j,i)-th entry. If defQ) = £1 the form is calleduinimodular

For a quadratic forng = ax? 4+ bxy-+ cy? in two variables, itsliscriminantis
the numbed(q) = b? — 4ac. Note that it is—4 times the determinant of the associated
bilinear form!

Note that if a quadratic form has integral coefficients, gsaxiated bilinear
form has half-integral off-diagonal elements. Neverteglsuch quadratic forms are
calledintegral.

If X is any complex projective variety we let A) be its group of biholo-
morphic automorphisms. A group generated by, b,c,... is denoted(a,b,c,...).
The infinite dihedral grouf. = 7 /27 « 7./ 27 = (s,t) is the group generated by two
non-commuting involutions andt.

2. Automorphism groups of lattices

A lattice is a pair(S Q) of a free finite rankZ-moduleStogether with a bilinear form
Q:Sx S— Z. SoS= 7" with the standard basis yields a bilinear form with integral
coefficients. A lattice ievenif Q(v,v) € 2Z for all v e S. If S=Z' this means that
the diagonal entries dP with respect to the standard basis are even. A lattice which
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is not even is calleddd For a bilinear formQ andm € Z, the formmQ denotes
(v,w) — mQ(v,w). For instance, ifg is integral, the form @ determines an even
lattice and conversely.

An even indefinite unimodular form is uniquely determinedtsyparity (i.e. if
it is even or not) and its signature, see e.g. [18]. For irtathe hyperbolic pland

given by
T+ (0 1
(u,v) = 'u (1 0) %

is the unique unimodular even lattice of signat(tel) which is denoted by the same
symbol. The group of isometries of a latti¢8 Q) is denoted either as () or as
O(Q). Those of determinant 1 are denoted(Sor SOQ).

For any latticg(S, Q) the dual latticeS" is defined by
S'=Homz(SZ) ={xeS®Q | Q(xy) € Zforally € S}.
We haveS C S* and the quotient
disci(S) =S°/S  is the discriminant groupof S.

It is a finite abelian group of order equal to the absolute &altithe discriminant
|[d(Q)|. An isometryg of Sinduces a group automorphism &/S which will be
denotedy.

Now we assume thdS, Q) is a lattice of signaturél, k) with k > 1.1 In this
situation thdight cone

1) {xeS®zR|Q(x,x) >0} =CL-C

decomposes in two connected compon€rasd—C. We introduce therthochronous
Lorentz groupand thespecial orthochronous Lorentz group

0"(9)={ge 0(5) | g(C) =C}, SO'(S)=0"(S)NSA(S).

A root of Sis a vectord with Q(d,d) = —2. It defines a reflectior — x+ Q(x,d)d
which is an isometry oS with fixed hyperplanédy. All these reflections generate the
Weyl group W.

The complement insid€ of all hyperplaneddy forms a disjoint uniorD of
fundamental domains for the action of the reflection gré(s) generated by these
hyperplanes. For some sub&gt of roots the fundamental domaihcan be written as

2 D={xeC|Q(x,d)>0foralld € Rp}.

The subseRp turns out to be a set gfositive roots all roots are either positive or
negative integral linear combinations of roots frBs Conversely any s& of positive
roots determines a unique chamiiefor which Rp = R. Choosing a different cone

1For details of the following discussion see for instancedhiap. VIII, Proposition 3.9].
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gives a different system of positive roots and the isomgipieserving this one leads
to a conjugate group. Indeed, introducing thduced orthochronous Lorentz group

0'(S) ={g€O(S) |9(D) = D}
we have
©) O*(S) = 0'(S) x W(9).
We also introduce the following group
@) 0'(S):={(e.0) € H2 x O'(S) | G = £ € discK(S) ).

REMARK 1. The natural homomorphis@'(S) — O'(S) is injective unless
discr(S) is trivial or a 2-group.

3. Indefinite integral binary quadratic forms

3.1. The Pell equation

Letd be any positive integer. The two Pell equations associatddte:
(5) X2 —dy? =4 the positive Pell equation;
(6) X2 —dy? = —4 the negative Pell equation.

Solutions of (5) always exist, but this is not true for (6)eSeg. Example 4.

There are also theeducedPell equations where the right hand side has been
replaced byt 1. Two cases are important for us:

1. d =0 mod 4. In this case is even, say = 2x and (X,y) is a solution of the
reduced equation fo}[d if and only if (X, y) is a solution of the (full) Pell equation
for d;

2. d=1 mod 4. In this casr andy have the same parity and if they are both even,
sayx = 2, y = 2y, then(x,y) is a solution of the reduced Pell equation tbif
and only if(x,y) is a solution of the full Pell equation far.

Note that ifu? — dv? = 1 gives a minimal positive solution, to any prime divigoof d

we can associat p) = +12 such thati = £(p) mod p. In Table 5.1 we have collected
the smallest positive solutioris, y) of the two positive Pell equations for some values
of d. In the first column we pull factored into primes, in the second column the small-
est positive solutioru, V) is exhibited forx? — dy? = 1, while in the third column the
minimal solution forx?> — dy? = 4 can be found. In the last column the numbes)

are gathered in a vector with entries according to the priswahposition ofl. The
table has been composed using [17].

2Unique if p # 2.
3i.e.x,y > 0 are as small as possible.
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d N=1 N=4 e(p)
3 (2,1) 4,2) -1
5 (9,4) (3,1) -1
6=2-3 (5,2) (10,4) (1,-1)
7 (8,3) (16,6) 1
8=2-2.2 (3,1) (6,2) 1
11 (10,3) (20,6) -1
13 (649180) | (11,3) -1
17 (33,8) (66,33) -1
15=3-5 (4,1) (8,2) (1,-1)
20=5-2-2 (9,2) (18,3) (-1,1)
21=3.7 (55,21) (5,1) (1,-1)
33=3.11 (23,4) (46,8) (-1,1)
35=5.7 (6,1) (12,2) (1,-1)
39=3-13 (25,4) (50,8) (1,-1)
44=11.2.2 (199,30) | (398,60) (1,2)
51=3.17 (50,7) (100,14) | (-1,-1)
55=5.11 (89,12) | (178,24)| (-1,1)
104=2.2.2-13| (51,5) | (10210 1,-1)
105=3-5.7 (41,4) (82,8) | (-1,1,-1)
165=3-5-11 | (107984) | (13,1) | (-1,-1,1)

Table 5.1: Minimal positive solutions of — dy? = N

The solutions of the positive Pell equation behave fundaatigrdifferently
according to wheul is a square or not:

LeEmMA 1 ([3, Thm. 3.18]).1fd is a square, the only solutions (B) are u= +2
and v=0.

If d is not a square, letU,V) be the smallest positive solution (&) and write
€= %(U +V+/d). Then all solutions are generated by powers dfi the sense that
writing €" = %(u+v\/a), (u,v) is a new solution and all solutions can be obtained that
way.

If (U’,V’) is a minimal positive solution fo6) andn = (U’ +V’v/d), then
n? = ¢ gives the minimal solution f6), the even powers gfthus provide all solutions
of the positive Pell equation, while the odd powers yieldsalutions to the negative
Pell equation.
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Note thatQ(+/d) is a quadratic extension @ and the units of norm 1 in the
ring of integerso (v/d) in this field are the elements= 3(u+vy/d) where(u,v) is
an integer solution of (5). The trivial solutiq®,0) corresponds to 1 in this ring. The
elements of norm-1 correspond to the solutions of (6). We shall need the fatigw
auxiliary result:

LEMMA 2. Letn = (U +VV/d) be the unit corresponding to the minimal
positive solution of(5), thenr]k = akn — by, frrk = ¢k — dx where the g by, ¢, dk
are positive integers whenkO0. In other words any solution gb) is expressible as an
integral linear combination of the two unitsand —1 with either negative or positive
coefficients.

Proof. Note thatJ > 2 and tha’q2 =Un-—1andhence; =U, by =1. Then we have
the recursive formulaay, 1 = axU — by, bk 1 = ax. These inductively imply that for
k > 1 one hasy/bx > 1. One needs to show that > 0 andby > 0. The recursive
formulas show that by induction we have:

&
bk

andby 1 = ax > 0. A similar argument applies @ anddk. O

ak+1:( Ufl)ka(Ufl)bk>0

3.2. Isometries

In this section we summarize the classical theory of binaadyatic forms (over a field
k of characteristic 0) in a way adapted to our needs. We arerticpkar interested in
the associated orthogonal groups.

Recalling our convention, a quadratic fortx,y) = ax? + bxy+ cy? is associ-
ated to the bilinear forr® given by

Qv,w)=Tv (bf/iz béZ) W.

DEFINITION 1. We say that Q igquivalento Q, written @ ~ Q, if for some
invertible 2 by 2 matrix P one has Q= TPQP. The associated quadratic forms are
also said to be equivalent? g g. The special case @ Q' gives theautomorph$ of
g. If detP > 0 we speak opropositioner equivalence

The discriminant dq) = b? — 4ac of q (or of Q) remains invariant under equiv-
alence.

Recall that q is calledntegralif a,b,c € Z; such a form isprimitive if (a,b,c)
have no common divisors. If g admits automorphs P détP = —1 we say that q is
ambiguous

Positive discriminant means th@tis indefinite. Indeed, one has:

LeEmMA 3. In the field k the quadratic forrh6aq is equivalent to the diagonal
form dy_q 1= 4x% — dy?.
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Proof. We have

4 0 2a b
™ 1mo-"r (5 %) = (% D).

as required. O

Assume that is integral. By (7) one can find @) by comparingds 4 and
16aQ. We may furthermore assume ttepts primitive. Automorphs of the diagonal
form ds_q immediately lead to solutions of the first of the two Pell etipres which
are associated t; indeed, using (7) and Lemma 1 one finds:

PrRoPOSITIONI ([8, Th.50,Th. 51c], [4, Theorem 87]Suppose that the quad-
ratic form g isprimitive and that a£ 0.

If d is not a square, the group of special isometr®&9(Q) of Q is isomorphic
to the direct product of the cyclic grouf/27 generated by-id and the infinite cyclic
group generated by

_ (iU -bv] —cV
®) U= <2 av iU +bV]>'

where as befordlJ,V) is a minimal positive solution of the Pell equati(). A general
proper automorphtuX of Q is (up to sign) of the forr(8) with (U,V) replaced with a
suitable solutior(u,Vv) of the Pell equatiorf5) (see Lemma 1).

If d is a squareSO(Q) = +id.

REMARK 2. To see the connection of the automorphs with the units én th
quadratic fieldk = Q(+v/d) we proceed as follows. Ldfw,,w_} be the two roots
of

—b++d

2 _ —
9) aw’+bw+c=0, so wL= a

Then inK the form &gis equivalent to the standard hyperbolic folnix, y) = 2xy:

8aQ:TP(2 é)P, P:2a(1 8)
—W4

Moreover, the automorpinfor Q can be written

u=p-t <g 801) P

This representation shows thaaind not—u generates SOQ): for h the first quadrant
€

C’ can be taken to represent the c@see (1)) and sinc€0

801) preserve€’ but

—id does noty must preserv€ while —u does not.
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To find all isometries, one needs to add at most one involution

PROPOSITIONZ ([8, Th. 52]). If g is ambiguous, i.e. Q admits an isometry of
determinant-1, then the form is properly equivalent to either one of thifeing two
classes of special forrfis

(10) dag = a¥+cy,

(11) dag = ad+axy+cy.
If ais the corresponding involution for g, we ha@e (Q) = (a, u).

ReEMARK 3. In fact, Jones only shows that@) = (a,u) x {£id}. The propo-
sition then follows since and alsca preserve the components of the light cone. In the
diagonal case this last assertion can be seen as followscaDrtakeC to be the (small-

est) sector of the plane bounded by the two lires + (\/fc/a) y and (é _01)

preserves this sector. The non-diagonal case is similandw using(é _11) .

Proper equivalence makes use of adjacency:

DEFINITION 2. We say §is right adjacento g (or q isleft adjacento ) if

q = TPgP with P= P := <O

1 _el) , €€ Z. It replaces the coefficients, b, c) of g by

(c,—b+2eca—eb+cé).

EXAMPLE 1. UsingPy the formx? + bxy+ cy? is adjacent tax? — bxy+ y?
which in turn, using®_. is adjacent to@ + (b — 2e)xy+ (c — be+ €)y?. So, ifb = 2e
is even, our form is equivalent to the diagonal fotha- (c — €)y?. On the other hand,
if b=2e+ 1 is odd, the discriminard is equivalent to 1 modulo 4 and the form is
equivalent to¢ 4+ xy+ (c—e— €)y?. In both cases, according to Propostion 2 there is
an involution of determinant 1. Explicitly,

(5 %)

3.3. Discriminant groups of ambiguous forms

Up to now we assumed that our foar® + bxy+ cy? is primitive. For the computation
of the group@T(Q) we can no longer assume this. In c&3& even, we can always
write Q = 2nq with n € Z andq primitive. The discriminant form dis¢®) then is
generated by the columns of the matrix

4Such forms are indeed ambiguous: in the diagonal casevpud and in the non-diagonal case put

w = 1, then the involutiora’ = (é le> is an isometry of the corresponding bilinear form.
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1 (20 —b

Sl - —p2_
ol G 2a>’ d=d(q) =b”—4ac.

This enables us to find explicit sufficient conditions @r= +1 to hold. Indeed, let
(U,V) be the minimal positive solution of the Pell equation (5) &tdu, vi) be the

solution obtained by writing (ux + v/dw) = [3(U + v/dV)]*. Then we have:

LEMMA 4. Suppose that the following conditions hold:

(12) (uu—2)c = 0mod(nd),
(13) ldw+(—iu+1)b = 0mod(nd),
(14) —Ldw+(—iu+1b = 0mod(nd),
(15) (—2)a = 0 mod(nd).

Thent® = 1. For n= +1 these conditions are always verified with-K2.

Proof. The fact that (12)—(15) imply* = 1 is a direct calculation using Proposition 1.
That these conditions are satisfied for= +1 uses that; = 2+ dV? andv, = UV.
Indeed (12) and (14) are then immediate. For (13), note tealeft hand side equals
%(U —bV)dV and hence is divisible bg. Equation (15) can be replaced ty, =
0 modd in this case, which is trivially true. O

Let us now pass to ambiguous forms.  We first consider the dilgmase
q = ax? +cy? with a andc coprime. Therd(q) = —4ac. The associated forms are

Q:n(zoa g:) with
o= ((4).())

Let (U,V) be the minimal positive solution of + acy’ = 1, that is (2U,V) is the
minimal positive solution ok? — dy? = 4 as in Proposition 1. Since we assume that
d(g) = —4ac> 0, in this casec < 0 and we may assume that- 0,c < 0 anda < |c|.

We allown to be negative. Using this notation we state:

LEMMA 5. If |n| > 2 no isometry of determinantl inducestid ondiscr(Q).

For n= 41 and a# 1 the necessary and sufficient condition for such an invo-
lution to exist is that V be even, 8 +1 mod(2a) and U = F1 mod(2c) and then
alwaysa'l = +id.

Forn=+1and a= 1one has = —id.

Proof. We let (s, k) be the solution ok? + acy’ = 1, obtained fromU + /—acV)k
(cf. Lemma 1). For simplicity we writés, v) instead of{sq, vk). We calculate
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b auf — s —cv
' —av —-s /)’

1 S 0 —v
2na| _ [ 2na _ 2n
0 -V L =S
2n 2nc 2nc

Secondlyp = +id only if n= 41 and therv has to be even while= +1 mod
2a, s= F1 mod Z is a necessary and sufficient condition. Since in this case by
Lemma 4 we hav@® = 1, we can reduce to the cake= 0 ork=1. If k=0 we
see thah = 1 and ifa # 1 the necessary and sufficient conditions are as stated.]

REMARK 1. If n==£1 andU = £1 mod(2a) andU = 1 mod(2c) hold si-
multaneously, two cases occur:Mfis even, ther@U = +id but if V is odda@t’ can
never be equat1.

Fora =1 andn = +1 the situation is different: i¥ is even andJ = 1 mod
(2c) we havell = +id, and ifV is odd therti® = id.

EXAMPLE 2. Using Table 5.1 it is easy to find examples where the cantiti
hold and where these fail: they hold fta,c) = (1,-5), (1,—-13), (1,—17), (1,-3),
(1,-7), (1,-11), (3,—11), (3,—13), (4,—5) but fail for (a,c) = (3,-5),(3,-7),
(3,-17), (2,—4). See Table 5.2 for more complete information.

(a,c) | smalleskk with t* = +id | ditto forau* = +id
(1,-5) u=id a=-id
(1,13 T=id F—_id
(1,-17) T=id g
13 @=id = _id
(1,-7) U’ =id a=-id
(1,-11) U’ =id a=-id
(3,—11) T=id u=_id
3.-13 T=id Au—_id
(3,-5) 0’ =id none
(3,-7) 0’ =id none
(3,-17) 0’ =id none
Table 5.2: Minimal numbers with U = id anda’t = —id

We now pass to the non-diagonal cage ax’ + axy+ cy?, (a,c) = 1. Here

Q=n (Za a d(g) = a(a—4c). Sinced(q) > 0 we may supposa> 0 anda > 4c.

a 2c)’
Again, we allown to be negative. We have
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discr(Q) = <(n_(1§1) , (;12:12:2>>

LEMMA 6. If [n| > 2 and (n,a) # (£2,1) no isometry of determinantl in-

and in this case:

ducestid ondiscrQ).

67

Forn=+1 a+#1,2the necessary and sufficient condition for such an invatutio
to exist is that U= +2 moda and U= £2 mod(a— 4c). If this is the cas@t = +id.

For (n,a) = (+1,1),(+1,2) or (+2,1) we always hava = —id.

Proof. For simplicity we write(u, v) instead of{uy, vk). We find

b (%(u+av) %(u+av)—cv>

—av

so that

—3(u+av)

(@)= (57) (0
b(n] — na — 4 na
0 -V 0)’
n
_1 —$(urav)+2cv ;)
b <n(a240)> - < n(a74C) ) - :l: <n(a24C ) .
n(a—4c) n(ag4c) n(a—4c)

Now the proof proceeds as in the diagonal case.

ExAMPLE 3. Using Table 5.1 one finds the examples gathered in Table 5.3

(a,c) | smallesk with "= +id | ditto forau* = +id
(1,-1) o’ =id a=—id
(1,-3) o’ =id a=-id
(1,-4) o’ =id a=—id
(3,-1) u=id none
(3,-2) U’ =id none

(7,1) U’ =id none
(21,4) U’ =id au=—id
(15,1) U’ =id none
(35,8) U’ =id au=—id

Table 5.3: Minimal numberk with T¢ = id anda'tX = —id
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3.4. Roots

There is a general theory of representations of integers, Isge [4, 8§46]. We only
need the theory of representations-af. These correspond to representations-af
by 2Q, i.e. to the roots of the corresponding even lattice. Thegiption given in loc.
cit. simplifies considerably in this situation; we obtain:

LEMMA 7. Suppose thalx,y) is a solution for @x,y) = —1 with relative prime
integers x and y. Theeither

(*) d =0 mod 4and g~ d[il‘%d] hence, if(u,v) is a positive solution fo(5),
then(%u,v) gives a positive representation ofl for d[71 1q) and converselypr
(**) d=1 mod 4and g~ J[fl,%(dfl)] and(%(u —V),V)) gives a positive repre-

sentation for—1 for d~[7l ; and conversely.

4(d-1
REMARK 4. By Proposition 2 this Lemma implies that the quadraticrfeq
for which 2Q has roots are automatically ambiguous.

We study these two forms in more detail.

LEMMA 8. Let (U,V) be the minimal positive solution f¢b). The solutions
of the equation Fll 1q) (x,y) = —1 are either positive or negative linear combinations

of the twobasic solutiong = (—1,0) andf = (3U,V). The solutions of the equation
d[il‘%(dim(x, y) = —1 are either positive or negative linear combinations of the t

basic solutiong = (—1,0) andf = (%(U —V),V). In both cases the involutiona’u
generates the group’ (2Q).

The groupéT(ZQ) is trivial unless equatiofi6) is solvable and then the involu-
tion (—id, —a’u) generate©' (2Q).

Proof. The first assertion follows from Lemma 2 since in both casesol(v/d) cor-
responds tq1,0), while n € 0(+/d) corresponds tcﬁ%U,V) in the first case and to
(3(U —V),V) in the second case.

We only treat the diagonal cage=d_, 14); in the non-diagonal case the com-
putations are similar. Recall the notion of positive rootfr§2. Here we can take the
two basic roots as positive roots with respect@ Since G2Q) consists of elements
of the form=+uk or +-a’uK it suffices to determine which of these elements preserve the
set of basic roots. By direct computation one finds #iate) = —f anda'u(f) = —e
and hence-a'u preserves the corle defined in (2). By a similar computation one
sees that all the other elements of2Q) do not preserve the set of basic roots. The
first statement follows. The second assertion follows froemima 1. Indeed, since
the negative Pell equation has a minimal solution of the f(2&t), the minimal so-
lution for the positive Pell equation is of the forfd,V) = (4% 4 2, 2st) and since/
is even andJ = —2 modd one calculates directly, as in the proof of Lemma 5 that
au =id. Conversely, suppose thaiu induces+id on the discriminant. Again, as
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in the proof of Lemma 5, we must have thatis even andJ = 2 modd. In this
case write3U = F1+ 1kd,V = 2m. Thenn? = k(dk+ 1) shows thak = t? and
1dkF 1 = ¢ are squares of intege(s,t) for which thens’ — 1dt? = +1 (remember
thatd is divisible by 4 in this situation so thmand%dk$ 1 are coprime). Note that
the plus sign is excluded sin¢®,V) was supposed to be a minimal solution. &o
induces id on the discriminant ariglt) solves the negative Pell equation. O

The drawback of Lemma 7 is that it is hard to apply in generait IRemma 8
suggests a further link with the solvability of (6). Indeddy has leading coefficient 1
one verifies immediately:

LEMMA 9. Let q= x? 4 bxy+ cy? with discriminant d= b? — 4c. Then(6) is
solvable if and only if g representsl. Indeed, a solutioffu, v) of (6) yields a solution

V= <%[Uvb\/]>

As in the proof of Lemma 8 to test solvability of (6) it can befid to investigate
the minimal solution of the positive Pell equation. Thisllisstrated as follows.

of g(v) = —1and conversely.

EXAMPLE 4. Considers := x?+&xy-+Yy? with discriminantd = (5> —4). Then
(U,V) = (3,1) gives the smallest positive solution of (5) and if a solutior, V') for
the negative Pell equation were to exist, applying LemmaelgetU’?+ (32— 4)V/% =
25 andU’ -V’ = 1 which forcesd = 3. Hence, unlesd = 3, the formgs does not
represent-1. We conclude that the associated even form with matrix

(28
Qﬁ::(a 2)

does not represent2 unlessd = 3. So O (Q) = O'(Q) in this case and the group is
generated by anda’.

3.5. The discriminantd is a square

An integral formq = ax? 4 bxy+ cy? represents 0 if and only ifi(q) is a square:
d(q) = & with & € Z. Indeed, this follows immediately from Lemma 3. We suppose
thatq is primitive. We have to consider all even multiplesqpWe prove here:

PROPOSITION3. Suppose d is a square.
1) If q is not ambiguous, the®' (2nq) = O'(2ng) = id.
2) If q is ambiguous and equivalent to the diagonal form there three cases2a)
q= (% —y?),2b)g= (¥ —-a%? a>2,2c)q= (a®?—y?), a> 2. In all cases
O'(2nq) is cyclic of order2 while O'(2nqg) = id except in the case when=n1 and
a=1. ThenO'(2q) = id, but®' (2q) = 2.
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3) If g is ambiguous and non-diagonal, we must hape ) = +(ux+ vy)(ux+ (u—
v)y) with u>1and uand v coprime. So:quUZ’V(U,V). We have the following case3a)
2q is unimodular: u=1,v=0or u=v=1and then2q is equivalent to the hyperbolic
plane; 3b)u= 1 but v#£ 0,1, 3c)u # 1. In case3a) O(2nq) is cyclic of order two

generated by the involutioég (1)> , but only for n= 1or n = 2 this involution induces

id ondiscr(ng). In case3b)the groupO'(2nq) = OT(an) is cyclic of order2 forn=1
or n= 2. In the remaining case®'(2nq) is cyclic of order2 but &' (2nq) = id.

Proof. Proposition 1 implies the results in cagés not ambiguous, since then @ =
SO(q) = *id. Next consider the case of an ambiguous farnBy Proposition 2

must be equivalenttdj, o or todjg g

Diagonal case Sinced is a square we have the three cases as stated. The group

of isometries equals
. 1 0
{+id, +a=+ (0 1) 3

The isotropic vectors are the multiplesfof= (1,+1) (in case a)f+ = (a,£1) (in case
b), f. = (£1,a) (in case c) ana interchange$, andf_ The coneC is bounded by
the half linesR. -f, andR. -f_ anda preserve€. Hence O (q) = O'(q) = {id,a}
unless 2 has roots. The latter is only the casei= 2x%> — 2y?, and then the roots are
d = £(0,1). In this case the linély orthogonal tod dividesC in two half conesD
andaD hence O (q) = O'(q) = id. In this case dis¢@q) = Z/27Z & Z/2Z and hence
O'(2q) = W in this case. Ifd # 4 we have that dis¢2ng) # 1 is not a 2-group and
henced'(2ng) = id (compare with Remark 1).

Non-diagonal caseln the second case there exists € Z for whicha = +u?,
c= +v(u—v). The form is equivalent tux+ vy)(ux+ (u—v)y). The two indepen-
dent isotropic vectorév, —u) and(v— u,u) spanC and are interchanged fay Hence
O*(q) = {id,a}.

As before, 2 only has roots ifg ~ X2 + xy, or, equivalently 8 ~ H. This is
case a). For the hyperbolic plane the roots-atewith d = (1,—1) and the lineHqy
dividesC in D andaD so that O (Q) = {id} in this case. Howeved'(H) = |1, also
O'(2H) = pp while &' (nH) = id for n > 3.

2
1

mm(z) )

One sees thad = —id if n=1 orn= 2 so that ther@T(an) is generated by the
involution (—id, a). If n> 3 we haved' (2nq) = id.
In case c) we easily find that~ +id so thatéT(an) =id. O

1 . .
In case b) we haverj= +n ( _ov(v— 1)> and discf2nq) is generated by
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3.6. The discriminantd is not a square

PROPOSITION4. Suppose d is not a square. If Q has no roots and q is not
ambiguous, theﬁ)T(Q) is infinite cyclic. If Q has no roots and q is ambiguo@é(Q)
is either infinite cyclic or the infinite dihedral group.. If Q admits roots,(N)T(Q) is
cyclic of order two if the negative Pell equati@) for d = d(q) is solvable and trivial
otherwise.

Proof. Let us first consider the case wheis not ambiguous, i.e. S@) = O(Q). By
Proposition 1 this group is a product #fid and the cyclic group generated by In
this case there are no roots, since roots are only possiblenibiguous forms (see
Remark 4). Hence by Remark 2 we have that{ Q) = O'(Q) is the cyclic group with
u as generator. It follows that some powernwécts astid on the discriminant group
and hence in this caféT(Q) is an infinite cyclic group with this generator.

Next, suppose thag is ambiguous. Then @) is generated by-id, u and
the involutiona corresponding t@ (see Prop 2). One hasia= u~! as a generating
relation. Hence the group(Q) consists of the elementsu®, and+au’, wherek, ¢ € Z.

First assume that there are no roots. Thé(@ = O" (Q) and using Remark 2
and 3 we see that QQ) is generated by anda. There is a second involuticau
and the automorphism group @Q) = O'(Q) is the grou., with generatorga, au}.
One next has to study the effectwinda on the group dis¢Q). Since this group is
finite, there will be a smallest positive intedefor which uk inducestid on disc(Q).
Now either there is a smallest positive integefior which au’ induces=id or such
an integer does not exist. In the former casé andau“*’ generate the subgroup
of isometries inducingtid on disctS). So®'(Q) is the free product generated by
two distinct non-commuting involutions. In the latter cdke groupCN)T(Q) is cyclic
generated byK.

Finally the case thaj has roots. Then Lemma 8 gives the answer. O

3.7. Algorithmic interpretation

The results above are much more precise: for any given qgti@dndefinite binary
form q we can in fact make everything completely effective. Theodthm runs as
follows. Write g = ng with § primitive and letd = discr(q).

If dis a square GOTO 83.5. If this is not the case, considenod 4. If this
is 0 or 1 (mod 4) RUN a standard program which decides4f —1 has an integral
solution. If this is the case GOTO 8§3.4. If this is not the c&sed =2 (mod 4 or
=3 (mod 4) then RUN a standard program to decide wheth@r @) is ambiguous or
not. The generators for the groug @) = O (§) in each of the two cases are explicitly
described in the proof of Proposition 4.

To determine the grou@T(q) RUN a program to determine the smallest value
k for which T¥ = id and, if q is ambiguous, also the smallest value/dor which
au’ = id; note tha? may or may not existAs observed in the proof of Propositionl&,
¢ exists, the grouﬁ(q) is dihedral generated by the two non-commuting involutions
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{au’,au*‘} ELSE it is cyclic with generatounX.
These algorithms (some of which can be found on the webpa@gyield the
results in Tables 5.2 and 5.3.

4. Automorphism groups of K3-surfaces

For the results in this section we refer to [1] and [16]. Froouvron the intersection
product between two classed in the latticeL will be writtenc-d instead ofQ(c,d)
and we writec? instead ofc - c.

Let X be a complex K3-surface. Up to multiplicative constantsehig a unique
holomorphic 2-formwy on X and it is nowhere zero. The second integral cohomol-
ogy group equipped with the unimodular intersection forrriswn to be isometric
to°H¥3 @ (—Eg)¥?, the unique even unimodular latti¢e, Q) of signaturg(3,19). Any
choice of such an isometry taarking identifies the lineC - wy ¢ H2(X;C) with a line
C-wC L®C, theperiodof X. An automorphisng of X induces an automorphism of
L which preserve the complex liréw. Sog preserves the latticB = w" NL which
corresponds to the Picard latti€g as well as its orthogonal complemént= S* c L,
which corresponds to theanscendental lattice

First consider the action dBwhich has signaturél,r). Hence, the description
of 82 applies to @S). First we have to say which 8, one of the two components
of the conex-x > 0. We take the one containing the effective divisors (onlg oh
C and —C does). The canonical choice for the subc@nés the ample cone which
corresponds to the effective roots:

D={xeC|x-d>0, foralleffective roots}.

The automorphisms of preserve this subcone so that A} acts onSas a subgroup
of O'(S). One can characterize At) in terms of isometries of the lattideas follows.

THEOREM 1 ([1, Thm. VIII. 11.1 and Proposition VIIl, 3.11])Let X be a
K3-surface. Choose an isometry?#X) = L. The groupAut(X) corresponds to the
subgroup GC O(L) consisting of those g O(L) which preserve the period of X and
for which gSe O'(S).

To determine the full grougs it suffices to know its restriction t& and T.
SinceL is unimodular, the groups dig@) and disc(T) are naturally isomorphic. An
automorphism of induces the same automorphism on both groups. Convergay;, a
(91,02) € O(S) x O(T) can be lifted to an automorphism bfif g1 andg, induce the
same automorphism on di$&) ~ disc(T). In particular, ifgz = +id, this states that
anygi € O(S) which inducestid on discK ) lifts to a unique isometry df restricting
to+idonT.

The first condition fog € O(L) to belong tdG readgy(w) = Aw for some root of
unity A. In particular, the automorphismsXfacts as a finite group oh. If A £ +1 the

5H is the hyperbolic lattice anBg the positive definite root-lattice with the same name.
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period pointw is an eigenvector of a non-trivial isometry lof This imposes algebraic
conditions orw and hence for very general such automorphisms cannot exist. This
leads to:

DEeFINITION 3. An algebraic K3-surface X igeneral with respect to automor-
phisms or Aut-generd if its automorphisms preserve its period up to sign.

Itis equivalent to the statement that the automorphismasid on the lattice
T. Hence:

PROPOSITIONS. Let X be an algebraic K3-surface. Choose a marking to iden-
tify H?(X) with the lattice L and let S be the sublattice of L which copasds to the
Picard lattice of X. The automorphism group of X conte@ﬁS) (see(4)) as a finite
index subgroup. If X i&ut-general we havaut(X) = 0'(S).

As a consequence of the previous discussion and the res@8\wwe have:

COROLLARY 1. For X a K3-surface with Picard numbérthe groupAut(X)
is finite precisely when the Picard latticg $ontains divisors L with £.= 0 or with
L? = —2. If moreover, X is Aut-general we have in this situation tAat(X) = id or
Aut(X) is cyclic of order2 (see Proposition 3.5 and Lemma 8 for more details).

If Sx does not contain such divisors and if moreovgri$not ambiguous, then
Aut(X) is infinite cyclic, but if § is ambiguous, theAut(X) is either infinite cyclic or
the infinite dihedral grouf.,.

Proof. We have seen in §3.5 thatif O is represerﬁﬁ@() is finite. In the remaining
case, Proposition 4 describes this group. In particulahiscase, existence of roots
is equivalent to finiteness. O

REMARK 2. (i) This reproves the finiteness criterion from [16, §6].
(ii) The above result can also be shown avoiding number thesing the fact that the
Picard group has rank 2 in combination with the geometrierjretation of divisors
of self-intersection-2 and 0 as-2-cycles and elliptic cycles. The proof is too long to
insert here. The proof presented here gives much more eétailormation (at least
for Aut-generalX) in that, givenSy, there is an algorithm giving A(X).
(iii) To extend the result to K3-surfaces which are not Aetagral we consider the
action of AutX) onT. The groupG acts onC - w through afinite cyclic groupG’ of
order sayd as a character [13, Theorem 3.1]. On the other hand, thenedti@ctor
spaceT ® Q is aG'-representation space which splits into a number of cofi¢isen
unique¢(d)-dimensional irreducibl€-representation space. Hejéd) is the Euler
function. This imposes restrictions @1 and the discriminant group digS):

ExAMPLE 5. Let ranKS) = 2. Then rankT) = 20 and hence(d) divides

6S0 a K3-surface which is Aut-general is in particular verpeyel, i.e. its period point lies outside of a
specific denumerable union of hypersurfaces.
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20 andG’' must be one of1}, Z/27, 7./4Z, 7Z./8Z, 7./5Z, 7./ 25Z, 7./ 20Z, Z./11Z.

In particular, if we want the image d& < O(T) under the natural homomorphism
O(T) — O(disc(T)) = O(disc(S)) to be different from{1} or Z/2Z, this excludes
many discriminant groups. For instance, if di@r= 7Z/pZ for some primep, the
order of the group of its automorphismgjs— 1) and hencé&’ = Z/2Z andp = 3 or
G' =7/47 andp =5. So if disc(S) = Z/pZ, p # 5 the K3-surface is automatically
Aut-general.

5. Examples

By [11, Thm. 1.14.4] every even lattice of signatyder) with r < 9 occurs as the
Picard latticeS of some algebraic K3-surface and the primitive embeddng L is
unique. In particular, all indefinite even lattices of ranknay occur. In general how-
ever it is not so easy to describe the surfaces geometrically

We now give some examples illustrating the theory of 83 sohvehich can be
found in the existing literature.

1. Consider the hyperbolic lattidé. It represents 0 as well as2. We have seen
(Proposition 3) that (H) is the identity and®' (H) = i, which means that the
automorphism group of a general K3-surface withas Picard lattice is gen-
erated by an involution acting trivially on the Picard ledtibut as—id on the
transcendental lattice. The surface has a unique ellifiation oveiP* with a
—2-section. See [20, §5.4].

0 b
b 2c
O'(Ap) is either trivial or cyclic of order two. The grouﬁT(/\byc) is triv-
ial unless(b,c) = (1,0),(2,0) or (b,1), b > 2. This follows immediately from
Proposition 3. The corresponding K3-surfaces have beeliestin [20] where
interesting projective models are exhibited. For instafgg is realized by a
double cover of! x P branched in a curve of bidegréé 4). The rulings give
two elliptic pencils and the covering involution is the uménon-trivial auto-
morphism.

2. More generally, considehy,c = ( > This matrix represents zero and

3. Conside i g . This matrix is equivalent to the diagonal fodp_¢ = (2)
1

(—6). For this formu = (i g) anda= (0 01). These preserv@. The

action on the discriminant group is as follows: acts as the identity whilaacts
as—id. So (N)T(dz,,e) is generated by the two non-commuting involutieng
anda which both act as-id on the transcendental lattice. In fact this example
has been treated geometrically. See [21] where it is shoatritik corresponding
K3-surfaceX is a complete intersection insid® x P? of bidegree(1,1) and
(2,2). The two projections onto the factdP realizeX as a double cover and
the two involutions inducau? anda on the Picard lattice.
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4. More generalyQy := (2 6), an example from [5]. In Example 4 we have

o 2
seen that unless= 3 this form represents neither 0 neR. If 5 # 3 one has

=1 5) 2= )

The group disdiQ;) is generated by = % <62> € 7/dZ, or, equivalently, by
f= % <_26> modZ/dZ. One verifies thaie = —f, so thatu # +1, butu? = 1.

On the other hand acts as-1 € (Z/dZ)*. It follows that the automorphism
group of the K3-surface is isomorphic to the group generbyedf anda. The
first preserves the period while the second sends it to itesifg

5. ConsiderQs := g _62

for the negative Pell equation and corresponds to the matrix
U — 01
- \1 9

u=u? a= (% 0
“u-noa=lo 1)

This matrix represents 2: takex = 0,y = 1. It follows that the automorphism
group of the K3-surface is finite. In fact, by Lemma 8 it is gexted by—au and
hence cyclic of order 2. This example has been treated in [5].

. In this casgd,1) is the smallest positive solution

and

6. Thediagonal form Q= 2nqwith g = ax* + by?, (a,b) = 1. These represent all
theambiguous forms with (@) = 0 mod 4.
Bini considers the cas@,b) = (d,—1). We find back his main result [2, Theo-
rem 1]. Indeed the form represents zerd i§ a square and then by Proposition 3
O'(Q) is trivial unlessn = d = 1 in which case it is cyclic of order two. H is
not a square and = 1 there are roots and the groﬁﬁ(Q) is cyclic of order
two by Lemma 8. If howeven > 2 the groupﬁT(Q) is always infinite cyclic by
Prop 4. There are several projective models described indibc For example
the complete intersection of bidegréz 1) and(1,2) in P! x P3 hasn = 2 and
a=1.

For other values of the numbe(a b) the reader should look at Table 5.2.
7. The formsQ = 2nqg, with g ambiguous and @) = 1 mod 4. Such a form is

equivalent tog g = ax +axy+cy’ , (a,c) = 1: for some values ofa,c) Ta-
ble 5.3 give some results.

8. FormsQ = 2nqwith g = x? 4 bxy+ cy? amonic form By Example 1 sucly is
either equivalent to a diagonal forp ) = x2 4 c'y?, and such forms are covered
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by Bini’s results [2], orq is equivalent tag ¢} = X2 +xy+cy?. By Lemma 9
the latter form representsl if and only (6) has a solution. This gives roots if
and only ifn= 2 and by Lemma &' (Q) is then cyclic of order 2. If (6) has no
solution Lemma 6 gives a recipe for determinfdgQ).
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