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REPRESENTATION OF BILINEAR FORMS BY LINEAR
OPERATORS IN NON-ARCHIMEDEAN HILBERT SPACE
EQUIPPED WITH A KRULL VALUATION

Abstract. The paper considers representing bilinear forms by linparaiors in the case of
a Krull valuation. More precisely, after making some suiahssumptions, we prove that
if ¢ is a non-degenerate bilinear form, thiems representable by a unique linear opera#or
whose adjoint operatdk* exists.

1. Preliminaries

LetNo={1,2,3,....} and letN = {0,1,2,...}. LetK be a field and le[ be a totally
ordered Abelian additive group. The total orderind aé denoted< with the property
that foryi,y1,y3 € ', y1 < ye if and only if y1 +y3 < y2 + y3. Additionally, we shall
write y; < Y2 to mean thaty <y, buty; # y2, and we writey; > vy, andy; > y» to
meany, < y1 andy, < yi, respectively. Moreover, we write,, := I' U{e} in which
y+ {o} = {} for eachy € ... Next we extend the total ordering q, by declaring
that forallye I', y < {oo}.

Typical examples of ordered Abelian groups include thetagdgroup of inte-
gers(Z,+, <), or the direct sum

r :@r] = rl@rz@...@rn@rn+l@...7
=1

whererl j is an isomorphic copy of the additive grodpof integers, for eacl € No.
Namely, I consists of all sequencgs= (yj)jen, With yj € I'j for which {j € No :
y; # 0} is finite. The grougd™ will be equipped with antilexicographic order, that is,
if 0 #y=(Yj)jen, €T andjo=max{j € No :yj # 0}, theny > 0 in T if and only if
Yio > 0in Fjo.

Let us mention that there exist totally ordered Abelian idelgroupd”, which
are not subgroups @&. In what follows, we give an example of such groups discussed
in the remarkable book by Ribenboim [14]. Indeed GeandH be nonzero subgroups
of R and letl = G x H equipped with addition defined componentwise. Now edjuip
with the lexicographic order<" as follows:

(f,g)<(hl) if (f<hor f=h)andg<l.

Clearly, it is not hard to see that the ordet™defined above is compatible with the
operation of addition. Moreovelr,= G x H defined above is not order-isomorphic to

a subgroup oR.
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Amapv:K — e, =T U{o} is said to be a Krull valuation provided that for
all A, u € K, the following conditions hold:

(P1) V(A) = {co} ifand only if A = 0;
(P2) V(AW = V(A) +V();
(P9) (A1) > min{v(A),v(y |

The grouprl is then called a value group fd€. The valuationv induces a
topology on the fiel&K by considering{O; : € € '} as a neighborhood base o£CK,
whereO; = {A € K: v(A) > €}. Consequently, a sequengg)jcn C K converges to
0 for this valuation topology if only if’(Aj) — w0 asj — co.

For the above-mentioned valuation, be have the followirgerties:

(Ps) v(—=&) =v(§) for eachg;
(Ps) V(1) = —v(g) for eacht € K — {0};

(Ps) v(k—2) = min{v().v(h) };

(P7) V(L+A)=min {v(u),v()\)} whenevewr(l) # v(A).

Suppose that a valuatianand a value group associated witlK are given, as
above. Fix once and for all a sequenee- (wj)jen C K of nonzero terms. The space
¢ (N,w,T) is defined as the set of all= (x;)jen € K such thatvjx? — 0 asj — o,
that is,

lim (V(wj) +2V(XJ)) = oo,

oo

One defines an associated (non-Archimedean) mérmel (N, w,IN) — I, as
follows: for eachx = (x;)jen € ¢ (N, 0,I"),

N(x) = rjréllg <2V(Xj) +v(mj)) .

Itis not hard to check that satisfies the following properties:
(Q1) N(x) = ifand only ifx=0,
(Q2) N(&x) = 2v(§) +N(x);
(Q3) N(—x) = N(x);
(Qa) N(x+Y) > min (N(x),N(y));

(Qs) N(x—y) > min (N(.N(Y) );
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valid for all & € K andx,y € c5 (N,w,I"). As an immediate consequence QhJ, we
have the following: ifx,y € ¢ (N, w,T"), then

(Qe) N(x+y)=min (N(x),N(y)) whethemM(x) # N(y).

Indeed, suppose thhl(x) < N(y). (This by the way includes the case whé(x) < «
andN(y) = «.) It follows that

N(x+y) > min (N(x),N(y)) = N(x).
SupposeN(x+y) > N(x). Consequently,

N() =Ny —y) = min (NO-+HY),NGY) ) > N),

which is impossible, and hence
N(x+Y) = N(x) = min (N(x),N(y)).

Another important consequence @) is the following: ifx; € c§ (N, w, ") for
all j e N, then

@) N(

Xj) > inf N(x;) whenever the sum exists.
i€ jeN

Similarly, from (Ps) we have the following: ihj € K for all j € N, then
hi | > inf v(xj) wh th ists.
(Qs) v(%\I J) > J_|2Nv(xj) whenever the sum exists

For more on the Krull valuation and related issues, we rdferreader to the
remarkable work of Keller and Ochsenius [10], Ochseniug Hrild Ochsenius and
Schikhof [13].

One can check that the “normed” spa(cx%g(N,w,F),N) is complete. More-
over, each = (Xj)jen € ¢ (N,w, ") can be written as

X = zox.-a with lim N(xig) = oo,
= i—00

whereg is the sequence whogeth term is O ifi # j, and tha-th termis 1
In particular,N(ej) = v(wj) for eachj € N. The systenie;)jcy Will be called
an orthogonal basis fag (N, w,T).

Similarly, an inner product (symmetric, non-degenerailédar form) is also
defined orcg (N, w, ) for all x = (Xj) ;> Y= (¥i) e € €6 (N, ,T) by

xy) = wxyj,
jZO 18 Y]



142 D. Attimu and T. Diagana

with corresponding “Cauchy-Schwarz inequality” given by
(1) 20((%,y)) = N(x) +N(y) for all x,y € g (N,,T).

The space:“og(N,w, M) equipped with the above-mentioned valuatidand in-
ner product-,-) is called a non-Archimedean Hilbert space.

2. Introduction

A bilinear form¢ : D(¢) x D(¢) — K with domainD(¢) is said to beepresentable
(Definition 8) whether there exists a linear operatorD(A) — ¢ (N,w,I") (D(A)
being the domain oA) such that

d(xy) = (AxY), VxeD(A),yeD(9).

An unbounded bilinear form : D(¢) x D(¢) — K whose domaiD(¢) contains
all elements of the canonical bags);cy will be calledstable The subclass of all these
stable unbounded bilinear forms is denoBgicy (N, w, ") x ¢ (N, c,I")). Similarly,
the subclass of all bilinear forms whose domains do not ¢orite above-mentioned
canonical basis will be calleghstableand denotedy (c§ (N, w, ) x & (N, w,I)).

In a recent paper by Attimu and Diagana, that is, in [1], it whewn that ifd
is a non-degenerate, symmetric bilinear form satisfying

thend is uniquely representable. MoreoverAfdenotes the (possibly unbounded)
linear operator associated wigh then its adjoinA* does exist.

The main concern in this paper consists of studying reptasen theorems for
(stable) bilinear forms in the case of a Krull valuation.

More precisely, it will be shown that a non-degenerate bedrilinear formp
oncy (N,w, ) x i (N,0,I") is representable whenever

@) lim [2v(¢(e:.€;)) ~N(e) | = lim |2v(d(ej,@)) —N(e)| =

i—o00 i—o00
forall j e N.
Similarly, it will be shown that if in addition to (3),
4) limN(e) =yeT,

|—00
then a possibly non-degenerate bilinear farron cﬂ§(N,w, M) x c“é(N, w, M), not nec-
essarily bounded, is representable. Moreove# iflenotes the linear operator on
cs (N, w,IM) associated with the fori, then the adjoin&* of A does exist.

In addition to the above-mentioned representation refuitsilinear forms, we
also establish a non-Archimedean version of the Riesz'sesgmtation theorem for a
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subclass of linear functionals @ (N,w,I") in the case of a Krull valuation. Namely,
it is shown ifF : c?f(N,w, ) — Kis a linear functional such that

;E(mw@»—mm):%

then there exists a unique vectay € ¢ (N, 0, ") such thatF (x) = (x,xo) for each
x € cg(N,w,I).

To deal with the above-mentioned issues we introduce a newaiism of un-
bounded linear operators on the non-Archimedean Hilbetesgf (N, w, ) and that
of (un)bounded bilinear forms oo (N, w, ") x c& (N, w, ) in the case of a Krull val-
uation.

Representing (un)bounded bilinear forms by linear opesatathe classical set-
ting is a topic that arises in several fields such as quantuchamécs (through the study
of form sums associated with the Hamiltonian), mathembpibgsics, symplectic ge-
ometry, and the study of weak solutions to some linear patiierential equations,
see, e.g., [4, 8, 9]. In the non-Archimedean realm, one mpgebsome related appli-
cations in: (i) the study of weak solutions to some p-adicipkdifferential equations;
and (i) the study of a non-Archimedean version of the squaot problem of Kato,
which is of a great interest to the second author.

3. Linear operators on cﬂé(N, w, M)

3.1. Bounded linear operators orcg (N, w,I")
In contrast with the classical definition of the boundedétisear operators, we have:

DEFINITION 1. One says that a linear operator &§ (N, w, ") — c§ (N, w,T")
is bounded if there existsc ' such that

N(AX) > y+N(x)
for each0 # x € ¢ (N, w,I").

Equivalently, a linear operator A is bounded if and only iéta existsy € I
such that NAej) > y+ N(gj) for each je N.

The collection of bounded linear operators fr@ﬁ’(N,w,r) into cﬁ(N,w,r)
will be denotedB(ck (N,w,I")). It can be easily checked th&(cf (N,w,IN)) is an
algebra.

Note that a bounded linear operatoon c§ (N, w,I") is continuous in the norm
topology. However, continuous operators need not to be dedinin contrast with the
classical operator theory and except in some special casegannot always assign a
norm to bounded linear operators (%(N,w, IN), as the norm takes its valueslinin
which bounded sets may fail to have an infimum.

LetA: c§(N,w, ) — c§(N,w,I") be a bounded linear operator. If

sup{ye I: N(AX) >y+N(x) foreach G~ xe C](]f(N,m,r)}
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exists, it is then called the norm 8fand denotedA||. Clearly, if ||A]| exists, then
Al = inf (N(AX) — N .
|4 = inf (N(A) ~N()

Given the orthogonal basis ), for ¢ (N, w,I"), defined € c& (N, w,)* by

x:l%x.-a, € (X) = ;.

It turns out thaf|€|| = (a) = —v(wy). Moreover, every* € ¢ (N, w,)*
can be expressed &= S (x",&)€, and
ieN
I} = Inf V(0 @) —N(e) | = inf [v((x',@)) = v()].

Further, for(u,v) € c§ (N, w,") x cg (N, w,I")*, define the operatap as follows:

(veu)(x) = v(x)u, forall x € c§ (N, w,T).

PROPOSITIONL. Let A be a bounded linear operator o @Y, w,I"). There
exists an infinite matmga”) )eNxN with coefficients irK, such that A can be written

as a pointwise convergent sum, namely: Ay &; (e(J ® a) and forall je N,
i,J€
lim N(ajjg) = o.
i—00

Proof. Clearly forallj, Aej = % aje whereaj €K, I|m N N(ajj€) = 0. Now for any
ieN

X= z xj€j € ¢§(N,w,I"), we have
jeN
Ax=3 Sajxa=73 3 aj(foa)x
JENIEN JjeENIEN
O
PROPOSITION2. Let A= aij (¢j ® &) be a bounded operator. If the norm

i,JEN
||Al] exists, then

|l = inf (N(Ag) ~N(e;)) = inf [2v(aj) +N(@) ~N(e)].
Proof. Supposé|A|| exists. We first establish the first equality. Indeed, by dkédim,

|A] = inf (N(Ax) ~ N(x )) < inf ( (Agj) — N(ej)).

jeN
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Now

N(Ax) =N (l%XiAe>

> inf (2v(>q) + N(Ae))

ieN

= inf [N(A@) +2v(x) —N(e) +N(e)]

- (v -) ()0
= iigl\‘] (N(Ae) - N(ei)) + N(x),

from which we conclude that

(N(Ax) - N(x)) > inf (N(Aej) - N(ej)).

[All =
jeN

inf
x£0

For the second equality, we have

inf (N(Ae) ~N(e))) = inf <N (%aﬁ) N(eJ-))

= it (2v(@) +N(e) ~N(ey)).

which completes the proof. O

As in the classical case, & € B(cg (N, w,I")), an adjoint ofA is an operator
A* satisfying(Au,v) = (u,A*v) for anyu,vin ¢ (N, w,I"). If it exists, the adjoinAA* is
also a bounded linear operatorc}fﬁ(N,w, r).

PROPOSITIONS. Let A=Y ajj (€ @ &) € B(cg (N, w,I")), then the adjoint
i,je
A* exists if and only if for all j lim [ZV(aJ-i) — N(a)} = oo, In this situation,
1—00

A = (A)rl(x)jaji (G(J ®Q) .
i,je

Proof. Write A* = bij (€j ® &) , thenA* is the adjoint ofA if and only if (Aa, €;)

i,J€
= (g,A%gj) foralli,j € N, that is,

<I;\Ia“a,ej>:ajimj:<Q,I;\Ib|ja>:bij(q, Vi, j € N.

This is equivalent td; = o ‘wja;i for all i, j € N. Moreover, for allj,

ilLl’T;)N(bija) =00,
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Now

N(bije) = 2v(bij)+N(e)
= 2v(oy 'wjaj) +N(e)
= —2v(o) +2v(0j) + 2v(aji) + N(e&)
= 2v(w;j)+2v(aji) —N(e).

Therefore, fromv(wj) = N(gj) # o, lim N(bije) = o if and only if, for all
|—00
j €N,
lim [2v(aji) — N(g)| = oo.

j—00

3.2. Unbounded linear operators omﬁ(N,w, )

DEFINITION 2. A stable unbounded linear operator A frof(@, w, ") into it-
selfis a pair(D(A),A) consisting of a subspaceB) C ci (N, w,I") (called the domain
of A) and a (possibly non continuous) linear transformaWo:rt:“é(N, w,MN DDA —
cg(N,w,I). Namely, the domain ) contains the basiée )icy and consists of all
X = (X)ien € C5 (N, w, ") such Ax= %xiAa converges in§(N,w, ), that is,

le

D(A) = {x (X)ien € CE(N,0,7) : lim N(uAq) = oo},

1—00

Ax= % ajj €j(x)& for each xe D(A).
i,JeN

Using the proof of Proposition 3 one can easily see that thefing holds.

PROPOSITION4. A stable unbounded linear operator

D(A) := {X (Xi)ien € (N, 0, T) 1 lim N(xAq) = oo},

j—00

Ax= aj € (x)e foreach xe D(A),

_ i
i,J€
has an adjoint A if and only if for all j € N,

Jim [2v(aji) ~N(8)| = .

|—00
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In this event the adjoint’2of A is uniquely expressed by
D(A") 1= {y: (Vi)ien € 5 (N, @, : iImN(yiA*a) = oo},

Aty = Z aj; €(y)e foreach ye D(AY),
i,JeN

o ai
where g = ——L.

551 0
3.3. Bounded linear functionals onci (N, w,I")

DEFINITION 3. A linear functional F: c§ (N, w, ") — K is said to be bounded
if there existyy € ' such that

V(F(x)) —N(x) >y foreach 0# x € c§ (N, w,I").

If sup{ye M :v(F(x)) —N(x) >y foreach 0 # x € c§ (N, w, F)} exists, it is
then called the norm of the continuous linear functional Fd @defined by

IFl= inf  [V(F()-NX)|.
xeck (N,w,I), x£0

Let us recall that the space of all continuous linear fumztle oncﬂ§(N,w, )
is denotedc]%f(N,w,F)* and called the (topological) dual OE(N,Q),F). The space
(cE(N,,1)%, Il [Il) is a Banach space OVE.

PROPOSITIONS. Let F € c§ (N,w,I)*. Then its nornj||F||, if it exists, can be
explicitly expressed as

IIF [l = inf (V(F (&)~ N(@)).

The next theorem constitutes a non-Archimedean versiohefatell-known
Riesz representation theorem [9] in the case of a Krull wadna

THEOREM1. Let F: c§(N,w,IN) — K be a linear functional such that

(5) iim (2v(F(@)) - N(@)) = .

i—00
Then there exists a unique cﬂé(N,w, IN) such that

F(X) = (x, %), forallxeci(N,wI).
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Proof. If x = ina € c§(N,w,I), we then claim thafF (x) = z xiF(g) is well-
ieN ieN
defined. Indeed, since € cf(N,w,I), then, limN(xig) = . Moreover, it is not
|—00

hard to see that
2v(xF (&) = 2v(x) +2v(F(a)) = N(x&) + (ZV(F(a)) - N(a)),

and hence
lim v(xF(g)) = oo,

|—00
by using assumption (5).

F
Settingxy = Z <ﬁ) g and using (5), one can see that

ieN

lim N K?) a] = lim (2\/(F(a)) - N(a)) oo,

|—00 1—00
and henceg € c§ (N, ,I"). MoreoverF (x) = (x,xo) for eachx € ci (N, w,I").
Suppose that there exists anothige ci (N, w, ) such thatF (x) = (x,Yo) for
eachx € c§ (N, ,I"). It follows that (xg — Yo, u) = O for eachx € ¢§ (N, w,I"), that is,

Xo — Yol c“é(N,w, M. In particular,(Xo — yo,&) = 0 for eachi € N, so all coordinates
of Xo — Yo in the basige )icy Of c%(N,m, M) are zero, and hencg = yp. O

4. Bilinear forms on c§ (N, w, ") x c& (N, ,I")

DEFINITION 4. A mappingd : c§ (N, w,) x c§ (N,w,I") — K is said to be a
bilinear form whenever x> ¢(x,y) is linear for each ye ¢ (N, w, ") and y— ¢(x,y)
is linear for each x c§ (N, w, ).

Note that if : ¢k (N, w, ) x ¢ (N, 0,") — K is a bilinear form over the product
ey (N,w,T) x ¢ (N, 0,I), then the sum

(6) d(xy) = ZOQ” XYj
ij=

whereQjj = ¢(e,€;) for all i,j € N, may or may not converge. However if both
X = (X )ien andy = (y;)iey are taken ircy (N, o, ") with

™ lm (V@) +2v(x)) = and lim (vi@n) +2vy) ) =<,

then the sum in (6) converges.
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4.1. Bounded bilinear forms

DEFINITION 5. A non-Archimedean bilinear forgn: ¢ (N, w, ) x i (N, w,T")
— K is said to be bounded if there exigts I' such that

(8) 2v(p(x,y)) —N(x) —N(y) >y forall x,ye c(ﬂf(N,w,r).

If sup{y eI : (8) holds} exists, it is then called the norm of the bilinear fognand is
defined by

9] = inf_ (2(0cy) =N ~N(y)).

PROPOSITIONG. Letd : cf(N,w, M) x c& (N,w,I) — K be a bounded bilinear
form. If ||¢|| exists, it can then be explicitly expressed as

9]l = inf [2v((ae))) ~ N(e) ~N(e;)].
Proof. Supposeé|¢|| exists. The inequality
9] < it |2v(0(er€)) ~N(&) ~N(e;)|

is a straightforward consequence of the definition of themitp|| of .
Now suppose,y # 0. In view of the above, one has

2(0(xY) — Zv(itp(a,e,—)wj)

i,]=0

> i,ijgﬁ\]ZV(dJ(a,ej)xiyj)
- i,ijrg\l[(Zv(q)(a’ej))_N(a)_N(ej))+N(Xi3)+N(YJej)
LY |2v(6(e1,€)) ~N(&) — N(&j)| + N(x) + N(y)
and hence
20(9(¥)) =N ~N(y) > inf [2v(0(ev.€;)) ~N(@) ~N(e)].

One completes the proof by combining the first and the latestualities. [

DEFINITION 6. A bounded bilinear forn : ¢ (N, w, ") x c§ (N, w,I) — K is
said to be representable whether there exists a boundeaklo@erator A: c}I§(N, w, M)
— ¢5 (N, 0,T") such that

¢(Xay) = (Ax,y>, VX,yG CHOQ(Nvmar)
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THEOREM2. Letd : c5(N,w,IN) xc5(N,w,[) — K be anon-degenerate
bounded bilinear form onfo(N, w, ") x ¢ (N, w,I"). Thend is representable whenever
(3) holds. In that case, if A denotes the linear operator asgediavith$, then the
adjoint A* of A exists.

Proof. Define the linear operat@yon c“é(N, w, M) associated witlp by

. ¢(ej,3)}
Ax:= [ € (x) 8,
i,JZEN W :
for eachx € ¢ (N, w, ).

We first check that the linear operatdgiven above is well-defined on the space
cﬂ§(N,w, IN). For that, it suffices to show that, for gl N,

N (H%2a) — 2o 0) - Na) b, asi o

This in fact follows from

by using (3). Itis also routine to see thigix,y) = (Axy) for all x,y € ck (N, w,I"). Of
course, the linear operatérgiven above is bounded. Moreover, it is unique sifce
is non-degenerate. It remains to show tAat the adjoint ofA exists. Indeed, using
Proposition 3 we have

lim MM) —N(a)] — lim [2v(0 (8, &) — 2v(w;)) — N(@)]

i—00 (A)j i—00

= lim (2v(¢(e.€)) —N(a) ) — 2N(e))

= lim (2v(d(ee)) - N(@))
=oo forall j €N,

using assumption (3), and hence the adjéinof A exists. O

ReEMARK 1. One should mention that in Theorem 2, if we suppose |thit
exists, therj|A|| exists and|A|| = ||$||. Indeed, using Proposition 2,

Al =, inf, [2" (W) +N(e) — N(ej)}
- i,ijryr\l {2v(¢(ej,a)) —2v(ex) +N(&) - N(ej)}

= inf (2v(0(e;, @)~ N(&) ~N(e)))

i,jeN

= llo]l-
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EXAMPLE 1. LetK = Qg (p being a prime number such that> 2) and let the
groupl be(Z,+,<). Define the Krull valuatiorv: Qp, — Z U {e} by v(0) =« and
for 0 # x € Qp,

V(X) = max{r €Z:p dividesx}.

Letwy = p~' for eachi € N. LetNp € N with Ng > 1 (fixed) and set

rﬂ“ﬂ—1+i+i+ b
J w] ('O|2('0J2 o m[j\loa

foralli,j e N.
Forallx = (X )ien, Y= (Vi)ien € cgp(N,w,Z), define the bilinear form

¢(X7y) = ZOH{\J‘O XiYj.
i,j=

Now,
9] = inf [2v(7e") ~N(@) ~N(e)]
- () v v
=D
=0,
and hence is bounded.

Therefore, the only bounded linear operatoic§iiN, v, I') associated witlp is

the one defined by
0

e s [
5 |

for eachu € cf (N w.F) with [A] = inf, (N (Aq) — N(ej)) = 6|l =o0.

€ (u)e

4.2. Stable unbounded bilinear forms

In this subsection we provide a representation theoremdiaresunbounded bilinear
forms. More precisely, we consider those unbounded bitif@ans whose domains
contain all elements of the canonical ba@gicy of ¢ (N, w, "), as such a basis plays
a key role in the present setting. The subclass of all thgsestgf unbounded bilinear
forms will be called stable and denot&g|(ci (N, 0, ") x ¢ (N, w, ).

Similarly, the subclass of all unbounded bilinear forms séxdomains do not
contain elements of the above-mentioned canonical baflibevcalled unstable and
denotedsy (c§ (N,w, ) x ¢ (N,,I")). Note that a representation theorem similar
to Theorem 3 for elements & (c§ (N, w, M) x ¢ (N, w,I")) will be left as an open
guestion.
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DEFINITION 7. A mappingd : c& (N, w, M) x c&(N,0,I) D D(¢p) x D(¢p) — K
is said to be a stable unbounded blllnear formiup (u,v) is linear for each ve D(¢),
v ¢(u,v) linear for each ue D(¢), where O(¢) is a vector subspace of¢N, w,IN)
that contains the basi® )icn, and consists of all = (X)ieny € CK(N w, M) such that

1im (V(Qij)JrZV(Xi)) = lim (V(jS>+2V(Xj)) =

1,]—00 1,]—00

and

d(x z Qij xiyj, forall x,y e D(¢)
i,]=0

whereQij = ¢(g, ).
The spac®(¢$) defined above is called triwmainof the bilinear formp.

DEFINITION 8. Abilinear form¢ : D(¢) x D(¢) — K (D(¢) being its domain)
is said to be representable whenever there exists a (pgasittiounded) linear opera-
tor A: D(A) — cﬂé(N,w, M) (D(A) being the domain of A) such that

¢(X7y) = <Ax,y>, X e D(A)a ve D(q))

THEOREM3. Suppose thab = (w;)jen is chosen so that (¢j) —yas j— «
whereye . Letd : D(¢) x D(¢) — K be a non-degenerate stable unbounded bilinear
form. Thenb is representable whenever assumpiidjholds. In that case, if A denotes
the linear operator associated with then the adjoint Aof A exists.

Proof. For allx = (X)ien,Y = (Yj)jen € D(¢), write p(X,y) = z Qij xyj and define
i,]=0
the linear operatoh on ¢ (N, w, ") associated to it as follows:

D(A) = {X= (X )ien € C5(N,,I) : lim N(xAq) = oo},

i—00

{ (6@ ] (X)& for eachx = (X )ien € D(A).
i,JeEN

One can prove as in the proof of Theorem 2 tha well-defined.
Now

Ax= I%& (J_EZ\YXW(GJ',G)) g for eachx= (% )ien € D(A),

and hence
(Aa,ej) =0(a,e)) forall i,j e N.
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Moreover,D(A) C D(¢). Thatis, limN(xAq) = o yields

j—co

Jim. (v(czi D+ 2v(x.-)) = lim_ (v(Q i)+ 2v(xi)) o,

Indeed, ifx = (X)ieny € D(A), then using the Cauchy-Schwarz inequality, it follows
that, for alli, j € N,
2v(¢(e,€j)) > N(Aa) +N(ej),

and hence
2[vio(a.€) +2v0%)| = 2v(6 (@, €))) +4v(x)
> N(Aq) +N(ej) +4v(x)
=N(xAq)+ N(gj) + 2v(x)

=N(xAa)+N(xa)+N(ej) —N(a)
— 00 asi, j — co.

Similarly, using the facte;)jcy C D(A), i.e.,N(Agj) — « asj — oo, we obtain
2[vo(ej, @) +2v(x)] = 2v(b(ej,@)) +4v(x)
> N(Aej) +N(e) +4v(x)

=N(Aej) +2N(xie) —N(a)
—» 00 asi, | — oo,

Note thatv(xyk (e, e)) — « asi,k — o, using the fact that € D(A) C D(¢)
andy € D(¢), as

2v<xiyk¢(a,@)) = 2v(X) +v<¢(a,e@) +v(¢(a,e@) +2v(yk) —> o, asi,k— oo,

k;”g\!xw@(a,e() = ie%k;yxi)’kd)(a,eﬂ)_

Consequently, the following sequence of equalities idfjadt
(Axy) Y~ xi0(6r, &)
= k—— i )
keZ\! W i€

= Z b (&, e)%iyk
i,keN
= ¢(X7y)a

Hence
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for all x= (Xi)ien € D(A) andy = (Vi)ien € D(9).

Furthermore, the uniguenessAfis guaranteed by the fact that the fogris
non-degenerate. It remains to show th&t the adjoint ofA, exists. Though this can
be done as in the bounded case. O

ExAaMPLE 2. This is a generalization of Example 1 to the case in wigidh
possibly unbounded.

Consider the bilinear form defined by

O(xy) = TjXyj, Vx=(X)ien, Y= ()ien € D(9),
i,JeN

where(Ttj )i jen C K is an arbitrary sequence, and the donfaj) of ¢ is defined by
all x = (X)ien € ¢ (N,w, ) such that

i’lj@w (v(Tuj )+ 2v(x.-)) = i,lj@m (V(T[ji )+ 2v(xi)) =00,
Note thatdp(e,ej) = m; for all i, j € N and therefore an equivalent version of
assumption (3) is

9 fim (V(m;) ~N(&)) = lim (v(15) — N(&))) = o
Furthermore, ity;, i € Nare chosen such thii{e) — y e I' asi — o« then upon making
assumption (9), the unigue (possibly unbounded) linearaipeassociated witl is
given by

AX= T
i,JeN

whereD(A) = {x: (X)ien € &5 (N, @,T) : ile N(xAq) = oo}.
In addition to the above, the adjoiAt of A does exist under assumption (9).

€(x)a, Vx=(%)ien € D(A)

Acknowledgments. The authors would like to express their thanks to the refeayee
careful reading of the manuscript and insightful comments.

References

[1] ATTiMU D. AND DIAGANA T. Representation of bilinear forms in non-Archimedian
Hilbert spaces by linear operators lComment. Math. Univ. Carolin. 48 (2007), 431—
442,

[2] DIAGANA T. Towards a theory of some unbounded linear operatorg-adic Hilbert
spaces and application&nn. Math. Blaise Pascal 12 (2005), 205-222.

[3] DIAGANA T. Erratum to “Towards a theory of some unbounded linearatpes onp-adic
Hilbert spaces and applicationsAnn. Math. Blaise Pascal 1(2006), 105-106.



Bilinear forms on non-Archimedean Hilbert space 155

[4]

(5]

(6]

[7]
(8]

9]
[10]

[11]

[12]

[13]

[14]
[15]

DiAGANA T. Fractional powers of the algebraic sum of normal opegat&roc. Amer.
Math. Soc. 1346 (2006), 1777-1782.

DIAGANA T. An Introduction to Classical and p-adic Theory of Linear @gters and
Applications Nova Science Publishers, New York, 2006.

DIAGANA T. Representation of bilinear forms in non-Archimediandditt spaces by linear
operatorsComment. Math. Univ. Carolin. 44 (2006), 695—-705.

DIARRA B. An operator on some ultrametric Hilbert spac&sAnalysis §1998), 55-74.

JOHNSONG. AND LAPIDUS M. The Feynman Integral and Feynman Operational Calcu-
lus. Oxford Univ. Press, 2000.

KaTo T. Perturbation Theory for Linear Operatar$Springer, New York, 1966.

KELLER H. AND OCHSENIUSH. Bounded operators on non-classical orthomodular
spacesMath. Slovaca 4%1995), 413-434.

OcHSENIUSH. Hilbert-like spaces over Krull valued fields. Wltrametric functional
analysis. Nijmegen, 2002. Contemp. Math., 3A8er. Math. Soc., Providence, RI, 2003,
pp. 227-238.

OCHSENIUSH. AND ScHIKHOF W. H. Banach spaces over fields with an infinite rank
valuation. Inp-adic Functional AnalysisDekker, New York, 1999, pp. 233-293.

OCHSENIUSH. AND ScHIKHOF W. H. Norm Hilbert spaces over Krull valued fields.
Indag. Math. (N.S.) 1,71 (2006), 65-84.

RiBENBOIM P. The Theory of Classical ValuationSpringer-Verlag, 1999.

VAN Roo1JA. C. M. Non-Archimedean Functional Analysi#arcel Dekker Inc, New
York, 1978.

AMS Subject Classification: 47510, 46S10.

Dodzi ATTIMU, Toka DIAGANA,

Department of Mathematics, Howard University,
2441 Sixth Street NW, Washington, DC 20059, USA
e-mail: dkattimu@gmail . com,tdiagana®howard.edu

Lavoro pervenuto in redazione il 27.07.2009 e, in forma dfa il 04.02.2010.



