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BIRATIONAL STABILITY OF THE COTANGENT BUNDLE

Abstract. We introduce a birational invariamt, ;. (X|A) > k(X|A) for orbifold pairs(X|A)
by considering thé-saturated Kodaira dimensions of rank-one coherent saheheonQ.
The difference between these two invariants measures tagobial unstability 0f9<1>q NE
Assuming conjectures of the LMMP, we obtain a simple geoimégscription of the invari-
antk (X|A), as the Kodaira dimension of the orbifold “rational quotiesf (X|A).
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Introduction

Roughly, we shall show, using some standard conjecturasitie cotangent bundle
of a complex projective manifol¥ is “birationally” semi-stable, unless$ is uniruled,
in which case the unstability is controlled by its “ratiomplotient”. More precisely,
we introduce a birational invariamt, , (X) > k(X), the difference measuring the bi-
rational unstability of its cotangent bundle. The invatian, (X) is the maximum
of the “saturated” Kodaira dimensions of rank-one cohesebsheaves of ald}, for
any p > 0. This is a measure of the birational positivity of thesesh@aves, in con-
trast to their “numerical” positivity, by means of polatigm slopes. Conjecturally,
K++(X) = K(R(X)), whereR(X) is the “rational quotient” oiX (see Section 1). For
example, one should have | (X) = —co if and only if X is rationally connected, with
X unstable in this sense if and only if uniruled, but not ragibnconnected. The study
of the Kodaira dimensions of such sheaves was initiated Bpgomolov in [4], where
bounds and a partial geometric description of extremalcasee established.

We extend these notions and conjectures to the categoryrafdth orbifolds”.
These appear naturally in the geometric interpretatiomefsgturation process of the
subsheaves of SYMQY) introduced in the definition af, ;. (X). This category is, on
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the other hand, needed in an essential way for the biratidassification. We then
reduce the above conjecture in the “orbifold” setting toestbtandard conjectures of
the LMMP, and to an extension of Miyaoka’s generic semi-sj for Ic? pairs with
c1 = 0. The notion of rational curve, uniruledness and ratiooaihnectedness will be
introduced in the context of smooth orbifolds as well. Wevgltbe uniruledness of
some peculiar Fano orbifolds by specific elementary methods

We also prove a stronger “numerical dimension” version, elgma . (X) =
K++(X) =k (R(X)) in the orbifold context, conditional on the same set of conjees,
in Section 7 (see the definitions there). The proof simplitiesearlier proof given in
[8] of the weaker result concerning. ;..

We incidentally give in Section 8 a (seemingly) new very dienproof of the
pseudo-effectivity of the relative canonical bundle of adilspace when its generic
fibres are not uniruled. This gives a weakened version of Wegls weak positivity
results, which permits one to deduce Gg Conjecture from the Abundance Conjec-
ture, and is potentially susceptible of further developtaen

As an application outside of the birational classificatio, will mention the
Isotriviality Conjecture for families of canonically palaed manifolds parametrised
by a “special” quasi-projective manifold, which can alsorbduced to the very same
set of conjectures, and thus becomes a problem in biratdasgification.

The present text complements results in [8], [7], and [1Hewe complete def-
initions can be found.

1. Definitions and conjectures

Let X be a complex projective connectadold. The main concern of birational al-
gebraic geometry consists in deducing qualitative biretigeometric properties of
from positivity or negativity properties of the canonicalraleKy. In particular, one
would like to describe in these terms the birational invaiseof manifoldsy which

are “rationally dominated” by, i.e., such that there exists a dominant rational map
f: X --»Y (we then writelY < X), and so the following invariant:.

DEFINITION 1. Let X) = Y)}.
etk (X) {ngxx}{K( )}

Thusn > k4 (X) > k(X), andk(X) = —w if and only if K(Y) = —oo for anyY < X.

This invariant has a conjectural description, in terms of the “rationaltigr”
(or “MRC-fibration” ) rx : X --» R(X). Recall that this rational fibration has rationally
connected (RC, for short) fibres, and non-uniruled B3€) (or is a point if and only
if X is rationally connected) [16]. WheXis not uniruledR(X) = X, andrx is just the
identity map.

1Stands for “log canonical”, see [23], for example, for thigion, as well as for kit pairs. We shall also
use the standard short form LMMP for “log-minimal model piam” below.

2We also trivially havex* (X) > k. (X), if k™ (X) is the invariant defined in [10]. But conjecturally also
these two invariants should always coincide. This couldaat, be shown by the arguments used below.
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CoONJECTUREL. ForanyX, one hax(X) =k (R(X)). In particulark (X) =
K(X) if k(X) > 0.

This conjecture can be reduced to two other quite standan@gcires. Recall
that a (rational) “fibration” means here a surjective (nasi) holomorphic map with
connected fibres.

CONJECTUREZ2. (1) (The C,m Conjecture” of litaka). For any fibration
f: X =Y, one hak(X) > k(Xy) +K(Y). In particulark (X) > k(Y) if K(X) >0, since
thenk(Xy) > 0. HereX, is the generic fibre of.

(2) (The “Uniruledness Conjecture”). kf(X) = —oo, X is uniruled. (The conv-
erse is easy).

Sketch of proof of1) using (2). Assume first thak(X) > 0. TheCnn, Conjecture,
appliedto anyf : X — Y, directly implies the result in this case. In generalrleX — R
be the “rational quotient”. IX is rationally connected is a point, ank  (X) = —oo,
since anyy < X is uniruled. Thus the equality. Otherwise, fetX — Y be any rational
fibration. If the generic fibr&, does not map to a point, is uniruled, an&(Y) = —oo.
ThusY < Rif k(Y) > 0, which is the claim. O

ReEMARK 1. The invariank (X) is “external” in the sense that it uses man-
ifolds Y others thanX. We shall now introduce a second, closely related, invgrian
which is “internal” toX, because it refers only to data definedoitself.

Let f : X — Yy, with p:=dim(Y) > 0, be a “fibration”, and leL¢ be the line
bundle onX defined byL¢ := f*(Ky) C QF. Thus,k(X,Ls) = k(Y), andmL¢ C
Syn"(Q) for all m > 0. We may “saturatefn.Ls in Sym"(QY) and correspondingly
the space of sections ai.L¢, and give the following definition (for any c QF, not
only ones of the forni):

_ DEFINITION 2. Let L QF arank-one coherent subsheaf, and for any-18,
letHO(X, m.L) c HO(X,Sym™(QY)) be the subspace of sections taking values.lnan
Sym™(QY) at the generic point of X. Thus4dX,m.L) ¢ HO(X,m.L), andH%(X,m.L)
is also the space of sections of the saturation df im Sym"(Q%).

Leth® := dimc HO, and set

log(h%(X,m.L))
{ log(m) }

By standard arguments (see [28, 85], for example), one sttwatg*(X,L) is
either —oo Or an integer at mogt. A fundamental theorem of Bogomolov (see [4])
actually asserts that (X) < p, with equality if and only ifL = L+ for some dominant
rational fibrationf : X --» Y,. However,Y does not need to be of general type in this
situation, since due to taking saturatio(X, L) > K(X, f*(Ky)) = k(Y), the first
inequality being strict in many cases. The difference wéllgeometrically described
below.

K*(X,L) :=limsup

m>0
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DEFINITION 3. For any X, letk . (X) := max {K*(X,L)}.
{p>0, LcQf, rkL=1}

Note thatk; 1 (X) is a birational invariant, witlm > Kk (X) > k. (X) > k(X).
CoNJECTURE3. For anyX, k;(X) = k4 (X) = k(R(X)).

WhenX is rationally connected, it is easy to see tkat (X) = —oo by restrict-
ing QY to a rational curveS with ample normal bundlal, and considering its natural
filtration with quotients Q%) ® (N*)®X. A relative version of this permits one to show
thatk; 1 (X) = k. (R(X)) for any X. See Lemma 3 below. One is thus reduced, by
Conjecture 2 (2), to the special case whief¥) > 0.

Notice that here, however, the casgX) > 0 cannot be derived from th&é, m
Conjecture, since a geometric interpretatior of (X) is lacking. Working in a larger
category will permit us at the same time to give a geomettarpretation ok*(X,L¢),
to formulate a suitable version of tlR m Conjecture, and to give a canonical birational
decomposition of an¥ in terms of “pure” manifolds, for which the canonical bundle
has one of the three basic possible “signs’@, —), in some suitable birational sense.

2. Extension to the category of “smooth orbifolds”

Let f : X — Yp be a fibration, and.s = f*(Ky) C Q. We shall always assume that

f is “neat” (i.e., that the discriminant locus éfis of snc (simple normal crossings),
and that thef -exceptional divisors oX are alsau-exceptional for some birational map
u: X — X/, with X’ smooth). This condition can always be realised, by means of
Raynaud (or Hironaka) flattening theorem, after suitabléifications ofX andY.

The invariank*(X,Ls) > k(X,L¢) = k(Y) can be interpreted geometrically as
follows in terms of the “base orbifold” of.

A Ic pair (X]A) consisting of a projective manifold and of an effective-
divisorA =¥ c;a;.Dj , withaj = (1— mij) will be said to be “smooth” if Supfl\) =
[A] is of snc. We shall writeaj = (1— mij), or equivalently:m; := (1—aj)~1 €
QN {4}, for theA-“multiplicity” of D; (equal to 1 ifD is not one of théDj’s). We
shall also call such a pair a “smooth orbifold”. They intdgie between the “compact”
case in whichA = 0, and the “open” or “logarithmic” case, in whigh= [A] # 0.

DEFINITION 4. The “base orbifold” of f: X — Y is the pair(Y|Af), with

IAVIES %(1— ﬁ).E, E running through the set of all prime divisors of Y. We aefin

m(f,E) :=infiekE){tke}, and ke by the equality f(E) = Y te.Dk+R, K(E)
keK{(E)
being the set of prime divisors X such that {Dy) = E, while R is f-exceptional.

Notice that the sum defining is, in fact, finite, sincan(f,E) = 1 whenE is not a
component of the discriminant locus bf
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The pair(Y|As) is thought of as a “virtual ramified cover” &f eliminating by
base change the multiple fibresfn codimension one.

The geometric interpretation &f (X,L+) is now the following:
THEOREM1. ([7]) For f as above, one has
K*(X,Lt) =K(Y,Ky +Af) = K(Y|Af).

The origin of the difference*(X,L¢) — K(X,L¢) thus lies in the multiple fibres of.
This theorem completes some of the results of [4]. The stddyeinvariant_ (X)
thus leads to the consideration of “smooth” pdiXsA), but for reasons different from
the ones in the LMMP.

These “smooth pairs” can be naturally equipped with lotseafrgetric invari-
ants not considered in the LMMP. We shall briefly list, but define ther:

e Morphisms and birational mapsWe thus obtain a category. ¥f = X —
D is a quasi-projective manifold, with smooth compactificatX and complement
D such that(X|D) is smooth, then the birational class\éfdoes not depend on the
compactifying pair(X|D) in this category.

e Sheaves of symmetric differentials. These are locally free sheaves
S"(QP(X|A)) interpolating between SyR{Q%) and Synf'(Qf (log(Supg4)). When
p =1, in local analytic coordinatess, . . .,X,) “adapted” toA (i.e., in which the sup-
port of A is contained in the union of coordinate hyperplanes, thestplpnex; = 0
having coefficient &< a; < 1), the sheaB™(Q!(X|A)) is generated, as @y —module,

. ENj
by the elementdx™ := @1~} % parametrised by thetuples(N) = (Ng,...,Ny)
X

]
such tham= N; +---+ N,.

In particular,m.(Kx +A) = SY(Q"(X|A)).

Morphismsf : (X]A) — (Y|Ay) functorially induce maps of sheaves of symmet-
ric differentials, moreover, the spadd8(X, S"(QP(X|A))) are birational invariants of
the smooth pai(X|A).

e The “integral” case.WhenA is moreover “integral” (i.e., if ala;’s are of the
“standard” formaj = 1 — mij with m; either integral ort, that ism; = 1), one can
define additionally the 3 following invariantst (X|A), the Kobayashi pseudometric
dxja) on X, and the notion of integral points (over any field of defimjio

The invariants defined above permit one to extend, as folltm’smooth pairs”
(X]A) the birational invarianta > k4 (X]|A) > k4 (X|A) > K(X|A).

Let, indeed, a smooth paiK|A) be given.

e ForanyL c QF, andm> 0, letH(X|A,m.L) € HO(X,S™(QP(X|A))) be the
subspace of sections taking valuesir. ¢ S™(QP(X|A)) at the generic point oX.
Equivalently,HO(X|A,m.L) = HO(X,ﬁA) is the space of sections of the saturation
m.L” of m.L in the sheaB"(QP(X|A)).

3See [7, §2] for the definitions.



212 F. Campana

e Define next

log(h°(X|A,m.L)) }

K*(X|A,L) := Iimsup{ log(m)

m>0

e For any neat fibratiof : X — Y, we define an orbifold bas¥ A f|a)) exactly
as above wheA = 0, simply replacing theren(f,E) by

m(110).E) = inf_ {tee.ma(D).

recalling thatma(Dy) is the multiplicity of Dy in A. The notations are those of Def-
inition 4 above. The reason for this definition comes from rerfidla to compute the
orbifold base of the composition of two fibrations. Whers only rational, replace it
first by a “neat” model.

Theorem 1 above still holdg™ (X|A, L) = K(Y[Af|a))-

e Define finallyk  (X|A) := {5n<a§(x}{|<(Y|AmA)))}, and

Kt (X]A) = max {K*(X|A,L)}.
{p>0, LCQY, rkL=1}

Conjecture 3 can now be partially extended to “smooth oltho

CONJECTURE4. For any “smooth pair(X|A) such thak(X|A) > 0, one has
Kes (XIA) = K(X[D).

In general, we shall conjecture that ; (X|A) = K (X]|A) = K(R*[A¢+a)), the
fibrationr* : (X]A) — R, which is a substitute of the rational quotient, being cendi
tionally defined in Proposition 2 whet(X|A) = —oo.

We shall provide in Section 7 a conjectural geometric inetigtion (see Con-
jecture 9 below) of the conditions= —o andk, . = —o in the orbifold context, in
terms of “orbifold” rational curves.

3. Orbifold additivity

Let (X|A) be a “smooth” pair, and : X — Y be a “neat” fibration, with “orbifold base”
(Y|A(f|a))- Notice that the restriction df to a generic fibrex of f induces a smooth
pair (Xy[Ay).

CONJECTURES. (“TheCSh Conjecture”)k(X|A) > K(Xy|Ay) +K(Y[Afa))-

Observe that, even whén= 0, this strengthens the litaka Conject@gy (because of
the second term on the right hand side, which takes multipiediinto account).

THEOREM 2. ([7]) When the orbifold base ¢ff |A) is of general type (i.e., if
K(Y[A¢fja)) = dim(Y)), we havek (X[|A) > K(Xy|Ay) +dim(Y).
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The proof is an orbifold adaptation of Viehweg's argumergsduwhem = 0
([29], see also [19] for a related result). Neverthelesspttinifold context considerably
extends the range of applicability. Applications wil beajivin Section 5. We first
derive some (conditional) conclusions of the conjecture.

We now introduce the two fundamental fibrations of biratiarassification in
the orbifold context.

The first one is the litaka—Moishezon fibratidn (X|A) — J(X|A), defined by
a suitable linear systemn.(Kx +A) whenk(X|A) > 0. Its two defining properties
are that its generic orbifold fibrgX;|4;) havek = 0, and that its base dimension is
K(X|A) > 0.

Applying Cﬁfr% to the orbifold litaka—Moishezon fibration gives a partiaever
to Conjecture 4:

PROPOSITIONL. Assume that thef@}?1 Conjecture 5 holds. Thad (X|A, L) <
K(X|A) for any fibration f: X --» Y.

The second fundamental fibration is a weak (conditionaieerof the “ratio-
nal quotient”. Its existence requires assunﬂﬁ{,ﬁ.

PROPOSITIONZ2. ([7]). Assume ﬁ‘rﬁ’] For any smooth(X|A), there exists a
(birationally) unique fibration t : (X|A) — R* := R*(X|A) such that:

(2) Its generic orbifold fibres havie, = —co.

(2) Its orbifold base hag > 0, or is a paint if and only ik (X|A) = —co.

We now reformulate the general (conditional) version of @oture 4, in com-
plete analogy with the cage= 0:

CONJECTURE®6. AssumeCrO,fr?] (it is needed to define*). For any smooth
(X|4), one hask, +(X[A) = K(R*|Aq+ja)). Here(R*[A+a)) is simply the orbifold
base of (any neat model af) : (X|A) --» R*.

REMARK 2. Although the fibratiom* andR* are well defined up to birational
equivalence, it is not known whether its orbifold bd®¥&|A,«|a)) is uniquely defined
up to birational equivalence. Its Kodaira dimension is hesvavell defined, indepen-
dently of the choices made. See [7].

We shall now reduce this fibration to a composition of fibnasiof the LMMP,
and Conjecture 3 to some more standard conjectures.

4. Reduction to two other conjectures

We now formulate three other conjectures, the first two or@sdostandard in the
LMMP (due to V. Shokurov and C. Birkar).
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CONJECTURETY. Let(X,A) be an Ic pair.

(1) There exists a sequence of divisorial contractions apsidt X --» X’ such
that if A = s, (A), then eitheKy: + A’ is nef, or there exists a fibratidn: X’ — Y’ with
Fano, positive-dimensional orbifold fibrex, A)).

(1) If Ky + A’ defined above is nef, it i@-effective. (It is a weak form of the
Abundance conjecture, formulated in Conjecture 8 below).

(2) If c1(X|A) =0, if m> Ois an integer, and € =HiN---NH,_1 is a general
Mehta—Ramanathan curve Bnthe restriction o&pS™(QPr(X|A)) toCis semi-stable
(i.e., all of its subsheaves have nonpositive degree),fpfiaite sequencém,, pn) of
pairs of positive integers.

The first conjecture is known for kit pairs, if the bounddyis assumed to
be big, by [3] (see also [2, 20, 27]), the second one a speasd of the Abundance
Conjecture, the third one is simply the orbifold version oiykbka’s generic semi-
positivity theorem. See [26] for related arguments and iclemations.

Let us give first a description of the fibratiohusing Conjectures 7 (1), (2).

DEFINITION 5. Let(X|A) be a smooth projective orbifold. Define the fibration
r= r(X\A) . (X|A) -—3 (Y|Ay) to be:

(1) The (orbifold) identity map ik (X|A) > 0.

(2) Any neat model of the composition map:= (f os) : X --» Y/
of Conjecture 7 (1) ik(X]A) = —oo, with orbifold basgY|Ay).

Notice that neither, nor(Y|Ay) are uniquely defined, up to birational (orbifold)
equivalence. Nevertheless, the compositidrwith n = dimg(X), is well defined, by
the following:

THEOREMS3. Let(X|A) be a smooth n-dimensional projective orbifold. Assume
that Conjectures 7 and;ﬁ,‘% hold. Thent =r" (for any possible choice of the sequence
of r's).

Proof. Because of the uniqueness of the ntapup to birational equivalence), we
simply need to show that, on any neat modet'yfwe havek, = —o for its general
orbifold fibre, andk > 0 for its orbifold base (on some neat model)k (X|A) > 0, r"

is the identity map, and the claim is obvious (assigrning= —c to orbifold points).
Otherwise, letn> 0 be the smallest integer such tR@Y |Ay) > 0, for the base orbifold
of some sequence o5 of lentgh m, and of compositiar". We then haven< n, since
the dimension decreases at each ofrthsteps, since the intermediate orbifold bases
havek = —co. Now, the intermediate fibrations have generic fibres whietb@ational
to Ic Fano orbifold pairs, and have thus = —o, by Lemma 2, proved below. Since
a composition of rational fibrations with general orbifoldrés havingk, = —o also
has this property (by [7], 7.14), we conclude that the gdreetafold fibres ofr™ also
havek , = —oo, O
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A second consequence of Conjecture 7 is:

THEOREMA4. ([8, theorem 10.5]).Assume ﬁ!,?\ and Conjecture 7. Then Con-
jecture 4 also holds.

A stronger (numerical dimension) version will be proved &tail in 7 below,
along parallel lines. We thus do not give the proof again here

5. The core and its canonical decomposition

DEFINITION 6. We say thatX|A) is “special” if k*(X|A,L) < p forany p>0
and any rank-one coherent subsheat 1Q,.

Equivalently, this means that there is no fibration(X|A) --» Y such that its
orbifold base is of general type (on any holomorphic neatetipdvithdim(Y) > 0.

REMARK 3. Rank-one coherent subsheales QQ, p > 0 of maximum pos-
itivity (i.e., with k*(X|A,L) = p) are called A-Bogomolov sheaves”. Being special
thus means that there are no such sheavéX().

Special orbifolds are natural higher-dimensional gergatibns of rational and
elliptic curves, with the same expected qualitative prtpsr They are the exact oppo-
site of orbifolds of “general type”.

CoOROLLARY 1 (of Theorem 2).If k(X|A) = 0, or if (X|A) is Fano (i.e., if
—(Kx +4) is ample, ther{X|A) is special.

By the very definition,(X|A) is special ifk . (X|A) = —oo. It is unknown
whetherk ; (X|A) = —o if (X|A) is Fano. This follows however from Conjecture
7(2), as we have seen above.

The next result describes unconditionally the structurarbitrary smooth orb-
ifolds, in terms of its antithetic maximal parts (specialb®bjects” versus general type
“quotients”) :

THEOREMS ([7, théoreme 10.2])For any smooth paifX|A), there is a (bira-
tionally) unique functorial fibration ¢ (X|A) — C(X|A) = C such that:

(1) Its general (orbifold) fibres are special.
(2) Its orbifold base is of general type (or a point, if and onlgXfA) is special).

This fibration is called the “core” ofX|A).

REMARK 4. The fibratiorc is determined by the (uniquéyBogomolov sheaf
L c QF on(X|A), with p > 0 maximum.

The second structure theorem (conditionaﬂﬂfﬁ) is:
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THEOREMG ([7, theorem 11.3]) Assume the conclusion of Proposition 2 to be
true (since it uses S;EZ,, we have to assume it). Then, for any smooth p&jn), the
core map of X|A) has the following decomposition as a compositio@ro€anonically
defined fibrations: e= (Jor*)".

In particular, (X|A) is special if and only if it is a tower of fibrations with genera
orbifold fibres having eithek , = —o, ork = 0.

Notice that, even if we are only interested in the dase0, non-trivial orbifold divisors
will usually appear in the above decomposition.

This (conditional) decomposition often permits one to i@the study of arbi-
trary manifolds to that of smooth pairs of the three basiesyp; = —w, K =0, or
of general type. It naturally leads to a conjectural extemsif S. Lang’s conjectures
in arithmetics and complex hyperbolicity, for all manifeldnd even smooth orbifolds.
See [11] and [7] for details.

6. Numerical dimension version

Let, in this sectionX be a complex projective connectaddimensionalQ-factorial
normal spaceA andD beQ-divisors onX, with Aample.

Thenumerical dimension of » defined as the real number

{ log(h°(X,mD+A)) }}

v(X,D):= sup{ limsup log(m)

k>0 m>0

for m> 0 integral and sufficiently divisible.

Easy standard arguments show that:

1. v(X,D) = —oo, oris real, and lies ifi0, n].

2. v(X,D) does not depend on the choicefof

3. v(X,D) > k(X,D).

4. v(X,D) = — if and onlyD is not pseudo-effective (this is one of the defini-
tions of pseudo-effectivity).

5. WhenD is nef, it is an easy consequence of Kodaira vanishing anu&ie—
Roch that

{Iog(hO(X, mD+A))

v(X,D) =limsup log(m)

m>0

}:v'(x,D)e{o,l,...,n},

for any ampleA = Kx + (n+ 2)H, whereH is any ample line bundle oX, and where
V/(X,D) is the largest integet such thaD’ € H?4(X,Z) is not numerically zero. The
Kodaira vanishing indeed says th{X,mD+A) = X (X, Ox(mD+A)), for anym> 0.
WhenD is only assumed to be pseudo-effective, the Nadel vanighegrem implies
the same equality, but only after tensorisiiyg(mD+ A) with the multiplier ideal sheaf
J(mD+ A), which cannot be controlled without further ideas.
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6. One may however wonder whethgX, D) is not an integer, if nonnegative,
and ifv(X,D) =va(X,D) for A sufficiently ample (for exampld =Kx + (n+2).H, as
above). And also what is the relationship betwegx, D) and the numerical dimension
of D defined by N. Nakayama in [24] and S. Boucksom in [5].

One form of the so-called “Abundance Conjecture” is thedielhg:

CONJECTURE8. Assume&X|D) is a “log-canonical pair”. Then
V(X,Kx +4A) = K(X,Kx +4).

This is known wherD is “big” and (X|D) is kit ([3] and [25]). This is also
known whenv(X,Kx +A) = 0 if gq(X) = 0, as follows from [24] and [5]. WheA =
0, the casey > 0 follows from a more general statement in [13, §3]. Whes 0,
the general Ic case is established (in a more general forrf)2l using the purely
logarithmic case proved in [18].

PROPOSITION3. Assume Conjecture 8 to be true. Then Conjectﬁf,%'@true.

Proof. See [8, §10] for a proof using the weak positivity of the diresages of the
orbifold pluricanonical sheaves. We give in Section 8 betbwimple proof in the
particular case wher& = 0, using the pseudo-effectivity df (Ky ) whenX, is not
uniruled. O

We shall now state and conditionally prove a “numerical disien” version of
Theorem 4. For this we first need to define the “numerical dsiwi version ofk., ...

DEFINITION 7. Let E = (Em)men-0 be a family of vector bundles on X, to-
gether with generically isomorphic bundle map¥5;) — En, for any0 < me N. Let

L C E; be a rank-one coherent susheaf, andfeL™ be the saturation of the image of
Synm"(L) in Em, for any m> 0.
Let A be an ample line bundle on X. We define

VA(X|E,L) :=limsup

m>0

andv(X|E,L) = rllw%x{va(X|E_,L)}.
>

log(h°(X,mL™ @ A))
{ log(m) }’

Of course, we always have:

1. v(X,D) = —oo, oris real, and lies if0,n]. Indeedv(X|E,L) is bounded
by the maximum dimension of the image Xfby the rational map deduced from any
nonzero linear systeltnP(X,ﬁE').

2. V(X|E,L) does not depend on the choicefof

{Iog<h°<x,HE->>}

3. V(X|E,,L) > va(X|E,L) > k(X|E,L) :=limsup log(m)

m>0
The main examples considered here are:
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ExampLE 1. (1)L = E;, andEy, := m.E;. This is the standard case.
(2) Let (X|A) be a smooth orbifoldp > 0, andEn, := S™(QP(X|A)). In this case,
va(X|E,L) is denoted bwa(X|A,L), and similarly forv(X|A,L). We also denote
mL- by m.L in this case.

DEFINITION 8. If (X|A) is a smooth orbifold, then we define:

Vi (X]A)= max _ v(X|AL).
{p>0,LcQl}

We now have the following strengthening of Theorem 4:

THEOREM7. Assume that Conjectures 8 and 7 are true. Then, for any smooth
orbifold (X|A), one has;; (X]A) = K+ (X|A) = K(R*(X|A)[A(r+1a))-

Let us remark that, although the base orbif@i(X|A)[A - a)) is not known to
be birationally well defined, its canonical dimensiois well defined.

Proof of Theorem 7Let (X|A) be a smooth orbifold wittX projective. LetF ¢ QF be
a rank-one coherent subsheaf.

Combining Conjectures 7 and 8, we first observe that Theoréolds when
K(X]A) = 0. Indeed we can assume, using the birational mapX|A) --» (X'|4)
provided by Conjecture 7 (1), witty (X’|A") = 0, in which case the claim immediately
follows from Conjecture 7 (2) by restricting to a general N&HRamanathan curve
C c X/, by means of Lemma 1 (1) below. From the following Lemma 1¢&),now
deduce Theorem 7 also wheiX|A) > 0, by using a neat model of the Moishezon—
litaka fibration for(X|A).

LEMMA 1. Let X be smooth projective connected, andakd L C E; be as
above. Let C=Hin---NHy_1 C X be a general Mehta—Ramanathan curve on X of
genus ¢C).

(1) Assume that IC < 0, and that H.C > AC, fori=1,...,(n—1). Then, for

each ample A on X, and for any set(@g(C) + (A.C)) distinct points ¢ on C, the
. k=2.g(C)+AC
natural restriction map IrQ(X,m.LE' Q@A) — &) (mL+A)q is injective. In
k=1

particular, °(X,mL" ®A) < (2.9(C) +A.C) for any m> 0, andva(X|E.,L) < 0.

(2)If f : X =Y is a fibration such that, for any integer=k 0, there exists a
bound Bk) such that R(X,, (mL + k.A)I‘EXy) < B(k) for any m> 0, thenv(X|E ,L) <
p:=dim(Y).

Proof. (1) It is sufficient to show that the kernel Ker of the restdot map res :

HO(X,mL™ @A) — HO(C,mL™ ®A)|c is zero, since the evaluation map on the points

o is injective. But Ker= HO(X,mL™ ® A® Jc), wherelc = @:i(lnfl)ox(—Hi) is the

ideal ofC. Thus Ker= {0}, since(m.L+A—H;).C < O foralli’s, andC belongs to an
X-covering family of curves oK.
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(2) It is sufficient to show thata(X|E,L) < p, and then to replacé by k.A in the
argument. Le¥” :=H;N---NHy_p be the smooth connected complete intersection
of very ample divisors oiX, such that the degree of the restricted nfigp Z — Y is

at leastB(1) + 1, andZnN Xy := Z, consists of &(1) +d,d > 0 pointscyy in general

L k=B(1)+d
position onX,. The restriction mapi®(X,, mL- ®@A)x,) — (ML+A)g,, is
k=1 ’
thus injective, and so therefore is the restriction map

HO(X,ML™ @A) — HO(Z,mL™ @A) ).
Thusva(X|E,L) <Va(Z|(E.)z,Lz) < p=dim(Z). O

The general case will result from the following:

PROPOSITION4. Let(X|A) be smooth. Then, (X|A) =v.. (Y|Ay),if (Y|Ay)
is the orbifold base of any neat representative’of (X|A) — R*(X|A).

By the preceding arguments, and assuming Conjecture 8ptbsition in-
deed implies that, ; (X|A) = v (Y|Ay) = K(Y|Ay) = K(R*(X]A)|A+|a)), Which is
what Theorem 7 claims, sinegY|Ay) > 0, for (Y|Ay) as in 4.

Proof (of Proposition 4)Since, by Theorem 3, we have=r", for any length-n com-
position of rational fibrationéf’ o s) with log-Fano fibres (in the sense of the statement
of Conjecture 7 (1)), it is sufficient to show that the invatia, ; is preserved under
such fibrations.

We first establish the statement for smooth p&¥g\) which are birational to
log-Fano pairs.

LEMMA 2. Let g: (X|A) — (X'|A’) be a birational map from the smooth orb-
ifold (X]A) to the log-canonical Fano paifX’|A’) such that f(A) = A’. Assume that
Conjecture 7 (2) holds. Then, for any polarisations éf ahd any corresponding gen-
eral Mehta—Ramanathan curve € X', identified with its strict transform on X, the
following properties hold:

(1) For any finite sequence of pairs of nonnegative integdksan),h=1,...,s,
and any rank-one coherent subshgat SM1Q% (X|A) @ ---@ S¥eQ%(X|A), the restric-
tion det(J)c has nonpositive degree at most{(S =5 an.Nn) — M.n?], M being any
integer such that—M.(Ky, + 4") is very ample.

(2) HO(X,SHQu(X|A) ®--- @ S=QUB(X|A) @A) = {0}, for any ample line
bundle A on X, if T=5 gn.Ny) > M.n? + A.C.

(3) (X, ML ®A) = 0if m.($'=Sgn.Nn) > M.n2+ AC.
(@) Vi (X|D) = —co.

Proof. (1) Let§ := S4Q%(X|A) ® - © S%Q%*(X|A). LetH’ = F1=7H;, where the
Hj's are general members df.(—(Kx +4')), M > 0 being a sufficiently large inte-
ger, theHj’s being chosen so thdX'|A’ + = H') := (X'|A”) is log canonical, with
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(Kxr +A") trivial on X', and such thah™ := (A+ %.H) has normal crossings support,
H being the strict transform dfi’ in X. ChooseC c X’ meetingH’ transversally, but
not meeting the indeterminacy locus@f?, and so identified with its strict transform
onX. ThenL C 7 := SHQu(X|AT)® --- © SEQ%(X|AT) c has nonpositive degree,
by Conjecture 7 (2), since itis a rank one subsheaf of theliotae sheat™, assumed
to be semi-stable, and with trivial determinant.

Assume now that thélj’s have been chosen in such a way that they build a
system of coordinate hyperplanes for suitable local coatgis at a generic poiate X’
outside of the support @’ and the indeterminacy locus gf !, and belonging to the
smooth locus oK’. We choose als@ in such a way thaa € C. The natural inclusion
G c * now vanishes at order at led$5 =5 gn.Ny) — M.n?] at a, as follows from
lemma 3.3 of [8], sincel, < n, foranyh=1,...,s. It follows that the degree df on
C is nonpositive, and is at most[(31=$ gn.Ny) — M.n?], and so that it is negative if
(zaziqhh.Nh) > M.n2.

(2) This follows from the fact that the restriction of suchegon toC vanishes, unless
Nh.gh = 0,h =1,...,s, since a nonzero section would otherwise generate a (Jocall
free) rank-one coherent sheaf of negative degre€,day the previous estimate on the
degree otic. The last two assertions are now obvious. O

We shall now deal with the (rational) fibrations having lagionical Fano fi-
bres. Let us first describe the situation provided by Conject? (1), assuming that
K(X]A) = —co. Applying Conjecture 7 (1), we get a birational mag X |A) --» (X']|4)
and a log-Fano fibratiof : (X’|A) — Y, with dim(Y) < n and(Xj|A)) log-canonical
and Fano for generige Y. We can moreover assume tisatX|A) — (X'|4) is regular
and a log resolution, and also thiaé s: (X|A) — (Y|Ay) is a neat orbifold morphism,
by making a suitable orbifold modification ¢X|A) and choosing appropriate multi-
plicities on the divisors oK which aref o s-exceptional.

We are thus in the position to apply the following Lemma 3, ebhimplies the
claim, and thus Proposition 4 and Theorem 7. O

LEMMA 3. Let(X|A) be a smooth orbifold, and :fX — Y be a neat fibration
which is an orbifold morphism with generic smooth orbifolatdi(Xy|Ay) and smooth
orbifold base(Y|Ay = A(fm))

(1) Assume that, for any finite sequence of pairs of positiveyénsgNy, gn)
with h=1,...,t, one has: H(X;, SMQu(X,|A)) ® - @ StQ*(X,|A,)) = {0}. Then
f.(SVQY(X|A)) = SVQI(Y|Ay), for any integer N> 0 and g> 0.

(2) Assume, additionally, thav , (Xy|Ay) = —c. Then, we also have:
Vo (X[A) = Vi (Y]Ay).

Proof. (1) This is just lemma 4.23 of [8]. (The statement given thsrglobal onX,
but its proof applies locally ovef).

(2) For any ample line bundla on X, and any pair(N,q) of positive integers, we
thus haveH%(X, SNQI(X|A) ® A) = HO(Y, SVQI(Y|Ay) @ f.(A)). Assume that some
rank-one coherent subsheaf= Qf is such thava(X|A,F) > 0.
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We shall prove first that there exigtC Q$ such that, generically ovéf, F =

f*(9). Otherwise, there would exist a largast 0, such thatF had nonzero image
F, in the quotientf*(Q\7) A Q3, = (Q%,)*R R:= (%), of the graduation of the
natural filtration offzg‘(‘xy determined byf on its generic orbifold fibrgX,|Ay) (see

[8, 84]). By the assumption thata(X|A,F) > 0, there are arbitrarily large integers

—A . . .
m such that(m.F) ® A has a nonzero section. But these sections would induce by

projection nonzero sections 8FQ°(Xy|Ay) @ Ax, contained ir(m.fr"y)Ay, contradicting
the hypothesis that,  (Xy|Ay) = —co.

From the preceding arguments, we deduce that for mny O we have:
O(X, ImF)" @ A) = hO(Y,m8)" @ f.(A)). Let nowB be an ample line bundle on
Y. Since there exists positive integérandr such that the shedf (A) can be embed-
ded in(k.B)®", we see thah®(Y,(m9)" @ f,(A)) < rho(Y,(mS) " @ (k.B)). Thus
va(X]F) < wa(Y]Ay, ). Since this holds for ang, the lemma is established. [

7. Orbifold rational curves

We shall now provide a conjectural geometric interpretafgee Conjecture 9 below)
of the condition = —c andk ;. = —oo in the orbifold context, in terms of “orbifold”
rational curves. This interpretation is entirely similarthe case wheA = 0, once the
notion of orbifold rational curves is defined.

DEFINITION 9 ([7, 86]). Let (X|A) be a smooth orbifold, withA :=
Yiea(l— mij).Dj. Let C be a smooth connected projective curve. A map g (X|A)
is aA-rational (resp. aA-elliptic) curve if:

(1) Itis birational onto its image, which is not containedSupgA).

(2) dedKc +4y) < 0 (resp.deg Kc +4g) = 0), whereAyg is the orbifold divisor
onP! which assigns to any @ P* the multiplicity1 if g(a) ¢ SupgA), and otherwise
the multiplicity ny(a) := J_rgzz\aé{max{1, %}}.

Here Ja) :={j € J|g(a) € D;}, and i 4 is the order of contact of g and Cat
a, defined by the equality:*¢Dj) =tja.{a} +---, if j € J(a).

Notice that C= P! if g is A-rational, but that C is either rational or elliptic if g
is A-elliptic. If C is elliptic, it is A-elliptic if and only if gC) does not meet the support
of A.

There is also a stronger “divisible” version of these notiomhich we shall not
define here.

EXAMPLE 2. (1) Ag =0, and sog is a A-rational curve iftj o > m; for any
acP!andj € J(a). A special case is whe@ C X is a rational curve meeting each
of theDj in distinct smooth points of Sugfy), each with multiplicitym;. In this case,
Ag = 0. Such a rational curve will be said“nice” in the sequel. In this casey must
divide D;.C, for eachj € J.
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(2) If A= SupdA), so logarithmic, a rational curve ofiis A-rational (respA-elliptic)

if and only if its normalisation meefsin at most one point (resp. in exactly two points).
(3) If & < A, then anyA-rational (respA-elliptic) curve is alsaY -rational (resp. either
A'-rational orA'-elliptic) .

ExAampPLE 3. (Orbifold-ramified covers). Leti: X" — (X|A) be a surjective
finite ramified cover, withX’ smooth connected an@k|A) smooth. We say that is
“orbifold ramified” if the m;’s are integers, il is unramified oveiX — SupgA), and
if, forany j € J, u*(Dj) = 3 ,.Dj , are such that; dividesm; i for any j.k. This
cover is “orbifold étale” ifm; = m; x, for everyj, k.

In general, orbifold-ramified covers do not exist. An examigl nevertheless
the following: u: P" — (P"[A), whereA = 3 =5(1~ .).Hj, theH; being then + 1
coordinate hyperplanes.

We have then the following result ([7, théoréme 6.33]): assuhatu : X' —
(X|A) is an orbifold-ramified cover. LeE’ C X’ be a rational curve not contained in
u~1(SupgA)). ThenC :=u(C’) C X is a (“divisible”) A-rational curve. Conversely, if
C c X is a (“divisible”) A-rational curve, any component@f := u=%(C) is rational if
uis orbifold étale.

DEFINITION 10. The smooth paifX|A) is uniruled (resp. rationally connected)
if and only if any generic point of X (resp. any generic paipoints of X) is contained
in someA-rational curve.

EXAMPLE 4. Let(P"|A), whereA = 2}23(17 mij).Hj, theH; being then+ 1
coordinate hyperplanes be as in Example 3. T{##f) is rationally connected, since

P" is rationally connected (in the usual sense).

We finish by a last conjecture, which extends to the orbif@dtext the Unir-
uledness Conjecture, which corresponds to the Aas®:

CONJECTUREY. Let(X]A) be a smooth pair, then:
(1) k(X]A) = — if and only if (X|A) is uniruled.
(2) k++(X|A) = —oo if and only if (X]A) is rationally connected.

Of course, one would like to extend to the orbifold settingitmany facts known
whenA = 0. But very few is known in this direction. For example, it isea unknown
whether Fano smooth pairs are uniruled, this even in dimeribut the logarithmic
case is then true, by [20]). The case of Fano orbifolds is #nasile case for the
solution of Conjecture 9, by the Structure Theorem 3, whichtionally expresses
orbifolds withk . = —co as towers of fibrations with Fano orbifold fibres.

REMARK 5. We shall give a counting argument supporting the unimgsg of
Fano smooth orbifolds, by showing that covering familieAafice rational curves (see
Example 2 for this notion) should exist in this situation.t ireleedgp : P* — X be a
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nonconstant map witl := go(P!) C SupfA), going through a general poiatc X.
Assume thab;.C = k;.m;, for eachj € J, with kj an integer. The variety HogP*, X)
of such maps has ah dimension dirg, Homa(IPl,X) > —Kx.C+ 3. The number of
conditions forC to have order of contact at leas} at an (undetermined) point @f;
lying onC is equal tom; — 1. The total number of conditions fgp to be “A-nice” is
thusy jkj.(mj—1)=3;(1— mij).kj.m,- =y;(1- mij).D,-.c::A.c.

The expected dimension of the variety of suérfice” rational curves through
a is thus at least-(Kx +A).C + 3, which thus remains positive after forgetting the
3-dimensional space of parametrisation®&f precisely wher{X|A) is Fano.

EXAMPLE 5. Let us consider the case wh¥n=P",n > 2, and when the sup-
port of A consists ofk hyperplanedd; in general position, with finiténtegral mul-
tiplicities (mo,...,Mk_1), with 2<mp < m < --- <m_1, in which case we shall
just say that(P"|A) is of type (mp,...,mx_1). The condition tha{P"|A) be Fano
(resp. has trivial canonical bundle) is then just tfiaf1 — mij) < (n+1) (resp. that:

yi(l- mij) = (n+1)). The Fano condition is thus always satisfied wken (n+ 1).

Whenk < (n+ 1) it is not difficult to see (see [7], and Example 3), that, foy &inite

set of points ofP", none of them lying om, there is an irreduciblé-rational curvé
containing these points. See Example 6 below for a direaiffpbtheir uniruledness.
By contrast, whetk = (n+2), it is not known whether these Fano orbifolds are ratio-
nally connected. We shall give examples in which it can bevshioy specific methods
that they are, at leaAtuniruled (and covered -elliptic curves when their canonical
bundle is trivial). Observe that, for amy> 2, there is anyway only a finite number of
(n+ 2)-tuples of integergmy, ..., My 1) such thaty 1*5(1— &) < (n+1) (of course,

m;
provided thaty |_o(1— mij) < n, see Proposition 6 below for this finiteness statement
and examples).

EXAMPLE 6. Assume first thaP"|A) is of type(mo, . .., M), with k < n. Then
theH;’s, for j =1,...,k—1intersectin a projective spaPef dimensiom— (k— 1) >
0. Any projective line meetin, but not contained i, meets the support & in at
most 2 points, and has finiy multiplicities (mg andmy_1) there, and is thua-
rational, andP"|A) is thus uniruled by the family of lines througdh

EXAMPLE 7. Assume next thafP"|A) is of type(my,...,my11), and that any
smooth orbifold(P"1|A") of type (M, ..., My 2,My_1,Mn1) is &'-uniruled (justm,
has been omitted) igj#mij > 1. Then(P"A) is A-uniruled if z#nmij > 1. In-
deed, the generic member of the pencil of hyperpl&heontainingP := HyNHp1 IS
naturally equipped with the orbifold structufg := (1 — mij).HS,j, whereHsj ;=
HjNHs, so thatHs1 = P. Moreover, for each curvg: C — Hs birational onto its
image, not contained in the union of thg j, the orbifold divisor orC computed from
(Hs|As) and(P"|A) coincide (this is an immediate check). Assuming that, m% >1,

we deduce from the assumption made, thais As-uniruled. ThugP"|A) is uniruled,

4And even a “divisible” one, see [7] for this notion.
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too. (The same statement should hold, assumingsza,hlmij > 1, but no obvious
geometric construction seems to give this.)

EXAMPLE 8. The first case whek= n+ 2 is whenX = P2, andA = 2}23(1—
mij).Dj is supported on 4 lines in general position, of multiplEst{mg, My, mp, mg).
Then(X]|A) is Fano if and only ify ; m% > 1. This is the case wheimg, my, mp, mg) =

(2,3,7,41), for example. It is then easy to show that a line iA-aational curve if
and if only if it goes through 2 of the 6 double points of theambf the 4 lines, so
there are only 15 such lines. But there is a one-dimensi@maily of conics which
are/A-rational: the conic€ which are tangent to each of the 4 lines. Indeed, for such
a generic smooth conig: C — P2, g being the incusion, the divisdxy is supported

on the 4 points of tangency with multiplicitigs, 2+, %2, 72, which is an orbifold
rational curve, since

2+ (1-F) A=)+ (1-2) + A=) =21~ (5 + i iy T 1)) <O

This Fano orbifold is thus indeed at least uniruled. By the/\same argument, it is
covered byA-elliptic conics when its canonical bundle is trivial.

We shall now partially extend the preceding example to higliraensions.

ExAMPLE 9. Let us consider the case wh¥n=P",n > 2, and when the sup-
port of A consists of(n+2) hyperplane$d;,j =0,1,...,(n+ 1) in general position
(i.e., such that the intersection of afty+ 1) of them is empty), with finite multiplici-
ties (Mo, ...,My; 1), such thaty ;(1— mij) < (n+1), or equivalently, thagj(mij) > 1.
We can, and shall, assume that the first- 1) hyperplanedd;,j = 0,...,n are the
coordinate hyperplanes of equatioXis= 0, and that the last hyperplat, 1 has
equationXp+ - - - + Xp = 0, since all(n+ 2)-tuples of hyperplanes in general position
are equivalent under homographies.

Remark.Assume thaC = P! is the normalisation of an irreducible rational curve of
degreed in P", meeting each of the hyperplanks in a single pointa;, thus with
contact orded. Let us try to determine a condition @hwhich implies thatC is A-
rational. The orbifold multiplicity at such a poiaf € Cis thus%. The corresponding
orbifold divisor onC thus consists ofn+ 2) points with multiplicities%, and this
curve is thud-rational if and only ify | m%- > (n+2)—2=n, equivalently, ify ; m% >0
Since, by assumptiory, ; m% > 1, this condition is realised as soons< 1. We thus
may choose&l = n, andC to be a rational normal curve of degreeNotice, however,
that we did not take into account the fact that the multipfieita; is taken to be 1, and
not% < 1if mj <d. This is discussed in Example 10 below.

Recall that a normal rational curve of degreenP" is parametrically given by
P(t) = (Po(t) : ... : Pa(t)), where thePj(t)’s are linearly independent polynomials of
degreen. All such curves are equivalent under the natural actioh@f(n+ 1,C).
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THEOREMS8. For any set ofn+ 2) hyperplanes Kin general position of",
and forany p=(po: ...: pn) € P" generic, there exists a rational normal curve C of
degree n orP", which goes through p, and meets each of(the 2) hyperplanes Hin
exactly one point, which lies on the smooth part of the unich@H;’s.

Observe however that such a curve is “virtualyational”, but not alwayg\-rational
if n> 3 (see Example 10 below).

Proof. The condition thaC meets each of the coordinate hyperplaHgsn a single
point thus reads &S being given by a parametric representation of the foRft) =
(bo.(t+ap)",...,bn.(t+an)") for nonzero and pairwise distinct complex numbays
and nonzero complex numbdss j =0,...,n.

The condition thaC meets thgn -+ 2)-th hyperplaneH,;1 translates into the
equation:bo.(t +ag)" + - - - + bn.(t +a,)" = b.(t + a)" for nonzero numberks = 3 b;
anda, the latter being distinct from all of the precediags.

Because we also wa@tto go through the poinp = (po, ..., pn), at timet = o
say, we get the additional conditiobhs= p;.

In our situation, thep;’s are given, and the numbeasb;,a; are to be deter-
mined from these algebraic equations. These equation®amver of high degree and
difficult to solve. We shall proceed differently: solve fivetb;'s assuminga and the
a;'s to be given, because this is simply a linear system. And #few that and the
a;'s exist for a generic choice of theg;’s, after projectivisation. This is sufficient to
imply the result, by choosing thg’s generically.

Writing the (n+ 1) coefficients of the two polynomials inon the two side of
the equatiorbg.(t +ap)" + -+ -+ bn.(t +an)" = b.(t + a)" above permits us to rewrite
this equation as a linear system in ghgs. In matrix form, it reads as.v = b.w, with
A the following square complex matrix of size+ 1):

1 1 .- 1 1

G 4 % *
A=| % & & a |,

R R

Y= (po,...,pn) € (C*)™, and'w:= (1,a,&2,...,a") € (C*)".

Now Cramer’s rule allows us to express the= v; as a quotient of two de-
terminants of Vandermonde type, in terms of the,a; supposed to be given. We
finally get, after some simplificatioryj := pj = b. [n; (%), h running from 0 to
n, avoidingj. Observe that the right hand side is invariant by trangid(iie@., takes the
same value when we replaaga; by a+t,a; +t, for anyt € C).

We are thus reduced, by the above translation invariancihwiermits us to
takea =0, to prove that the following rational mapis dominant.
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The mapd : C™1 - PN is defined byd(ap, ...,an) := [Xo : ... : Xn], With

Xj:= 1] (525) = 11 (A=) =P ),

replacing the(n+ 1) variablesay, ..., an by then variablesy; := ? forj=1,.
We denote also for notational simplicatigf:= % =1.

Thus @ is dominant if the determinant déy of the Jacobian matrix of the
logarithmic derivatives of tha functionsu; := % does not vanish at some point where
the functionss; = uj(y1,...,yn) are regular and nonzero.

Let us first rewrite, after some simplificatiom, := —y’j‘. (yl?;;‘ )
h>0hzj VM

Taking logarithmic derivatives now shows that:

o Ve OUi _ a*—M)iflgj?ékzl,andthat
upoyk  (1-yg(1- )
a3 ()
UJ 0y }*;j Yij
Let us now choos#&l > 0, and they;’s all nonzero in such a way that;| > M.|y;_1|
for j =2,...,n, with M.|ys| < 1. AsM tends to+c, one easily checks, using the
equalities above, and singg/yx tends to 0 ifj < kand tow if j > k, that

o Yk 0u;

"y a)/k

YJ

uj ayJ

Thus defJd).yi.--- .yn tends to detly), whereJp is the matrix with coefficients-1
below the diagonal, with coefficients 0 above the diagonad, with coefficient n —
(j—1) on the diagonal, at the intersection of txth line andj-th row, forj =1,...,n

Since det)p) = n! # 0, detJ) # 0 when they;’s satisfy the above inequalities f
sufficiently large , which implies the desired assertiort thas dominant. O

! tends to—1if j < k, and tends to 0 if > k, while:

! tendston—(j —1),foranyj=1,....n

From Theorem 8 above we shall now deduce that smooth orbifotel covered
by “virtual” A-rational or elliptic curves, according to whether they Bago, or have
trivial canonical bundle. We define first these “virtual” iooits

DEFINITION 11. Let (X|A) be a smooth orbifold, withh := ¥ (1 — mij).Dj.
Let C be a smooth connected projective curve. A mag g (X|A) is a “virtual”
A-rational (resp. a “virtual” A-elliptic) curve if:

(1) Itis birational onto its image, which is not containedSupgA).

(2) dedKc +4j) < 0 (resp.deg Kc +4g) = 0), whereAy is the orbifold divisor
on P! which assigns to any a P! the multiplicity1 if g(a) ¢ SupfdA), and otherwise
multiplicity my(a) := max EJ(a){%}, where Ja),tj o are defined as in Definition 9.
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ExAMPLE 10. Assume now thafX|A) is of type (my,...,My1) on X = P,
in the sense of example 5, and titats a rational normal curve of degreemeeting
each of the hyperplands; in one point with contact ordet, as in Theorem 8. Then
C is virtually A-rational or elliptic, according to whethéX|A) is Fano, or has trivial
canonical bundle (see Corollary 2 below). In gene@lvill not be A-rational, or
elliptic, unlessn = 2. See Proposition 5 below.

COROLLARY 2. Let(P"|A) be a smooth orbifold, the supportffconsisting of
the union ofn+ 2) hyperplanes Hin general position. The generic pointBf is then
contained in a normal rational curve C of degree n which meeish H in a single
point, and such a curve is virtuall-rational (resp.A-elliptic) if (P"|A) is Fano (resp.
has trivial canonical bundle).

Moreover, if n=2, or my > n, or more generally i fzj ot L > 1 (resp. if

ZJ nto nf = 1), then C is alsa\-rational (resp.A-elliptic), where ni := max{mJ .n}.
Proof. The first assertion follows in the Fano case from Theorem 8thademark
made before its statement. The same computation works tnivie canonical bundle
case: leim; be the multlpllcmes of théd;’s. The orbifold(P"|A) has trivial canonlcal
bundle if and only if:y ; = mJ = 1. The orbifold multiplicity at a poing; € Cis thus—

The corresponding orbifold divisor dhthus consists ofn+ 2) points with multiplic-
ities % and this curve is thua-elliptic if and only if 3 ; mlj = (n+2)—2=n, which

holds true, since, by assumptidg;, = i_ =1.

Let us now check the second assertion.mif > n, thenm; > n,Vj, so that
mJ > 1,Vj, and so no max is needed to compaggin Definition 9. The conclusion
thus follows. Notice that > 2, so that the conclusion always holds whres 2.

Now if , for some 1< j < n+2,m; < n, taking ma>{1,trj“—él = %} amounts to
replacingnJ by mj’, and s\ is simplyAq computed fofX|A*) instead of(X|A), with

ZJ “*1(1— —) Hj, which implies the conclusion by the first part. O

We thus see that the consideration of rational normal cusi’degreen permits
us to show the uniruledness of some Fano smooth orbifoldgpef (imy, ..., Myt1),
and of all ifn = 2. Unfortunately, whem > 3, these are, by far, not all Fano orbifolds
of this type. We shall make now more precise which are the Eamooth orbifolds
of dimension 3= n which can be shown to be uniruled by this method, and which are
not. First collecting the results of Theorem 8, Example 4 @orollary 2, we get the
assertions (1), (2), (3) below:

PROPOSITIONS. Let(P"|A) be a smooth Fano orbifold of tygen, . .., Mnt1).
Then(P"|A) is uniruled, unless (maybe) if the following three condifi@re realised:

(1)Z_>1
@ 3 w<1

i#(n)
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(3) % = <1, where nij := max{m;,n}, if n = 3.

—H

(4) If n = 3, then(P3|A) is uniruled, unless possibly if gn= 2,m; > 3, and
m > 4.

Proof. We have only to prove the assertion (4)m > 3, thenmj = m;,Vj, and so (3)
above contradicts (1). We thus assume that= 2 in the sequel. In the same way, if
my = 2, or if my = mp = 3, then the sum of the first 2 or 3 terms@fmij is at least 1,
contradicting (2). Thugp > 4. O

Whenn = 3, the “Fano” typegmg, my, mp, mg, my) for which the uniruledness
can (or cannot be) proved by the preceding method can betligndisted. We shall
give in Example 12 two extremal cases whea 3, for which the uniruledneg®3|A)
cannot be proved by the preceding method.

DEFINITION 12. Let (2<a; < ap < --- < &) be a finite sequence of positive

integers such thaz}ja—lj =1- £, for some integer br 2. Define inductively for & 1:

a1 :=b+1, arsr1 = ks (&is+ 1) + 1. Itis then immediate to show inductively

j=k+s 1 1
thaty |~y = 1— 5= forany s> 1. Thus

1 1 1
Z a; + Aisi1—2 1+ (Bktsr1—2)-(Akysr1—1

)>1,

for any s> 0. This will give us examples of Fano types on projective space

ExampLE 11. We look at special cases of the preceding sequences.pfrey
vide examples of types of Fano orbifolds which are uniruled,Theorem 8 and its
corollaries.

Letk>1, and choosa; =--- =ax=k+1, so thab=k+ 1. We then gety. 1 = k+2,
a2 = (k+2)(k+3)+1, a3 = ay2. (a2 + 1) +1,...

Whenk=1,we getd; =2, d2 =3, d3=7, dg =6.7+1=43,d4 = 4243+ 1=
1807,... (settinga; = d; in this case).

Whenk =2, we gett; =t> = 3,t3 =4, t4 = 13,14 = 157,... (settinga; = t; in this
case).

Whenk = 4, the sequenceish = g2 =3 =4,0q4 = 5,05 = 21,0 = 421 ... (setting
a; = g; in this case).

Whenk=n—-1,thetypesmi =n,....mM_1=n,my=(n+1), My1=n.(n+1)+1,
Mhi2 = N.(n+1).("*+n+ 1) — 2 are the types of Fano orbifold®"|A) with orbifold
divisor supported on the union ¢fi+ 2) hyperplanes in general position, and all such
orbifolds are uniruled, by Theorem 8 and its corollaries.

Specific examples are thus1 = 3, and type(3,3,4,13,155), or: n= 4 and type
(4,4,4,5,21,419).
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PROPOSITIONG (See also [14]) Let N> 1 be an integer. There exists a bound
By < 1 such that if2 < a < --- < ay is a finite sequence of integers, and if-A
Z}i?a—lj < 1, then A< By.

Proof. We assume the existence®§ < 1 and are going to establish inductively the
existence oBy.1 < 1. Itis plain thatB; = % exists. Assume now that+ —1— =

) an+1
A = z}ﬂ“a—lj < 1. We can increase strictliY, preserving this last inequality, by

replacingan+1 by an+1 — 1 (and possibly reordering the terms, in cage= an+1),

l . / . . .
unlessBy + ETE] > A+ a1 > 1. Thus, if A’ cannot be increased in this way,

as we may assume, we hayel— > (1-By), andan+1 < 1+ ;. There are

thus only finitely many values for adlj’s, and there exists sonfé.1 < 1 such that
A <Bny1. O

ExAMPLE 12. The typedmy, my,mp, mg,my) for which (]P’3|A) is Fano, but
which cannot be proved to be uniruled by the preceding metbatisfy in particular
mp =2,3<m <7,4<mp (this is easy, using 5). There are two main cases:

(@) Yo<j<3 m% < 1. There are only finitely many of them, and theg < d4 =
43, as may be shown using Proposition 6. Then aige: ds — 2.

A typical example ig2,3,7,43,1805).

() So<j<s mi > 1. There are only finitely many such 4-tuples, sifyge <> m%
< 1, as follows from 5.3, and soz < 42=ds — 1. However, for any sufficiently large
my, the given “type” satisfies the inequalities of 5.

Typical examples aré2,3,7,42 my), with anymy > 42.

REMARK 6. To show the uniruledness of Fano orbifolds of ty@e3, mp, ms,
my) onP3, with my > 6, it would be sufficient to show, for any 5-tuple of hyperpan
Hj,j =0,...,4 of IP3, the existence of a rational cure of degree 6 tangent in 3
points toHp, meetingH; in two distinct points with order of contact of order 3, and
meeting each one of the three remainkhgs in one single point with order of contact
6. Indeed the resulting multiplicities would then be: 1 for the first 5 points, al%—j,
for j = 3,4,5, and the last 3 points. This werdaational curve, since

Socj<am = 6[(Socj<arm) — (3+3)]>6.(1-3) =1

This construction appears to be similar to the one made afoovke rational normal
curves of degree 3. A simple dimension count shows that suokes should exist.
The general case> 4 seems to require other ideas and techniques, however.

8. Pseudoeffectivity of the relative canonical bundle

In this section, we shall prove by a relative Bend-and-Bteaknique, that the relative
canonical bundle of a fibration is pseudoeffective if theegenfibre is not uniruled,
and derive from it a weak version of Viehweg'’s weak posivdr the direct images of
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pluricanonical sheaves. Although the results are wealaar kmown ones, the method
of proof is so straightforward, and possibly susceptibléuother developments, that
it seemed worth being written. Combined with Hodge-theoratguments, it might
indeed permit one to easily obtain stronger versions, claséiehweg’s results.

THEOREM9. Let f: X — Y be a fibration, with XY smooth projective con-
nected. Assume that some smooth firefxf is not uniruled. Then Ky is pseudo-
effective.

Proof. Assume thaKy y is not pseudo-effective. By [6], there exists an algebxaic
covering family (G )tet of curves such that-Ky .Gt > 0. We can assume that the
generic curve of this family is not rational, since it may liained as the direct image
of a complete intersection of very ample divisors on somevhlp of X. Leta € X
be a general point, lying on some smooth filgeof f, and also on some nonrational
irreducible membe€ of the family (G )iet. Since—Ky y.C > 0, there exists, by [15,
Proposition 3.11, p. 70], and the dimension estimate (p.4%47, using the now stan-
dard Mori reductions to characterisgic> 0, a rational curvé&k C X, passing through
a. SinceXy is not uniruled, choosing not lying on any rational curve containedxy,
we get a contradiction to our initial assumption thaty is not pseudoeffective. [

Observe that the relative Bend-and-Break Lemma used abdlre same as the
one used in [9] and [22] to show the rational chain-connewted of Fano manifolds.

We now deduce from the preceding Theorem 9 a proof of Prapositwhen
A=0.

COROLLARY 3. Let f: X — Y be a fibration, with XY smooth, X projective,
and let X, be a generic fibre of f. Then

(1) Assumey (X, Kx ) = K(X). Thenk(X) > K(Xy) +K(Y).

(2)If Xy and Y are of general type, so is X.

Proof. (1) We can assume tha{Y) > 0. Let A be any ample divisor oiX. Then
mKy, and alsan.Ky vy + A are effective, for somen > 0, by Theorem 9 above. Thus
mKx + A, and soN.Ky is effective, too, for somé&l >> 0, sincev(X,Kx) = K(X), by
our assumption. The claim then follows from the argumen{4 demma 2.4, p. 516],
for example.

(2) This follows from Lemma 4 below, applied B:= Ky y andD := Ky. O

LEMMA 4. Let f: X — Y be afibration. Let P be a pseudo-effective line bundle
on X which is f-big (i.e., big on the generic fibrg of X). Then for any big)-divisor
DonY, P+e.f%(D) is also big.

Proof. P+ f*(m.D) is big onX for somem >> 0, by the assumption of relative big-
ness. Sinc® is pseudo-effectivefN — 1)P+ (P+m.f*(D)) = N.(P+ §.f*(D)) is
also big, for anyN > 1. Choosing\N > mestablishes the claim. O
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REMARK 7. (1) The proof of Theorem 9 does not seem to be able to give the
weak positivity statement given by Viehweg’s theorem. $oadloes not apply (directly
at least) to the “orbifold” context of pais<|A). In this respect, it is much weaker.
(2) There is one point for which it is, however, more flexibledoes not need the
effectivity of Kx,, and its proof also directly gives information on multiplesky v,
contrary to Viehweg’s proof which requires two steps: daaliirst withm= 1, and
then with arbitrarym’s.

(3) Corollary 3(2) is known in a much stronger version, by][24&hich provesC,{m
whenXy is of general type.

9. Families of canonically polarised manifolds

Roughly stated, a generalisation by Viehweg of a conjeatfi&hafarevich states that
“the moduli space of canonically polarised manifolds hasgonents of log-general
type”. The initial formulation was that if : X — B is an algebraic smooth family of
canonically polarised manifolds parametrised by a quegeptive manifoldB having
generically a “variation” (i.e., a Kodaira—Spencer mapjraximal rank, therB is of
log-general type, considering a smooth compactificalienY — D, such thatY|D) is
smooth, withD reduced and of snc.

This has been shown in low dimension and various formulatimnViehweg—
Zuo, Kebekus—Kovacs, Jabbusch—Kebekus (see [30] anddd ifjé appropriate refer-
ences).

The natural formulation of this conjecture seems to be:

CONJECTURELO (The “Isotriviality Conjecture”). Lef : X — B be as above,
assume thaB is special (i.e., that so is any smooth compactificafié|D) as above.
Thenf is isotrivial (i.e., all fibres off are isomorphic).

This implies Viehweg's Conjecture, since the moduli map éiditrary families
f : X — B) then factors through the core ©f|D), which is of log-general type.

THEOREM10 ([8]). The Isotriviality Conjecture follows from Conjecture%}h:
and 7.

REMARK 8. The lIsotriviality Conjecture is thus reduced to standawdjec-
tures of birational geometpy

Sketch of proof.The proof rests essentially on the construction by Viehvwem-of
a line bundleL ¢ SynT™(Q{ (logD)) such that(Y,L) = Var(f) (see [30]). Because,
as a consequence 6f'% and Theorem 6 we have a canonical decompositien(J o
r*)" which is the constant map (sin@= Y — D is special), it is sufficient to show

51t was stated in [8] that the Isotriviality Conjecture falte from Conjecture 3. But it is only true that
it follows from the arguments used to deduce Conjecture rﬁB\f@n)njectureS:r?j?1 and 7. The proof given in

the present text simplifies the arguments given in [8].
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the result when eithex(B) = 0, ork,(B) = —co. In the first (resp. second) case,
we have, by Conjecture 7 (1), the existence of a sequencevisbdal contractions
and flipss: (X]A) --» (X'|A") such thatcy (X/|A") = O (resp. such that a non-trivial
fibration f : (Y|D) — Z with Fano orbifold fibreqY,|A,) exists). In the first case,
we directly conclude that(Y,L) < 0, which implies that Vaif) = 0, as claimed. In
the second case, we are reduced, by the equdlity r" of Theorem 3 to the case
where(Y|D) is Fano. Considering, as in the proof of Lemma 2, a new onbididlisor
At =D+ -.H > D, withH € | —m.n.(Ky +D)|, so thatcy (Y|A+) = 0, we conclude
K(Y|D,L)=—0o, sincek(Y|AT) <0, so that the family is isotrivial on these fibrés.
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