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T. Markwig *

A FIELD OF GENERALISED PUISEUX SERIES FOR
TROPICAL GEOMETRY

Abstract. In this paper we define a field of characteristic zero with valuation whose value
group is(R,+), and we show that this field afeneralised Puiseux seriés algebraically
closed and complete with respect to the norm induced by litgtian. We consider this field
to be a good candidate for the base field for tropical geometry

1. Introduction

In order to study the geometric properties of a variety, ¥ay V(l) C (¢*)" with

I < C[xfl, ..., x4, it is common to study deformations of the variety, or ratbieits
defining equations, i.e. we replace the idefy an ideally <1 c[[t]][x 2, ..., 1] such
thatl = {f_o | f € It}. The generic fibre of this family is then defined by the ideal
which I; generates over the quotient field Q(of]t]]) of the power series ring|[t]].
Unfortunately, this field is not algebraically closed. If ex@ interested in the geometric
properties of the general fibre it thus is natural to passeathebraic closure of this
field, which is the field

mEZ,NEN,akGC}

“ 1 © K
cf{ty = Ue[[th]] = { 3 ath
N=1 k=m
of Puiseux series over. This field comes with a valuation
val:c{{t}}* — Q: z -tV min{E ’ a # O}
k=m N

sending a Puiseux series to its order. Given an ideat {{t}}[x;%,...,x1] and its
varietyV (J) C (c{{t}}*)" the idea of tropical geometry is to try to understand)
better by just looking at its image under thdold Cartesian product of the valuation
map

val: (C{{t}})" — Q": (P...., pn) = (val(py)....,val(pn)),

or rather its closure, say Trcév (J)), in R" under the Euclidean topology. (Depending
on whether they prefer max over min people sometimes useetietine of this function
val for the process of tropicalisation.) Due to the TheordmBieri-Groves (see [2,
Thm. A], [18, Thm. 2.4], [6, Thm. 2.2.5]) and the Lifting Lenanfsee [6, Thm. 2.13],
[18, Thm. 2.1], [5, Thm. 4.2], [9, Thm. 2.13]) this object hgrout to be piecewise
linear and its points, sag, can be characterised by the fact that theitial ideal of
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J with respect tow is monomial free (see e.g. [9]). Taking into account how erud
the valuation map is, that is, how much information it igreofe.g. [13, Thm. 4.2]
shows that each fibre of the restriction of valM¢J) is dense iV (J) as soon as it
is non-empty), it is surprising how much valuable inforroatis preserved (see e.g.
[6,17,19,5,7,12, 16, 10, 3]).

Forgetting motivation as to why the field{{t}} should be an interesting field
to start with, one can replace{{t}} by any fieldK with a valuation whose value
group is dense iR with respect to the Euclidean topology, and study the tapic
sation of varietiegsK*)" via the n-fold Cartesian product of the valuation map. The
Lifting Lemma holds in any case (see [18, Thm. 2.1], [5, Thn2]¥ and it seems
somehow more natural to choose a field where the valuationisrapjective ontdR,
so that TrogV (J)) coincides with va(V(J)) and no topological closure is necessary,
which also leads to a larger class of tropical varieties, goints with non-rational co-
ordinates. To this extend other authors (see e.g. [13],i3pC4.2]) use the following
field of a generalised Laurent series,

K= ay - tY
{agA

with the obvious addition and multiplication, and where Ha¢uation of generalised
Laurent series is again given by its order. This field is inbialgebraically closed and
complete (see [14, Thm. 2]), and its value groufRis However, it seems a rather
big step from the field" {{t}} to this fieldK by passing to exponent seiswhich are
arbitrary well-ordered sets. In this paper we want to inficglan alternative fiel&K
which containg {{t}} and is contained iK, which has a valuation with value groiip
and which is also algebraically closed and complete. In @ispn withc {{t}} it thus
has the advantage of completeness and that no topologicairel is necessary when
tropicalising, and in comparison witk it has the advantage that the exponents of the
generalised Laurent series considered are simply segsieficeal numbers diverging
to infinity.

In Section 2 we defin& and formulate the main result, namely tfiats alge-
braically closed. Section 3 is then devoted to the proofisfribsult. Finally in Section
4 we show thaK is complete.

A C R well-ordereday € C} )

2. Kis algebraically closed

We are now defining this new field and we state its main properties.
DEFINITION 1. 1. We use the symbol

Qp /o

to denote a sequende,) e Of real numbers which is strictly monotonously
increasing and unbounded, and we call the sequesmaieih Note that such a
sequence is determined uniquely by the{sgt| n € N}.
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2. We define the séfl to be
M= {{an|neN} |on Moo} U{A|ACR,#A < w0},
which is basically the union of alimiubsequences and of all finite sequences.

3. Givenaset & M and a, € ¢* for a € A we use the short hand notation

€y > 2t
acA
in order to denote the function
. . ag, IfaeA
f.R—>C.on—>{ 0, else,

and we call A thesupportof f. The set of all function fR — ¢ of this type is

denoted bk, i.e.
K= ag t*|AeM ;.
{agA }

Note that we allow the set A to be empty, so that the constamtfaection is
contained inK. We call the elements & generalised Puiseux series

4. fABCRwesetAB={a+p|acAPpecB}.

REMARK 1. 1. Note thatthe representation (1) of a functionK is unique,
and it is either a generalised Laurent polynomial

k
= %aan 'tqna
n—=

or it is a generalised Laurent series

f= %aﬂn ,tan,
n—

where the exponents are real numbers formirgraubsequencer, * «. In
particular with the notation from above we obviously have

c{{t}} c K c K.

We will, however, not bother too much about t@quenessf the representation
and spoil it by allowing the coefficients to be zero in ordentake the notation
simpler.

2. ForA,B € M one easily sees thatuB € M andAx B € M. Moreover, for any
fixed element € AxB there is only a finite number of paifs, ) € Ax B such
thata +B=v.
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3. Sometimes we will have to access the value of a fundtierK for a = 0 where
f is given as an algebraic expression involving several eftenaf K. We then
will use the short hand notation

fr_o = f(0).
DEFINITION 2. For f = Jqcadq -t%, g = Ypepby -tP € K we define the func-
tions
f+g:R—c:a~ f(a)+g(a)
and

f.g= aa'%)'ty-
ye;eB (ueA,Beg a+p=y

REMARK 2. With the notation of Definition 2 we obviously have that
f+g= Z (ay+by) -tY,
yeAUB

if we use the convention tha} = 0 if y ¢ A andby = 0 whenevey ¢ B, and bothf +g
andf - g are elements oK. In particular,(K,+,-) is a subfield oK. Moreover, the
valuation orK induces the valuation

val: (K*,) — (R,+): f = min{a e R | f(a) # 0}
onk, i.e. val is a group homomorphism such that
val(f +g) > min{val(f),val(g)}

for f,g € K*. We call Iq f) = f(val(f)) the leading coefficient of, and as usual we
extend the valuation to the whole Bfby val(0) = co.

REMARK 3. If fo,...,fn € K with val(fi) > 0 foralli=0,...,nandG €
Cl[2,...,zn]] is a formal power series, then we may actually substiubg f; in order
to receive an eleme@( fo,..., fn) in K.

The aim of this paper is to prove the following theorem.

THEOREM1. The fieldK is algebraically closed.

We do neither claim any originality for the definition of thelfl, nor for the
fact that it is algebraically closed. In fact, the field canvimved as a special case of a
much wider classes of fields studied in [14] respectivelyj,[&Bd they also show that
the fields in question are algebraically closed. [14, Thnar®] [15, (5.2)] both reduce
this fact to general results in the ramification theory of+awchimedian valued fields.
We want to present a different proof. The basic idea is asvi@i Given a non-constant
polynomial overK we have to find a root. Using the Weierstral3’ Preparation fiérao
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(see e.g. [8, Kap. 1,84]) we reduce to the situation wherg#Newton polygon (see
Notation 1) has only a single lower face connecting the twardimate axes, and to this
polynomial we apply an adaptation of the classical Newtariséux algorithm (see e.g.
[4, Thm. 5.1.14]). The idea for the reduction step is due teiivaViazovska.

REMARK 4. 1. If we replace the base fieldin the definition ofK by any
algebraically closed field of characteristic zero, thendrken 1 holds with the
same proof.

2. If we replace the base field by a field of positive characteristjc Theorem 1
holds no longer. The Artin-Schreyer polynomial

F:yp_y_}
t
has the roots I
y=—-k+ Yt P eK\K,
2,

fork=0,...,p—1 (see [1]). The algebraic closure of the quotient field of the
formal power series ring, i.e. the analoguerdf{t}} in this situation is studied

in [11]. Since already the square of any of the roots of thevalpwlynomial

F has a support which can no longer be written as a single astpsequence,
there is no nice substitution of the analogu&dbr tropical geometry in positive
characteristic.

3. The valuation ring
Ria = {f € K| val(f) >0}

of K is a non-noetherian local ring of dimension one with maxiidablm =
| a € Rso).

4. The field extensior C K has infinite transcendence degree, since whenever
a1,...,0n are algebraically independent ovgithent®1, ..., t% are algebraically
independent over.

3. The proof of the main result Theorem 1

Let us fix some notation before we start with the actual proof.

NOTATION 1. LetF =3I fi-y' € K[y] be a polynomial of degree We define
thet-supportof F as the set

t-supiF) = {(i,val(f))) [i=0,...,n, fj #0} C R?,

and we call the convex hull, s&y(F ), of t-supgF ) thet-Newton polygormf F.
Assume now that vaf;) > 0 for alli and fix a real numben. We then call

ordy,(F) = min{val(fi) + w-i| fj # 0}
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thew-order of F, and we define theinitial form of F with respect tav as
ting(F) = S lc(fi)-y € cly].
i :val(fi)+oi=ordy(F)
ExampLE 1. Consider the polynomial

1

= Y tTyB 2 4 (U5 —t4) .y 33 € K]y,

F=(2t+13) Yo+ +

Thet-support ofF is
t-supgF) = {(0,2.5),(1,0.8-¢),(2,1),(3,m),(4,0),(5,0),(6,1)},

and thus theé-Newton polygorN(F) of F looks as follows:

A

TAY]

JAY) fAVI

=

It has four lower faced\, Ay, Az, andA4, and the slope of; is f%. If we choose
w= 2 then org,(F) = 3 and t-iny(F) =y?+ 3.

Proof of Theorem 1Consider a non-constant polynomial
n .
Fo= fio-y €Ky
2

with coefficientsfi o € K. We have to show that there isyae K such that(y) = 0.
For this we first want to show that we may assume that the caffeofFy satisfy
certain assumptions.

If fo0 =0 theny =0 will do, so that we may assume

(2) fo0 # 0.

allows us to assume that
3) val(fip) >0 forall i=1,...,n

and that the minimum
r =min{i | val(fip) =0}
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exists.
We claim that we may actually assume

(4) r>1.

Suppose the contrary, i.e= 0. If val(fno) > 0 then we can repladg by G = y"-
Fo(%) =30 fn,i,o-yi € Kly] which is a polynomial whose constant coefficient has
positive valuation, and if we find a rogt of G, necessarily non-zero, thgn= % isa
root of Fy. If instead also vdlfy o) = O this replacement would not help. However, in
this situation

h= FO\t:O = i fi,O(O) yI € CM

is a polynomial of degrea with non-zero constant term. Singeis algebraically
closed there is a & c € ¢ such thah(c) = 0. If we then set

G= Fo(Y+C)£0 <JZ fio: <f> -c“) Y,

the constant coefficient, say € K, of this polynomial satisfiego(0) = h(c) = 0 and
has thus positive valuation. We may again replgcby G, and ify is a root ofG then
y =Y +cis aroot ofFy. This shows the claim.

We are now ready to show by induction or-r that a polynomiaky satisfying
the conditions (2), (3) and (4) has a rgot K such that vdly) > 0.

If n=r = 1 there is nothing to show, and we may assumerthatl.

Due to the above assumptions thBlewton polygon offy looks basically as
follows:

Qg = val( fo‘,o)

k r n
Here we simply setio = val( fo o) and choosé& such that the poin@k, val(fk’o)) is the

second end point of the lower face, $&y, of thet-Newton polygon emanating from
the vertex0,ap). By our assumptions we have necessarily

(5) k<r.
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If we now set (t
Ogp—va
= 0 k( ko) -0,

then—uy is the slope of the above mention&gl With this notation we can write the
t-initial form Fy with respect tayg as follows:

n

tringy (Fo) = Zy(ti"%*“"- fi0) oY € CY-

In particular, the degree of thenitial form with respect tay is

(6) deg(t-ing, (Fo)) =k,

and the constant coefficient is(lg o) # 0. Sincec is algebraically closed we can
choose a non-zero root of tg§(Fo), or more precisely

30#cpec and 0<r' <r st t-ing(Fo) = (y—co)" -g, g(Co) #0,

i.e. ¢ is a root of multiplicityr’ of t-ing, (Fo) andr’ <r follows from (5) and (6).
Having found this rooty we transfornfy into a new polynomial

Fi=t"% Rt (y+co)) = i fia-y € KJy.

The coefficientd; 1 of F; are just

n i i .o
@) fi1= Z fjﬁo.tl'wrao. (f) .C(J;'
J=I

fori =0,...,n. In particular they have all non-negative valuation. Buttfte firstr’
coefficients we know more, namely

1 0't-i =0, fo<i<r-1
fi,l(o):ﬁ' Ir(;(;;O(FO) (CO){ 7éoz :flz_rll_r ’

Note that here we use that the characteristic of the grouttti§ieero! It follows that
the number’ defined above plays the same role fgrasr does forFy, i.e.

r' =min{i | val(fi1) =0},
and as we have seen befofeatisfies the inequalities
1<r' <k<r.

If we find a rooty € K of F; theny =t“ - (y + cp) € K will be a root of Fy with
val(y) = wp + min{0,val(y')}.

In particular, if fo 1 = 0 theny’ = 0 will do and we are done since then {gl>
wp > 0. We may therefore assume tHat # O, so thaf; satisfies the assumption (2),
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(3) and (4). Thus, if’ < r we are done by induction since dég) = n, and we may
assume therefore that

(8) r'=r.

Note that this forcek =r, i.e. thet-Newton polygon ofy actually looks as follows,

A

Op = vaI( f0,0)

val(fco) =0

and the lower facég of thet-Newton polygon ofy emanating fron{0,0p) connects
the two coordinate axes.

We now claim that in this situation we may indeed assume that
(9) r=n.
For this define the polynomial

F t—%o

Fr= fro(0)  fr0(0)

Rty 0o)) =¥ + 3 K-y €K

and note thaf/ € K with val(f/) > 0 foralli =0,...,n sincecy is a root of t-in,, (Fo)
of orderr. Moreover, we consider the polynomial

F//:yurizi-y' € ¢llz,..-,z,Yl]

as a formal power series over which then igegular of order r in yin the sense of the
Weierstral3’ Preparation Theorem (see e.g. [8, Kap. |,8#,0rhm. 3.2.4]). The latter
theorem thus implies that there exists a Wik ¢[[z,...,z.Y]]* and a Weierstrall
polynomialP =y + 52 pi-y € ¢|[[z,. .., z]][y] with pi(0) =0 foralli =0,...,r -1
such that

F'=U-P

Since thef/ have strictly positive valuation we can substitute zhiey f/ in U andP to
get an invertible power series

U =U(f},..., fy) e K[yl*
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and a polynomial

P'=P(fo,.... fa,y) y'+20p|fo,, )-y €Ky

with

(10) val(pi(fs,....fp)) >0 foralli=0,...,r—1.

If po(fp,...,fn) =0thenF’(0) =U’(0)-P'(0) =0 and thug = cp- t*0 is a root ofFy
with val(y) = «x > 0, so that we are done. OtherwiBesatisfies the conditions (2), (3)
and (4). Thus, iff < nthenr +r < r+nand by induction there existsyae K such

thatP’'(y') = 0 with val(y') > 0. Since its valuation is positive we can substityiteto
U’ and get an elemeit’(y) € K. But thenF’(y') =U’(y) - P'(y') = 0, and hence

y=t®-(y+c) €K
is a root offp with val(y) = wp > 0. This proves the claim.
We finally claim that under the assumption (9) we can alsorassu
(11) fno=1.

For this note that = nimplies that va(f, o) = 0, i.e. fno is @ unit in the valuation ring
of K and—0 has valuation zero as well. Thus, replackdoy fFO does not effect the
conditions (2), (3), (4), or (9). This shows the claim.

Note that if gy satisfies (9) and (11) then by (7) and ) satisfies the corre-
sponding conditions as well. Thus, applying the same pnaeethF and going on by
recursion we may assume that we produce for @aetN a polynomial

n
FR="Y fiv-y €KJy
\ i; [RY]

satisfying the corresponding versions of (2), (3), (4), é)d (11), and we produce a
root 0+# ¢, € ¢ of t-iny, (F,) of order

n=min{i | val(fiy) =0}
such thatfoi =0,...,n

n _ j o
(12) fiy =3 fjy-g thonamtus, (|) O,

J=I

where for eaclv € N
av - Val(fO\)) > O

and

(13) w=—>0



Generalised Puiseux series 89

is the negative of the slope of the lower face, &gy of thet-Newton polygon ofr,
connecting the two coordinate axes by joining the pofftst,) and(n,0). Note that
for this we use the fact that if at some poly{0) = 0 then
v-1
y= %Ci .t(*)0+---+wi —t%. (co+twl . (Cl+ L2, (Cv72+t03\)—1 . Cv71) .. ))
i=
is a root offq of valuationwy > 0.
That way we obviously construct a generalised Laurentserie

y — zoci . tUOoJr...JrCUi
i=

in the fieldK, and it remains to show that indegd K andFy(y) = 0.

Let us first address the issue tiyat K. By (13) we know thah-w, —ay =0
and(n—1)-wy —ay = —wy, so that (12) and the fact tht, = 1 imply that

frtvi1= faty 7% +n-cy,
or equivalently
fr1y=—N-Cy tY +t fr_1y41.
Doing a descending induction enwe deduce

\Y
fa_10=—n- Z)Ci 00T Q0N .
i=
Since the valuation of,_1 .1 is strictly positive it follows that the first +1 sum-
mands off,_10 coincide with—n- S ,ci -t "% and since this holds for each
v € N we necessarily have
oo
y=—-"ck
n

Note that we here again use that the characteristicisfzero.
In order to show thafg(y) = 0 we set

[

Yo=Y Gi-t¥F-Fa,
1=V
so that
RW) =t R1(yi1)-
But this equation together with a simple induction shows tha

Y

val (Fo(y)) = %Gi +val (Fo+1(Yy11))

for eachv € N. Since the coefficients &, 1 all have non-negative valuation and since
val(y,,1) > 0 it follows that the last summand is non-negative, and foege

val(Fo(y)) > n-_iwi V7% o,

This implies that(y) = 0 and finishes the proof. O
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4. The fieldK is complete
DEeFINITION 3. The valuation orK induces via the exponential map the norm
'[! K—R: f—exp(—val(f))

onK, where we use the convention tleadp(—co) = 0. It satisfies the strong triangle
inequality

[ +9l < max{]f],|g[}-

As usual we call a sequen¢&)nen in K a Cauchy sequenaceith respect tg - | if for
all € > Othere exists an &) € N such that f, — fm| < € for all n,m> N(g). And we
call a sequencéfn)nen in K convergentvith respect td - | if there is an fe K such
that for all € > O there exists an k) € N such that f, — f| < e for alln > N(g).

Compared with the field {{t} } of Puiseux series the field has the advantage
that it is complete with respect to the norm induced by thaatidn.

ProposiTIONL. (K, |-|)is complete, i.e. every Cauchy sequence is convergent.

Proof. Let (fn)nen be a Cauchy sequence. Given any positive intéeve setey =
exp(—M) > 0. Thus there is aN(ev) € N such that

exp(—M) = ey > | fn — fm| = exp( —val(fn — fm))
for alln,m> N(em), or equivalently
val(fn — fm) > M.

This implies thatf,(a) = fm(a) for alla <M and for alln,m> N(em ). Without loss of
generality we may assume théey ) > N(gy) wheneveM > M'. We may therefore
define a functiorf : R — ¢ by

f(a) = fngew) (@)
if a > M, and obviously f,)nen cOnverges to this functioh. O

REMARK 5. 1. The statement of Proposition 1 remains true if we replac
in the definition of K the field ¢ by any other field. It is independent of the
characteristic.

2. If we replace in the definition df the domairR of the elements ifK by Q we
get the completion of {{t}} with respect to the norm induced by the valuation.
With the same proof as in Theorem 1 this field is algebraicadtiged. But note
that the value group is still onig.
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