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F. Viviani *

SIMPLE FINITE GROUP SCHEMES AND THEIR
INFINITESIMAL DEFORMATIONS

Abstract. We show that the classification of simple finite group schemes an alge-
braically closed field reduces to the classification of austsimple finite groups and of
simple restricted Lie algebras in positive characteridioth these simple objects have been
classified. We review this classification. Finally, we addréhe problem of determining the
infinitesimal deformations of simple finite group schemes.

1. Introduction

In the first part of this paper, we show thasianple finite group schenwver an alge-
braically closed field can be of two types: either the contgjanup scheme associated
to a simple (abstract) finite group or the group scheme ofthi@ige associated to a
simple restricted Lie algebra. The classification of thege kinds of simple objects
(the simple Lie algebras have been classified onlypfef 2,3) was certainly among
the greatest achievements of the mathematics of the lagtrgen

Simple finite groupsvere classified during the years 1955-1985 thanks to the
contribution of many mathematicians (see [26, 27, 2] forceistorical account).

Simple Lie algebrasver an algebraically closed field of characteristiq #
2,3 have recently been classified by Block—Wilson—-Premead8t(see [5, 29, 28]).
The classification says that f@r> 7 the simple Lie algebras can be of two types: of
classical type and of generalized Cartan type. The algeaifralassical typeare ob-
tained by considering the simple Lie algebras in charatierzero, by taking a model
over the integers and then reducing modulo the prpneThe algebras ofieneral-
ized Cartan typeare the finite-dimensional analogues of the four classesfuofite-
dimensional complex simple Lie algebras, which occurredantan’s classification of
Lie pseudogroups. In characterisie= 5, apart from the above two types of algebras,
there is one more family of simple Lie algebras called Malikilgebras. In char-
acteristicp = 2, 3, there are many exceptional simple restricted Lie algebral the
classification seems still far away.

After passing in review these two classification resultshim last part of this
paper we address the problem of determiningittiimitesimal deformationsf such
simple finite group schemes. The group schemes associasadpte finite (abstract)
groups and to simple Lie algebras of classical type are kntovbe rigid apart from
some bad characteristic of the base field. We show that thigtithe case for the group
schemes associated to simple Lie algebras of Cartan tygearticular we determine
the infinitesimal deformations of the group schemes of heigte associated to the
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restricted simple Lie algebras of Cartan type. We do this dapputing the second
restricted cohomology group of these algebras with valu#isa adjoint representation.
It remains an open problem to extend the above results tother eimple restricted
Lie algebras.

2. Finite group schemes

Let k be a field of characteristip > 0. There are three equivalent ways to define a
finite group scheme ovér

DEFINITION 1. A finite group scheme G over k can be defined equivalently as
(i) afinite scheme G which is a group object in the categorychémes;

(i) a scheme of the form & Spe¢A), where A is a finite dimensional commutative
k-Hopf algebra;

(iii) a scheme G whose functor of pointg fakes values in finite groups, that is
Fc : {k— schemes— {finite group$
S+ G(S) := Hom(S, G).
The following result collects the basic structure of finitegp schemes.

THEOREML1. Let G be a finite group scheme over the field k.
(1) If chark) = 0then G is étale.
(2) If chark) = p > 0then there is a unique extension
156G -GG —1

such that @ is connected and ®is étale. If k is perfect then the above exact
sequence splits, that is € G° x G

(3) If chark) = p> 0 and G is connected, there is a minimal natural number h
such that G= Ker(F") (it is called the height of G), where™® G — G(P) is
the the n-th iteration of the Frobenius map. In the filtratiohnormal closed
subgroups:

1<Ker(F)<Ker(F?)<---<Ker(F") = G°,

each factorKer(F'*1) /Ker(F') has height one (i.e. it has vanishing Frobenius).

Proof. (1) By aresult of Cartier, evey-group scheme is smooth if clilif = 0 (see
[34, Chap. 11.4]). Therefore every finite group scheme imattaristic zero is
étale.
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(2) The above exact sequence is obtained by ta@Pghe connected component
of G containing the identity an&® to be Spety(k[G])), wherey(K[G]) is
the maximal separable sub-Hopf algebra of the algklishof regular functions
on G. If kis perfect, therG® = Spec¢k[Gleq), Wherek[G|eq is the maximal
reduced quotient df{G], which gives the splitting (see [34, Chap. 6]).

(3) The kernel of" is represented by the Hopf algebt&]/(x"" | x € I), wherel
is the augmentation ideal &fG] (that is, the maximal ideal corresponding to the
origin of G). The first assertion follows from the fact thaGfis connected then
the augmentation idedlis nilpotent. The second assertion is clear.

O

Therefore every finite group scheme can be realized as anstateof étale and
height one finite group schemes (these latter occur onlyaf(&h= p > 0). Now we
provide an explicit description of these two building bleck

THEOREMZ2. If k is algebraically closed the we have a bijection
{Etale k-group schemés— {Finite (abstract) groups.

Proof. The bijection is realized explicitly as follows: to an étllgroup schem& one

associates the finite grow(k) of its k-points. Conversely, to an abstract finite group

I one associates the finite group scheme whelepf algebra is thé-algebrak’ of

functions froml” to k with comultiplication given byA(e;) = @ e;® e, wheree, is
p=0-T

the function sending € I into 1 and the other elementsbfto 0. One can check the
above maps are one the inverse of the other (see [34, Chagler 6 O

In order to describe the finite group schemes of height oneeaed to recall the
definition of the restricted Lie algebras (sometimes cafidde algebras) over a field
k of positive characteristic.

DEFINITION 2 ([17]). A Lie algebra L over a field k of characteristicpO0 is
said to berestricted(or a p-Lie algebra) if it is endowed with a map (called p-map)
[p] : L — L, x— xIPl, which satisfies the following conditions:

(i) ad(xP)) = ad(x)[P! for every xc L.
(i) (ax)lPl = aPxP! for every xe L and everya € k.
1

b
(iii) (%0 +x0)[P =X 1 3P 475 5 (%0, 1) for every x,%; € L, where the element
iZ1

S (Xp,x1) € L is defined byi
1
S (X07X1) = _|_ Z ad(u(l) o ad(u(Z) 0---0 ad(u(pfl) (Xl),
u

the summation being over all the maps|a,---,p— 1] — {0,1} taking i times
the value0.
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The last two conditions in the above definition can be repdédy saying that
the mapa — aP —alP from L into the universal enveloping algetita is p-semilinear,
whereaP denotes the-th self product ok in . We give examples of restricted Lie
algebras.

ExXAMPLES 1.

(i) Let A an associativé-algebra, where chéd) = p > 0. Then the Lie algebra
Der=A of k-derivations ofA into itself is a restricted Lie algebra with bracket
[Dl,Dz] =Dji0Dy—D30D; andp-mapD + DP:=Do---oD.

(i) Let G a group scheme ovds, where chaik) = p > 0. Then the Lie algebra
Lie(G) associated t& is a restricted Lie algebra with respect to firenap given
by the differential of the homomorphis@— G, x+ xP ;= xo---oX.

The Lie algebra LiéG) associated to k-group schem& in positive character-
istic p (as in the above example) depends only on the first heightation KefF) <G
of G. Indeed, we have the following

THEOREM3. Let k be a field of characteristic p 0. Then there is a bijection

{Restricted k-Lie algebras}— {Finite k-group schemes of height one}

Proof. The bijection is realized explicitly as follows: to a finiteogip schemés of
height 1, one associates the restricted Lie algebr&Q)ievith p-map given by the
differential of the mapc — xP. Conversely, to a restricted Lie algeh(la [p]), one
associates the finite group scheme corresponding to thetihal restricted enveloping
Hopf algebra((P/(L) := 4(L)/(xP — x[P). One can check that the above map are inverse
one of the other (see [11, Chapter 2.7]). O

As a consequence of the structure theorems for finite graugnses discussed
in this section, we get

COROLLARY 1. A simple finite group scheme over an algebraically closed fiel
k is either the étale group scheme associated to a simplargasfinite group or (if
chark) = p > 0) the height one group scheme associated to a simple resdricie
algebra.

Both these simple objects have been classified (the lastamsesning thap # 2, 3)!

3. Classification of simple finite groups

The simple finite groups are divided in four families:
e Cyclic groupsZ/pZ with prime order;
e Alternating group®\,, n > 5;
e Simple groups of Lie type, including
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— Classical groups of Lie type:

(1) An(q): the Projective Special Linear Group RSk(Fq).
(2) 2An(g?): the Projective Special Unitary Group PSU(F2), with re-
spect to the Hermitian form dﬁgjl

n+1

W(w,v) = ; Wiy,

wherew = (W1, -+ ,Wnt+1) @andv = (V1,- -+ ,Vnt1).

(3) Bn(q): the subgrou®2n1(Fq) of the special orthogonal group in di-
mension 2+ 1 formed by the elements having spinor norm 1.

(4) Cn(q): the Projective Symplectic group PSfFq).

(5) Dn(q): the subgrouD;,, (Fq) of the projective special split orthogo-
nal group in dimensionr2formed by the elements having unit spinor
norm.

(6) 2Dn(q): the subgrou,,(F2) of elements of spinor norm 1 in the
projective special non-split orthogonal group in dimensino.

— Exceptional and twisted groups of Lie type, obtained viaStenberg con-
struction, starting with an automorphism of a Dynkin diagr@nd an auto-
morphism of a finite field. The resulting groups are denoteds,(22"+1),

*Da(q®), Ee(q), Ee(d?), E7(a), Es(d), Fa(q), 2Fa(22™1), Ga(a),
2Gy(32"1) (see [7)).

e 26 sporadic groups (see [35]).

4. Classification of simple restricted Lie algebras

First of all, we show that there is a bijection between sime#tricted Lie algebras, that
is restricted Lie algebras without restricted ideals (deals closed under themap),
and simple Lie algebras (not necessarily restricted).

THEOREM4. There is a bijection
{Simple restricted Lie algebrds— {Simple Lie algebras

Explicitly, to a simple restricted Lie algebr@., [p]) we associate its derived algebra
[L,L]. Conversely, to a simple Lie algebra M we associate theigtstt subalgebra
M[P of Der= (M) generated byadM) (which is called the universal p-envelope of M).

Proof. We have to prove that the above maps are well-defined andawes@one of
the other.

e Consider a simple restricted Lie algehfia [p]). The derived subalgebra
[L,L] <L is a non-zero ideal (sindeis not abelian) and therefofk, L], = L, where
[L,L]p denotes the-closure of]L, L] insideL.
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Take a non-zero ideal £ | < [L,L]. SincelL,L], =L, we deduce from [13,
Chapter 2, Prop. 1.3] thatis also an ideal ok and thereforé, = L by the restricted
simplicity of (L, [p]). From loc. cit., it follows also thdt.,L] = [Ip,15] = [I,1] C | from
which we deduce thdt= L. ThereforgL,L] is simple.

Since ad L — Derg (L) is injective andL,L], = L, it follows by loc. cit. that
ad :L — Dere ([L, L)) is injective. Therefore we have thiat L] C L C Ders([L,L]) and
hencelL,L][P) = [L,L]p = L.

e Conversely, start with a simple Lie algedvaand consider its universag-
envelopM < MIP! < Der: (M).

Take any restricted ideal<i, MIP.. By loc. cit., we deducél,M[P] c I n
[MIPLMIP] = 1N [M,M] =1 nM <M. Therefore, by the simplicity df1, eitherl "\M =
M or INM = 0. In the first case, we have thist € | and therefors[Pl = I. In the
second case, we have tHatM[Pl] = 0 and thereforé = 0 becauseM!?! has trivial
center. We conclude thM (P! is simple restricted.

Moreover, by loc. cit., we have th@lP! M[Pl] = [M,M] = M. O

Note that the intersection of the two types of Lie algebraeeaping in the above
correspondence is the set of restricted simple Lie algeheasely those restricted Lie
algebra which does not have any proper ideal.

Simple Lie algebras (and their minimptenvelopes) ovek = k of chark) =
p > 3 have been classified by Block—Wilson—Premet—Strade (383b), answering
to a conjecture of Kostrikin—Shafarevich (1966). They avided into two types:

e Lie algebras otlassical type

e Lie algebras ofgeneralized) Cartan type

4.1. Lie algebras of classical type

The Lie algebras of classical type are reduction of simpéedigebras in characteristic
zero. Simple Lie algebras over an algebraically closed Géttharacteristic zeravere
classified at the beginning of the 19th century by Killing &attan. The classification
proceeds as follows: first the non-degeneracy of the Kilforgn is used to establish a
correspondence between simple Lie algebras and irre@udbt systems and then the
irreducible root systems are classified by mean of theira@ata Dynkin diagrams.
Explicitly:

DYNKIN DIAGRAMS «+— SIMPLE LIE ALGEBRAS

An(n>1) sl(n+1)
Bn(n>2) so(2n+1)
Ch(n>3) sp(2n)
Dn(n>4) s0(2n)

Eg,E7,Es,F4, G2 Exceptional Lie algebras
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wheresl(n+1) is the special linear algebray(2n+ 1) is the special orthogonal algebra
of odd rank,sp(2n) is the symplectic algebra arh(2n) is the special orthogonal
algebra of even rank. For the simple Lie algebras correspgrtd the exceptional
Dynkin diagrams, see the book [19] or the nice account in [3].

These simple Lie algebras admit a model over the integertheigso-called)
Chevalley bases. Thus, via reduction modulo a prpnene obtains a restricted Lie
algebra oveff', which is simple up to a quotient by a small ideal. For exanaf(ie)
is not simple ifp dividesn, but its quotiensi(n) = sl(n)/(In) by the unit matrixl,
becomes simple. There are similar phenomena occurringonfy= 2, 3 for the other
Lie algebras (see [28, Page 209]). The restricted simplkba#g obtained in this way
are called algebras afassical type Their Killing form is non-degenerate except at a
finite number of primes. Moreover, they can be charactedzadtiose restricted simple
Lie algebras admitting a projective representation withdegenerate trace form (see

[4])-

4.2. Lie algebras of Cartan type

However, there are restricted simple Lie algebras whicke mavanalogous in charac-
teristic zero and therefore are called non-classical. Teedkample of a non-classical
restricted simple Lie algebra is due to E. Witt, who in 193lired that the derivation
algebraw/(1) := Der(k[X]/(XP)) over a fieldk of characteristiqp > 3 is simple with
a degenerate Killing form. In the succeeding three decadesy more non-classical
restricted simple Lie algebras have been found (see [181,145]). The first com-
prehensive conceptual approach to constructing theseclassical restricted simple
Lie algebras was proposed by Kostrikin—Shafarevich and(Kee [22, 23, 21]). They
showed that all the known examples can be constructed as-fimtensional analogues
of the four classes of infinite-dimensional complex simpkedlgebras, which occurred
in Cartan’s classification of Lie pseudogroups (see [6]).

Denote byO(m) the divided powek-algebra irm-variables. It is the commuta-
tive and associative algebra with unit defined by the genes#t for a € N™ satisfying

the relations
XG-XB: (G+B)XG+B: m (ui+Bi)Xa+B.
a il:! [of]

For anym-tuplen € N™, we define the truncated subalgebragm)
O(m;n) = span(x® |0 < a; < p™).

The simple Lie algebras of Cartan type (over an algebrgicdtised fieldk
of characteristiqp > 3) are divided in four families, called Witt—Jacobson, Sakc
Hamiltonian and Contact algebras, plus an exceptionallyanfilLie algebras in char-
acteristicp = 5, called Melikian algebras. We list the simgleadedLie algebras of
Cartan type. The general simple Lie algebras of Cartan typélgered deformations
of these graded Lie algebras (see [28, Chap. 6]).
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(1) WITT-JACOBSON: The Witt-Jacobson Lie algetM&m;n) is the subalgebra
of DerO(m; n) of special derivations:

W(m;n) = {D € DerO(m;n) : D(X<a)) — ix(asi)D(Xi)}.

i=
The Witt-Jacobson Lie algebra is a fré@ém, n) generated by the special deriva-
tionsd; defined byd; (x(®) = x(@&),

(2) SPECIAL: The Special Lie algebra is the subalgebra\gm,n), m > 3, of
derivations preserving the special fooog = dxg A - - - A dXm:

S(mn)® = {D € W(mn) | D(ws) = 0}¥
where(1) denotes the derived algebra.

(3) HAMILTONIAN: The Hamiltonian algebra is the subalgelmfd/V (2r, n) of deri-
vations preserving the Hamiltonian forswy = dxg AdX 11+ - -+ dXx AdXy:

H(2r;n)@ = {D e W(2r;n) | D(n) = 0}?
where(2) denotes the double derived algebra.

(4) CONTACT: The Contact algebra is the subalgebr@/¢2r + 1, n) of derivations
preserving the contact formk = ¥{_; (Xid%r — Xird%) + dXor1 up to multi-
ples:

K(2r +1;m)® = {D e W(2r + 1;n) | D(ux) € O(2r + 1;n)oxc }

(5) MELIKIAN (only if char(k) = 5): The Melikian algebra (introduced in [24]) is
defined as

—_~—

|\/|(I’1;|_7 n2) = 0(2, (nl, nz)) EBW(Z, (nl, nz)) EBW(Z, (nl, nz)),

e~

whereW(2, (ng,n2)) is a copy oW(2, (n1,n2)) and the Lie bracket is defined by
the following rules (for alD,E e W(2, (n1,n2)) andf,g € 0(2,(n1,n2))):

E]:=[D;E],

D,

[D,E] := [D,E] +2div(D)E,

[D, f]:=D(f)—2div(D)f,

[f1D1+ f2D2,01D1 + g2D2] := f102 — fo01,

[f, ] = fE,

[f,9] := 2(gDx(f) — fD2(g))D1 +2(D1(g) —gDi(f))D2,

where di f1D1 + f2D2) := D1(f1) + D2(f2) € O(2,(ng,np)).
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The above algebras are restricted if and only4f 1. In general, denoting with
X(m,n) one of the above simple Lie algebras, its minimpanvelopeX(m,n)y inside
its derivation algebra DgfX(m,n)) is equal to (see [28, Theo. 7.2.2]):

m .

Ji

X(mnjy =Xmo+y 5 ko'
1=10<]i<n;

In this way we obtain all the simple restricted Lie algebrasto filtered defor-
mations. We observe that in each of the above simple Lie edgedf Cartan type, the
Killing form is always degenerate.

5. Deformations of simple finite group schemes

Having at our hand a complete classification of the simpléefigioup schemes, it is
natural to study their properties. Here we are interestetthéir deformations. Ac-
cording to Grothendieck’s philosophy, one should first ustéad the infinitesimal
deformations. It is a classical result (of difficult attritan) that the infinitesimal de-
formations of the finite group schent are parametrized bid?(G,g), the second
cohomology group oG with values in the adjoint representatige= Lie(G).

5.1. Deformations of simple (abstract) groups

From Maschke’s theorem, it follows that every constant grecheme is rigid over
a field of characteristic not dividing the order of the group.particular this applies
to the finite group schemes associated to simple finite growfesdo not know what
happens if the characteristic kbflivides the order of the group.

5.2. Deformations of Lie algebras of classical type

If Gis a finite group scheme of height one associated to a restrice algebrdg, [p]),
the cohomologH'(G; g) of G with values in the adjoint representation is equal to the
restricted cohomologh. (g, g) of g with values in the adjoint representation (see [16]).

The restricted cohomology is related to the ordinary coHomoby two spec-
tral sequences (see [20, 12]):
E[Y = Home(SPg,HYP(g,M)) = HP*9(g,M) if p#2,
S = Home (A%, HP(g,M)) = HP*9(g, M),
whereSPg andAYj denote, respectively, theth symmetric power and thgth alter-
nating power, and Hop denotes the homomorphisms which are Frobenius linear. In

the case of the adjoint representation and for centerlesalgebras, the above spectral
sequences give rise to the following relations for the lowarnology groups:

{H*l(g,g) =Hg,9),
0— HZ(g,9) — H?(g,g) — Home((g,H'(g.9)).
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It is a classical fact that simple Lie algebras are rigid iareltteristic zero.

THEOREM 5 (Whitehead).If g is a simple Lie algebra over a field k of char-
acteristic0, then H*(g,g) = 0. In particular g is rigid.

The proof uses the non-degeneracy of the Killing form. Ifrckp= p does not
divide the discriminant of the Killing form, then the sameopf gives the rigidity of
simple Lie algebras of classical type in characterigticindeed Rudakov ([25]) has
shown the following

THEOREM6 (Rudakov).If k is a field ofchalk) = p > 5andg is a simple Lie
algebra of classical type, thanis rigid.

Note, however, that the preceding result is falsg 2,3 (see [10, 9, 8]).

5.3. Deformations of Lie algebras of Cartan type

The Lie algebras of Cartan type do have infinitesimal deftiona, unlike the Lie
algebras of classical type. We computed in [31] (buildingmup30, 33, 32]) the in-
finitesimal deformations of the simple finite group schemeaiated to simple and
restricted Lie algebras of Cartan type.

THEOREM7 ([31]).

h2(W(m; 1), W(m; 1)) =m,

h2(S(m; 1), S(m; 1)) =

h2(H(2r;1),H(2r; 1)) = 2r+ 1,
(K(2r+1 1,K2r+1;1)=2r+1,
h2(

M(1,1),M(L,1)) = 5.

Moreover, in each of the above cases, we get explicit gemrarédr the above
second cohomology groups. It would be interesting to extercabove computation
to the others simple restricted Lie algebras of Cartan typethe ones withm £ 1).

5.4. Further developments

We hope that, using similar techniques to the ones used [nif¥buld be possible to
answer to the following questions (for all simple finite gpecheme€):

e what is the space afbstructions H(G, g)?

e what is thesemi-versal deformation spacéG?
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