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THE SECOND GAUSSIAN MAP FOR CURVES:
A SURVEY™

Abstract. We give an overview of results on the second Gaussian mapufees in relation
to the second fundamental form of the period map. We will atsacentrate on the case in
which the curve is contained in an abelian surface, or in al¢gse. This is an expanded
version of the talk given at the “Workshop on Hodge Theory Afgebraic Geometry” in
Povo (Trento) on 4-5 September 2009.

1. Introduction

Let Aq be the moduli space of principally polarized abelian vagof dimensiog and
let j : Mg — Ag be the period map sending a curve to its Jacobian. It is arestiag
and classical problem to understand the geometry of thedroflgly in Aq.

On Ay there is a natural metric coming from the unique (up to s¢&8af2g, R)
invariant metric on the Siegel spaklg ~ Sp(2g,R) /U (g) of which Ag is the quotient
by Sp(29,Z). In [12] we studied the metric oMy induced by this metric via the
period map, which we call the Siegel metric. In [14] an explexpression for the
second fundamental form of the immersipis given and it is proven that the second
fundamental form lifts the second Gaussian map I2(Kc) — H%(C,4Kc), as stated
in an unpublished paper of Green and Griffiths (cf. [16]).

This paper is a survey of results that were obtained in cotktion with Elisa-
betta Colombo and Giuseppe Pareschiin [10, 12, 11, 13] osgbend Gaussian map
y% of a curveC and its relation to the second fundamental form of the periag.

More precisely, in Section 2 we recall the definition of theu&sian (or Wahl)
maps, while in Section 3 we describe some results of [12] eomieg the computation
of the holomorphic sectional curvature iy, endowed with the Siegel metric, along
the tangent directions given by the Schiffer variationdeims of the second Gaussian
mapy2.

In Section 4 we first explain some results of [10], namely tbmputation of
the rank ofy2 on the hyperelliptic and trigonal loci. Then from these tesand
from the fact (proven in [10]) that for a non-hyperelliptiodanon-trigonal curve of
genusg > 5, the image ofyé is base point free, we derive some properties of the
holomorphic sectional curvature bfq. In particular along a Schiffer variatidgp the
holomorphic sectional curvatuté(p) of Mg is strictly smaller than the holomorphic
sectional curvature ofgy unlessP is either a Weierstrass point of a hyperelliptic curve
or a ramification point of the} on a trigonal curve. In these last casé$ép) = —1.

*The present work took place in the realm of the MIUR researofept “Moduli, strutture geometriche
e loro applicazioni” (PRIN 2007)
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In Section 5 we restrict our attention to the hyperellipicds and we show
that the holomorphic sectional curvature of the hypergédlijpcus, computed along the
Schiffer variations at the Weierstrass points of the cusvdéntically equal te-1.

In Section 6 we describe some results of [11] on the secondstaumap of a
curve in a K3 surface. More precisely we explain the stratéfghe proof of the main
result of [11], which asserts that for a general hyperplacéen of a general polarized
K3 surface of genug > 280,y(2; is surjective. From this and with the help of some
examples that we found in [10], we deduce that for the gererak of genug > 152,
y2 is surjective.

Very recently, Calabri, Ciliberto and Miranda in [5] haveosm thaty% has
maximal rank for the general curve of any gemisiamely it is injective fog < 17
and surjective fog > 18. Their proof is achieved by degeneration to a stable binar
curve, i.e. a the union of two rational curves meeting #tl points.

Finally in Section 7 we report on results on the first and treosd Gaussian
map for a curve on an abelian surface obtained in [13].

The main result of [13] roughly says that if a cu@és contained in an abelian
surface, the corank of is at least 2, hence it is never surjective.

Recall that by an important theorem of Wahl ([27]), we knoattlfi a curve is
a hyperplane section of a K3 surface, the first Gaussian (bih)\Weap is not surjective
(cf. also [3]).

In [13] we also proved that for a “sufficiently ample” cur@econtained in an
abelian surface the first Wahl map is surjective (see Thedrdnfor a precise state-
ment).

Finally recall Ciliberto-Harris-Miranda’s theorem ([&ee also Voisin’s proof
in [24]), stating that the first Wahl map of the generic curf’/g@enusg is surjective as
soon as this is numerically possible, i.e. {pr 10, with the exception of = 11. For
g < 10 andg = 11 it is known that the generic curve lies on a K3 surface {[20]

Acknowledgments.This survey is an expanded version of the talk given at thekWor
shop on Hodge Theory and Algebraic Geometry, Povo (Trentb)3eptember 2009.
It is a pleasure to thank the organizers of that conference.

2. Definition of Gaussian maps

LetY be a smooth complex projective variety anddetC Y x Y be the diagonal. Let
L andM be line bundles oifY. For a non-negative integér the k-th Gaussian map
associated to these data is the restriction to diagonal map

(1) YEm i HO(Y X Y15, @ LEIM) — HO(Y,I‘A(Y‘M®L®M) ~HOY, SQt o LoM).

Usually first Gaussian maps are simply referred toGaussian mapsThe exact se-
qguence

(2) 0— Ixt — I, = SQ§ -0
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(whereS‘QY is identified to its image via the diagonal map), twisted 5 M, shows
that the domain of thk-th Gaussian map is the kernel of the previous one:

Yim: kery'ﬁ,’,\% —HYSQLoLaM).
In what follows, we will deal with Gaussian maps of order ond &wo, assuming also
that the two line bundles andM coincide. The may? is the multiplication map of
global sections
3) HO(X,L) @ HO(X,L) — HO(X,L?)
which obviously vanishes identically ox?H?(L). Consequently,

HO(Y x Y, lp, @ LKIL)

decomposes as’HO(L) @ 1,(L), wherel,(L) is the kernel o82HO(X, L) — HO(X,L2).
Sincey{ vanishes on symmetric tensors, one writes

(4) YL APHO(L) = HO(QF & L).
Again, HO(Y x Y13 ® LKL) decomposes as the sumlpfL) and the kernel of (4).
Sincey? vanishes identically on skew-symmetric tensors, one lsuaites

(5) vZ i 1o(L) —» HY(SQL @ L?).

(In general, Gaussian maps of even, respectively odd, geshésh identically on skew-
symmetric, respectively symmetric, tensors.) The seccsuasSian mapé is the sec-
ond Gaussian map of the canonical line bundle. In what falaxe will also deal with
the first Wahl mapyg, which is the first Gaussian map of the canonical bundle. We
have:

V& 1 A2HO(Ke) — HO(3Kc)
2 1 12(Ke) — HO(4Ke).

Let us now also give the expressionw@fandy% in local coordinates. Fix a
basis{w} of HO(Kc). In local coordinates, assume that= fi(z)dz Then we have

y&(on Awj) = (F/fj — £f)(d2)°.

LetQ e Ix(Ke), Q=3 jajw @ wj, recall thaty; ; &;j fi f; = 0, and sincey |
are symmetric, we also hayg  a; f/ fj = 0. The local expression ¢§(Q) is

(6) VR(Q) =3 ay ' 5(d2* = — 5 ay f/ 1] (d2".
1) )
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3. The Siegel metric

Let Mg, respectively\/lén), be the moduli space of smooth gemusurves, respectively
of smooth genug curves with a fixear-level structure.

LetAg, respectivel;AE,”), be the moduli space gfdimensional principally po-
larized Abelian varieties, respectively gfdimensional principally polarized Abelian
varieties with an-level structure.

Denote by

Hg:={Z€M(g,C) |Z='Z,ImZ >0}

the Siegel space so thay is the quotient oHg by the action oSp(2g,Z) andAé") is
the quotient ofHg by ken(Sp(29,Z) — S29,Z/nZ)). Denote byj : Mg — A4, and
jn Mé,”) — Ag‘) the period maps which send a curve to its Jacobian.

The Torelli theorem states thits injective, whilej" is two-to-one on the im-
age and ramified over the hyperelliptic locus. In fact miittgtion by —1 in H(C, Z)
= HY(JC,Z), whereJC s the Jacobian of the cun@; is induced by an automorphism
of abelian varieties but not by an automorphism of non-hgltitic curves. The local
Torelli theorem says that outside the hyperelliptic locnd eestricted to the hyperel-
liptic locus the period map is an immersion (cf. [21]). Froownon we shall work on
Mém andAé,”), with n > 3, since they are smooth, everything works in the same way on
Mg andAg but in the orbifold context.

We will now define the Siegel metric.

The Siegel spacHy is a homogeneous space and it can be seen as the quotient
Sp2g,R)/U(g). We call the unique (up to scalar) invariant metric Siegeirine

Let F be the homogeneous vector bundlelpassociated to the standage
dimensional representation bf(g,C). The Hodge metrih on F is the only (up to
multiplication by scalars) invariant metric on the homoegeus bundld-. Moreover
through the identification

ng ~ SF

the Hodge metric ofr defines the Siegel metric dt, .

The Siegel metric ofly defines a metric oAé,”) andAg and, through the period
map, an induced metric dmé”) and Mg outside the hyperelliptic locus, and on the

hyperelliptic locus itself. We call all these metrics Sibgetrics.
These metrics can be described in terms of polarized vaniati Hodge struc-

tures. More precisely, oné,n) we have the universal familyp: 2 — Aé,n), and the

polarized variation of Hodge structures associated to dallsystenR'¢,Z. The

associated Hodge bundje! can be identified Withp*(Ql‘ ), WhereQ? A is the
A A

sheaf of relative holomorphic one forms. The polarizatimifuices a Hermitian metric
onR@.C and ong !, which we call the Hodge metric. In fact the pullbacksot on
Hg is the bundld= and the pullback of the metric is the Hodge metriccarHence the
Siegel metric is induced by the Hodge metric through thetifleation S?# 1 = Qi\ém.
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On Mén) we have the universal family : ¢ — Mén) with induced relative du-

alizing sheaiKC‘Mm). The local systenR', Z coincides with the pullback dR',Z
*]
through the period map: at a poij@] € Mé”), we haveH(C,7) = HY(JC Z). The

non-degenerate Hermitian productldi(C,C), defined by the polarization is the fol-
lowing: for any[n],[§] € HY(C,C), we have

(). [&) =i [ nE,

The Hodge bundle can be identified W'l]h(KC‘Mm)), and the corresponding Hodge
9
metric yields a metric o2 1 = j(“)*Qi\g,), hence orj m)*TAg;% and by restriction the
Siegel metric om, (m).-
*]

We finally observe that for the sake of simplicity we defineel 8iegel metric
on the fine moduli spachflén), but we also have a Siegel metric My viewed as an
orbifold.

Recall that outside the hyperelliptic locus we have the sage of tangent bun-

dles:
7 0= T o — |V ) S —0
(7) g I T = A0,

whose dual, under the identifications

i(nN)xl ~ 1 ~ 2
jrQ —SZ(UJ*KC‘Mém), Qi =W (KE o),

A
is

(8) 0— 1o — FWK ) D P (K2 ) —0,

cmg” cimg”

wherer; := a4(* andmis the multiplication map.

The Hermitian connection of the variation of Hodge struesug 1\, C, the

Gauss-Manin connection, defines a Hermitian connectiorr én= l]J*KC‘Mm), thus
9
on# 1" aswell as?# L andSP# 1" ~ j<“)*fng]), which we denote byl

The exact sequence (7) defines a second fundamental form,

0 € Hom(7, ), N @ Q" ), 025> T(O(S)).
g Mg

Similarly the exact sequence (8) defines the second fundairferm

pe Hom(lz,LIJ*(KiMm)) ®Q;én)> :

g

Clearlyo yields a linear mag : 7

. 1 1 i
My ® erén) —AL,andp: Iz — QM&”) ® QM&’” is the

dual ofG.
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In [12] we computed the curvature forR of Ty 4 in terms of the curvature
9

form R of j<”)*(fng,)) and the second fundamental foanIn fact we have

9) (R(s).t) = (R(s),t) — (a(9),0(1)),
wheres,t are local sections OfMgn>-

The exact sequence (7)[&f € Mé,m is
(10) 0 HY(Te) = F(H(Ke))" = 12(C)* 0,
thuso yields a homomorphism
(11) 0 : H(Tc) — Hom(lo(Ke), HO(2Ke)).

Analogously, afC] € Mén) the exact sequence (8) is:

(12) 0— Iz(Ke) = S(H(Ke)) 5 HO(2Ke) — 0,
hence the second fundamental foprgives a homomorphism
(13) p:l2(Ke) — Hom(H(Tc),HO(2Ke))
and for everyw € H(Tc), and for evenQ € I,(C), we have
o(V)(Q) =p(Q)(v).
In [12], to compute the curvature form %Ié”) at[C] e Mé,n), we used some re-

sults of [14]. Namely in [14] it is proven that the mapwhose image is i§"H(2Kc),
is a lifting of the second Gaussian m@. as in the following diagram

(14) I2(Ke) —> SPHO(2K)

where the mapnis given by multiplication.

Moreover in [14] an explicit computation of the imagemft the tangent di-
rection given by a Schiffer variation at a poiatof C is given in terms of the second
Gaussian map, namely we have:

(15) &p(P(Q)(Ep)) = 2miyE(Q)(P),

for every quadri® < I.
Let us briefly recall the definition dfp. Consider the exact sequence

0—Tc—Tc(P)— TC(P)“D — 0.
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Notice thalHO(Tc(P)‘p) = C. If we denote the coboundary map by
8:HO(Te(P)jp) — H(Tc),

we have dinfim(d)) = 1. Any non-zero elemergp in Im(d) is called a Schiffer varia-
tion. Let us a choose a local coordinat@ a neighborhood oP. Under the Dolbeault
isomorphismH?(Tc) =2 HOY(Te), it is represented by the forfip = 20bp ® £, where
bp is a bump function arounB. Notice that if we choosbp to be one in a neighbor-
hood ofP for this choice of local coordinate & depends only on the choice nand
in fact also formula (15) depends an

Using these results, in [12] we obtained a closed expresésidhe holomorphic

sectional curvature orfM(n) at[C] € Mé”) along the tangent directions given by the
9

Schiffer variation€p. More precisely, the following holds.

THEOREM1. ([12]) The holomorphic sectional curvature of . at [Cle Mé”)
9

computed at the tangent vectgys is given by

1 _
HEp) = WW(EP%EPXEP,EP)

1
= e L PPR Z M@

where{Q;} is an orthonormal basis 0§) {w; } is an orthonormal basis of {Kc) and
in a local coordinate z around P, we hawg = fj(z)dz.

In the above formula;-1 is the value of the holomorphic sectional curvature of
Ag') calculated along the tangent directiond@te Mén) given byép, for all P € C,
while the termeW 5ilV2(Q)(P)|? represents the contribution given by
the second fundamental form.

4. Second Gaussian map and curvature

We first recall some results on the second Gaussian map edteir10].

Assume thaC is either a hyperelliptic curve of gengs> 3, or a trigonal curve
of genusg > 4. Let|F| denote thegs in the hyperelliptic case, tr‘@ in the trigonal
case. Letpr : C — P! be the induced morphism andt P! — P9-1 be the Veronese
embedding, so that in the hyperelliptic cage= v o @, whereg is the canonical
map. Observe that in the hyperelliptic case the hyperaliptolution T acts as—Id
on HO(KC), so we have an exact sequence

0— I2(Ke) = S(HO(Ke)) — HO(2Ke) T — 0,

whereH%(2Kc)* denotes the-invariant part oH%(2Kc) whose dimension i€2g — 1)
andlz(Kc) is the vector space of the quadrics containing the ratiomahal curve.
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Setl := K¢ —F, and fix a basigx, y} of HO(F ), and a basigty, ..., t, } of HO(L)
both in the hyperelliptic and in the trigonal case. We haveear map

WiAZ(HOL)) — 12, G AL — Qij =Xt @Yt — Xtj @ Y&
In both cases the linear majp: A2(H°(L)) — I, is an isomorphism as can be easily

checked or found in [1].
An easy computation in local coordinates shows that we have

Y& (Qij) = VE XAYYL(t AL),
hence, for any quadriQ of rank four, we have

Y&(Q) = YE(XAYVL(W Q).

So, if we denote by, . .., q the ramification points of either ttgg, or of theg%, we see
that the image of2 is contained itH(4Kc — (g1 +---+q;)) and ranky2) = rank(y}).
In fact,

div(&(Q)) = div(yE (xAY)) +div(yt (W H(Q))) = qu+ -~ +a +div(yL (W H(Q)).

Thereforey2(Q)(qi) =0foralli=1,...,1.

Using the above observations and the computation of theohifie first Gaus-
sian map of the canonical linear series for hyperelliptioves done in [9], in [10] we
proved the following

PrRoOPOSITIOND. ([10, Lem. 4.1, Prop. 4.2]) Let C be a hyperelliptic curve of
genus g> 3. Then the rank o{'é is 2g — 5and its image is contained in

HO(4Ke — (a1 + -+~ + Ozg-2)),

where{qy,...,0xg4+2} are the Weierstrass points.

Assume now tha€ is non-hyperelliptic trigonal curve of gengs> 4. Let
IF| be theg} on C, assumeF = p; + p, + ps, pi € C. Denote byl = Kc — F =
Kc — p1— p2— ps, dedL) =2g—5, hO(L) = g—2. ThusHO(L) c H%(K¢) and
yi = y&‘AzHo(&7p17p27p3). In [9] it is proven that for the general trigonal curve of
genusg > 4, dim(cokeryi)) = g+ 5, moreover specific examples of trigonal curves
(whose genera are all equal to 1 modulo 3) such that the carfayikis g+ 5 are ex-
hibited. Using results of [15], in [4] Brawner proved thatrdcokeryy )) = g+ 5 for
any trigonal curve of genug> 4.

In [10] we determined the rank Q‘E for trigonal curves, computing the rank of
yt and generalizing the computation done in [15] and [4}yfbr

THEOREM?Z2. ([10]) For any trigonal non-hyperelliptic curve C of genust4,
the image of/2 is contained in (4K — (g1 + - - + Gog+4)), Where g + - - + g+ 4 IS
the ramification divisor of thelg

If g > 8, the rank ofy2 is 49— 18.
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We also recall

THEOREM 3. ([10]) Assume that C is smooth curve of genus §, which is
non-hyperelliptic and non-trigonal. Then for anyeRC there exists a quadric @ |2
such thaty (P) # 0. Equivalently, for all P C, Im(y3) ¢ H°(4Kc — P).

AssumeC] € Mén), with g > 4, C non-hyperelliptic. Then Theorem 1 allows us
to define a functiofr : C — R, given by the holomorphic sectional curvature evaluated
along the tangent vectors given by the Schiffer variations:

1

PP =) = G,

BIBE > Y&(Q)(P)I? < -1,

where{Q} is an orthonormal basis &f(Kc), {wj} is an orthonormal basis 6f°(Kc),
andwj = fj(z)dzis a local expression arouritd

PROPOSITION2. ([12])

e If g =4, the set of points B C such that KP) = —1 s finite, which implies that
F is non-constant.

e Ifg >5and Cis neither hyperelliptic nor trigonal, thenP) < —1forall P € C.

e If C is a trigonal curve of genug 4, F(P) = H(§p) = —1 for every P C
which is a ramification point of thegwhile there exist points & C such that
F(x) < —1, hence F is not constant.

Proof. AssumeC has genus 4, then the dimensiorlpfs one and, can be generated
by a quadri® of rank 4 which has norm 1. S6(P) = —1— 5 ‘lfj(P)‘ 7 IV2(Q)(P)[?
J

for all P € C, hence there is a finite number of poiftsuch thay2(Q)(P) = 0, so in
these points we hawe(P) = —1, whileF(P) < —1 elsewhere .

As regards the second statement, we observeRlR} = —1 if and only if
y2(Qi)(P) = 0 for all i, where{Q;} is an orthonormal basis ®$. But then we must
havey2(Q)(P) = 0 for all Q € I,. So the proof follows by Theorem 3.

The last statement follows from Theorem 2 and from the olagin that ifx is
a point inC such that/2(Qq)(x) # 0, we haveF (x) < —1. O

REMARK 1. The previous statements imply that for any cudre Mén), not
hyperelliptic, nor trigonal, for every poiR € C the holomorphic sectional curvature
of Mén), atC along the tangent directions given gy is strictly smaller than the holo-
morphic sectional curvature @fgn).

On the other hand, in the trigonal case, along the Schifféatians at the ram-
ification points of theg3, (which are a basis of the tangent space to the trigonal Jocus

the holomorphic sectional curvaturer,"), coincides with the holomorphic sectional
curvature ofAJ" .
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5. The hyperelliptic locus

We will now explain some results obtained in [10] and [12] ba hyperelliptic locus

HEg C Mé,”). Recall that by local Torelli, the restriction of the perimép toHEg is an
injective immersion (cf. [21]). Therefore we have the exssjuence

0—>‘THEg )\HE iMHEg\ m — 0,

and we denote by
OHE ! THE; — H0m(‘THEg,NHEg‘A‘<Jn>)

the associated second fundamental form angy the second fundamental form of
the dual exact sequence. At the pddt € HEy the dual exact sequence is

0— I — S(HO(Ke)) — HO(2Ke)™*
whereHO%(2Kc)* is the invariant part oH%(2Kc) under the hyperelliptic involution
andl; is the vector space of the quadrics containing the ratiooahal curve, so that

PHE - |2—>H0m(‘THE cp O(ZKC)+).

We recall that the set of Schiffer variations at the Weiastipoint$ generates
THEg [C)-

In [12], we observed that we have a formula which is similaf1ts) at a Weier-
strass poinP € C:

&p(PHE(Q)(Ep)) = YE(Q)(P)

Let us denote byHne the holomorphic sectional curvature ofig,, if [C] €
HEg andP € C is a Weiestrass point, we have the same expressiddfe(&p) as in
Theorem 1, namely

1

(16) Hue(Ep) = —1— 64205 |1, (PI)° Z V&(Q)(P)?

where{Q;} is an orthonormal basis d§ and {ooj =loc. fj(2)dz} is an orthonormal
basis ofHO(Kc).
So, using Proposition 1, we have the following

COROLLARY 1. ([12]) Let [C] € HEg, then Hye(&p) = —1, for any Weierstrass
point Pe C.

Proof. The proof immediately follows from (16) and from Propositib. O

6. Curves on K3 surfaces and results for the general curve

In this section we will explain some results of [11] on them®t Gaussian map for
curves on K3 surfaces, from which we have also deduced s$wifgof the 2nd Gaus-
sian map for the general curve of sufficiently high genus.rllre will also discuss a
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theorem of [5] in which, with different methods, they provat the second Gaussian
map for the general curv@ of any genus has maximal rank.

First of all let us recall that Wahl ([27]) has given a defotima theoretic inter-
pretation of the first Gaussian map, showing that if a caradmigrve can be extended
in projective space as a hyperplane section of a surfacewihioot a cone, then the
first Gaussian map is not surjective.

In particular in [27] it is proven that if a curve lies on a K3rface, the first
Gaussian map cannot be surjective (see also [3]).

The obstruction to the surjectivity of the first Gaussian rfaam curve in a K3
surface is given by the extension class of the cotangentsegu

(17) 0— Ke' = Qe = Ke =0,
which is a non-trivial element in the kernel of the dual of fliet Gaussian map (see
[3]).

To study the second Gaussian m%dor a curve in a K3 surfacX it is natural
to consider the “symmetric square” of the cotangent extensi

(18) 0— Qxc@Ket — SQx c — K& — 0.

This does not give any obstruction to the surjectivityyéffor the general curve in a
general K3 surface, while it gives an obstructio@is any curve in an abelian surface,
as it is proven in [13]. In fact in the next section we will diss a result obtained in
[13], that asserts that @ is a curve in an abelian surfage then the corank of2 is at
least two.

The main result that we obtained for curves in K3 surfacesaddllowing

THEOREM 4. ([11]) If X is a general polarized K3 surface of degrég— 2
with g > 280and C is a general hyperplane section of X, tlvén‘s surjective.

Let us explain the strategy of the proof of Theorem 4. We hheefollowing
commutative diagram

2

(19) 1,(0x(C)) Yox© HO(S2QL @ 0x(2C))
\
r HO(SQg c ® KE)
/
12(Ke) HO(KQ)
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wherer andp; are restriction maps, ang comes from the conormal extension. More
precisely, consider the second symmetric square of thexgetd exact sequence (18)
tensored by<&:

(20) 0— Qyc@Ke = SO @KE = KE =0,
then we have

HO(SPQ c @ KQ) B HO(KE) — HY Q% c ® Ke) = H(Txc)",
hencep, is surjective by the following lemma.

LEMMA 1. If X is a general K3 surface and C a general curve of genus a&tlea
13in the very ample linear systefax (C)| then H(Ty c) = 0.

Proof. By the exact sequence given by restrictionTaf to C, H°(Tx‘c) injects in
H(Tx(—C)), which vanishes by lemma (2.3) of [8]. O

The theorem follows if we prove that also the ma@§(c) andp; are surjective.
In fact in [11] we exhibited examples of paifX,C) whereX is a K3 andC is a very
ample curve inX of any genug sufficiently high ¢ > 281) for Whichygx(c) andp;
are surjective.

To do this we followed the strategy used in [7] to study the fivahl map. More
precisely, from the exact sequence

(21)  0— 13, ®p*(0x(C)) ®q*(0x(C)) — 13, ® p*(0x(C)) @ q"(0x(C))
= 13,/ 1a, @ P*(0x(C)) ®q*(0x(C)) = 0

and taking global sections, we see W%}(@) is surjective ifH (I3 © p*(ox(C)) @
q°(ox(C))) =0.

The idea used in [7] is to consider the blowXipf X x X along the diagonalx
and to use Kawamata—Viehweg vanishing theorem ([18, 2&})ELbe the exceptional
divisor and denote bit: Y — X x X the natural morphism and Hy:= po1,g:=qoTt
Then

HY(13, ® p*(0x(C)) @ q*(0x(C))) = HY(Y,f*(0x(C)) @ g*(0x(C))(—3E))
= HY(Y, *(0x(C)) @ g*(0x(C)) @ Ky (—4E)),

sinceKy = oy(E). So by the Kawamata—Viehweg vanishing theorem, it suffioes t
prove thatf*(ox(C)) ® g*(0x(C))(—4E) is big and nef.

Now notice that if one decomposes (C) as®!* ;A;, whereA; are line bun-
dles onX, thenL = &%, (f*(A)) ® g*(A))(—E)). To obtain thatL is big and nef, we
asked suitable conditions on the line bundd¢sand we studied the sublinear system
of |£*(A) @ g*(A)(—E)| given byP(A2(HO(A))) (cf. lemma 3.3 of [11]).
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Consider now the map
p1: HO(SQ5 @ 0x(2C)) — H(SPQx c @ KQ).

Clearly p; is surjective ifH(SQ% @ ox(C)) = 0.
To prove this vanishing we observed that, given a decomipagiff ox(C) as
ox(D)® ox(D’), we have

HY(S’Qx ® 0x(C)) = HY (X x X, IZ, /13, ® P (0x (D)) © " (0x (D)),

hence its vanishing is implied by that B! (X x X, ng ® p*(ox(D)) @ g*(ox(D")))
and ofH#(X x X, 13 © p*(0x(D)) ©q*(ox(D"))).

So, with the same argument as above, it suffices to showfthatx (D)) ®
g*(ox(D'))(—4E) is big and nef. The strategy is now to choesgD) = @ ;A and
D’ = D + B with B nef and effective, and také € |2D + B|.

The above decompositions are shown on concrete example3 sfifacesX
and of curvesC in X, which are explicitely constructed via their Picard lagsc(cf.
proposition 3.4 of [11]).

Using this result and some examples given in [10], we dedueéadilowing

COROLLARY 2. ([11]) For the general curve of genus greater thas2, the
second Gaussian maf is surjective.

Proof. By Theorem 4 and the semicontinuity of the coranlyéf for a general curve
of genus greater than 28@% is surjective. Surjectivity for the general curve of genus
153< g < 280 can be proved exhibiting examples of curves of ggnwith surjective
second Gaussian map, which are either hyperplane sectiengadarized K3 surface
as in the proof of Theorem 4 given in [11], or lying in the protaf two curves as in
[10, theorem 3.1].

More precisely lelC;, C; be two smooth curves of respective gengragp,
choose divisor®; on C; of degreed;, i = 1,2. SetX =C; x Cy, letC € |p1*(D1) ®
p2*(D2)| be a smooth curve, whepgis the projection fron€; x C; onC;, theng(C) =
1+ (g2—1)di+ (g1 — 1)dp +didy.

In [10] we proved that if eithegi, g2 > 2, d > 2g; +5,i = 1,2, orgs > 2,
g2=1,d1 > 291 +5,d2 > 7, 0rg2 = 0,dz > 7, dp(g1 — 1) > 20y > 4g; + 10, theny2
is surjective.

Then one has to check directly that these valueg©J cover all the remaining
integers between 153 and 280. O

Note that, for dimensional reasons, surjectivity can becetgd for a general
curve of genus at least 18, and in fact recently in [5] Calabiliberto and Miranda
showed that for the general curve of geigus 18, the second Gaussian map is surjec-
tive. More precisely they proved the following

THEOREM 5. ([5], Theorem 1). The second Gaussian mgp: I2(Kc) —
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HO(C,4Kc) for C a general curve of any genus g has maximal rank, namyrijec-
tive for g< 17 and surjective for g~ 18.

The proof they gave in [5] relies on the study of the limit of decond Gaussian
map when the general curve of gemqudegenerates to a general stable binary curve, i.e.
the union of two rational curves meetinggat 1 points. The theorem then follows by
upper semicontinuity. For such a stable binary ci@uwhey explicitly write down the
ideall2(Kc) and they first describe the 2nd Gaussian mayCfonodulo torsion, then
they deal with the torsion part. By direct computations perfed with Maple, they
verify the injectivity for a general binary curve of gergis. 17 and the surjectivity for
g = 18. Finally they complete the argument by inductiorgofor g > 19.

We have observed in the proof of Corollary 2 that examplesuofes whose
second Gaussian map is surjective were already given in(féOturves in the prod-
uct of two curves) and we recall that other examples werengiwd2] (for complete
intersections). Notice that using complete intersectibissnot possible to deduce sur-
jectivity for the general curve of any sufficiently high gendue to restrictions on the
genus.

On the other hand, Theorem 4 shows that general curves on &ces of
sufficiently high genus behave as general curves in the mepate, with respect to
the second Gaussian map.

Finally, we also observe that with the method used in [11]rave Theorem
4 it is impossible to reach the optimal lower bound for thewgeaf the curveC, in
fact the conditions that we gave on the line bundieand the decompositiony (C) =
0x (2D + B) force the genus o to be high.

Moreover, the vanishing dfi}(SQ% ® ox(C)) itself, already implies that the
curveC must be of genus at least 31, as one can check looking at ttrectiea of
Q} ® Q¥ (C) to C and the induced cohomology exact sequence.

7. Curves on abelian surfaces

In this section we discuss some results obtained in col&lwor with E. Colombo and
G. Pareschi in [13] on the first and the second Gaussian magufees on abelian
surfaces.

The first result says that the first Gaussian map for a “sufffiiample” curve
in an abelian surface is surjective. In fact we have the falg

THEOREM 6 ([13]). Let C be a smooth irreducible curve contained in an
abelian surface X. Assume that the first Gaussian map of ieeblindleox (C) on
the surface X is surjective and that the multiplication map

V())(,C : HO(X7 ox(C))® HO(CvKC) - HO(Ké)

is surjective (for example, both conditions hol@if(C) is at least a5-th power of an
ample line bundle on X, see [22]). Then the first Gaussian nfi&pis surjective.
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REMARK 2. Recently in [19] it is shown that for a cur@of genusg > 145
sitting on a very general abelian surfaXethe first Gaussian map of the line bundle
0x(C) on the surfac is surjective. Hence by Theorem 6 we obtain the surjectivity
of the first Gaussian map @, and therefore a new proof of the surjectivity of the map
y(1: for the general curve of genus145.

The main theorem of [13] asserts that if a cufés contained in an abelian
surface, the second Gaussian nvéps not surjective. More precisely, let us introduce
the following notation. Given a subspagec HO(Kc), we will denote

SW-HO(K3)

the image ofPW @ HO(K2) in HO(K2) via the natural multiplication map. W is 2-
dimensional and base point free, the base-point-free peiti implies that W -
HO(KZ) has codimension 2 i°(K2). If C is embedded in abelian surface, then
HO(Q}) is naturally a (base-point-free) 2-dimensional subsp#de®dKc). We have
the following

THEOREM7. ([13]) Let C be a curve contained in abelian surface X. Then th
image of the second Gaussian mgyis contained in 834°(Q}) - HO(KZ) (notation as
above). Therefore the corankyﬁ is at least2. Moreover, if the second Gaussian map
of the surface X is surjective, then the image of the ggaponcides with 3H°(Q%) -

HO(KE).

The above theorem can also be stated as follows. Given aatdsa H 1(oc),
letV c HO(Kc) be its conjugate.

COROLLARY 3. ([13]) LetC c P93 be a canonically embedded curve of genus
g, obtained from the complete canonical embedding BH(oc) = P9-1 by projec-
tion from a linePV c PH!(oc), dimV = 2. If C is a hyperplane section of an abelian
surface Xc P92 then
Im(yg) C SV-HO(KQ).

The proofs of the above results rely on cohomological methatiich are sim-
ilar to the ones used in [3].
Let us sketch the proof of Theorem 7.

First of all let us see the Gaussian maps defined ablthef maps of coherent
sheaves on the varie¥ This is achieved as follows: Igtandq be the two projections
of Y x Y. Applying p. to the exact sequences (2) tensored by a line buvidiae gets
the exact sequences

k
22) 0— p.(15 2 g'M) = p.(1§, M) & Qb o m,

The Gaussian mapy{M of (1) are obtained by tensoring withand takingH%(L @ ¢).
Let us spell out how the Gaussian magslook like in this setting. LeRc be
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the kernel of the evaluation map K§:

(23) 0— Re 5 HO(Ke) @ 0c — Ke — 0

(i.e. sequence (22) fof =C, M = K¢, k= 0). By (22) (same setting) fdt=1 we
have the natural map

(24) Re > KZ.
Tensoring withKc and takingH® one obtains the first Wahl map
(25) ve  HARe®@Ke) = HO(KQ).

One has the exact sequence
(26) 0— |§C%OCXC%0A(2:%0

whereAZ denotes the first infinitesimal neighborhood.

Tensoring sequence (26) witfiKc and applyingp., wherep andq are the two
projections fronC x C, one gets the exact sequence

27) 0 R 5 HO(Ke) @ oc & Pe(Ke)
where

(28) RE = p.(q"(Ke) @13,),

and

Re(Ke) = p.(d' (Ke) © 0p2)
is the bundle of principal parts ¢%.

REMARK 3. We have the commutative diagram

0 0

0 K& Pe(Ke) Kc 0

Notice that the mayg of (24) is surjective if and only if the evaluation mapis sur-
jective. This is in turn equivalent to the immersivity of tb@nonical map, which holds
if and only if C is non-hyperelliptic.
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Sequence (22) fdt=2,Y = C andM = K¢ provides the natural map

(29) R2 % K&,
Tensoring withKc and takingH® one obtains the second Wahl map
(30) vé 1 HO(RE ®Ke) — HO(KE),
The coboundary map of the exact sequence (20),
fo : HO(KE) — HY(QX @ Ke) = HY(Ke)®2 = C*2

is identified, by Serre duality, to the extension cless Extl(Kg,Q)%‘c) of sequence
(18). The first part of the statement of Theorem 7 is equitdten

(31) fgoyd =0.

Let us work in the dual setting.
Applying Ext'(-, Q)lqc) to the magy’ of (29) one gets the map

Q: Eth(ngg)l(\C) - Eth(%aQ;L(\C)

(which is identified to two copies of the dual map of the sec@ahl map) and it is
easily seen that (31) is equivalent to the fact that

(32) o) = 0.

Applying Extl(-,Q)lqc) to the mapf’ of (27) we get the map
Y Hom(HO(Ke), HY(Q% c)) = Ext (HO(Ke) ® oc, Qy ) — Ext'(RE, Q% c)-

Now let us denote b the composition of the coboundary miEP(Kc) — HY(ox) of
the standard exact sequence

0— 0ox — 0x(C) = Kc — 0,

and the magH(d) : H(ox) — Hl(Q)lqc), induced by the derivatiod : 0x — Q%.
Note thatH*(d) is the zero map since the Hodge—Frolicher spectral sequisgemer-
ates at level oE;. Hence the map is equal to zero.

To conclude the proof of the first part of Theorem 7, we shoveddllowing
result, whose proof can be found in [13].

CLAIM . @(€) = Y(d) = 0.
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The last part of the statement follows from the commutatiiggichm (con-
structed as diagram (19))

2
Yoy (c

(33) 12(0x (C)) —2£ HO(QL © ox (2C))
HO($Q5 c © KE)
l2(Ke) v HO(KQ)

This completes the proof of Theorem 7.

Finally, in [22, Th. 2.2] itis shown that, ibx (C) is at least a 7-power of a (nec-
essarily ample) line bundle aX, then the second Gaussian "V%Q(C) is surjective.
Hence we have the following

COROLLARY 4. ([13]) Let X be an abelian surface, let be an ample line
bundle on X and let k- 7. Then, for every smooth and irreducible curveCc K|, the
image of second Wahl map

V&t l2(Ke) — HO(KQ)
is the 2-codimensional subspac&8(Q%) - HO(K3).

REMARK 4. 1. Using Proposition 3.2 of [19] as in Remark 2, one can@rov
that for a curve sitting on a very general abelian surfaceenfugg > 257 the
second Gaussian ma@x © is surjective, hence the image of second Wahl map

V2 1 12(Kc) — HO(KQ) is the 2-codimensional subspa®#°(Q%) - HO(K2).
2. Assume thaX = E; x Ep, with E; elliptic curves, lefp; : X — E; be the projection

maps,D; divisors of degreel onE;. As in theorem 3.1 of [10], one shows that
if C e |pj(D1) ® p3(D2)l, andd;, > 7, thenygX (c) Is surjective, hence also in this

case the image of is the 2-codimensional subspe®#°(Q%) - HO(K2).
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