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WEAKLY COMPATIBLE MAPS IN CONE METRIC SPACES

Abstract. The object of this paper is to establish a theorem for a uniquecommon fixed point
of four self mappings, weakly compatibile in pairs and satisfying a generalized contractive
condition in a cone metric space. Our result generalizes andsynthesizes the results of Abbas–
Jungck [1], Arshad et al. [2], Huang–Zhang [3] and Vetro [8].

1. Introduction

There has been a number of generalizations of metric space. One such generalization
is that of a cone metric space initiated by Huang and Zhang [3]. In this space they
replaced the set of real numbers of a metric space by an ordered Banach space and
gave some fundamental results for a self map satisfying a contractive condition. In [1]
Abbas and Jungck, generalized the result of [3] for two self maps through weak com-
patibility in a normal cone metric space. Along the same lines, Vetro [8] proved some
fixed point theorems for two self maps satisfying a contractive condition through weak
compatibility. In [5] the authors introduce the concept of compatibility in cone met-
ric space. Recently, Rezapour and Hamlbarani [6] were able to omit the assumption of
normality in a cone metric space, which is a milestone in developing fixed point theory.
Also in [2] Arshad et al. proved a fixed point theorem for threeself map adopting the
contractive condition of [7] through weak compatibility.

In this paper, we establish a theorem postulating a unique common fixed point
for four self maps through weak compatibility satisfying a more generalized contrac-
tive condition than the one adopted in [1, 2, 3, 8] in a non-normal cone metric space.
Our results generalize, extend and unify several well-known fixed point results in cone
metric spaces. An example illustrates the main result of this paper.

2. Preliminaries

DEFINITION 1 ([3]). Let E be a real Banach space and P be a subset of E.
Then P is called aconeif

(i) P is closed, nonempty and P6= {0};
(ii) a,b∈ R, a,b≥ 0, and x,y∈ P imply ax+by∈ P;
(iii) x∈ P and−x∈ P imply x= 0.

Given a cone P⊆ E, we define a partial ordering “≤” in E by x ≤ y if y− x ∈ P.
We write x< y to denote x≤ y and x6= y, and we write x≪ y to denote y− x∈ P0,
where P0 stands for the interior of P.

Note 1.Fora≥ 0 andx∈ P, takingb= 0 in (ii) we haveax∈ P.
2. takinga= b= 0 in (ii) we have 0∈ P.
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PROPOSITION1 ([4]). Let P be a cone in a real Banach space E. If a∈ P and
a≤ ka for some k∈ [0,1), then a= 0.

Proof. For a ∈ P,k ∈ [0,1) anda ≤ ka gives (k− 1)a ∈ P. As 0≤ k < 1 we have
1− k > 0 which gives 1/(1− k)> 0. So by Note 1, 1

1−k(k−1)a∈ P implies−a∈ P.
Now a∈ P and−a∈ P, which impliesa= 0, by Definition 1, (iii).

PROPOSITION2 ([4]). Let P be a cone in a real Banach space E. If a ∈ E and
a≪ c for all c∈ P0, then a= 0.

REMARK 1. (See [6].) We haveλP0⊆ P0 for λ > 0, andP0+P0⊆ P0.

DEFINITION 2 ([3]). Let X be a nonempty set. Suppose that we are given a
mapping d: X×X→ E that satisfies:

(a) 0≤ d(x,y) for all x,y∈ X, and d(x,y) = 0 if and only if x= y;
(b) d(x,y) = d(y,x) for all x,y∈ X;
(c) d(x,y)≤ d(x,z)+d(z,y) for all x,y,z∈ X.

Then d is called acone metricon X, and(X,d) is called acone metric space.

For examples of cone metric spaces we refer to Huang–Zhang [3].

DEFINITION 3 ([3]). Let(X,d) be a cone metric space. Let{xn} be a sequence
in X and x∈ X. If for every c∈ E with0≪ c there is a positive integer Nc such that for
all n > Nc we have d(xn,x)≪ c, then the sequence{xn} is said toconvergeto x, and x
is called thelimit of {xn} . We write lim

n→∞
xn = x or xn→ x, as n→ ∞.

DEFINITION 4 ([3]). Let(X,d) be a cone metric space. Let{xn} be a sequence
in X. If for any c∈ E with 0≪ c there is a N such that for all n,m> N we have
d(xn,xm)≪ c, then the sequence{xn} is said to be aCauchy sequencein X.

REMARK 2. It follows from the above definitions that if{x2n} is a subsequence
of a Cauchy sequence{xn} in a cone metric space(X,d) andx2n→ z thenxn→ z.

Proof. As x2n→ zand{xn} is Cauchy sequence, for anyc∈ E with 0≪ c there is aN
such that for alln> N,

d(xn,x2n)≪ c/2 and d(x2n,z)≪ c/2.

Now,
d(xn,z)≤ d(xn,x2n)+d(x2n,z)≪ c/2+ c/2 = c.

Therefored(xn,z)≪ c, for all n> N. Thusxn→ z.

DEFINITION 5 ([3]). Let (X,d) be a cone metric space. If every Cauchy se-
quence in X is convergent in X, then X is called acompletecone metric space.

PROPOSITION3. Let (X,d) be a cone metric space and P be a cone in a real
Banach space E. If u≤ v and v≪ w then u≪w.
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DEFINITION 6 ([1]). Let f and g be self maps of a set X. If w= f x = gx, for
some x∈ X, then w is called apoint of coincidenceof f and g.

DEFINITION 7 ([6]). Let X be any set. A pair of self maps( f ,g) is said to be
weakly compatibleif u ∈ X and f u= gu imply g f u= f gu.

PROPOSITION4 ([1]). Let ( f ,g) be a pair of weakly compatible self maps of a
set X. If f and g have a unique point of coincidence w= f x= gx, then w is the unique
common fixed point of f and g.

LEMMA 1. Let (X,d) be a cone metric space with respect to a cone P in a real
Banach space E, and take k1,k2,k> 0. Suppose that xn→ x and yn→ y, in X and

(1) ka≤ k1d(xn,x)+ k2d(yn,y).

Then a= 0.

Proof. As xn→ x andyn→ y, there exists a positive integerNc such that

c
(k1+ k2)

−d(xn,x),
c

(k1+ k2)
−d(yn,y) ∈ P0, ∀n> Nc.

Therefore, by Remark 1, we have

k1c
(k1+ k2)

− k1d(xn,x),
k2c

(k1+ k2)
− k2d(yn,y) ∈ P0, ∀n> Nc.

Again by adding and Remark 1, we havec−k1d(xn,x)−k2d(yn,y) ∈ P0 for all n> Nc.
From (1) and Proposition 3 we havec− ka∈ P0, i.e. ka≪ c for eachc∈ P0. Finally,
by Proposition 2, we havea= 0 sincek> 0.

3. Main results

THEOREM1. Let(X,d) be a complete cone metric space with respect to a cone
P contained in a real Banach space E. Suppose that A,B,S and T are self mappings
X→ X satisfying:

3.1. A(X)⊆ T(X),B(X)⊆ S(X);

3.2. the pairs(A,S) and the(B,T) are weakly compatible;

3.3. one of A(X),S(X),B(X),T(X) is complete;

3.4. for someλ,µ,δ,γ ∈ [0,1) with λ+µ+ δ+2γ< 1 we have

d(Ax,By)≤ λd(Ax,Sx)+µd(By,Ty)+ δd(Sx,Ty)+ γ [d(Ax,Ty)+d(Sx,By)]

for all x,y∈ X.

Then A,B,S and T have a unique common fixed point in X.
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Proof. Let x0 ∈ X be any point inX. Using3.4we construct sequences{xn} and{yn}
in X such that

(2)

{
Ax2n = Tx2n+1 = y2n,

Bx2n+1 = Sx2n+2 = y2n+1,

for all n. Our first aim is to show that{yn} is a Cauchy sequence inX.

STEP 1. Takingx = x2n andy= x2n+1 in 3.4we get

d(Ax2n,Bx2n+1) ≤ λd(Ax2n,Sx2n)+µd(Bx2n+1,Tx2n+1)+ δd(Sx2n,Tx2n+1)

+γ [d(Ax2n,Tx2n+1)+d(Sx2n,Bx2n+1)].

Using (2) we get

d(y2n,y2n+1) ≤ λd(y2n,y2n−1)+µd(y2n+1,y2n)+ δd(y2n−1,y2n)

+γ [d(y2n,y2n)+d(y2n−1,y2n+1)]

≤ λd(y2n,y2n−1)+µd(y2n+1,y2n)+ δd(y2n−1,y2n)

+γ [d(y2n−1,y2n)+d(y2n,y2n+1)].

By writing d(yn,yn+1) = dn, we have

d2n≤ λd2n−1+µd2n+ δd2n−1+ γ [d2n+d2n−1],

i.e. (1−µ− γ)d2n≤ (λ+ δ+ γ)d2n−1, which implies

(3) d2n≤ hd2n−1,

whereh= (λ+ δ+ γ)/(1−µ− γ). In view of 3.4, we deduce thath< 1.

Takingx= x2n+2 andy= x2n+1 in 3.4, we get

d(Ax2n+2,Bx2n+1)

≤ λd(Ax2n+2,Sx2n+2)+µd(Bx2n+1,Tx2n+1)+ δd(Sx2n+2,Tx2n+1)

+γ [d(Ax2n+2,Tx2n+1)+d(Sx2n+2,Bx2n+1)].

Using (2) we get

d(y2n+2,y2n+1) ≤ λd(y2n+2,y2n+1)+µd(y2n+1,y2n)+ δd(y2n+1,y2n)

+γ [d(y2n+2,y2n)+d(y2n+1,y2n+1)]

≤ λd(y2n+2,y2n+1)+µd(y2n+1,y2n)+ δd(y2n+1,y2n)

+γ [d(y2n+2,y2n+1)+d(y2n+1,y2n)].

We therefore have

d2n+1≤ λd2n+1+µd2n+ δd2n+ γ [d2n+1+d2n],
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i.e. (1−λ− γ)d2n+1≤ (µ+ δ+ γ)d2n, which implies

(4) d2n+1≤ kd2n,

wherek= (µ+ δ+ γ)/(1−λ− γ). By condition3.4, we havek< 1.

In view of (3) and (4) we have

d2n+1≤ kd2n≤ hkd2n−1≤ k2hd2n−2≤ . . .≤ kn+1hnd0

whered0 = d(y0,y1), and

d2n≤ hd2n−1≤ hkd2n−2≤ h2kd2n−3≤ . . .≤ hnknd0.

Therefore,d2n+1≤ kn+1hnd0 andd2n≤ hnknd0. Also,

d(yn,yn+p)≤ d(yn,yn+1)+d(yn+1,yn+2)+ · · · +d(yn+p,yn+p−1),

i.e.

(5) d(yn,yn+p)≤ dn+dn+1+ · · · +dn+p−1.

We next suppose thatn= 2m is even. By (5) we have

d(y2m,y2m+p) ≤ [hmkm+hmkm+1+hm+1km+1+hm+1km+2+ · · · ]d0

= hmkm[1+ k+hk+hk2+h2k2+ · · · ]d0

= hmkm[(1+hk+h2k2+ · · ·)+ (k+hk2+h2k3+ · · · )]d0

= hmkm(1+ k)[1+hk+h2k2+h3k3 · · · ]d0.

Sincehk< 1 and P is closed, we conclude that

(6) d(y2m+p,y2m) ≤ (hk)m 1+ k
1−hk

d0.

Now for c∈ P0, there existsr > 0 such thatc− y ∈ P0 if ‖y‖ < r. Choose a positive
integerNc such that‖(hk)m(1+ k)d0/(1−hk)‖< r for all m≥ Nc, which implies that

c− (hk)m 1+ k
1−hk

d0 ∈ P0.

On the other hand, (6) means that

(hk)m 1+ k
1−hk

d0−d(y2m+p,y2m) ∈ P.

So we havec−d(y2m+p,y2m) ∈ P0 for all m> Nc and for allp by Proposition 3.

The same argument applies ifn= 2m+1 is odd. Thus,d(yn+p,yn)≪ c, for all
p and for alln≥ Nc. Hence{yn} is a Cauchy sequence inX.
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Case 1: S(X) is complete. Since{yn} is a Cauchy sequence inX, it follows that
{y2n+1 =Sx2n+2} is a Cauchy sequence inS(X), which is complete. Soy2n+1→ z=Su
for someu∈ X. Now,

d(Au,Su) ≤ d(Au,Bx2n+1)+d(Bx2n+1,Su)

= d(y2n+1,Su)+d(Au,Bx2n+1).

Using3.4with x= u andy= x2n+1, we have

d(Au,Su)≤ d(y2n+1,Su)+λd(Au,Su)+µd(Bx2n+1,Tx2n+1)+ δd(Su,Tx2n+1)
+γ [d(Au,Tx2n+1)+d(Bx2n+1,Su)]

= d(y2n+1,Su)+λd(Au,Su)+µd(y2n+1,y2n)+ δd(Su,y2n)
+γ [d(Au,y2n)+d(y2n+1,Su)]

≤ d(y2n+1,Su)+λd(Au,Su)+µ[d(y2n+1,Su)+d(Su,y2n)]+ δd(Su,y2n)
+γ [d(Au,Su)+d(Su,y2n)+d(y2n+1,Su)].

Thus

(1−λ− γ)d(Au,Su)≤ (µ+ δ+ γ)d(y2n,Su)+ (1+µ+ γ)d(y2n+1,Su).

As y2n→ Su,y2n+1→ Suand 1−λ− γ > 0, using Lemma 1, we haved(Au,Su) = 0,
and we getAu= Su. ThusAu= Su= z. Thereforez is a point of coincidence of the
pair (A,S). Since(A,S) is weakly compatible,Az= Sz.

STEP 2. AsA(X)⊆ T(X), there existsv∈ X such thatz= Au= Tv. So

(7) z= Au= Su= Tv.

Takingx= u andy= v in 3.4we have

d(Au,Bv)≤ λd(Au,Su)+µd(Bv,Tv)+ δd(Su,Tv)+ γ [d(Au,Tv)+d(Bv,Su)].

Using (7) we have
d(z,Bv)≤ (µ+ γ)d(z,Bv).

As µ+ γ < 1, using Proposition 1, it follows thatd(Bv,z) = 0 and we getBv= z. As
the pair(B,T) is weak compatible we getBz= Tz. Takingx= z,y= z in 3.4and using
Az= Sz, Bz= Tzwe get

d(Az,Bz)≤ (δ+2γ)d(Az,Bz).

As δ+2γ ∈ [0,1) we getAz= Bz, by Proposition 1 and we haveAz= Sz= Bz= Tz.
Thusz is a point of coincidence of the four self mapsA,B,S,T.

Case 2: T(X) is complete.The proof of this case is similar to Case 1.

Case 3: A(X) is complete.{yn} is a Cauchy sequence inX. Hence{y2n = Ax2n} is a
Cauchy sequence inA(X), which is complete. Hencey2n→ z= Aw for somew∈ X.
As A(X)⊆ T(X) there existsp∈ X such thatz= Aw= T p. It follows from Case 2 that
Az= Bz= Sz= Tz. Thus, also in this case, the mapsA,B,S,T have a common point of
coincidence.

Case 4: B(X) is complete.The proof of this case is similar to Case 3.
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STEP 3. We havez= Bz= Sz. Let Au= Sube another point of coincidence of
the pair(A,S). Now

d(z,Au) ≤ d(z,Bx2n+1)+d(Bx2n+1,Au)

= d(z,y2n+1)+d(Au,Bx2n+1).

Takingx= u andy= x2n+1 in 3.4we get

d(z,Au))≤ d(z,y2n+1)+λd(Au,Su)+µd(Bx2n+1,Tx2n+1)+ δd(Su,Tx2n+1)

+γ [d(Au,Tx2n+1)+d(Bx2n+1,Su)]

= d(z,y2n+1)+µd(y2n+1,y2n)+ δd(Au,y2n)+ γ [d(Au,y2n)

+d(y2n+1,Au)]

≤ d(z,y2n+1)+µ[d(y2n+1,z)+d(z,y2n)]+ δ[d(Au,z)+d(z,y2n)]

+γ [d(Au,z)+d(z,y2n)+d(y2n+1,z)+d(z,Au)].

Thus

(1− δ−2γ)d(z,Au)≤ (1+µ+ γ)d(z,y2n+1)+ (µ+ δ+ γ)d(z,y2n).

Sincey2n+1→ z andy2n→ z, and we have 1− δ−2γ > 0, using Lemma 1 we obtain
d(z,Au) = 0 and soAu= z. Hence the point of coincidence of(A,S) is unique. As the
pair (A,S) is weakly compatible by Proposition 4,z is the unique common fixed point
of A andS. Hencez= Az= Bz= Sz= Tz is the unique fixed point ofA,B,S,T.

Taking andT = S in Theorem 1 we have the following corollary for three self
mappings:

COROLLARY 1. Let (X,d) be a complete cone metric space with respect to a
cone P contained in a real Banach space E. Let A,B and S be self mappings on X
satisfying:

1. A(X)∪B(X)⊆ S(X);

2. the pairs(A,S) and(B,S) are weakly compatible;

3. one of S(X) or A(X)∪B(X) is complete;

4. for someλ,µ,δ,γ ∈ [0,1) with λ+µ+ δ+2γ< 1, we have

d(Ax,By)≤ λd(Ax,Sx)+µd(By,Sy)+ δd(Sx,Sy)+ γ [d(Ax,Sy)+d(By,Sy)],

for all x,y∈ X.

Then A,B and S have a unique common fixed point in X.

Proof. (The case in whichA(X)∪B(X) is complete.) This follows from the cases
in which A(X) or B(X) is complete. For these we havey2n = Ax2n→ z∈ A(X) and
y2n = Ax2n→ z∈ B(X) as discussed above in Cases 3 and 4 respectively.

In [2] Arshad et al. established the following result:
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THEOREM 2 ([2]). Let (X,d) be a cone metric space and P be an order cone.
Let S,T, f : X→ X be such that S(X)∪T(X)⊆ f (X). Assume that the following con-
ditions hold:

(i) d(Sx,Ty)≤ αd( f x,Sx)+βd( f y,Ty)+ γd( f x, f y) for all x,y∈ X with x 6= y, where
α,β,γ are non-negative real numbers withα+β+ γ < 1;

(ii) d(Sx,Tx)< d( f x,Sx)+βd( f x,Tx) for all x ∈ X with Sx6= Tx.

If f (X) or S(X)∪T(X) is a complete subspace of X, then S,T and f have a unique
point of coincidence. Moreover, if(S, f ) and (T, f ) are weakly compatible, then S,T
and f have a unique common fixed point.

REMARK 3. Corollary 1 is a more complete result. Its contractive condition is
more general than the one adopted in the above theorem. Moreover, it does not require
assumption (ii) at all.

TakingB= A andT = S in Theorem 1, we obtain

COROLLARY 2. Let (X,d) be a complete cone metric space with respect to
a cone P contained in a real Banach space E. Let A and S be self mappings on X
satisfying:

1. A(X)⊆ S(X);

2. the pair(A,S) is weakly compatible;

3. one of A(X) or S(X) is complete;

4. for someλ,µ,δ,γ ∈ [0,1) with λ+µ+ δ+2γ< 1 we have

d(Ax,Ay)≤ λd(Ax,Sx)+µd(Ay,Sy)+ δ(Sx,Sy)+ γ [d(Ax,Sy)+d(Sx,Ay)]

for all x,y∈ X.

Then A and S have a unique common fixed point in X.

REMARK 4. Takingλ = µ= γ = 0 andδ = k in Theorem 1, we get Theorem
2.1 of Abbas–Jungck [1] even in a non-normal cone metric space when one off (X) or
g(X) is complete.

REMARK 5. Takingλ = µ= k andδ = γ = 0 in Theorem 1, thenk ∈ [0,1/2)
we get Theorem 2.4 of Abbas–Jungck [1] even in a non-normal cone metric space.

REMARK 6. Takingλ = µ= δ = 0 andγ = k in Theorem 1, thenk ∈ [0,1/2)
and we get Theorem 2.4 of Abbas–Jungck [1] even in a non-normal cone metric space.

Thus Theorem 1 of this paper synthesizes and generalizes almost all the results
of Abbas–Jungck [1].

The following definition and theorem appear in Vetro [8]:
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DEFINITION 8 ([8]). Let(X,d) be a cone metric space and P be a normal cone
with normal constantC.Given mappings f,g: X→X, we say f is a g-weak contraction
if

d( f x, f y) ≤ αd( f x,gx)+βd( f y,gy)+ γd(gx,gy)

for all x,y∈ X, whereα,β,γ ∈ [0,1) andα+β+ γ < 1.

THEOREM 3 ([8]). Let (X,d) be a cone metric space and P be a normal cone
with normal constant C. Let f,g: X→ X be such that f(X)⊆ g(X). Suppose that f is
a g-weak contraction such that

• f (g(x)) = g(g(x)) if and only if f(x) = g(x)

If f (X) or g(X) is a complete subspace of X, then the mappings f and g have a unique
common fixed point in X. Moreover, for any x0 ∈ X, the f−g sequences{ f xn} of the
initial point x0 converge to the fixed point.

REMARK 7. Corollary 2 is a more general result than Theorem 3. Here the
contractive condition is more general and the normality of the cone metric space has
not been assumed.

TakingS= I , the identity map onX, in above corollary we get

COROLLARY 3. Let (X,d) be a complete cone metric space. Let A be self
mapping on X satisfying:

• for someλ,µ,δ,γ ∈ [0,1) with λ+µ+ δ+2γ< 1 we have

d(Ax,Ay)≤ λd(Ax,x)+µd(Ay,y)+ δd(x,y)+ γ [d(Ax,y)+d(Ay,x)],

for all x,y∈ X.

Then the map A has the unique fixed point in X and for any x∈X, the iterative sequence
{Anx} converges to the fixed point.

Proof. Existence and uniqueness of the fixed point follows from Corollary 2, by taking
S= I there. TakingT = S= I , B = A andx0 = x in Theorem 1 we havey0 = Ax,
y1 = A2x, . . . , yn+1 = Anx, etc. Thus for eachx, the sequence{Anx} converges to the
fixed pointz.

Takingγ = 0 in corollary 3 we have

COROLLARY 4. Let (X,d) be a complete cone metric space. Let A be self
mapping on X satisfying:

• for someλ,µ,δ ∈ [0,1) with λ+µ+ δ< 1, we have

d(Ax,Ay)≤ λd(Ax,x)+µd(Ay,y)+ δd(x,y),

for all x,y∈ X.
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Then the map A has the unique fixed point in X and for any x∈X, the iterative sequence
{Anx} converges to the fixed point.

REMARK 8. Takingλ = k andµ= δ = 0 in Corollary 4, we get Theorem 1 of
Huang–Zhang [3] even for a non-normal cone metric space.

REMARK 9. Takingλ = µ= k andδ = 0 in Corollary 4,k∈ [0,1/2) and we get
Theorem 3 of Huang–Zhang [3] even for a non-normal cone metric space.

REMARK 10. Takingλ = µ= δ = 0 andγ = k in Corollary 3,k∈ [0,1/2) and
we get Theorem 4 of Huang–Zhang [3] even for a non-normal conemetric space.

Thus Theorem 1 of this paper synthesizes and generalizes almost all the results
of Huang et. al [3] without assuming normality of the cone metric space.

EXAMPLE 1. (of Theorem 1). LetX = R+, E = R2, and consider the cone

P= {(x,y) ∈ R2 : x≥ 0,y≥ 0} ⊆ E.

Fix a real numberα > 0 and define a cone metricd : X×X→ E by

d(x,y) = |x− y|(1,α).

Then(X,d) is a complete cone metric space. Define self mapsA,B,S,T onX by

A(x) = B(x) =
2
3

x, S(x) = T(x) = 2x,

for all x∈ R+. Conditions3.1, 3.2, 3.3 of Theorem 1 hold trivially. Condition3.4 is
equivalent to

(8) |x− y| ≤ 2λx+2µy+3δ|x−y|+ γ [|x−3y|+ |3x−y|].

Consider it in the following four cases:

(a) y≤ x≤ 3y, in which (8) becomes

(2λ+3µ+2γ−1)x+(2µ−3δ+2γ+1)y≥ 0.

(b) 3y≤ x, in which (8) becomes

(2λ+3δ+4γ−1)x+(2µ−3δ+4γ+1)y≥ 0.

(c) 3x≤ y, in which (8) becomes

(2λ−3δ−4γ+1)x+(2µ+3δ+4γ−1)y≥ 0.

(d) x≤ y≤ 3x, in which (8) becomes

(2λ−3δ+2γ+1)x+(2µ+3δ+2γ−1)y≥ 0.

Thus condition3.4also holds good forλ = 1
4, µ= γ = 1

5 andδ = 1
15 and 0 is the unique

common fixed point of the mapsA,B,SandT.
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