
Rend. Sem. Mat. Univ. Politec. Torino
Vol. 68, 2 (2010), 127 – 137

M. Murakami ∗

A CONSTRUCTION OF CERTAIN SURFACES

OF GENERAL TYPE

Abstract. For each integera= 2,3,4, we construct a family of minimal complex algebraic
surfaces with torsion groupZ/2 such thatc2

1 = 2χ(O)−1 andχ(O) = a, wherec1 andχ(O)
are the first Chern class and the Euler characteristic of the structure sheaf.

1. Introduction

As one can see in Bombieri’s paper [2] on pluricanonical maps, it is sometimes effec-
tive to employ the torsion parts of the Picard groups in studying regular surfaces of
general type. This is true in particular for the case of surfaces with small invariants,
especially for those with vanishing geometric genus.

One reason for this is that such surfaces generally tend to assume several topo-
logical types for single values of numerical invariants. Since the torsion group for a
regular surface is isomorphic to the first homology group with integral coefficients,
one can use it to distinguish the topological types. Anotherreason for the importance
of the torsion groups is that they sometimes have effect on the nonbirationality of pluri-
canonical maps. In fact in [5], Ciliberto and Mendes Lopes classified minimal surfaces
with c2

1 = 2χ(O)−2 having 2-torsion by showing that such surfaces have non-birational
bicanonical maps (and also quoting results from [1], [3], and [4]).

The aim of this short note is to give an explicit constructionof a family of
minimal algebraic surfaces each memberX of which hasc2

1 = 2χ(O)−1 and torsion
group Tors(X) ≃ Z/2. Note that the minimal surfaces with the numerical invariants
on this line have vanishing irregularity, hence, in particular, that the caseχ(O) = 1 on
this line is that of the Godeaux surfaces. By a result given inthe previous paper [11],
the order of the torsion group for a surface with the invariants on this line is at most
3 if χ(O) = 2, is at most 2 if 3≤ χ(O) ≤ 6, and is 1 if 7≤ χ(O). The author has
already given a complete description for the caseχ(O) = 2 and Tors(X)≃ Z/3 ([10]).
Meanwhile, we have U. Perrson’s results on the geography of Chern numbers ([12]),
and the possible values of the torsion groups are completelyunderstood for the case
χ(O) = 1 (that of Godeaux surfaces, see [8] and [13]). Thus our next game, in view of
the sharpness of the bound, is the case of Tors(X)≃ Z/2 and 2≤ χ(O)≤ 6. We shall
construct examples of the case Tors(X)≃Z/2 andχ(O) = a for each integer 2≤ a≤ 4
in the present paper.

For the caseχ(O)= 3,4, surfaces with these invariants already appear in a paper
by Du Val [7] in which he gave, with some assumptions, a list for the minimal regular
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surfaces of non-standard case for the non-birationality ofthe bicanonical maps (see also
[4, 6]). In fact one can easily show that our surfaces for the caseχ(O) = 3, 4 are exactly
those in Du Val’s list (double covers of rational surfaces) but described in a different
way. But since imposing singularities on the branch divisorin general makes uncertain
the existence of such a branch divisor and also the minimality of the obtained double
cover model, it is not clear at least to the author whether theexistence follows easily
from Du Val’s list (especially for the case of smallχ(O)). In any case we construct the
surfaces also for the caseχ(O) = 2, and even for the caseχ(O) = 3,4.

Our construction here is in a sense – although not exactly – a combination of
two classical methods known as the Campedelli constructionand the Godeaux con-
struction. Namely, we first take the minimal resolutionY of the double cover of the
Hirzebruch surfaceΣ0 ≃ P1×P1 branched along a singular curveB, and then take the
quotientX = Y/G of Y by a certain free action byG≃ Z/2. HereB is a member of
the quadruple anticanonical system|−4KΣ0| having two[3,3]-points and 2k ordinary
quadruple points (χ(O) = 4− k, 0≤ k≤ 2). This construction comes from an effort to
obtain a concrete description for such surfaces. In a different paper (of which the first
part is [9]), the author shall give, together with exclusionof the case Tors(X) ≃ Z/2
and 5≤ χ(O)≤ 6, a complete description for the surfaces of the case Tors(X) ≃ Z/2
andχ(O) = 4, in which our construction forχ(O) = 4 appears as a general case of
one of the two types. For the case of Tors(X) ≃ Z/2 and 2≤ χ(O) ≤ 3, however, a
complete classification seems much more difficult. So we firstgive here examples of
such surfaces.

Throughout this paper, we work over the complex number fieldC.

Notation.Let Sbe a compact complex manifold of dimension 2. We denote byc1(S),
pg(S) andq(S), the first Chern class, the geometric genus and the irregularity of S,
respectively. The torsion group Tors(S) = TorPic(S) is the torsion part of the Picard
group ofS. If V is a complex manifold,KV is a canonical divisor ofV. For a coherent
sheafF on V, we denote byhi(F) andχ(F), the dimension of thei-th cohomology
group and the Euler characteristic ofF, respectively. Letf : V →W be a morphism
to a complex manifoldW, andD a divisor onW. We denote byf ∗(D) and f−1

∗ (D)
the total transform and the strict transform ofD, respectively. The symbol∼ means a
linear equivalence of divisors. We denote byΣd→ P1 the Hirzebruch surface of degree
d. The divisors∆0 andΓ are its minimal section and its fiber, respectively. Throughout
this paper,X is a minimal algebraic surface of general type withc2

1 = 2χ(OX)−1.

2. A lemma

Let us give a lemma which we shall use in the construction of the families of surfaces
stated in Section 1. LetW be a compact connected complex manifold, andG a group
acting onW. Let B be an effective reduced divisor onW such thatB∼ nF for a non-
trivial divisor F and an integern≥ 2. Then we have a Galois coverV→W of mapping
degreen with branch locusB and with Galois groupZ/n. The varietyV is a subvariety
of the total space of the line bundleF . We assume that the divisorsB andF are stable
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under the action ofG. We say that an action ofG on V is a lifting of the one onW,
if the action ofG onV and that onW are compatible with the projectionV →W. Let
us give a criterion for the existence of a lifting. Leth be a meromorphic function on
W corresponding to the principal divisorB− nF. Thencg = (g∗h)/h is a non-zero
constant function for anyg∈ G, andg 7→ cg gives a characterc of G. Let Char(G) be
the character group ofG, andΨ the endomorphism of Char(G) given byχ 7→ nχ. We
denote by Im(Ψ) the image of the morphismΨ : Char(G)→ Char(G).

LEMMA 1. The action of G on W lifts to one on V if and only if c∈ Im(Ψ). If
c∈ Im(Ψ), then there exist exactly♯ker(Ψ) liftings of the action of G, whereker(Ψ) is
the kernel of the morphismΨ.

Proof. See the Appendix.

3. A family of surfaces with Tors(X)≃ Z/2

Let us start the construction of a family of minimal surfacesX with c2
1 = 2χ(O)−1,

χ(O) = 4− k, and Tors(X)≃ Z/2 for each integer 0≤ k≤ 2. LetW = P1×P1 be the
Hirzebruch surface of degree 0, and(X0 : X1) and(Y0 : Y1) homogeneous coordinates
of P1. We define an involutionι0 of W by

ι0 : ((X0 : X1),(Y0 : Y1)) 7→ ((X1 : X0),(Y1 : Y0)).

We putx= X1/X0 andy=Y1/Y0. Let G be a group of automorphisms ofW generated
by ι0. ThenG ≃ Z/2 acts naturally onW, andW has exactly 4 fixed points ofι0,
namelyp1 : (x,y) = (1,1), p2 : (x,y) = (1,−1), p3 : (x,y) = (−1,1) andp4 : (x,y) =
(−1,−1). Let q : W0→W be the blowing-up ofW at 2k+ 2 pointsw1, . . . ,w2k+2,
where{w2 j+1}0≤ j≤k is a set of distinctk+1 points onW \ {p1, . . . , p4}, andw2 j+2 =
ι0(w2 j+1) for each integer 0≤ j ≤ k. The action ofG on W lifts to one onW0.
We denote byE0

i = q−1(wi) the exceptional curve of the first kind lying overwi for
1≤ i ≤ 2k+ 2. Let q′ : W2→W0 be the blowing-up ofW0 at two pointsw′1 andw′2,
wherew′1 ∈ E0

1 andw′2 = ι0(w′1) ∈ E0
2. We denote byE∨i = q′−1(w′i) the exceptional

curve of the first kind lying overw′i for i = 1,2. We use the same symbolE0
i for the

total transform onW2 of the divisorE0
i . We putq̄ = q◦q′ : W2→W. Note that the

action ofG onW lifts to one onW2.

LEMMA 2. Assume that the configuration of the k+1points w2 j+1’s (0≤ j ≤ k)
and that of w′1 are sufficiently general. Then there exists a reduced curve B′

2 on W2

satisfying the following five conditions:

1) B′2 ∈ |q̄
∗(8∆0+8Γ)−∑i=1,23(E0

i +E∨i )−∑3≤i≤2k+24E0
i |,

2) B′2∩q′−1
∗ (E0

i ) = /0 for i = 1,2,

3) B′2∩ q̄−1({p1, . . . , p4}) = /0,

4) B′2 has at most negligible singularities,

5) B′2 is stable under the action of G on W2.
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Note that∑3≤i≤2k+24E0
i = 0 if k= 0. We shall give a proof of the lemma above

at the end of this section. We define a reduced curveB2 onW2 by

B2 = B′2+ ∑
i=1,2

q′−1
∗ (E0

i ).

ThenB2 is stable under the action ofG, and singularities ofB2 are at most negligible
ones. Moreover we haveB2∼ 2F2, where

F2∼ q̄∗(4∆0+4Γ)− ∑
i=1,2

(E0
i +2E∨i )− ∑

3≤i≤2k+2

2E0
i .

Let f2 : Y2→W2 be the double cover ofW2 with branch locusB2, andỸ→ Y2 the
minimal desingularization ofY2. Then we obtain a surjective morphismf : Ỹ→W2

of mapping degree 2 with branch locusB2. We havef ∗(q′−1
∗ (E0

i )) = 2Ei for a (−1)-
curveEi onỸ for eachi = 1,2. We denote byp : Ỹ→Y the blowing-down of the two
(−1)-curvesE1 andE2. Then we see easily that

(1) K2
Y = 2(2(4− k)−1), χ(OY) = 2(4− k).

LEMMA 3. Assume that the configuration of the k+1points w2 j+1’s (0≤ j ≤ k)
and that of w′1 are sufficiently general. Then the fixed part of the canonicalsystem|KỸ|
is ∑i=1,22Ei , and the variable part of|KỸ| is free from base points. In particular, Y is
minimal.

Proof. SinceW is a rational surface, we have|KỸ|= f ∗|KW2 +F2|, where

F2+KW2 ∼ q̄∗(2∆0+2Γ)− ∑
i=1,2

E∨i − ∑
3≤i≤2k+2

E0
i .

We study the linear system|KW2 +F2|. We denote byLwi the unique member of|Γ|
passing throughwi , and byMwi the unique member of|∆0| passing throughwi , where
1≤ i ≤ 2k+2.

First, we give a proof for the casek = 0 or 1. Assume thatk = 0 or 1. The
linear system|q̄∗(∆0+Γ)−∑i=1,2E∨i |+ |q̄

∗(∆0+Γ)−∑3≤i≤2k+2E0
i | is a subsystem of

|F2+KW2|. Note that bothLw1 +Mw2 andLw2 +Mw1 are members of|∆0+Γ| passing
throughw1 andw2. Thus the fixed part of|q̄∗(∆0+Γ)−∑i=1,2E∨i | is ∑i=1,2q′−1

∗ (E0
i ),

and the variable part of|q̄∗(∆0 +Γ)−∑i=1,2E∨i | is free from base points. Moreover
|q̄∗(∆0+Γ)−∑3≤i≤2k+2E0

i | is free from base points. Thus the assertion follows for
the casek= 0 or 1.

Next we give a proof for the casek= 2. Take a memberC1 of |2∆0+Γ| passing
through the 5 pointsw1, w3, w4, w5, w6. This is possible, since dim|2∆0+Γ|= 5. Let
C2 be a member of|2∆0+Γ| passing through the 5 pointsw1, w2, w3, w5 andw6. Then
the 4 members

C1+Lw2, C2+Lw4, ι∗0(C1)+Lw1 = ι∗0(C1+Lw2), ι∗0(C2)+Lw3 = ι∗0(C2+Lw4)

of |2∆0+ 2Γ| pass through the 6 pointsw1, . . . ,w6, hence they are corresponding to
members of|KW2 +F2|. We use these 4 divisors to study the canonical system|KỸ|.
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LetC′1, C′′1 andD be effective divisors onW satisfyingC1 =C′1+D andι∗0(C1) =
C′′1 +D, whereC′1 andC′′1 have no common irreducible components. Then we have
ι∗0(D) =D andC′′1 = ι∗0(C′1). Let us show thatD= 0, namely, thatC1 andι∗0(C1) have no
common irreducible components, on the assumption that the configurations ofw2 j+1’s
(0≤ j ≤ 2) are sufficiently general. We see easily that if the configuration of the 3
pointsw2 j+1’s (0≤ j ≤ 2) is sufficiently general, then the following five conditions are
satisfied:

i) no members of|2∆0+Γ| stable underι0 pass through the 3 pointsw1, w3, w5,

ii) each member of|∆0| contains at most one out of the 6 pointsw1, . . . ,w6,

iii) each member of|Γ| contains at most one out of the 6 pointsw1, . . . ,w6,

iv) no members of|∆0+Γ| stable underι0 pass through the 2 pointsw3, w5,

v) no members of|2∆0+Γ| passing through the 4 pointsw3, . . . ,w6 are tangent
to Lw1 at w1.

Assume thatD ∈ |2∆0+Γ|. ThenD ∈ |2∆0+Γ| is stable underι0, and passes
through the 3 pointsw1, w3, w5, which contradicts the condition i). Thus we have
D /∈ |2∆0+Γ|.

Assume thatD ∈ |2∆0|. Then we haveC1 ∈ |∆0|+ |∆0|+ |Γ|, which contradicts
the conditions ii) and iii). Thus we haveD /∈ |2∆0|.

Assume thatD ∈ |∆0 +Γ|. ThenC′1 ∈ |∆0| contains at most one out of the 5
pointsw1, w3, . . . ,w6 by the condition ii). Thus, sinceι∗0(D) = D, the divisorD passes
through the 4 pointsw3, w4, w5 andw6. This contradicts the condition iv). Thus we
haveD /∈ |∆0+Γ|.

Assume thatD ∈ |∆0|. ThenD is a member of|∆0| stable underι0. Note that
w1, . . . ,w6 ∈W \ {p1, . . . , p4}, where{p1, . . . , p4} is the set of all fixed points ofι0 on
W. Thus by the condition ii), the divisorD contains none of the 6 pointsw1, . . . ,w6.
It follows that bothC′1 andC′′1 = ι∗0(C

′
1) contain the 4 pointsw3, w4, w5 andw6, which

contradictsC′1 ·C
′′
1 = 2. Thus we haveD /∈ |∆0|.

Assume thatD ∈ |Γ|. Then we haveC1 ∈ |∆0|+ |∆0|+ |Γ|, which contradicts
the conditions ii) and iii). Hence we haveD /∈ |Γ|.

Thus, by the argument above, the divisorsC1 andι∗0(C1) have no common irre-
ducible components. MoreoverC1 andLw1 have no common irreducible components
by the conditions ii) and iii). By the condition v), we haveC1∩Lw1 = w1 +w7 for a
certain pointw7 6= w1 onW. It follows that

(C1+Lw2)∩ (ι
∗
0(C1)+Lw1) = w7+w8+ ∑

1≤i≤6

wi ,

wherew8 = ι0(w7). From this we can deduce that the fixed part of|KW2 +F2| equals

∑i=1,2q′−1
∗ (E0

i ), and that the base locus of the variable part of|KW2 +F2| is at most
q̄−1({w7,w8}) on the assumption that the configuration of the 4 pointsw1, w3, w5 and
w′1 are sufficiently general.

By the same method as in the case ofC1, we see that if the configuration ofw1,
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w3, w5 andw′1 are sufficiently general, then

(C2+Lw4)∩ (ι
∗
0(C2)+Lw3) = w′7+w′8+ ∑

1≤i≤6

wi ,

wherew′7 ∈ Lw3 andw′8 ∈ Lw4 are certain points onW. It follows that the base locus of
the variable part of|KW2 +F2| is at most ¯q−1({w′7,w

′
8}). Thus the assertion follows for

the casek= 2, since we have{w7,w8}∩{w′7,w
′
8}= /0.

In what follows, we assume that the configuration of thek+ 1 pointsw2 j+1’s
(0 ≤ j ≤ k) and that ofw′1 are sufficiently general as in Lemma 3, hence thatY is
minimal. We put

F2 = q̄∗( ∑
i=1,2

2(Lwi +Mwi ))− ∑
i=1,2

(E0
i +2E∨i )− ∑

3≤i≤2k+2

2E0
i ,

whereLwi andMwi are the divisors as in the proof of Lemma 3. Then the divisorsB2

andF2 are stable under the action ofG. Let h be a meromorphic function onW2 corre-
sponding to the principal divisorB2−2F2. Thencι0 = (ι∗0h)/h is a non-zero constant.
We use the same symbolpi for the point onW2 lying over the fixed pointpi ∈W of ι0.
Since{p1, . . . , p4}∩ supp(B2−2F2) = /0, we inferh(p1) 6= 0, hencecι0 = 1. Thus by
Lemma 1, there exist exactly two liftings toY2 of the action ofG onW2.

LEMMA 4. There exists a unique free action of G onỸ which is obtained by
lifting the action on W2. This action oñY induces one on Y free from fixed points.

Proof. The fiber f−1
2 (pi) is a set of 2 points for each 1≤ i ≤ 4. We take the unique

lifting to Y2 of the action ofG such that the induced action ofG on f−1
2 (p1) is free

from fixed points. We obtain an action ofG on f−1
2 (pi) by restricting this lifting. Since

{p1, . . . , p4} is the set of all fixed points of the action ofG onW2, we only need to show
that the action ofG on f−1

2 (pi) is free for any 2≤ i ≤ 4.

Let Ls be a member of|Γ| given byx−s= 0, andMs a member of|∆0| given by
y− s= 0 for eachs∈ P1 = C∪{∞}. Then we have ¯q−1(L1)≃ P1 andOq̄−1(L1)

(F2)≃

OP1(4). PuttingUi = q̄−1(L1)\ {pi} (i = 1,2), we have ¯q−1(L1) =
⋃

i=1,2Ui . For each
i = 1,2, we take a coordinatezi on Ui such thatι0 : zi 7→ −zi on Ui andz1z2 = 1 on
U1∩U2 hold. Note that the fixed pointp1 ∈U2 is given byz2 = 0, and that the fixed
point p2 ∈U1 is given byz1 = 0. Let

⋃
i=1,2Ui×C be the total space of the line bundle

Oq̄−1(L1)
(F2). We take a fiber coordinateζi onUi×C such that

(2) ζ1 =
ζ2

z4
2

.

Let gi = 0 be a defining equation ofB2|q̄−1(L1)
on Ui such thatg1 = g2/z8

2. Then

f−1
2 (q̄−1(L1)) is a subvariety of

⋃
i=1,2Ui ×C locally defined byζ2

i − gi = 0. Since
B2 is stable under the action ofG, the functionι∗0g1/g1 = ι∗0g2/g2 is holomorphic on
q̄−1(L1), hence a constant. From this together withg2(p1) 6= 0, we inferι∗0gi = gi for
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i = 1,2. Thus, since the action ofG on f−1
2 (p1) is non-trivial, the automorphism of

f−1
2 (q̄−1(L1)) corresponding toι0 ∈G is given by(z2,ζ2) 7→ (−z2,−ζ2) onU2×C. By

this together with (2), we see that this automorphism is given by (z1,ζ1) 7→ (−z1,−ζ1)
onU1×C. Thus the action onf−1

2 (p2) is free from fixed points.

Note that we havep1, p3 ∈ q̄−1(M1) andp3, p4 ∈ q̄−1(L−1). UsingM1 andL−1

in place ofL1, we see that the action ofG on f−1
2 (pi) is free for i = 3,4 in the same

way. Thus the assertion follows.

PROPOSITION 1. Let X be a quotient of Y by the free action of G given in
Lemma 4. Then X is a minimal algebraic surface of general typewith c2

1 = 2χ(O)−1,
χ(O) = 4− k andTors(X)≃ Z/2.

Proof. Since the projectionπ : Y→ X is an unramified Galois cover of degree 2, we
infer from (1) and Lemma 3 thatX is a minimal surface such thatc2

1 = 2χ(O)− 1,
χ(O) = 4−k andZ/2⊂ Tors(X). The isomorphism Tors(X)≃ Z/2 then follows from
[11, Theorem 1].

4. Proof of Lemma 2

Finally, we prove Lemma 2. Take homogeneous coordinates(X0 : X1) and(Y0 : Y1) as
in the beginning of the previous section such thatw1 is given by(x,y) = (0,0). Let
C3 be the unique member of|∆0+Γ| whose strict transform onW0 passes throughw′1.
ThenC3 is defined byµx+νy= 0 for certain constantsµ andν ∈ C. The pointw2 j+1

is given by(x,y) = (α j ,β j) for each integer 1≤ j ≤ k, whereα j andβ j ∈C are certain
constants.

Put ηι0(X0,X1;Y0,Y1) = η(X1,X0;Y1,Y0) for each homogeneous polynomial
η(X0,X1;Y0,Y1) ∈ H0(OW(l∆0 +mΓ)) of bidegree(l ,m). Thenη 7→ ηι0 gives an in-
volution of H0(OW(l∆0 +mΓ)), and this involution induces an action ofG = 〈ι0〉 ≃
Z/2 on H0(OW(l∆0 + mΓ)). Let V+

(l ,m) be the space consisting of all elements in

H0(OW(l∆0+mΓ)) stable under this action. We denote byΛ+
(l ,m) = P(V+

(l ,m)) the sub-

system of|l∆0+mΓ| corresponding to the subspaceV+
(l ,m). If D is an effective divisor

onW2, we denote byΛ+
(l ,m)

(D) the space consisting of all membersC’s of Λ+
(l ,m)

such

that q̄∗C−D is effective. We putΛ̃+
(l ,m)

(D) = q̄∗(Λ+
(l ,m)

(D))−D. Moreover we put

Λ+ =Λ+
(8,8)(∑i=1,23(E0

i +E∨i )+∑3≤i≤2k+24E0
i ) andΛ̃+ = Λ̃+

(8,8)(∑i=1,23(E0
i +E∨i )+

∑3≤i≤2k+24E0
i ).

Proof of Lemma 2.First, we give a proof for the casek= 1. In what follows, we assume
thatα1,β1,µ andν are sufficiently general. Then we have

dimΛ+
(2,2)( ∑

i=1,2
(E0

i +E∨i )+ ∑
i=3,4

E0
i ) = 1.

It is easily verified that the base locus of this linear pencilis {wi}1≤i≤4∪{w9,w10},
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where the pointw9 is given by

x=
β1(µβ1+να1)

µα1+νβ1
and y=

α1(µβ1+να1)

µα1+νβ1
,

andw10 = ι0(w9). We use the same symbolwi for the point onW2 lying overwi ∈W,
wherei = 9,10. It is also easily verified that̃Λ+

(2,2)(∑i=3,4E0
i ) is free from base points.

Thus from

3Λ̃+
(2,2)( ∑

i=1,2

(E0
i +E∨i )+ ∑

i=3,4

E0
i )+ Λ̃+

(2,2)( ∑
i=3,4

E0
i )⊂ Λ̃+,

we infer that the base locus ofΛ̃+ is at most{w9,w10}. Meanwhile, sinceι∗0(C3) passes
throughw1, we have

2(C3+ ι∗0(C3)+Lα1 +L1/α1
+Mβ1

+M1/β1
) ∈ Λ+,

whereLs andMs are the divisors as in the proof of Lemma 4 for eachs∈ C∪ {∞}.
Thus, sinceC3 + ι∗0(C3) + Lα1 + L1/α1

+Mβ1
+M1/β1

passes through neitherw9 nor
w10, we infer that the linear system̃Λ+ is free from base points. By Bertini’s theorem,
any general memberB′2 of Λ̃+ satisfies all the conditions given in Lemma 2.

Next, we give a proof for the casek= 0. In what follows, we assume thatµ and
ν are sufficiently general. Then we have dimΛ+

(2,2)(∑i=1,2(E
0
i +E∨i )) = 2. It is easily

verified thatΛ̃+
(2,2)(∑i=1,2(E

0
i +E∨i )) is free from base points. We therefore infer, since

we have
3Λ̃+

(2,2)

(
∑

i=1,2

(E0
i +E∨i )

)
+ q̄∗Λ+

(2,2) ⊂ Λ̃+,

that Λ̃+ is free from base points. Thus any general memberB′2 of Λ̃+ satisfies all the
conditions given in Lemma 2.

Finally, we give a proof for the casek = 2. In what follows, we assume that
α1,α2,β1,β2,µ,ν are sufficiently general. We see easily that dimΛ+

(2,2)(∑1≤i≤6 E0
i ) =

1, and that the base locus of this linear system is{wi}1≤i≤6∪ {w11,w12}, where the
pointw11 is given by

x=
(β1β2−1)(α1β2−α2β1)

(β1−β2)(α1α2−β1β2)
and y=

(α1α2−1)(α1β2−α2β1)

(α1−α2)(α1α2−β1β2)
,

andw12 = ι∗0(w11). We use the same symbolwi for the point onW2 lying overwi ∈W,
wherei = 11,12. The linear systemΛ+

(2,2)(∑i=1,2(E
0
i +E∨i )+∑3≤i≤6E0

i ) has a unique
memberC4. The divisorC4 is smooth atw1, . . . ,w6,w11 andw12, since any distinct 2
members ofΛ+

(2,2)(∑1≤i≤6E0
i ) intersect each other transversally at these 8 points. We

denote byC̄4 the strict transform onW2 of C4. Then we have

C̄4 = q̄∗(C4)− ∑
i=1,2

(E0
i +E∨i )− ∑

3≤i≤6

E0
i .
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It is also easily verified that dim̃Λ+
(2,2)(∑3≤i≤6E0

i ) = 2, and that this linear system has
no base points. Thus from

3Λ+
(2,2)

(
∑

i=1,2

(E0
i +E∨i )+ ∑

3≤i≤6

E0
i

)
+Λ+

(2,2)

(
∑

3≤i≤6

E0
i

)
⊂ Λ+,

we infer that the base locus ofΛ̃+ is at mostC̄4.

The linear systemΛ+
(4,4)(∑i=1,23E0

i +∑3≤i≤62E0
i ) has a unique memberC5. By

the same method as in the proof of Lemma 3, we see thatC4 andC5 have no common
irreducible components. Thus we have

(3) C4∩C5 = w13+w14+ ∑
i=1,2

3wi + ∑
3≤i≤6

2wi ,

wherew13 is a point onW and w14 = ι0(w13). If {w13,w14} = {w3,w4} holds for
generalα1, . . . ,ν, then we have{w13,w14} = {w5,w6} for generalα1, . . . ,ν, which is
a contradiction. Thus we have{w13,w14}∩ {w3,w4} = /0. In the same way, we see
that{w13,w14}∩{w5,w6}= /0. By the defining equation ofC5, we obtain multw1C5 =
3. Thus, since the defining equation ofC5 is independent ofµ andν, we infer that
{w13,w14}∩{w1,w2} = /0 for generalµ andν. Moreover by the defining equation of
C4 and that ofC5, we obtainC4∩{p1, . . . , p4}= /0 andC5∩{w11,w12}= /0. It follows
that

(4) {w13,w14}∩{w1, . . . ,w6,w11,w12, p1, . . . , p4}= /0.

Let us use the same symbolwi for the point onW2 lying overwi ∈W for i = 13,14.
Then from (3), (4) and

2Λ+
(4,4)

(
∑

i=1,2
3E0

i + ∑
3≤i≤6

2E0
i

)
⊂ Λ+,

we infer that the base locus ofΛ̃+ is at mostC̄4∩C̄5 = {w13,w14}, whereC̄5 = q̄∗(C5)−
∑i=1,23E0

i −∑3≤i≤62E0
i is the strict transform onW2 of C5.

Now let us show thatw13 andw14 are at most ordinary double points of general
members ofΛ̃+ using the argument above. LetC6 be a general member of the linear
systemΛ+

(2,2)(∑1≤i≤6 E0
i ). We denote bȳC6 = q̄∗(C6)−∑1≤i≤6E0

i the strict transform
onW2 of C6. Then since

Λ+
(2,2)

(
∑

1≤i≤6

E0
i

)
+Λ+

(2,2)

(
∑

i=1,2

(E0
i +E∨i )+ ∑

3≤i≤6

E0
i

)

+Λ+
(4,4)

(
∑

i=1,2
3E0

i + ∑
3≤i≤6

2E0
i

)
⊂ Λ+,

the divisor∑4≤i≤6C̄i +∑i=1,22q′−1
∗ (E0

i ) is a member of̃Λ+. By C̄4∩C̄6 = {w11,w12}
together with (3) and (4), we deduce that bothw13 andw14 are ordinary double points
of ∑4≤i≤6C̄i +∑i=1,22q′−1

∗ (E0
i ). Thusw13 andw14 are at most ordinary double points

of general members of̃Λ+. Hence any general memberB′2 of Λ̃+ satisfies all the
conditions given in Lemma 2.
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REMARK 1. Note that ifk= 0 or 1, then the isomorphism class of the quadruple
(W0, ι0|W0,q

′
∗(B2),∑i=1,2E0

i ) depends only on the isomorphism class ofX. This is
verified as follows. In the construction ofX above, the morphismπ : Y→ X is the
unramified double cover corresponding to Tors(X), andp : Ỹ→ Y is the shortest one
among all composites of quadratic transformations such that the variable part ofp∗|KY|
is free from base points. The morphismΦ−KW0

◦q′◦ f is the canonical map of̃Y, where

Φ−KW0
: W0→ P6−2k is the anti-canonical map ofW0. We have degΦ−KW0

= 1 for
k = 0,1 and degΦ−KW0

= 2 for k = 2. Thus if k = 0 or 1, thenW0 is the minimal

desingularization of the normalization of the canonical imageZ = ΦKỸ
(Ỹ) ⊂ P6−2k,

sinceΦ−KW0
contracts no(−1)-curves. Now since the divisor∑i=1,2E0

i on W0 is the
image byq′ ◦ f of the fixed part ofp∗|KY|, we infer from the argument above that the
isomorphism class of the quadruple(W0, ι0|W0,q

′
∗(B2),∑i=1,2E0

i ) depends only on the
isomorphism class ofX. Note also thatq′ : W2→W0 is the blowing-up ofW0 at all
non-negligible singularities ofq′∗(B2).

Appendix

Let us prove Lemma 1. We use the same symbolg for the automorphism ofW cor-
responding tog∈ G. Let {Ui}i∈I be an open covering ofW such that the divisorF is
given by fi = 0 onUi , where fi is a meromorphic function onUi . We take{Ui}i∈I in
such a way that there exists a left action ofG on I such thatg(Ui) =Ug·i for anyg∈G.
Let ∪i∈IUi ×C be the total space of the line bundleF , such that(p,ζi) ∈Ui ×C and
(p,ζ j) ∈U j ×C give the same point on∪i∈IUi ×C, if and only if ζi = ( fi/ f j)(p)ζ j .
We denote byπ : ∪i∈IUi×C→W the natural projection.

We take a system(hi)i∈I of defining equations ofB such thathi = ( fi/ f j)
nh j on

Ui ∩U j hold. Herehi is a holomorphic function onUi for eachi. Then the varietyV is
defined byζn

i −hi = 0 onUi×C. Sincehi/ f n
i = h j/ f n

j gives a meromorphic function
onW corresponding to the principal divisorB−nF, we have

(5) g∗hg·i = cg(g
∗ fg·i/ fi)

nhi

onUi for eachg∈G, wherec : g 7→ cg is the character ofG given in Lemma 1. Take a
constantc′g ∈ C× satisfyingc′g

n = cg. Then

(p,ζi) 7→ (g(p),ζg·i) = (g(p),c′g(g
∗ fg·i/ fi)(p)ζi)

gives an automorphism of∪i∈IUi ×C. This automorphism induces that ofV, sayψg,
since (5) holds.

Now assume that the action ofG onW lifts to that onV. We denote byϕg the
automorphism of∪i∈IUi×C corresponding tog∈G. Then fromϕg = (ϕg ◦ψ−1

g )◦ψg

andπ◦ (ϕg◦ψ−1
g ) = π, we infer thatϕg is given by

(6) (p,ζi) 7→ (g(p),ζg·i) = (g(p),χg(g
∗ fg·i/ fi)(p)ζi),

whereχg ∈ C× is a constant such thatχn
g = cg. Sinceg 7→ ϕg is an action ofG, we see

thatχ : g 7→ χg is a character ofG. Thus we havec∈ Im(Ψ).
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Assume conversely thatc∈ Im(Ψ). We define an automorphismϕχ,g of V by
(p,ζi) 7→ (g(p),ζg·i) = (g(p),χg(g∗ fg·i/ fi)(p)ζi) for eachχ∈Ψ−1(c) andg∈G. Then
it is easily verified thatϕχ : g 7→ ϕχ,g is a lifting of the action ofG on W. The set
{ϕχ}χ∈Ψ−1(c) is that of all liftings of the action ofG onW.
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