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M. Murakami *

A CONSTRUCTION OF CERTAIN SURFACES
OF GENERAL TYPE

Abstract. For each integea = 2, 3,4, we construct a family of minimal complex algebraic
surfaces with torsion group/2 such that:i =2X(0) — 1 andx(0) = a, wherec; andx(0O)
are the first Chern class and the Euler characteristic oftthetare sheaf.

1. Introduction

As one can see in Bombieri’s paper [2] on pluricanonical méps sometimes effec-
tive to employ the torsion parts of the Picard groups in situglyegular surfaces of
general type. This is true in particular for the case of stg$awith small invariants,
especially for those with vanishing geometric genus.

One reason for this is that such surfaces generally tendstovas several topo-
logical types for single values of numerical invariantsnc® the torsion group for a
regular surface is isomorphic to the first homology grouphviittegral coefficients,
one can use it to distinguish the topological types. Anothason for the importance
of the torsion groups is that they sometimes have effectendmbirationality of pluri-
canonical maps. In fact in [5], Ciliberto and Mendes Lop@ssified minimal surfaces
with ¢ = 2x(0) — 2 having 2-torsion by showing that such surfaces have naatibnal
bicanonical maps (and also quoting results from [1], [31 §4]).

The aim of this short note is to give an explicit constructafra family of
minimal algebraic surfaces each memMeof which hasc? = 2x(0) — 1 and torsion
group TorgX) ~ Z/2. Note that the minimal surfaces with the numerical invasa
on this line have vanishing irregularity, hence, in patacuthat the casg(0) =1 on
this line is that of the Godeaux surfaces. By a result giveihénprevious paper [11],
the order of the torsion group for a surface with the invagam this line is at most
3if x(0) =2, is at most 2 if 3< x(0) < 6, and is 1 if 7< x(0). The author has
already given a complete description for the cag®) = 2 and Tor$X) ~ Z/3 ([10]).
Meanwhile, we have U. Perrson’s results on the geographyheficnumbers ([12]),
and the possible values of the torsion groups are complatedgrstood for the case
X(0) = 1 (that of Godeaux surfaces, see [8] and [13]). Thus our nexteg in view of
the sharpness of the bound, is the case of(Fors- Z,/2 and 2< x(0) < 6. We shall
construct examples of the case Tots~ Z/2 andy (0) = afor each integer X a<4
in the present paper.

Forthe casg(0) = 3,4, surfaces with these invariants already appear in a paper

by Du Val [7] in which he gave, with some assumptions, a listtf@ minimal regular
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surfaces of non-standard case for the non-birationalitiy@bicanonical maps (see also
[4, 6]). In fact one can easily show that our surfaces for teeg(0) = 3, 4 are exactly
those in Du Val's list (double covers of rational surfaces) thescribed in a different
way. But since imposing singularities on the branch divisgeneral makes uncertain
the existence of such a branch divisor and also the miniynalithe obtained double
cover model, it is not clear at least to the author whetheettistence follows easily
from Du Val's list (especially for the case of small©)). In any case we construct the
surfaces also for the cag€O) = 2, and even for the caggO) = 3,4.

Our construction here is in a sense — although not exactly errebmation of
two classical methods known as the Campedelli construeti@hthe Godeaux con-
struction. Namely, we first take the minimal resolutiérof the double cover of the
Hirzebruch surfac&, ~ P! x P! branched along a singular curBeand then take the
quotientX =Y /G of Y by a certain free action b§ ~ Z/2. HereB is a member of
the quadruple anticanonical systeém 4Ks,| having two[3, 3]-points and R ordinary
quadruple pointsy(0) = 4—k, 0 < k < 2). This construction comes from an effort to
obtain a concrete description for such surfaces. In a diffepaper (of which the first
part is [9]), the author shall give, together with exclusafrthe case TorfX) ~ Z/2
and 5< x(0) < 6, a complete description for the surfaces of the case(X9rs Z /2
andx(0) = 4, in which our construction fog(0) = 4 appears as a general case of
one of the two types. For the case of Tots~ Z/2 and 2< x(0) < 3, however, a
complete classification seems much more difficult. So we diikst here examples of
such surfaces.

Throughout this paper, we work over the complex number field

Notation. Let Sbe a compact complex manifold of dimension 2. We denoteb9),
pg(S) andq(S), the first Chern class, the geometric genus and the irregutsfr S,
respectively. The torsion group Td& = TorPidS) is the torsion part of the Picard
group ofS. If V is a complex manifoldKy is a canonical divisor 0¥ . For a coherent
sheafF onV, we denote byh'(F) andx(7), the dimension of thé-th cohomology
group and the Euler characteristic &f respectively. Leff : V — W be a morphism
to a complex manifol®V, andD a divisor onW. We denote byf*(D) and f_1(D)
the total transform and the strict transformfrespectively. The symbel means a
linear equivalence of divisors. We denoteXy— P! the Hirzebruch surface of degree
d. The divisorsg andl™ are its minimal section and its fiber, respectively. Thraugh
this paperX is a minimal algebraic surface of general type wafh= 2x(Ox) — 1.

2. Alemma

Let us give a lemma which we shall use in the construction @féimilies of surfaces
stated in Section 1. L&V be a compact connected complex manifold, & group
acting onW. LetB be an effective reduced divisor & such thaB ~ nF for a non-
trivial divisor F and an integen > 2. Then we have a Galois cowér— W of mapping
degreen with branch locu8 and with Galois groufZ/n. The varietyV is a subvariety
of the total space of the line bundfe We assume that the divisoBsandF are stable
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under the action ofs. We say that an action @ onV is a lifting of the one orw,

if the action ofG onV and that or'W are compatible with the projectioh — W. Let
us give a criterion for the existence of a lifting. Lebe a meromorphic function on
W corresponding to the principal divis&—nF. Thencg = (g*h)/his a non-zero
constant function for ang € G, andg — ¢y gives a character of G. Let Cha(G) be
the character group @, and¥ the endomorphism of Ch@s) given byx — nx. We
denote by InfW) the image of the morphist# : ChafG) — CharG).

LEMMA 1. The action of G on W lifts to one on V if and only iEdm(W). If
c € Im(W), then there exist exactfker(W) liftings of the action of G, wherker(W) is
the kernel of the morphist.

Proof. See the Appendix. O

3. A family of surfaces with Torg(X) ~Z/2

Let us start the construction of a family of minimal surfagesith ¢ = 2x(0) — 1,
X(0) = 4—k, and TorgX) ~ Z/2 for each integer & k < 2. LetW = P! x P! be the
Hirzebruch surface of degree 0, afi : X1) and(Yp : Y1) homogeneous coordinates
of PL. We define an involutiory of W by

to: (Xo:X1),(Yo: VY1) — ((X1: Xo),(Y1: Yo)).

We putx = X; /%o andy = Y1/Yp. Let G be a group of automorphisms\f generated
by 10. ThenG ~ Z/2 acts naturally oW, andW has exactly 4 fixed points ab,
namelyps : (x.y) = (L.1), p2: (xy) = (L,—1), ps: (xy) = (~1,1) andpa: (x.y) =
(-1,-1). Letq:Wo — W be the blowing-up oV at X+ 2 pointswi, ..., Wo2,
where{w;1}o<j<k is a set of distinck + 1 points orW \ {py,..., P4}, andwyj > =
lo(woj4+1) for each integer & j < k. The action ofG on W lifts to one onW.
We denote bye? = q~1(w) the exceptional curve of the first kind lying over for
1<i<2k+2. Letq : Wo — Wp be the blowing-up of\p at two pointsw; andw,,
wherew, € E? andw, = 19(W;) € EJ. We denote byE" = g (W) the exceptional
curve of the first kind lying ovew/ for i = 1,2. We use the same symb@? for the
total transform onA, of the divisorEiO. We putg=goq :Wo — W. Note that the
action of G onW lifts to one onWs.

LEMMA 2. Assume that the configuration of the & points wj1's (0 < j <k)
and that of W are sufficiently general. Then there exists a reduced cubverBws
satisfying the following five conditions

1) By € |G (8M0+8M) — 3i—123(EX + EY) — Yaci<ak24E7],

2) By, (E?) = 0fori=1,2,

3)ByNG H({py,..., pa}) =0,

4) B, has at most negligible singularities,
5) B, is stable under the action of G oW
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Note thatz3§i§2k+24Ei° =0if k= 0. We shall give a proof of the lemma above
at the end of this section. We define a reduced cBpven\W, by

By =B+ Z qH(ED).
i=1,2

ThenBsy is stable under the action &, and singularities oB, are at most negligible
ones. Moreover we haug ~ 2, where

Fo ~ @ (40 +41") — Z (EP 4 2EY) — % 2E?.
i=T2 3<i<k+2
Let f, : Yo — Wb be the double cover M\, with branch locusB,, andY — Y; the
minimal desingularization of>. Then we obtain a surjective morphisin ¥ — W,
of mapping degree 2 with branch locBs. We havef*(q’;l(Eio)) = 2E; fora (—1)-
curveE; onY for eachi = 1,2. We denote by : Y — Y the blowing-down of the two
(—1)-curvesk; andE;. Then we see easily that

1) K¢ =2(2(4-K-1),  X(Ov)=2(4-K.

LEMMA 3. Assume that the configuration of the-& pointswgj1's (0 < j <Kk)
and that of  are sufficiently general. Then the fixed part of the canordgatermKy |
is ¥i—122E;, and the variable part ofky| is free from base points. In particular, Y is
minimal.

Proof. SinceW is a rational surface, we haéy| = f*|Kw, + F»|, where

Fo+ Kw, ~ 0 (200 + 2I') — Z E’— EL.
i=12 3<i<2k+2

We study the linear systefiy, + F2|. We denote by, the unique member df|
passing throughv, and byM,, the unique member df\o| passing throughv;, where
1<i<2k+2.

First, we give a proof for the cade= 0 or 1. Assume that=0 or 1. The
linear systemq* (Ao + 1) — Si—12E| + |0 (Bo+T) — Ta<i<aki 2 E| is a subsystem of
|F2 4+ Kw,|. Note that bothLy, + My, andLy, + My, are members ofdo + I'| passing
throughw; andw.. Thus the fixed part offf* (Ao + ) — Yi_1,E| is zizl,zq’;l(EiO),
and the variable part dff (Ao + ) — Si—12E| is free from base points. Moreover
0¥ (Do +T) — ¥ 3<i<ak 2 EL| is free from base points. Thus the assertion follows for
the cas&k =0 or 1.

Next we give a proof for the case= 2. Take a membeZ; of |2Ag+I'| passing
through the 5 pointw, ws, wa, Ws, Wg. This is possible, since dif@Aq+T'| = 5. Let
C, be a member gRAg +I'| passing through the 5 pointg, wp, ws, ws andwg. Then
the 4 members

Citlw, Cotlwg 16(C)+Lw =16(CotLw)  10(C2) + Lws = 16(C2 + Lwy)

of |2Ap + 2I'| pass through the 6 points,...,ws, hence they are corresponding to
members ofKw, + F>|. We use these 4 divisors to study the canonical sy$tgim
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LetC}, C{ andD be effective divisors oW satisfyingC, = C; +D andi(C1) =
C! + D, whereC; andC; have no common irreducible components. Then we have
15(D) =D andCy =1§(C}). Letus show thad = 0, namely, tha€; andi;(C1) have no
common irreducible components, on the assumption thatdhigirations ofvo;j1's
(0 < j <2) are sufficiently general. We see easily that if the configonapf the 3
pointswoj11's (0 < j < 2) is sufficiently general, then the following five conditions a
satisfied:

i) no members of2Aq+ I'| stable underp pass through the 3 poingg;, ws, ws,
ii) each member ofA\g| contains at most one out of the 6 poimis ..., ws,

iif) each member ofl"| contains at most one out of the 6 poimts,. .., ws,

iv) no members ofAg + M| stable underp pass through the 2 poinig, ws,

v) no members of2Aq + I'| passing through the 4 poinis, ..., ws are tangent
to Ly, atws.

Assume thaD € |2Ag+T'|. ThenD € |2Ag+ | is stable underp, and passes
through the 3 pointsvq, ws, ws, which contradicts the condition i). Thus we have
D¢ [|2080+T].

Assume thab € |2/g|. Then we hav€; € |Ag| + |Ao| + ||, which contradicts
the conditions ii) and iii). Thus we hai ¢ |24

Assume thaD € |Ap+'|. ThenC] € |Ag| contains at most one out of the 5
pointswi, ws, ..., Ws by the condition ii). Thus, sincg(D) = D, the divisorD passes
through the 4 pointsvs, wa, Ws andws. This contradicts the condition iv). Thus we
haveD ¢ |Ag+T|.

Assume thab € |Ag|. ThenD is a member ofA| stable underp. Note that
wi,...,Wg € W\ {p1,...,pa}, where{p,...,pa} is the set of all fixed points af on
W. Thus by the condition ii), the divisdD contains none of the 6 pointg, ..., ws.

It follows that bothC; andC; = 1§(C}) contain the 4 pointsis, Wa, ws andwg, which
contradictC] -C{ = 2. Thus we hav® ¢ |Ag|.

Assume thaD € [['|. Then we have&€; € |Ag| + |Ao| + ||, which contradicts
the conditions ii) and iii). Hence we haie¢ ||.

Thus, by the argument above, the divisGisandi§(Cy) have no common irre-
ducible components. Moreov€y andLy, have no common irreducible components
by the conditions ii) and iii). By the condition v), we ha@g N Ly, = w; +w- for a
certain pointw; = wy onW. It follows that

(C1+4Lw,) N (15(C1) + Ly ) =Wy +Wg + Wi,
1<i1<6

wherews = 1o(W7). From this we can deduce that the fixed partlaf, + F>| equals
Zizl,zq’;l(EiO), and that the base locus of the variable partiqf, + F| is at most

q *({ws,wg}) on the assumption that the configuration of the 4 paintsws, ws and
w; are sufficiently general.

By the same method as in the cas€pfwe see that if the configuration of,
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wz, ws andw] are sufficiently general, then

(C2+Lwy) N(15(C2) + Lwy) =Wz +Wg+ 5 Wi,
1<i<6

wherew; € Ly, andwg € Ly, are certain points ow. It follows that the base locus of
the variable part ofkw, + F»| is at mosg™ ({w},w}}). Thus the assertion follows for
the casé = 2, since we havéw;, wg} N {w,,wg} = 0. O

In what follows, we assume that the configuration of khie 1 pointswoj;1’s
(0 < j <k) and that ofw] are sufficiently general as in Lemma 3, hence thas
minimal. We put

R=a(Y 2Lw+My)- 5 (E+25) - 2EQ,
(i:Z,Z ( ) i:ZZ( ) Sgém

whereL,, andM,, are the divisors as in the proof of Lemma 3. Then the divifrs
andF,; are stable under the action@f Let h be a meromorphic function o, corre-
sponding to the principal divis@, — 2F>. Thenc,, = (15h)/his a non-zero constant.
We use the same symbpl for the point o\, lying over the fixed poinp; € W of 1.
Since{py,..., pa} Nsupa B, — 2F>) = 0, we inferh(ps1) # 0, hencec,, = 1. Thus by
Lemma 1, there exist exactly two liftings ¥ of the action ofG onW.

LEMMA 4. There exists a unique free action of G Wrwhich is obtained by
lifting the action on W. This action orY induces one onY free from fixed points.

Proof. The fiberfgl(pi) is a set of 2 points for each4 i < 4. We take the unique
lifting to Y, of the action ofG such that the induced action &f on fz’l(pl) is free
from fixed points. We obtain an action Gfon fz’l(pi) by restricting this lifting. Since
{p1,...,pa} is the set of all fixed points of the action @fonW,, we only need to show
that the action o6 on fz’l(pi) is free forany X< i < 4.

LetLs be a member of"| given byx—s= 0, andMs a member ofAo| given by
y—s= 0 for eachs € P! = CU{e}. Then we have (L) ~ P andOg 1, (F2) ~
Op1(4). PuttingU; = g 1(L1) \ {pi} (i = 1,2), we haveg™*(L1) = lJ;_1 ,Ui. For each
i = 1,2, we take a coordinat on U; such thatg: z — —z onUj andzizo = 1 on
U; NU2 hold. Note that the fixed poir; € Uz is given byz, = 0, and that the fixed
pointpz € Uy is given byz; = 0. Let(J;_; ,Ui x C be the total space of the line bundle
Oqil(Ll) (F2). We take a fiber coordinate onU; x C such that

_G
2

Let gi = 0 be a defining equation ch|q—71(L1) on U; such thatg; = gz/zg. Then

f, 1@ Y(L1)) is a subvariety ofJi_ ,Uj x C locally defined byZ? — gi = 0. Since
By is stable under the action @, the functionizg: /g1 = 1592/92 is holomorphic on
d 1(L1), hence a constant. From this together vgiip1) # 0, we inferijgi = g; for

() G



A construction of surfaces 133

i =1,2. Thus, since the action @ on f{l(pl) is non-trivial, the automorphism of
fgl(ch(Ll)) corresponding toy € Gis given by(z, (2) — (—22,—{2) onUz x C. By
this together with (2), we see that this automorphism isgbe(z1, 1) — (—z1,—C1)
onU; x C. Thus the action orﬁz’l(pg) is free from fixed points.

Note that we havey, ps € ¢ 1(M1) andps, ps € g *(L_1). UsingM; andL_
in place ofL;, we see that the action @& on fz’l(pi) is free fori = 3,4 in the same
way. Thus the assertion follows. O

PrRoPOSITION]. Let X be a quotient of Y by the free action of G given in
Lemma 4. Then X is a minimal algebraic surface of general Wima@l =2x(0)-1,
X(0) =4—kandTorgX) ~7Z/2.

Proof. Since the projectiom:Y — X is an unramified Galois cover of degree 2, we
infer from (1) and Lemma 3 thaX is a minimal surface such thaf =2x(0)-1,
X(0) =4—kandZ/2 c TorgX). The isomorphism TofX) ~ Z /2 then follows from
[11, Theorem 1]. O

4. Proof of Lemma 2

Finally, we prove Lemma 2. Take homogeneous coordinggesX:) and(Yo: Y1) as
in the beginning of the previous section such thatis given by(x,y) = (0,0). Let
Cs be the unique member ¢hy + I'| whose strict transform oW passes througi;.
ThenCs is defined byux+ vy = 0 for certain constantg andv € C. The pointwyj1
is given by(x,y) = (aj, Bj) for each integer X j <k, wherea; and; € C are certain
constants.

Put n'°(Xo, X1; Yo, Y1) = n(X1,%o;Y1,Yo) for each homogeneous polynomial
N (Xo, X1;Yo,Y1) € HO(Ow (1A +mr)) of bidegree(l,m). Thenn — n'o gives an in-
volution of HO(Ow (140 + mI")), and this involution induces an action 6f= (1) ~
7/2 on HO(Ow (1A +ml)). Let V(Tm) be the space consisting of all elements in
HO(Ow (Ao +mI)) stable under this action. We denote/bym) = ]P’(V(Tm)) the sub-
system ofil Ag + ml'| corresponding to the subspat(ém). If D is an effective divisor
onW,, we denote by\a’m)(D) the ~space consisting of all memb&’s of Aa,m) such
thatg"C — D is effective. We puV\(ﬁ’m)(D) = (T‘(/\Em)(DZ) —D. Moreover we put
A" =N g (Ti=123(E +EY) + Tacican 24E7) andA* = A g (¥ic123(EP+EY) +

3 3<i<oks 24ED).

Proof of Lemma 2First, we give a proof for the cake= 1. In what follows, we assume
thata, B1, 1 andv are sufficiently general. Then we have

dimAT EC+EN+ § EY) =1
(2,2)(Z(| |) i:ZAI)

i=T.2

It is easily verified that the base locus of this linear persciiw; }1<i<a U {wgy, wio},
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where the pointyg is given by

_ Ba(pB1+voy) o1 (HBy +vag)
X=—————" and y=———-
Ha1+ VB Hop + VB

andwio = lo(Wg). We use the same symbaj for the point o\, lying overw; € W,
wherei = 9,10. It is also easily verified tha(tzrz’z) (Yizaa Eio) is free from base points.
Thus from

ALY (BPHEN+ S ED+AL (S ED) CAT,
22 i:Z,Z I I i:ZA I @2 i:gA I

we infer that the base locus Af- is at most{wg, w1} Meanwhile, since;(Cs) passes
throughw,, we have

2(C3+15(C3) +Lay +L1ja, + Mg, +Myp,) € AT,

whereLs andM;s are the divisors as in the proof of Lemma 4 for each C U {oo}.
Thus, sinceCs +15(Cs) + Lo, + L1/, + Mg, +My/g, passes through neither nor
wig, We infer that the linear systef’ is free from base points. By Bertini's theorem,
any general membd, of A* satisfies all the conditions given in Lemma 2.

Next, we give a proof for the case= 0. In what follows, we assume thatand
v are sufficiently general. Then we have d\r?g’z)(zizljz(EP +EY)) =2. Itis easily
verified tharf\az) (Zi:l,z(Ei°+ E)) is free from base points. We therefore infer, since
we have

My ( ZZ(EiO + Eiv)) + TNz C AT,
1=1,

thatA* is free from base points. Thus any general meneof At satisfies all the
conditions given in Lemma 2.

Finally, we give a proof for the cade= 2. In what follows, we assume that
o1,02,B1,B2,4,v are sufficiently general. We see easily that m@z)(zlgigﬁ EQ) =
1, and that the base locus of this linear systerfmvig}1<j<eU {w11, w12}, where the
pointws 1 is given by

(B1B2—1)(a1B2 — a2B1)

X — and y— (a102 —1)(a1Bz — azPs)

(B1—B2) (0102 — B1f2) (01 —az)(a102 —B1f2) ’

andwio = 1§(w11). We use the same symbwj for the point oM. lying overw; € W,
wherei = 11,12. The linear system(g,z)(zi:l,z(EiO +E) + Y 3<i<6EL) has a unique
membelC,4. The divisorCy is smooth atvy, ..., wWg, W11 andws o, since any distinct 2
members of\zlez)(zlgigﬁ E?) intersect each other transversally at these 8 points. We

denote byC, the strict transform o\, of C4. Then we have

Ca=q(Ca)— .ZZ(EF +E)- Y E

i 3<1<6
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It is also easily verified that diﬁ“az)(&gige Eio) = 2, and that this linear system has
no base points. Thus from

Mo (i ;’2(50 FEY)+ 32@5") +Ah) (3 ISGEi") C AT

we infer that the base locus 6f" is at mosC_4

The linear system (z, 123E +3 3<i<62EP) has a unique memb€. By
the same method as in the proof of Lemma 3, we seddhahdCs have no common
irreducible components. Thus we have

(3 CsNCs =Wi3+Wia+ Z 3w + Z 2w,
i<T2

3<1<6

wherew;s is a point onW andwig = 1p(wi3). If {wiz,wia} = {W3,W4} holds for
generalay,...,v, then we havdwiz, wia} = {ws,we} for generalay,...,v, which is
a contradiction. Thus we hagviz,wia} N {wz,wa} = 0. In the same way, we see
that{wi3, w14} N{ws,ws} = 0. By the defining equation &@s, we obtain muly,Cs =

3. Thus, since the defining equation®@f is independent oft andv, we infer that
{wiz, w14} N {w1,wo} = 0 for generalp andv. Moreover by the defining equation of
C4 and that ofCs, we obtainCaN{pa, ..., pa} = 0 andCs N {wy1,wi2} = 0. It follows
that

4) {wiz, wia} N {wi,...,We, W11, W12, P1,...,Pa} = 0.

Let us use the same symbal for the point o\, lying overw; € W for i = 13,14.
Then from (3), (4) and

20y, (Z3EO 3<Z<62E°)C/\+

we infer that the base locus Af" is at mosC,NCs = {wi3, W14}, whereCs = q*(Cs) —
Si—123EP — Y a<i<62E is the strict transform oW, of Cs.

Now let us show thatv;3 andw; 4 are at most ordinary double points of general
members of\" using the argument above. L& be a general member of the linear
systemA\ 5, (S 1<i<e E?). We denote byCs = 0*(Cs) — 3 1<i<6 EP the strict transform
onW, of Cg. Then since

Ny ( 3 E°)+/\( >(i;2(EP+EiV)+ EP)

1<i<6

+Nf ( ZstP+ 2EP) C AT
1I=1,

the divisory 4<i<6Ci + Yi—122q ’1(E°) is a member of\*. By C4NCg = {wi1, W12}
together with (3) and (4), we deduce that be#z andw:4 are ordinary double points
of Z4<|<6C| +Yic1229, 1(EO) Thusw; 3 andwy 4 are at most ord|nary double points
of general members oh*. Hence any general membBf of AT satisfies all the
conditions given in Lemma 2. O
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REMARK 1. Note thatifk =0 or 1, then the isomorphism class of the quadruple
(Wb, tolwg, A (B2), Yiz12 EC) depends only on the isomorphism classof This is
verified as follows. In the construction of above, the morphism:Y — X is the
unramified double cover corresponding to Tofs andp: Y — Y is the shortest one
among all composites of quadratic transformations sudtthieaariable part op*|Ky |
is free from base points. The morphislr:::LKV\,0 oq o f is the canonical map &f, where

®_g,, :Wo — P s the anti-canonical map ofp. We have de@ k,, = 1 for
k=0,1 and degD,KW0 =2 fork=2. Thusifk =0 or 1, thenW, is the minimal
desingularization of the normalization of the canonicahgaz = d (¥) ¢ P82,
since®_g,, contracts n—1)-curves. Now since the divisgfi_; E? onWp is the
image byq o f of the fixed part ofp*|Ky|, we infer from the argument above that the
isomorphism class of the quadrug\&o, tojw,,d.(B2), Yi—12 E?) depends only on the
isomorphism class aX. Note also that/ : Wo — W is the blowing-up oM at all
non-negligible singularities af, (By).

Appendix

Let us prove Lemma 1. We use the same syngpfar the automorphism o#V cor-
responding t@ € G. Let {Ui}ic| be an open covering & such that the divisoF is
given by fi = 0 onU;, wheref; is a meromorphic function od;. We take{U; }i¢| in
such a way that there exists a left actiorGbn | such thag(U;) = Ug, for anyg € G.
Let UigiU; x C be the total space of the line bundie such that(p,¢;) € U; x C and
(p,¢j) € Uj x C give the same point oaic U; x C, if and only if i = (fi/fj)(p)¢;.
We denote byt: Ui Ui x C — W the natural projection.

We take a systerth;)ic, of defining equations d such that; = (f;/fj)"h; on
Ui NUj hold. Hereh; is a holomorphic function ob); for eachi. Then the variety/ is
defined by({' — hi = 0 onU; x C. Sinceh;/f{" = h;/f]' gives a meromorphic function
onW corresponding to the principal divisBr— nF, we have

(5) g*Ngi = cg(g" fgi/fi)"hi
onU; for eachg € G, wherec: g — cg is the character d& given in Lemma 1. Take a
constanty € C* satisfyinge,” = ¢g. Then

(p,Gi) = (9(p); Lgi) = (9(P), Cy(g" fgi/ fi) (P)Ci)

gives an automorphism afic|U; x C. This automorphism induces that\éf sayyy,
since (5) holds.

Now assume that the action Gfon W lifts to that onV. We denote byq the
automorphism obi¢|U; x C corresponding tg € G. Then fromdg = (¢g0 wal) oYg
andrto (¢pgo anl) =T, we infer thatdg is given by

(6) (P,Gi) = (9(P),Cgi) = (9(P), Xg(T" fgi/ T) (P)Ci),

wherexg € C* is a constant such thﬂg = Cg. Sinceg — ¢4 is an action of5, we see
thaty : g — Xg is a character oB. Thus we have € Im(W).
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Assume conversely thatc Im(W). We define an automorphisgy g of V by
(P.&i) = (9(P), Lgi) = (9(P),Xg(9" fgi/ fi) (P)Ci) for eachx € W~(c) andg € G. Then
it is easily verified thatpy : g +— ¢y g is a lifting of the action ofG onW. The set
{Ox }yew-1(c) is that of all liftings of the action o6 onW. O
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