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WEAKLY COMPATIBLE MAPS IN CONE METRIC SPACES

Abstract. The object of this paper is to establish a theorem for a uniguemon fixed point
of four self mappings, weakly compatibile in pairs and $gitiy a generalized contractive
condition in a cone metric space. Our result generalizeswanithesizes the results of Abbas—
Jungck [1], Arshad et al. [2], Huang—Zhang [3] and Vetro [8].

1. Introduction

There has been a number of generalizations of metric spave s@h generalization
is that of a cone metric space initiated by Huang and Zhang lf3tthis space they
replaced the set of real numbers of a metric space by an ar@=aeach space and
gave some fundamental results for a self map satisfying sattive condition. In [1]
Abbas and Jungck, generalized the result of [3] for two selpsthrough weak com-
patibility in a normal cone metric space. Along the samedjnéetro [8] proved some
fixed point theorems for two self maps satisfying a contvaationdition through weak
compatibility. In [5] the authors introduce the concept ofrpatibility in cone met-
ric space. Recently, Rezapour and Hamlbarani [6] were alienit the assumption of
normality in a cone metric space, which is a milestone in bging fixed point theory.
Also in [2] Arshad et al. proved a fixed point theorem for thsedf map adopting the
contractive condition of [7] through weak compatibility.

In this paper, we establish a theorem postulating a unigoevan fixed point
for four self maps through weak compatibility satisfying anegeneralized contrac-
tive condition than the one adopted in [1, 2, 3, 8] in a nhonAmaircone metric space.
Our results generalize, extend and unify several well-kmfiwed point results in cone
metric spaces. An example illustrates the main result sfphper.

2. Preliminaries

DEeFINITION 1 ([3]). Let E be a real Banach space and P be a subset of E.
Then P is called &oneif
(i) Pis closed, nonempty and-P{0};
(i) a,beR,a,b>0,andxye Pimply ax+ byec P;
(i) xe P and—x e P imply x=0.
Given a cone EC E, we define a partial ordering<” in E by x <y if y—xe€P.
We write x< y to denote x< y and x# y, and we write x< y to denote y-x € PP,
where P stands for the interior of P

Note 1.Fora > 0 andx € P, takingb = 0 in (ii) we haveax € P.
2. takinga=b=0in (ii) we have 0= P.
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PROPOSITIONL ([4]). Let P be a cone in a real Banach space E. & and
a<kaforsome ke [0,1), then a= 0.

Proof. Forae Pk € [0,1) anda < kagives(k—1)ae P. As 0< k < 1 we have
1— k> 0 which gives ¥(1—k) > 0. So by Note 1,1 (k—1)a€ P implies—a e P.
Now a € P and—a € P, which impliesa = 0, by Definition 1, (iii). O

PROPOSITIONZ2 ([4]). Let P be a cone in a real Banach spacelfa € E and
a< cforallce P then a=0.

REMARK 1. (See [6].) We havaP® C P° for A > 0, andP°® 4 P° C P,

DEFINITION 2 ([3]). Let X be a nonempty set. Suppose that we are given a
mapping d X x X — E that satisfies:
(@) 0<d(x,y) forall x,y € X, and dx,y) = 0if and only if x=;
(b) d(x,y) =d(y,x) for all x,y € X;
(c) d(x,y) <d(x,z) +d(zy) forall x,y,ze X.
Then d is called @one metrioon X, and(X,d) is called acone metric space

For examples of cone metric spaces we refer to Huang—Zhéng [3

DerINITION 3 ([3]). Let(X,d) be a cone metric space. Let,} be a sequence
in X and xe X. If for every ce E with0 < c there is a positive integerd$uch that for
all n > N we have @x,,X) < c, then the sequendes,} is said toconvergeo x, and X
is called thdimit of {x,} . We Writer!iggoxn =X Or X; — X, aS N— 0.

DEFINITION 4 ([3]). Let(X,d) be a cone metric space. Let,} be a sequence
in X. If for any ce€ E with O < c there is a N such that for all,m > N we have
d(xn,Xm) < ¢, then the sequende, } is said to be e&Cauchy sequenda X.

ReEMARK 2. It follows from the above definitions that{ikz, } is a subsequence
of a Cauchy sequende,} in a cone metric spadeX, d) andxg, — zthenx, — z

Proof. As xon — zand{x,} is Cauchy sequence, for any¥ E with 0 < c there is a\
such that for alh > N,

d(Xn,X2n) < ¢/2 and d(xzn,2) < /2.
Now,
d(Xn,2) < d(Xn,X2n) +d(X2n,2) < €/2+¢/2 = cC.
Therefored(xn,z) < c, for all n > N. Thusx, — z

DerINITION 5 ([3]). Let (X,d) be a cone metric space. If every Cauchy se-
guence in X is convergentin, ¥hen X is called &ompletecone metric space.

ProPOSITION3. Let (X,d) be a cone metric space and P be a cone in a real
Banach space Hf u < v and v« w then u< w.
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DEFINITION 6 ([1]). Let f and g be self maps of a set X. IE&wfx = gx, for
some x X, then w is called goint of coincidencef f and g

DEFINITION 7 ([6]). Let X be any set. A pair of self mapk,g) is said to be
weakly compatibléf u € X and fu= gu imply gfu= fgu.

PropPOsSITION4 ([1]). Let(f,g) be a pair of weakly compatible self maps of a
set X If f and g have a unigue point of coincidence=wfx = gx, then w is the unique
common fixed point of f and g

LEMMA 1. Let(X,d) be a cone metric space with respect to a cone P in a real
Banach space E, and take k2, k > 0. Suppose thatx— x and y, — v, in X and

1) ka < kid(Xn,X) + kod(¥n,Y).
Thena=0.

Proof. As x, — xandy, — Y, there exists a positive integig such that

C C
_C dxax), — S —d(yny) € P°, Wn> N
(k1+k2) ( n ) (k1+k2) (yn y) C

Therefore, by Remark 1, we have

kic koc

———— — kyd(Xn,X),
(kitky) O, %) (ki + k2)

—kod(yn,y) € P°, vn > Ne.

Again by adding and Remark 1, we hase kid(Xn, X) — kod(Yn,Y) € PO for all n> N.
From (1) and Proposition 3 we hage- ka c P?, i.e. ka < c for eachc € PP. Finally,
by Proposition 2, we hava= 0 sincek > 0. O

3. Main results

THEOREM1. Let(X,d) be a complete cone metric space with respect to a cone
P contained in a real Banach space Buppose that B,S and T are self mappings
X — X satisfying:

3.1. AX)CT(X),B(X)C S(X);

3.2. the pairdA,S) and the(B, T) are weakly compatible;
3.3. one of AX),S(X),B(X),T(X) is complete;

3.4. forsome\, 8,y € [0,1) with A+ pu+d+ 2y < 1we have

d(Ax By) < Ad(Ax, SX + pd(By, Ty) + 8d(Sx Ty) +y[d(Ax Ty) + d(Sx By)]

for all x,y € X.
Then AB,S and T have a unique common fixed pointin X.
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Proof. Letxg € X be any pointinX. Using3.4we construct sequencés,} and{yn}
in X such that

Axon = TXont1 = Yon,
(2) {

BXont1 = S¥ns2 = Yont1,

for all n. Our first aim is to show thafy,} is a Cauchy sequence

STEP 1. TakingX = Xo, andy = Xon41 in 3.4we get

d(Axen, Bxont1) < Ad(Axen, S¥n) + Hd(BXent1, T Xont1) + 0d(Sd%n, T Xon+1)
+y[d(Axon, TXon+1) + d(Sxn, Bxont1)]

Using (2) we get

d(Yon,Yont1) < Ad(Yan,Yan—1) + HA(Yont1,Y2n) + 0d(Yan—1,Yon)
+Y[d(y2n, Y2n) +d(Y2n-1,Y2n+1)]

(

)

IN

}\d(y2n,y2n71) + ud(yony1,Y2on) + 0d y2n71;y2n)
+Y[d(Y2n—1,Y2n) + d(Yon, Yont1)]-

By writing d(Yn, Yn+1) = dn, We have
don < Adgn—1 + HUtbn + Odon—1+ Y[d2n + dan—1],
i.e. (1—p—y)don < (A + 0+ Y)dan_1, which implies
3) don < hbn-1,
whereh= (A +6+Y)/(1—p—Yy). In view of 3.4, we deduce that < 1.
TakingXx = Xon1+2 andy = Xgn11 in 3.4, we get

d(Axony2, B¥ony1)
< Ad(Axont 2, S¥%n+2) + HA(BXent1, TXont1) + 0d(S¥nt2, T Xont1)
+y[d(A%ni2, TXong1) +d(S¥ny2, BXont1)].
Using (2) we get

d(yan+2,¥2nt1) < Ad(Yani2,Yen+1) +Hd(Yani1,Y2n) +0d(Yani 1, Yon)
+y[d(Yon+2,Y2n) + d(Yans1, Yons1)]

Ad(Yan+2,Y2n+1) + Hd(Y2ni1,Y2n) +8d(Yan+1,Y2n)
+Y[d(Yant2, Yont1) + d(Yont1, Yon)]-

IN

We therefore have

don+1 < Adani1 + Meon + 8an + Y[dant 1 + dan),
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i.e. (1— A —y)dont1 < (U+ 0+ Y)d2n, which implies
(4) dony1 < Kdbn,

wherek = (U4 d+Y)/(1—A —y). By condition3.4, we havek < 1.
In view of (3) and (4) we have

dany 1 < kb < hktpn—1 < K?hdan_2 < ... < K"™h"dg
wheredy = d(yo, Y1), and

dan < hopn_1 < hkthn_2 < h?kdpn_3 < ... < h"kdp.
Thereforedon. 1 < k™1h"dg andd,, < h"k"dp. Also,

d(Yn7Yn+p) < d(Yn7Yn+1) + d(Yn+1ayn+2) + o+ d(Yn+p7Yn+p71),

) d(Yn,Yntp) < Oh+dnp1+ -+ +dnpp-1.
We next suppose that= 2mis even. By (5) we have
d(Yom,Yomip) < [AMKM o hMKMHL 4 pmEdgmad  pMELmE2 4 T dg
= h"KM1+k+hk+hk2+h?k2+ - ]do
= h™M[(1+hk+h?k2+ - )+ (k+hi@+ h2k3 + - )] do
= h™k™(1+K)[1+ hk+h%kZ+h3k3 .- | do.
Sincehk < 1 and P is closed, we conclude that

1+k
(6) d(Yomyp, Yom) < (hk)ml—hkdo'

Now for ¢ € P?, there exists > 0 such that —y € P% if ||y|| < r. Choose a positive
integerN; such that| (hk)™(1+ k)do/(1 — hk)|| < r for all m> N, which implies that

1+k
- m-T" 0
C (hk) 1 hkdo € PY.

On the other hand, (6) means that

1+Kk

m
(hk) 1-hk

do — d(Yam+-p,Y2m) € P.

So we have — d(Yomy-p, Yom) € PO for all m > N, and for allp by Proposition 3.

The same argument appliesiit= 2m+ 1 is odd. Thusd(Yn+p,¥n) < C, for all
p and for alln > N.. Hence{y,} is a Cauchy sequence ¥



120 S. Jain, S. Jain and L. Jain

Case 1: $X) is complete. Since{yn} is a Cauchy sequence i, it follows that
{Yon+1= Sxn+2} is a Cauchy sequence®iX), which is complete. Sgon1 —z=Su
for someu € X. Now,

d(Ay,Su < d(Au,Bxoni1) +d(Bxont, SU
= d(Yan+1,SU +d(Au, Bxon1).
Using3.4with x = u andy = xon11, we have
d(Au,SuU) < d(yznt1,SU) +Ad(Au, SU) + pd(BXent1, TXen+1) +8d(SUTXen 1)
+Y[d(Au, TXent1) + d(BXen+1, SU)J

= d(yzm, Su) +Ad(Au, SU) + pd(Y2nt1,Y2n) + 0d(SU y2n)
+Y[d(Au,y2n) +d(Y2n+1, SU)]

(YZn+17 Su) +Ad(Au, Su) + p[d(Yan+1, SU) + d(Su yzn)] + 6d(Su yzn)
+y[d(Au, Su) +d(Suyzn) + d(yzn+1, SU).

Thus

(1—A—y)d(Au,SU < (U-+ 3+ Y)d(yzn, SU + (1+ P+ Y)d(Yzn+1, SU.

AS yon — Suyoni1 — Suand 1- A —y > 0, using Lemma 1, we havé(Au, Su = 0,
and we getAu = Su ThusAu = Su= z Thereforez is a point of coincidence of the
pair (A,S). Since(A,S) is weakly compatibleAz= Sz

STEP2. ASA(X) C T(X), there existw € X such thaz=Au=Tv. So
(7 z=Au=Su=Tv
Takingx = uandy =vin 3.4we have
d(Au,Bv) < Ad(Au, Su) + pd(Bv, Tv) 4 8d(Su Tv) +y[d(Au, Tv) 4+ d(Bv,Su)].
Using (7) we have
d(z,Bv) < (u+Y)d(z,Bv).

As p+y < 1, using Proposition 1, it follows that(By,z) = 0 and we geBv=z. As
the pair(B, T) is weak compatible we g8z= T z Takingx=z,y = zin 3.4and using
Az= Sz Bz=Tzwe get

d(AzBz) < (6+2y)d(AzB2).
As 3+ 2y € [0,1) we getAz= Bz by Proposition 1 and we havkz= Sz=Bz=Tz
Thuszis a point of coincidence of the four self map3B,S T.
Case 2: TX) is completeThe proof of this case is similar to Case 1.

Case 3: AX) is complete{yn} is a Cauchy sequence ¥1 Hence{yon = Axon} is a
Cauchy sequence i(X), which is complete. Hencgn — z= Aw for somew € X.
As A(X) C T(X) there existp € X such thaz= Aw= T p. It follows from Case 2 that
Az=Bz= Sz=Tz Thus, also in this case, the map®, S, T have a common point of
coincidence.

Case 4: BX) is completeThe proof of this case is similar to Case 3.
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STEP 3. We havez = Bz= Sz Let Au= Sube another point of coincidence of
the pair(A,S). Now
d(zAu) <d(z,Bxent1) +d(Bxent1,Au)
= d(Z yont1) + d(Au, BXon1).

Takingx = uandy = xgn+1 in 3.4we get

d(Z7 AU)) < d(Z, y2n+1) + }\d(AU7 SU) + Ud(BX2n+1, TX2n+;|_) + 6d(Su TX2n+;|_)

+y[d (AU, TX2n+1) + d(BXZnJrl, SU)]

= d(Z Y2n+1) + HA(Y2n+1,Y2n) + 8d(AU, Y2n) + Y[d(AU, Y2n)
+d(y2n;1,Au)]

<d(zYant1) +Hd(Y2nt1,2) +d(Z Y2n)] + O[d(AU, 2) +d(Z Y2n)]
+Y[d(Au,2) +d(z Y2n) +d(Y2n+1,2) +d(z Au)].

Thus
(1-38-2y)d(z.Au) < (14 p+Y)d(Z Yant1) + (4 8+ Y)d(Z yzn).

Sinceyoni1 — zandyz, — z, and we have 1 8 — 2y > 0, using Lemma 1 we obtain
d(z,Au) = 0 and sAu = z. Hence the point of coincidence OA, S) is unique. As the
pair (A,S) is weakly compatible by Proposition #js the uniqgue common fixed point
of AandS. Hencez= Az= Bz= Sz= Tzis the unique fixed point oA B,S T. O

Taking andT = Sin Theorem 1 we have the following corollary for three self
mappings:

COROLLARY 1. Let (X,d) be a complete cone metric space with respect to a
cone P contained in a real Banach spacelet AB and S be self mappings on X
satisfying:
. AX)UB(X) C S(X);
2. the pairs(A,S) and (B, S) are weakly compatible;
3. one of $X) or A(X) UB(X) is complete;
4. forsome\,,d,y € [0,1) with A+ p+0+2y< 1, we have

d(Ax By) < Ad(Ax, SX -+ pd(By, Sy) + 8d(Sx Sy) + y[d(Ax, Sy) + d(By, Sy,

=

forall x,y € X.

Then AB and S have a uniqgue common fixed point in X

Proof. (The case in whicthA(X) U B(X) is complete.) This follows from the cases
in which A(X) or B(X) is complete. For these we haygs = Axn — z€ A(X) and
yon = Axon — z € B(X) as discussed above in Cases 3 and 4 respectively. O

In [2] Arshad et al. established the following result:
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THEOREM2 ([2]). Let(X,d) be a cone metric space and P be an order cone.
Let ST, f : X — X be such that &) UT(X) C f(X). Assume that the following con-
ditions hold:

(i) d(SxTy) <ad(fx,SX+pd(fy,Ty)+yd(fx, fy) forall x,y € X with x#y, where
a, 3,y are non-negative real numbers with4- 3 +y < 1;

(i) d(SxTx) <d(fx,Sx+Bd(fx,Tx) forall x € X with Sx# Tx.

If f(X) or S(X)UT(X) is a complete subspace of ¥ien ST and f have a unique

point of coincidence. Moreover, (B, f) and (T, f) are weakly compatible, then®
and f have a unigue common fixed point.

REMARK 3. Corollary 1 is a more complete result. Its contractivediton is
more general than the one adopted in the above theorem. Maréadoes not require
assumption (i) at all.

TakingB = AandT = Sin Theorem 1, we obtain

COROLLARY 2. Let (X,d) be a complete cone metric space with respect to
a cone P contained in a real Banach spacelet A and S be self mappings on X
satisfying:
1. AX) C S(X);
2. the pair(A,S) is weakly compatible;
3. one of AX) or §(X) is complete;
4. for some\,, 8,y € [0,1) with A + p+ 0+ 2y < 1 we have

d(AX Ay) < Ad(Ax,SX) -+ Hd(Ay, Sy) +B(Sx Sy +Y[d(Ax, Sy) +d(Sx Ay)]
for all x,y € X.
Then A and S have a unique common fixed pointin X.

REMARK 4. TakingA = p=y=0 andd =k in Theorem 1, we get Theorem
2.1 of Abbas—Jungck [1] even in a non-normal cone metricespd®n one of (X) or
g(X) is complete.

REMARK 5. TakingA = p=kandd=y=0 in Theorem 1, thek € [0,1/2)
we get Theorem 2.4 of Abbas—Jungck [1] even in a non-nornred coetric space.

REMARK 6. TakinghA = p=0=0 andy=kin Theorem 1, thetk € [0,1/2)
and we get Theorem 2.4 of Abbas—Jungck [1] even in a non-ri@ona metric space.

Thus Theorem 1 of this paper synthesizes and generalizest#ihthe results
of Abbas—Jungck [1].

The following definition and theorem appear in Vetro [8]:
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DEFINITION 8 ([8]). Let(X,d) be a cone metric space and P be a normal cone
with normal constant GGiven mappings,g: X — X, we say f is a-gveak contraction
if
d(fx, fy) < ad(fx,gx) +Bd(fy,gy) +yd(gxgy)
for all x,y € X, wherea, 3,y € [0,1) anda + B+y< 1.
THEOREM 3 ([8]). Let(X,d) be a cone metric space and P be a normal cone

with normal constant CLet f,g: X — X be such that {X) C g(X). Suppose that f is
a g-weak contraction such that

e f(9(x) =9(g(x)) if and only if f(x) = g(x)

If f(X) org(X) is a complete subspace of %en the mappings f and g have a unique
common fixed point in XMoreover, for any x € X, the f—g sequence§fx,} of the
initial point xg converge to the fixed point.

REMARK 7. Corollary 2 is a more general result than Theorem 3. Hege th
contractive condition is more general and the normalityhaf ¢one metric space has
not been assumed.

TakingS= I, the identity map orX, in above corollary we get

COROLLARY 3. Let (X,d) be a complete cone metric space. Let A be self
mapping on X satisfying:

e for some\, ., 8,y € [0,1) with A + u+ 3+ 2y< 1 we have
d(Ax Ay) < Ad(Ax X) + Hd(Ay,y) + 8d(x,y) +y[d(Axy) + d(Ay. )],

for all x,y € X.
Then the map A has the unique fixed pointin X and for amXxthe iterative sequence
{A"x} converges to the fixed point.

Proof. Existence and uniqueness of the fixed point follows from Carnp2, by taking
S=1 there. TakingT =S=1, B= A andxp = xin Theorem 1 we havgy = Ax,
y1 = A?X, ...,Yni1 = A"X, etc. Thus for eacl, the sequencéA™} converges to the
fixed pointz. O

Takingy = 0 in corollary 3 we have

COROLLARY 4. Let (X,d) be a complete cone metric space. Let A be self
mapping on X satisfying:

o for some\,p,d € [0,1) with A +p+ 0 < 1, we have
d(Ax Ay) < Ad(AX X) + pd(Ay,y) +8d(x,y),

for all x,y € X.
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Then the map A has the unique fixed pointin X and for an)xthe iterative sequence
{A"x} converges to the fixed point.

REMARK 8. Takingh =k andpu= 6= 0 in Corollary 4, we get Theorem 1 of
Huang—Zhang [3] even for a non-normal cone metric space.

REMARK 9. Takingh = p=kandd=0in Corollary 4k € [0,1/2) and we get
Theorem 3 of Huang—Zhang [3] even for a non-normal cone msjréace.

REMARK 10. TakingA = p= 9= 0 andy=kin Corollary 3,k € [0,1/2) and
we get Theorem 4 of Huang—Zhang [3] even for a non-normal cogteic space.

Thus Theorem 1 of this paper synthesizes and generalizestaih the results
of Huang et. al [3] without assuming normality of the cone meetpace.

EXAMPLE 1. (of Theorem 1). LeK = R*, E = R?, and consider the cone
P={(xy) eR?:x>0y>0} CE.
Fix a real numbea > 0 and define a cone metric: X x X — E by
d(x,y) = [x=y|(1,a).
Then(X,d) is a complete cone metric space. Define self @S T on X by
A(x) =B(x) = 5x S(x) = T(x) = 2x,
for all x € R™. Conditions3.1, 3.2, 3.3 of Theorem 1 hold trivially. Conditioi3.4is
equivalent to
(8) IX—Y| < 2AX+ 2y + 33X — Y|+ Y[[x— 3y + [3x—y]].

Consider it in the following four cases:
(8) y < x < 3y, inwhich (8) becomes

(2N +3u+ 2y — 1)x+ (2u— 38+ 2y+ 1)y > 0.
(b) 3y <x, inwhich (8) becomes

(2N + 38+ 4y — 1)x+ (2u— 35+ 4y+ 1)y > 0.
(c) 3x <Yy, in which (8) becomes

(2A — 30— 4y+ 1)x+ (2u+3d0+4y—1)y> 0.
(d) x <y < 3%, inwhich (8) becomes

(2N — 38+ 2y+ 1)x+ (2u+ 35+ 2y — 1)y > 0.

Thus conditior8.4also holds good fok = %, p=y= £ andd = £ and 0O is the unique
common fixed point of the maps B, SandT.
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