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REPRESENTATION OF BILINEAR FORMS BY LINEAR

OPERATORS IN NON-ARCHIMEDEAN HILBERT SPACE

EQUIPPED WITH A KRULL VALUATION

Abstract. The paper considers representing bilinear forms by linear operators in the case of
a Krull valuation. More precisely, after making some suitable assumptions, we prove that
if ϕ is a non-degenerate bilinear form, thenϕ is representable by a unique linear operatorA
whose adjoint operatorA∗ exists.

1. Preliminaries

Let N0 = {1,2,3, ....} and letN = {0,1,2, ...}. Let K be a field and letΓ be a totally
ordered Abelian additive group. The total ordering ofΓ is denoted≤ with the property
that for γ1,γ1,γ3 ∈ Γ, γ1 ≤ γ2 if and only if γ1 + γ3 ≤ γ2 + γ3. Additionally, we shall
write γ1 < γ2 to mean thatγ1 ≤ γ2 but γ1 6= γ2, and we writeγ1 ≥ γ2 andγ1 > γ2 to
meanγ2 ≤ γ1 andγ2 < γ1, respectively. Moreover, we writeΓ∞ := Γ∪{∞} in which
γ+ {∞} = {∞} for eachγ ∈ Γ∞. Next we extend the total ordering toΓ∞ by declaring
that for allγ ∈ Γ, γ < {∞}.

Typical examples of ordered Abelian groups include the additive group of inte-
gers(Z,+,≤), or the direct sum

Γ =
∞⊕

j=1

Γ j = Γ1⊕Γ2⊕ ...⊕Γn⊕Γn+1⊕ ...,

whereΓ j is an isomorphic copy of the additive groupZ of integers, for eachj ∈ N0.
Namely, Γ consists of all sequencesγ = (γ j ) j∈N0 with γ j ∈ Γ j for which { j ∈ N0 :
γ j 6= 0} is finite. The groupΓ will be equipped with antilexicographic order, that is,
if 0 6= γ = (γ j) j∈N0 ∈ Γ and j0 = max{ j ∈ N0 : γ j 6= 0}, thenγ > 0 in Γ if and only if
γ j0 > 0 in Γ j0.

Let us mention that there exist totally ordered Abelian additive groupsΓ, which
are not subgroups ofR. In what follows, we give an example of such groups discussed
in the remarkable book by Ribenboim [14]. Indeed, letG andH be nonzero subgroups
of R and letΓ = G×H equipped with addition defined componentwise. Now equipΓ
with the lexicographic order “≤" as follows:

( f ,g)< (h, l) if ( f < h or f = h) and g< l .

Clearly, it is not hard to see that the order “≤" defined above is compatible with the
operation of addition. Moreover,Γ = G×H defined above is not order-isomorphic to
a subgroup ofR.
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A mapv : K→ Γ∞ = Γ∪{∞} is said to be a Krull valuation provided that for
all λ,µ∈K, the following conditions hold:

(P1) v(λ) = {∞} if and only if λ = 0;

(P2) v(λµ) = v(λ)+ v(µ);

(P3) v(λ+µ)≥min
{

v(λ),v(µ)
}

.

The groupΓ is then called a value group forK. The valuationv induces a
topology on the fieldK by considering{Oε : ε ∈ Γ} as a neighborhood base of 0∈K,
whereOε = {λ ∈ K : v(λ) > ε}. Consequently, a sequence(λ j) j∈N ⊂ K converges to
0 for this valuation topology if only ifv(λ j)→ ∞ as j → ∞.

For the above-mentioned valuation, be have the following properties:

(P4) v(−ξ) = v(ξ) for eachξ;

(P5) v(ξ−1) =−v(ξ) for eachξ ∈K−{0};

(P6) v(µ−λ)≥min
{

v(µ),v(λ)
}

;

(P7) v(µ+λ) = min
{

v(µ),v(λ)
}

wheneverv(µ) 6= v(λ).

Suppose that a valuationv and a value groupΓ associated withK are given, as
above. Fix once and for all a sequenceω = (ω j) j∈N ⊂ K of nonzero terms. The space
cK0 (N,ω,Γ) is defined as the set of allx= (x j) j∈N ∈KN such thatω jx2

j → 0 as j→ ∞,
that is,

lim
j→∞

(
v(ω j)+2v(x j)

)
= ∞.

One defines an associated (non-Archimedean) normN : cK0 (N,ω,Γ)→ Γ∞ as
follows: for eachx= (x j) j∈N ∈ cK0 (N,ω,Γ),

N(x) = min
j∈N

(
2v(x j)+ v(ω j)

)
.

It is not hard to check thatN satisfies the following properties:

(Q1) N(x) = ∞ if and only if x= 0,

(Q2) N(ξx) = 2v(ξ)+N(x);

(Q3) N(−x) = N(x);

(Q4) N(x+ y)≥min
(

N(x),N(y)
)

;

(Q5) N(x− y)≥min
(

N(x),N(y)
)

;
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valid for all ξ ∈ K andx,y∈ cK0 (N,ω,Γ). As an immediate consequence of (Q4), we
have the following: ifx,y∈ cK0 (N,ω,Γ), then

(Q6) N(x+ y) = min
(

N(x),N(y)
)

whetherN(x) 6= N(y).

Indeed, suppose thatN(x) < N(y). (This by the way includes the case whenN(x)< ∞
andN(y) = ∞.) It follows that

N(x+ y)≥min
(

N(x),N(y)
)
= N(x).

SupposeN(x+ y)> N(x). Consequently,

N(x) = N(x+ y− y)≥min
(

N(x+ y),N(y)
)
> N(x),

which is impossible, and hence

N(x+ y) = N(x) = min
(

N(x),N(y)
)
.

Another important consequence of (Q3) is the following: ifx j ∈ cK0 (N,ω,Γ) for
all j ∈ N, then

(Q7) N
(

∑
j∈N

x j

)
≥ inf

j∈N
N(x j) whenever the sum exists.

Similarly, from (P3) we have the following: ifh j ∈K for all j ∈ N, then

(Q8) v
(

∑
j∈N

h j

)
≥ inf

j∈N
v(x j) whenever the sum exists.

For more on the Krull valuation and related issues, we refer the reader to the
remarkable work of Keller and Ochsenius [10], Ochsenius [11] and Ochsenius and
Schikhof [13].

One can check that the “normed” space
(

cK0 (N,ω,Γ),N
)

is complete. More-

over, eachx= (x j) j∈N ∈ cK0 (N,ω,Γ) can be written as

x=
∞

∑
i=0

xiei with lim
i→∞

N(xiei) = ∞,

whereei is the sequence whosej-th term is 0 ifi 6= j, and thei-th term is 1.

In particular,N(ej) = v(ω j) for each j ∈ N. The system(ej) j∈N will be called
an orthogonal basis forcK0 (N,ω,Γ).

Similarly, an inner product (symmetric, non-degenerate, bilinear form) is also
defined oncK0 (N,ω,Γ) for all x= (x j) j∈N , y= (y j) j∈N ∈ cK0 (N,ω,Γ) by

〈x,y〉 :=
∞

∑
j=0

ω j x j y j ,
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with corresponding “Cauchy-Schwarz inequality” given by

(1) 2v(〈x,y〉)≥ N(x)+N(y) for all x,y∈ cK0 (N,ω,Γ).

The spacecK0 (N,ω,Γ) equipped with the above-mentioned valuationN and in-
ner product〈·, ·〉 is called a non-Archimedean Hilbert space.

2. Introduction

A bilinear form ϕ : D(ϕ)×D(ϕ)→ K with domainD(ϕ) is said to berepresentable
(Definition 8) whether there exists a linear operatorA : D(A)→ cK0 (N,ω,Γ) (D(A)
being the domain ofA) such that

ϕ(x,y) = 〈Ax, y〉, ∀x∈D(A), y∈ D(ϕ).

An unbounded bilinear formϕ : D(ϕ)×D(ϕ)→K whose domainD(ϕ) contains
all elements of the canonical basis(ei)i∈N will be calledstable. The subclass of all these
stable unbounded bilinear forms is denotedΣS(cK0 (N,ω,Γ)× cK0 (N,ω,Γ)). Similarly,
the subclass of all bilinear forms whose domains do not contain the above-mentioned
canonical basis will be calledunstableand denotedΣU (cK0 (N,ω,Γ)× cK0 (N,ω,Γ)).

In a recent paper by Attimu and Diagana, that is, in [1], it wasshown that ifϕ
is a non-degenerate, symmetric bilinear form satisfying

lim
i→∞

(
|ϕ(ei ,ej)|

‖ei‖

)
= lim

i→∞

(
|ϕ(ej ,ei)|

‖ei‖

)
= 0, ∀ j ∈ N,(2)

then ϕ is uniquely representable. Moreover, ifA denotes the (possibly unbounded)
linear operator associated withϕ, then its adjointA∗ does exist.

The main concern in this paper consists of studying representation theorems for
(stable) bilinear forms in the case of a Krull valuation.

More precisely, it will be shown that a non-degenerate bounded bilinear formϕ
oncK0 (N,ω,Γ)× cK0 (N,ω,Γ) is representable whenever

lim
i→∞

[
2v(ϕ(ei,ej ))−N(ei)

]
= lim

i→∞

[
2v(ϕ(ej ,ei))−N(ei)

]
= ∞(3)

for all j ∈N.

Similarly, it will be shown that if in addition to (3),

lim
i→∞

N(ei) = γ ∈ Γ,(4)

then a possibly non-degenerate bilinear formϕ on cK0 (N,ω,Γ)× cK0 (N,ω,Γ), not nec-
essarily bounded, is representable. Moreover, ifA denotes the linear operator on
cK0 (N,ω,Γ) associated with the formϕ, then the adjointA∗ of A does exist.

In addition to the above-mentioned representation resultsfor bilinear forms, we
also establish a non-Archimedean version of the Riesz’s representation theorem for a
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subclass of linear functionals oncK0 (N,ω,Γ) in the case of a Krull valuation. Namely,
it is shown ifF : cK0 (N,ω,Γ)→K is a linear functional such that

lim
i→∞

(
2v(F(ei))−N(ei)

)
= ∞,

then there exists a unique vectorx0 ∈ cK0 (N,ω,Γ) such thatF(x) = 〈x,x0〉 for each
x∈ cK0 (N,ω,Γ).

To deal with the above-mentioned issues we introduce a new formalism of un-
bounded linear operators on the non-Archimedean Hilbert spacecK0 (N,ω,Γ) and that
of (un)bounded bilinear forms oncK0 (N,ω,Γ)× cK0 (N,ω,Γ) in the case of a Krull val-
uation.

Representing (un)bounded bilinear forms by linear operators in the classical set-
ting is a topic that arises in several fields such as quantum mechanics (through the study
of form sums associated with the Hamiltonian), mathematical physics, symplectic ge-
ometry, and the study of weak solutions to some linear partial differential equations,
see, e.g., [4, 8, 9]. In the non-Archimedean realm, one may expect some related appli-
cations in: (i) the study of weak solutions to some p-adic partial differential equations;
and (ii) the study of a non-Archimedean version of the squareroot problem of Kato,
which is of a great interest to the second author.

3. Linear operators oncK0 (N,ω,Γ)

3.1. Bounded linear operators oncK0 (N,ω,Γ)

In contrast with the classical definition of the boundednessof linear operators, we have:

DEFINITION 1. One says that a linear operator A: cK0 (N,ω,Γ)→ cK0 (N,ω,Γ)
is bounded if there existsγ ∈ Γ such that

N(Ax)≥ γ+N(x)

for each0 6= x∈ cK0 (N,ω,Γ).
Equivalently, a linear operator A is bounded if and only if there existsγ ∈ Γ

such that N(Aej)≥ γ+N(ej) for each j∈N.

The collection of bounded linear operators fromcK0 (N,ω,Γ) into cK0 (N,ω,Γ)
will be denotedB(cK0 (N,ω,Γ)). It can be easily checked thatB(cK0 (N,ω,Γ)) is an
algebra.

Note that a bounded linear operatorA oncK0 (N,ω,Γ) is continuous in the norm
topology. However, continuous operators need not to be bounded. In contrast with the
classical operator theory and except in some special cases,one cannot always assign a
norm to bounded linear operators oncK0 (N,ω,Γ), as the norm takes its values inΓ, in
which bounded sets may fail to have an infimum.

Let A : cK0 (N,ω,Γ)→ cK0 (N,ω,Γ) be a bounded linear operator. If

sup
{

γ ∈ Γ : N(Ax)≥ γ+N(x) for each 06= x∈ cK0 (N,ω,Γ)
}
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exists, it is then called the norm ofA and denoted‖A‖. Clearly, if‖A‖ exists, then

‖A‖= inf
x6=0

(
N(Ax)−N(x)

)
.

Given the orthogonal basis(ei)i∈N for cK0 (N,ω,Γ), definee′i ∈ cK0 (N,ω,Γ)∗ by

x= ∑
i∈N

xiei , e′i (x) = xi .

It turns out that‖e′i‖ = −N(ei) = −v(ωi). Moreover, everyx∗ ∈ cK0 (N,ω,Γ)∗
can be expressed asx∗ = ∑

i∈N
〈x∗,ei〉e′i , and

‖x∗‖= inf
i∈N

[
v(〈x∗,ei〉)−N(ei)

]
= inf

i∈N

[
v(〈x∗,ei〉)− v(ωi)

]
.

Further, for(u,v) ∈ cK0 (N,ω,Γ)× cK0 (N,ω,Γ)∗, define the operator⊗ as follows:

(v⊗u)(x) = v(x)u, for all x∈ cK0 (N,ω,Γ).

PROPOSITION1. Let A be a bounded linear operator on cK
0 (N,ω,Γ). There

exists an infinite matrix(ai j )(i, j)∈N×N with coefficients inK, such that A can be written

as a pointwise convergent sum, namely, A= ∑
i, j∈N

ai j
(
e′j ⊗ei

)
and for all j∈N,

lim
i→∞

N(ai j ei) = ∞.

Proof. Clearly for all j, Aej = ∑
i∈N

ai j ei whereai j ∈K , lim
i→∞

N(ai j ei) = ∞. Now for any

x= ∑
j∈N

x jej ∈ cK0 (N,ω,Γ), we have

Ax= ∑
j∈N

∑
i∈N

ai j x jei = ∑
j∈N

∑
i∈N

ai j
(
e′j ⊗ei

)
x.

PROPOSITION2. Let A= ∑
i, j∈N

ai j
(
e′j ⊗ei

)
be a bounded operator. If the norm

‖A‖ exists, then

‖A‖= inf
j∈N

(
N(Aej)−N(ej)

)
= inf

i, j∈N

[
2v(ai j )+N(ei)−N(ej)

]
.

Proof. Suppose‖A‖ exists. We first establish the first equality. Indeed, by definition,

‖A‖ := inf
x6=0

(
N(Ax)−N(x)

)
≤ inf

j∈N

(
N(Aej)−N(ej)

)
.
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Now

N(Ax) = N

(

∑
i∈N

xiAei

)

≥ inf
i∈N

(
2v(xi)+N(Aei)

)

= inf
i∈N

[
N(Aei)+2v(xi)−N(ei)+N(ei)

]

≥ inf
i∈N

(
N(Aei)−N(ei)

)
+ inf

i∈N

(
2v(xi)+N(ei)

)

= inf
i∈N

(
N(Aei)−N(ei)

)
+N(x),

from which we conclude that

‖A‖= inf
x6=0

(
N(Ax)−N(x)

)
≥ inf

j∈N

(
N(Aej)−N(ej)

)
.

For the second equality, we have

inf
j∈N

(
N(Aej)−N(ej)

)
= inf

j∈N

(
N

(

∑
i∈N

ai j ei

)
−N(ej)

)

= inf
i, j∈N

(
2v(ai j )+N(ei)−N(ej)

)
,

which completes the proof.

As in the classical case, ifA ∈ B(cK0 (N,ω,Γ)), an adjoint ofA is an operator
A∗ satisfying〈Au,v〉= 〈u,A∗v〉 for anyu,v in cK0 (N,ω,Γ). If it exists, the adjointA∗ is
also a bounded linear operator oncK0 (N,ω,Γ).

PROPOSITION3. Let A= ∑
i, j∈N

ai j
(
e′j ⊗ei

)
∈ B(cK0 (N,ω,Γ)), then the adjoint

A∗ exists if and only if for all j, lim
i→∞

[
2v(a ji )−N(ei)

]
= ∞. In this situation,

A∗ = ∑
i, j∈N

ω−1
i ω ja ji

(
e′j ⊗ei

)
.

Proof. Write A∗ = ∑
i, j∈N

bi j
(
e′j ⊗ei

)
, thenA∗ is the adjoint ofA if and only if

〈
Aei,ej

〉

=
〈
ei ,A∗ej

〉
for all i, j ∈ N, that is,

〈
∑
l∈N

ali el ,ej

〉
= a ji ω j =

〈
ei , ∑

l∈N

bl j el

〉
= bi j ωi , ∀i, j ∈ N.

This is equivalent tobi j = ω−1
i ω ja ji for all i, j ∈ N. Moreover, for all j,

lim
i→∞

N(bi j ei) = ∞.
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Now

N(bi j ei) = 2v(bi j )+N(ei)

= 2v(ω−1
i ω ja ji )+N(ei)

= −2v(ωi)+2v(ω j)+2v(a ji)+N(ei)

= 2v(ω j)+2v(a ji)−N(ei).

Therefore, fromv(ω j) = N(ej) 6= ∞, lim
i→∞

N(bi j ei) = ∞ if and only if, for all

j ∈ N,

lim
i→∞

[
2v(a ji )−N(ei)

]
= ∞.

3.2. Unbounded linear operators oncK0 (N,ω,Γ)

DEFINITION 2. A stable unbounded linear operator A from cK
0 (N,ω,Γ) into it-

self is a pair(D(A),A) consisting of a subspace D(A)⊂ cK0 (N,ω,Γ) (called the domain
of A) and a (possibly non continuous) linear transformationA : cK0 (N,ω,Γ)⊃D(A)→
cK0 (N,ω,Γ). Namely, the domain D(A) contains the basis(ei)i∈N and consists of all
x= (xi)i∈N ∈ cK0 (N,ω,Γ) such Ax= ∑

i∈N

xiAei converges in cK0 (N,ω,Γ), that is,





D(A) :=

{
x= (xi)i∈N ∈ cK0 (N,ω,Γ) : lim

i→∞
N(uiAei) = ∞

}
,

Ax= ∑
i, j∈N

ai j e′j(x)ei for each x∈D(A).

Using the proof of Proposition 3 one can easily see that the following holds.

PROPOSITION4. A stable unbounded linear operator





D(A) :=

{
x= (xi)i∈N ∈ cK0 (N,ω,Γ) : lim

i→∞
N(xiAei) = ∞

}
,

Ax= ∑
i, j∈N

ai j e′j(x)ei for each x∈D(A),

has an adjoint A∗ if and only if for all j ∈N,

lim
i→∞

[
2v(a ji )−N(ei)

]
= ∞.
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In this event the adjoint A∗ of A is uniquely expressed by





D(A∗) :=

{
y= (yi)i∈N ∈ cK0 (N,ω,Γ) : lim

i→∞
N(yiA

∗ei) = ∞
}
,

A∗y= ∑
i, j∈N

a∗i j e′j(y)ei for each y∈ D(A∗),

where a∗i j =
ω ja ji

ωi
.

3.3. Bounded linear functionals oncK0 (N,ω,Γ)

DEFINITION 3. A linear functional F: cK0 (N,ω,Γ)→K is said to be bounded
if there existsγ ∈ Γ such that

v(F(x))−N(x)≥ γ for each 0 6= x∈ cK0 (N,ω,Γ).

If sup
{

γ ∈ Γ : v
(
F(x)

)
−N(x)≥ γ for each 0 6= x∈ cK0 (N,ω,Γ)

}
exists, it is

then called the norm of the continuous linear functional F and is defined by

|‖F|‖= inf
x∈cK0 (N,ω,Γ), x6=0

[
v(F(x))−N(x)

]
.

Let us recall that the space of all continuous linear functionals oncK0 (N,ω,Γ)
is denotedcK0 (N,ω,Γ)

∗ and called the (topological) dual ofcK0 (N,ω,Γ). The space
(cK0 (N,ω,Γ)∗, |‖ · |‖) is a Banach space overK.

PROPOSITION5. Let F∈ cK0 (N,ω,Γ)∗. Then its norm|‖F|‖, if it exists, can be
explicitly expressed as

|‖F|‖= inf
i∈N

(
v(F(ei))−N(ei)

)
.

The next theorem constitutes a non-Archimedean version of the well-known
Riesz representation theorem [9] in the case of a Krull valuation.

THEOREM 1. Let F : cK0 (N,ω,Γ)→K be a linear functional such that

lim
i→∞

(
2v(F(ei))−N(ei)

)
= ∞.(5)

Then there exists a unique x0 ∈ cK0 (N,ω,Γ) such that

F(x) = 〈x,x0〉, for all x ∈ cK0 (N,ω,Γ).
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Proof. If x = ∑
i∈N

xiei ∈ cK0 (N,ω,Γ), we then claim thatF(x) = ∑
i∈N

xiF(ei) is well-

defined. Indeed, sincex ∈ cK0 (N,ω,Γ), then, lim
i→∞

N(xiei) = ∞. Moreover, it is not

hard to see that

2v(xiF(ei)) = 2v(xi)+2v(F(ei)) = N(xiei)+
(

2v(F(ei))−N(ei)
)
,

and hence

lim
i→∞

v(xiF(ei)) = ∞,

by using assumption (5).

Settingx0 = ∑
i∈N

(
F(ei)

ωi

)
ei and using (5), one can see that

lim
i→∞

N

[(
F(ei)

ωi

)
ei

]
= lim

i→∞

(
2v(F(ei))−N(ei)

)
→ ∞,

and hencex0 ∈ cK0 (N,ω,Γ). Moreover,F(x) = 〈x,x0〉 for eachx∈ cK0 (N,ω,Γ).
Suppose that there exists anothery0 ∈ cK0 (N,ω,Γ) such thatF(x) = 〈x,y0〉 for

eachx∈ cK0 (N,ω,Γ). It follows that〈x0− y0,u〉 = 0 for eachx∈ cK0 (N,ω,Γ), that is,
x0− y0⊥ cK0 (N,ω,Γ). In particular,〈x0− y0,ei〉 = 0 for eachi ∈ N, so all coordinates
of x0− y0 in the basis(ei)i∈N of cK0 (N,ω,Γ) are zero, and hencex0 = y0.

4. Bilinear forms on cK0 (N,ω,Γ)× cK0 (N,ω,Γ)

DEFINITION 4. A mappingϕ : cK0 (N,ω,Γ)× cK0 (N,ω,Γ)→ K is said to be a
bilinear form whenever x7→ ϕ(x,y) is linear for each y∈ cK0 (N,ω,Γ) and y 7→ ϕ(x,y)
is linear for each x∈ cK0 (N,ω,Γ).

Note that ifϕ : cK0 (N,ω,Γ)×cK0 (N,ω,Γ)→K is a bilinear form over the product
cK0 (N,ω,Γ)× cK0 (N,ω,Γ), then the sum

ϕ(x,y) =
∞

∑
i, j=0

Ωi j xiy j(6)

whereΩi j = ϕ(ei ,ej) for all i, j ∈ N, may or may not converge. However if both
x= (xi)i∈N andy= (yi)i∈N are taken incK0 (N,ω,Γ) with

lim
i, j→∞

(
v(Ωi j )+2v(xi)

)
= ∞ and lim

i, j→∞

(
v(Ω ji )+2v(yi)

)
= ∞,(7)

then the sum in (6) converges.
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4.1. Bounded bilinear forms

DEFINITION 5. A non-Archimedean bilinear formϕ : cK0 (N,ω,Γ)×cK0 (N,ω,Γ)
→K is said to be bounded if there existsγ ∈ Γ such that

2v(ϕ(x,y))−N(x)−N(y)≥ γ for all x,y∈ cK0 (N,ω,Γ).(8)

If sup{γ ∈ Γ : (8) holds} exists, it is then called the norm of the bilinear formϕ and is
defined by

‖ϕ‖= inf
x,y6=0

(
2v(ϕ(x,y))−N(x)−N(y)

)
.

PROPOSITION6. Letϕ : cK0 (N,ω,Γ)×cK0 (N,ω,Γ)→K be a bounded bilinear
form. If ‖ϕ‖ exists, it can then be explicitly expressed as

‖ϕ‖= inf
i, j∈N

[
2v(ϕ(ei ,ej))−N(ei)−N(ej)

]
.

Proof. Suppose‖ϕ‖ exists. The inequality

‖ϕ‖ ≤ inf
i, j∈N

[
2v(ϕ(ei ,ej))−N(ei)−N(ej)

]

is a straightforward consequence of the definition of the norm ‖ϕ‖ of ϕ.

Now supposex,y 6= 0. In view of the above, one has

2v(ϕ(x,y)) = 2v

(
∞

∑
i, j=0

ϕ(ei ,ej) xiy j

)

≥ inf
i, j∈N

2v
(

ϕ(ei ,ej)xiy j

)

= inf
i, j∈N

[(
2v(ϕ(ei ,ej))−N(ei)−N(ej)

)
+N(xiei)+N(y jej)

]

≥ inf
i, j∈N

[
2v(ϕ(ei ,ej))−N(ei)−N(ej)

]
+N(x)+N(y)

and hence

2v(ϕ(x,y))−N(x)−N(y)≥ inf
i, j∈N

[
2v(ϕ(ei ,ej))−N(ei)−N(ej)

]
.

One completes the proof by combining the first and the latest inequalities.

DEFINITION 6. A bounded bilinear formϕ : cK0 (N,ω,Γ)× cK0 (N,ω,Γ)→K is
said to be representable whether there exists a bounded linear operator A: cK0 (N,ω,Γ)
→ cK0 (N,ω,Γ) such that

ϕ(x,y) = 〈Ax,y〉, ∀x,y∈ cK0 (N,ω,Γ).
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THEOREM 2. Let ϕ : cK0 (N,ω,Γ)× cK0 (N,ω,Γ) → K be a non-degenerate
bounded bilinear form on cK0 (N,ω,Γ)×cK0 (N,ω,Γ). Thenϕ is representable whenever
(3) holds. In that case, if A denotes the linear operator associated withϕ, then the
adjoint A∗ of A exists.

Proof. Define the linear operatorA oncK0 (N,ω,Γ) associated withϕ by

Ax := ∑
i, j∈N

[
ϕ(ej ,ei)

ωi

]
e′j(x)ei ,

for eachx∈ cK0 (N,ω,Γ).
We first check that the linear operatorA given above is well-defined on the space

cK0 (N,ω,Γ). For that, it suffices to show that, for allj ∈ N,

lim
i→∞

N

(
ϕ(ej ,ei)

ωi
ei

)
= ∞.

This in fact follows from

N

(
ϕ(ej ,ei)

ωi
ei

)
= 2v(ϕ(ej ,ei))−N(ei)→ ∞, asi→ ∞,

by using (3). It is also routine to see thatϕ(x,y) = 〈Ax,y〉 for all x,y∈ cK0 (N,ω,Γ). Of
course, the linear operatorA given above is bounded. Moreover, it is unique sinceϕ
is non-degenerate. It remains to show thatA∗, the adjoint ofA exists. Indeed, using
Proposition 3 we have

lim
i→∞

[
2v

(
ϕ(ei ,ej)

ω j

)
−N(ei)

]
= lim

i→∞
[2v(ϕ(ei ,ej))−2v(ω j))−N(ei)]

= lim
i→∞

(
2v(ϕ(ei ,ej))−N(ei)

)
−2N(ej)

= lim
i→∞

(
2v(ϕ(ei ,ej))−N(ei)

)

= ∞ for all j ∈N,

using assumption (3), and hence the adjointA∗ of A exists.

REMARK 1. One should mention that in Theorem 2, if we suppose that‖ϕ‖
exists, then‖A‖ exists and‖A‖= ‖ϕ‖. Indeed, using Proposition 2,

‖A‖ := inf
i, j∈N

[
2v

(
ϕ(ej ,ei)

ωi

)
+N(ei)−N(ej)

]

= inf
i, j∈N

[
2v(ϕ(ej ,ei))−2v(ωi)+N(ei)−N(ej)

]

= inf
i, j∈N

(
2v(ϕ(ej ,ei))−N(ei)−N(ej)

)

= ‖ϕ‖.
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EXAMPLE 1. LetK=Qp (p being a prime number such thatp> 2) and let the
groupΓ be (Z,+,≤). Define the Krull valuationv : Qp→ Z∪{∞} by v(0) = ∞ and
for 0 6= x∈Qp,

v(x) = max
{

r ∈ Z : pr dividesx
}
.

Let ωi = p−i for eachi ∈N. Let N0 ∈ N with N0≥ 1 (fixed) and set

πN0
i j = 1+

1
ω j

+
1

ω2
i ω2

j

+ · · ·+
1

ωN0
i ωN0

j

,

for all i, j ∈ N.

For all x= (xi)i∈N, y= (yi)i∈N ∈ c
Qp
0 (N,ω,Z), define the bilinear form

ϕ(x,y) =
∞

∑
i, j=0

πN0
i j xiy j .

Now,

‖ϕ‖ : = inf
i, j∈N

[
2v
(

πN0
i j

)
−N(ei)−N(ej)

]

= inf
i, j∈N

[
2v
(

πN0
i j

)
− v(ωi)− v(ω j)

]

= inf
i, j∈N

(i + j)

= 0,

and henceϕ is bounded.

Therefore, the only bounded linear operator oncK0 (N,ω,Γ) associated withϕ is
the one defined by

Au= ∑
i, j∈N

[
πN0

ji

ωi

]
e′j(u)ei

for eachu∈ cK0 (N,ω,Γ) with ‖A‖= inf
i, j∈N

(
N (Aei)−N(ej)

)
= ‖ϕ‖= 0.

4.2. Stable unbounded bilinear forms

In this subsection we provide a representation theorem for some unbounded bilinear
forms. More precisely, we consider those unbounded bilinear forms whose domains
contain all elements of the canonical basis(ei)i∈N of cK0 (N,ω,Γ), as such a basis plays
a key role in the present setting. The subclass of all those types of unbounded bilinear
forms will be called stable and denotedΣS(cK0 (N,ω,Γ)× cK0 (N,ω,Γ)).

Similarly, the subclass of all unbounded bilinear forms whose domains do not
contain elements of the above-mentioned canonical basis will be called unstable and
denotedΣU(cK0 (N,ω,Γ)× cK0 (N,ω,Γ)). Note that a representation theorem similar
to Theorem 3 for elements ofΣU(cK0 (N,ω,Γ)× cK0 (N,ω,Γ)) will be left as an open
question.
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DEFINITION 7. A mappingϕ : cK0 (N,ω,Γ)× cK0 (N,ω,Γ) ⊃ D(ϕ)×D(ϕ)→K
is said to be a stable unbounded bilinear form if u7→ϕ(u,v) is linear for each v∈D(ϕ),
v 7→ ϕ(u,v) linear for each u∈ D(ϕ), where D(ϕ) is a vector subspace of cK

0 (N,ω,Γ)
that contains the basis(ei)i∈N, and consists of all x= (xi)i∈N ∈ cK0 (N,ω,Γ) such that

lim
i, j→∞

(
v(Ωi j )+2v(xi)

)
= lim

i, j→∞

(
v(Ω ji )+2v(x j)

)
= ∞

and

ϕ(x,y) =
∞

∑
i, j=0

Ωi j xiy j , for all x,y∈ D(ϕ)

whereΩi j = ϕ(ei ,ej).

The spaceD(ϕ) defined above is called thedomainof the bilinear formϕ.

DEFINITION 8. A bilinear formϕ : D(ϕ)×D(ϕ)→K (D(ϕ) being its domain)
is said to be representable whenever there exists a (possibly unbounded) linear opera-
tor A : D(A)→ cK0 (N,ω,Γ) (D(A) being the domain of A) such that

ϕ(x,y) = 〈Ax,y〉, ∀x∈ D(A), v∈ D(ϕ).

THEOREM 3. Suppose thatω = (ω j ) j∈N is chosen so that N(ej)→ γ as j→ ∞
whereγ ∈ Γ. Letϕ : D(ϕ)×D(ϕ)→K be a non-degenerate stable unbounded bilinear
form. Thenϕ is representable whenever assumption(3)holds. In that case, if A denotes
the linear operator associated withϕ, then the adjoint A∗ of A exists.

Proof. For all x= (xi)i∈N,y= (y j) j∈N ∈D(ϕ), write ϕ(x,y) =
∞

∑
i, j=0

Ωi j xiy j and define

the linear operatorA oncK0 (N,ω,Γ) associated to it as follows:





D(A) :=

{
x= (xi)i∈N ∈ cK0 (N,ω,Γ) : lim

i→∞
N(xiAei) = ∞

}
,

Ax= ∑
i, j∈N

[
ϕ(ej ,ei)

ωi

]
e′j(x)ei for each x= (xi)i∈N ∈ D(A).

One can prove as in the proof of Theorem 2 thatA is well-defined.

Now

Ax= ∑
i∈N

1
ωi

(

∑
j∈N

x jϕ(ej ,ei)

)
ei for each x= (xi)i∈N ∈D(A),

and hence
〈Aei ,ej〉= ϕ(ei ,ej) for all i, j ∈ N.
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Moreover,D(A)⊂ D(ϕ). That is, lim
i→∞

N(xiAei) = ∞ yields

lim
i, j→∞

(
v(Ωi j )+2v(xi)

)
= lim

i, j→∞

(
v(Ω ji )+2v(xi)

)
= ∞.

Indeed, ifx = (xi)i∈N ∈ D(A), then using the Cauchy-Schwarz inequality, it follows
that, for alli, j ∈ N,

2v(ϕ(ei ,ej))≥N(Aei)+N(ej),

and hence

2
[
v(ϕ(ei ,ej))+2v(xi)

]
= 2v(ϕ(ei ,ej))+4v(xi)

≥N(Aei)+N(ej)+4v(xi)

= N(xiAei)+N(ej)+2v(xi)

= N(xiAei)+N(xiei)+N(ej)−N(ei)

→ ∞ asi, j → ∞.

Similarly, using the fact(ej) j∈N ⊂D(A), i.e.,N(Aej)→ ∞ as j→∞, we obtain

2
[
v(ϕ(ej ,ei))+2v(xi)

]
= 2v(ϕ(ej ,ei))+4v(xi)

≥ N(Aej)+N(ei)+4v(xi)

= N(Aej)+2N(xiei)−N(ei)

→ ∞ asi, j → ∞.

Note thatv(xiykϕ(ei ,ek))→ ∞ asi,k→ ∞, using the fact thatx∈ D(A)⊂ D(ϕ)
andy∈ D(ϕ), as

2v
(

xiykϕ(ei ,ek)
)
= 2v(xi)+ v

(
ϕ(ei ,ek)

)
+ v
(

ϕ(ei ,ek)
)
+2v(yk)→ ∞, as i,k→ ∞.

Hence

∑
k∈N

∑
i∈N

xiykϕ(ei ,ek) = ∑
i∈N

∑
k∈N

xiykϕ(ei ,ek).

Consequently, the following sequence of equalities is justified:

〈Ax,y〉 = ∑
k∈N

ωkyk
1

ωk

(

∑
i∈N

xiϕ(ei ,ek)

)

= ∑
k∈N

yk

(

∑
i∈N

xiϕ(ei ,ek)

)

= ∑
i,k∈N

ϕ(ei ,ek)xiyk

= ϕ(x,y),
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for all x= (xi)i∈N ∈D(A) andy= (yi)i∈N ∈D(ϕ).
Furthermore, the uniqueness ofA is guaranteed by the fact that the formϕ is

non-degenerate. It remains to show thatA∗, the adjoint ofA, exists. Though this can
be done as in the bounded case.

EXAMPLE 2. This is a generalization of Example 1 to the case in whichϕ is
possibly unbounded.

Consider the bilinear form defined by

ϕ(x,y) = ∑
i, j∈N

πi j xiy j , ∀x= (xi)i∈N, y= (yi)i∈N ∈ D(ϕ),

where(πi j )i, j∈N ⊂K is an arbitrary sequence, and the domainD(ϕ) of ϕ is defined by
all x= (xi)i∈N ∈ cK0 (N,ω,Γ) such that

lim
i, j→∞

(
v(πi j )+2v(xi)

)
= lim

i, j→∞

(
v(π ji )+2v(xi)

)
= ∞.

Note thatϕ(ei ,ej) = πi j for all i, j ∈ N and therefore an equivalent version of
assumption (3) is

lim
i→∞

(
v(πi j )−N(ei)

)
= lim

i→∞

(
v(π ji )−N(ei)

)
= ∞.(9)

Furthermore, ifωi , i ∈N are chosen such thatN(ei)→ γ∈Γ asi→∞ then upon making
assumption (9), the unique (possibly unbounded) linear operator associated withϕ is
given by

Ax= ∑
i, j∈N

π ji

ωi
e′j(x)ei , ∀x= (xi)i∈N ∈ D(A)

whereD(A) =
{

x= (xi)i∈N ∈ cK0 (N,ω,Γ) : lim
i→∞

N(xiAei) = ∞
}
.

In addition to the above, the adjointA∗ of A does exist under assumption (9).
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