Rend. Sem. Mat. Univ. Pol. Torino
\ol. 68, 3 (2010), 271 — 287
Workshop on Hodge Theory and Algebraic Geometry

A. Garbagnati and B. van Geemen

EXAMPLES OF CALABI-YAU THREEFOLDS
PARAMETRISED BY SHIMURA VARIETIES

Abstract. These are notes from talks of the authors on some explicihples of families of
Calabi-Yau threefolds which are parametrised by a Shimarety. We briefly review the
periods of Calabi—Yau threefolds and we discuss a recealt @s Picard—Fuchs equations
for threefolds which are hypersurfaces with many automiemph. Next various examples of
families parametrised by Shimura varieties are given. Mbshese are due to J.C. Rohde.
The examples with an automorphism of order three are givesonne detail. We recall that
such families do not have maximally unipotent monodromythiadithe Shimura varieties in
these cases are ball quotients.

Introduction

Calabi—Yau threefolds have been intensively studied irctirgext of Mirror Symme-
try, which originated in theoretical physics. The most bagrsion of this principle
states that given a CY threefok|, there should exist a CY threefol the Mirror
of X, with ht(X) = h?1(Y) andh?1(X) = ht1(Y). A further requirement is that the
variation of Hodge structures on the third cohomology grouthe deformations of
X is related, in specific way, to the Kahler cone in the secortbomlogy group of
the deformations of. There are now quite a few cases where such Mirror pairs have
been found and where profound aspects of Mirror Symmets, e relation with
Gromov—Witten invariants, have been verified.

As CY threefolds are assumed to be projective (or at leastefghin case
h21(X) = 0 there cannot exist a Mirror of. Quite a few of such (rigid) threefolds
X are known and a modification of Mirror Symmetry, in one speafise, was pro-
posed in [6]. The expected relation between deformations ahd the Kéhler cone
of Y requires that there exist boundary points in the (compleiciire) moduli space
of X where the variation of Hodge structures on lhthas maximally unipotent mon-
odromy. It was recently pointed out by J.C. Rohde [25] thatétdo exist families of
CY threefolds which do not admit such boundary points. Thelulicspaces of the
families in question are Shimura varieties. No modificatdriMirror Symmetry in
these cases is known to us.

Having a base which is a Shimura variety is otherwise a qesirdble property
because then one has a very good control over the variatithredflodge structures.
Moreover, the so-called CM points (cf. [4, 24]) will be derieethe moduli space.
Physicists expect the field theory on the correspondinghGa¥au threefolds to be
simpler [19].

In these notes, we give various examples of CY threefoldsse/tmooduli space
is a Shimura variety. A very simple example, where the Shinvariety is the moduli
space of elliptic curves, is given in Section 2.3. The CY é¢fo&ls are of Borcea—
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Voisin type and it is easy to see that the family does not hasgimmally unipotent
monodromy.

In Section 3 we discuss various examples, due to J.C. Roli@ threefolds
with an automorphism of order three. Their moduli spaceSaimura varieties which
are ball quotients and they do not have maximally unipotemtadromy. We show,
in all cases but one, that Rohde’s CY threefolds are desangations of a quotient
of a product of two fixed elliptic curves with another curvelofher genus. These
curves of higher genus also have an automorphism of ordes tiihe moduli space of
CY threefolds is, locally at least, the moduli space of suaingiC, 3) whereC is the
higher genus curve arfélis its automorphism of order three. This allows one to write
down the Picard—Fuchs equation for the variation of Hodgecgires explicitly in one
case, see Section 3.3. New examples similar to these, mg asi automorphism of
order four, can be found in [13].

1. Periods of Calabi—Yau threefolds

Good references for CY threefolds and Mirror Symmetry aesatberview of M. Gross
in [18] and the book [9].

1.1. Calabi—Yau threefolds

In these notes, a Calabi-Yau threefdldis a smooth, three-dimensional (complex)
projective variety with trivial canonical bundle

Q¥ ~0x, and HYX ,0x)=0.
Using Serre duality one then finds that

H2(0x) 2 HYQ3)" =HY(Ox) =0 and H3(Ox) =2HO(Q3)" ~C.

Examples of CY threefolds are quintic hypersurfaceBirmand complete inter-
sections of two hypersurfaces of degree threBinMany more families of CY three-
folds can be found as hypersurfaces in four-dimensionat t@rieties [20]. There
are obvious restrictions on the topologyXfin fact Hodge theory easily implies that
H(X,C) = 0 and dinH3(X,C) > 2. AsX is projective, one has dim?(X,C) > 1.
Poincaré duality implies thd = bg_;, but no further restrictions on the Betti numbers
bi := dimH' (X, C) of X are known.

In analogy with the case of curves, abelian varieties andiffaises, one studies
the Hodge structures on the cohomology groups in order tenstahd these varieties
better. For CY threefolds, only2 is of interest, a$1?(X,C) = HL1(X).
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1.2. The polarized Hodge structure orH3
The Hodge structure ar3(X,Z) /torsion is the decomposition of its complexification:
H3(X,C) = H39(X) @ H2Y(X) @ HA(X) @ HO3(X),  HPI(X) = HIP(X).

——
E3

E2

From theF2 of the Hodge filtration, one recoveirs}(X,C) = F2 & F2. The intersec-
tion form onH3(X, Z), which factors oveH3(X, Z) /torsion, defines a polarizatiay
on this Hodge structure:

Qx : (H3(X,Z)/torsion x (H3(X,Z)/torsion) — Z,
Qu(61.82) = [ 81162

where we identifiedH3(X,Z) /torsion with the image oH3(X,Z) in H3(X,R) =
HSR(X), the de Rham cohomology group. The polarizat@nis a symplectic form
(so it is non-degenerate, unimodular and alternating)xtitreds to a Hermitian form
Hyx (81,02) :=iQx(01,82) (i := v/—1 € C) onH3(X,C) for which the Hodge decom-
position is orthogonal:

Hx (v,w) = O if veHPIX), we H"S(X) and (p,q)# (r,9)
and which is positive/negative definite on tH&9(X):

>0 on H39(X), (<0 on H%X)),

Hx = iQx s {<o on H24(X), (>0 on HM(X)).

1.3. The Period domain

Let N = bz be the rank oH3(X,Z) and letQ be a (fixed) symplectic form o¥iz :=
ZN. Then we consider the period spabe= Dy of all polarized weight three Hodge
structures ornfVz, Q) of CY type. An element oD is a decomposition

Ve i=Vz@zC =V30qVv2aviZevos — vPd =Vap,

such that the Hermitian forml (v,w) := iQ(v,W), with v,w € V¢ and whereQ is ex-
tendedC-linearly, is positive definite o309, V12 and negative definite ovi%*, V03,
Moreover we require did>? = 1 and we denotq := dimV?? (soN = 2+ 2q).

The (g + 1)-dimensional subspac®g of Vc on whichH is positive are para-
metrised by g+ 2)(q+ 1)/2-dimensional variety (it is isomorphic to the Siegel half
space ofq+ 1) x (q+ 1) complex symmetric matrices with positive definite imagjnar
part). The one dimensional subspa¥ésof such a subspad# are the points oPW
and thus are parametrised byalimensional variety. Gively C W, letW;- be the
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orthogonal complement &f4 in W. Then we obtain a polarized Hodge structure on
Vz by defining:

V30 —wg, o vAli=wl o viZiowth o vOR i

Conversely, any polarized Hodge structure(vhp, Q) defines a complex ling4 in a
positive(gq+ 1)-dimensional subspad®, hence we get

dimD = q+ (q+2)(q+1)/2 = (§°+59+2)/2,

whereq := dimVv?21,

1.4. The Period map

A marking of the CY threefolX is a symplectic isomorphism
(H3(X,7)/torsion) — Vz.

TheC-linear extension of this isomorphism maps the Hodge deasitipn ofH3(X, C)
to a decomposition dfc. In this way we obtain a polarized Hodge structuré/gnin
particular, we get a poir(X) € D, the period point oK.

1.5. Deformations ofX

An important result, due to Bogomolov, Tian and Todorov, o @rieties is that
the deformations are unobstructed. The first order defoomsibf a complex variety
are parametrised by the cohomology gradif( X, Tx ), whereTx is the holomorphic
tangent bundle ok. As X is a CY threefold, the cup product pairia}, x Q% — Q3 =
Ox gives a dualityTx = (Q%)* = Q% and thusH(X,Tx) = H1(X,Q%) = H?1(X).
The unobstructedness asserts that there is a neighbouBhob@ € H(X,Tx) and
there is a family of CY threefoldst: X — B with fiber T 1(0) = X, such that the
period magP : B — D has an injective differential:

(dP)o : ToB = HY(X,Tx) =2 H*1(X) — TpxyD s injective

Here we used Ehresmann’s theorem which asserts thAatisithosen small enough,
there is a diffeomorphism: X — B x X such thatz@= 1. As@induces isomorphisms
H3(Xp,Z) =2 H3(X,Z) for any X, := 11 %(b), we can extend the marking o to a
marking(H3(X,,Z) /torsion) — V, and thus we get the period m&a B — D.

Any family of CY threefolds which containX is locally nearX obtained as
the pull-back from the familyC — B. Therefore the image of the period map of any
family has dimension at most= dimH?(X) and the image oB has codimension
(0+2)(q+1)/2in D. Recent studies of the geometryDfand these subvarieties are
[7] and [21].
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1.6. The Picard—Fuchs equation

In this section we will assume for simplicity thgt= dimH?%(X) = 1. With the no-
tation of section 1.5, the diffeomorphisgr X — B x X induces an isomorphism of
sheave®3m,Z > H3(X,Z)g onB, where the last sheaf is just the locally constant sheaf
defined by the abelian group*(X, Z). Using the markingd 3(X,Z) /torsion= Vz and

the Hodge decomposition &f3(X;, C) for each deformatiod of X, we obtain a (triv-

ial) vector bundlé/z x B overB with holomorphic subbundles

FPecFcFcF=Ve:=VexB,  FE=H3*C(X),

where we identifye x {t} with H3(X;, C).

The period mafP describes the variation of these subbundles inside thaltriv
bundleVe x B. Another way to describe this variation is to take a non-sfainig section
w of the rank one bundI&®, sow(t) is a basis oH39(X) for all t € B. The trivial bun-
dle Vs comes with the Gauss—Manin connectidomvhich maps the horizontal sections
s/ =t~ (vt) to zero, wherer € V:

0 = Ogjar: Ve xB — Ve xB.

Applying the connectioi times to the sectiom, we get a sectiofl'w. As dimVe =
2+ 2q =4, there must be a linear relation, with coefficiept&) which will be holo-
morphic int:

4 .
Dw =0, D:= Y% p(t)O'.
2"

This linear relation is known as the Picard—Fuchs equation.

Instead of considering this rank four bundle with its satti@ one can also
choose a basig,...,ys of H3(X,Z)/torsion and define four holomorphic functions
bi(t) := [, w(t) onB, wherey; is identified with a cycle irHz(X;, Z) /torsion using the
diffeomorphismy. These four functions are a basis of the solutions of theesefyrur
differential operatofs_, pi(t)(d/dt)" which is also called the Picard—Fuchs equation
for the familyXX — B.

1.7. Anexample
The Dwork pencil of quintic threefolds ii* is defined by the equation

X0 XP+.. XS — BtX o Xs = 0.

For general € C, the varietyX; is a CY threefold witth*(X;) = 1 andq = h?1(X) =
101. However, there is a finite subgroGe: (Z/57)° acting onP* which induces
automorphisms on each and the third cohomology group splits under this action:

H3X%,Q) =T @8,

with
To=H3(%QC~Q%  H¥*(X)cTegC.
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Thus theG-invariant part of the cohomology gives a four-dimensiovealiation of
polarized Hodge structures and thus it gives a degree faard+Fuchs equation.

In the context of Mirror Symmetry, it was observed that thiadalar) quotient
variety X; /G has a resolution of singularitié4; which is a CY threefold, moreover its
Hodge numbers are:

REL(M) = 101, R2Y(M) =1, M = X/G.

Note thathP9(M;) = h3~P4(X,), which is one of the requirements for the (101-dimen-
sional) family of quintic CY threefolds and the one paramégenily of M;’s to be
Mirror CY families.

The quotient map induces an isomorphigne H3(M;,Q). In particular, the
degree four Picard—Fuchs equation obtained from the V@miaf theT; is the Picard—
Fuchs equation of the one parameter family of CY threefMdsA spectacular result
from Mirror Symmetry is that a certain solution of this PidaFuchs equation defines a
power series in one variable whose coefficiegtallow one to compute the Gromov—
Witten invariants of a quintic threefold, that is, roughlye number of rational curves
of degread on a quintic threefold.

In the paper [16], Greene, Plesser and Roan verify that {eene action of the
groupH = 7/417 onP* such that each member of the pencil of quintic threefolds

Yoo Xa XA XoXE . 4 XeXf — BtXgXp--Xs = 0
is invariant undeH. This leads, as above, to a splitting
HY%,Q) =T @5,

where
T = H3Y, Q" =2 Q%  H¥M) cT 9gC.

Moreover, the degree four Picard—Fuchs equation definelbyariation of the Hodge
structuresl; is the same as the Picard—Fuchs equation obtained from tlaioa of
the Ty = H3(M;, Q). In [11] more such examples are given. A possible explanatio
would be that the CY threefold; is birationally isomorphic to a desingularization of
Y:/H.

This is indeed the case. Using results of Shioda, in the tquaper [3] it is
shown that there is a commutative diagram, where the arrsevsational maps which
are quotients by certain finite groups on suitable Zariskirogubsets:

Xdit
v ¢
X Y,
N\ v
Mt

where N
Kaig o X4 X8 — 5t (X Xa---Xs)¥/® = 0,
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andd = 52-41=1025. Using the full diagram, one can show that the Map M;
has degree 41 and factors owgfH. Thus there is a birational isomorphism between
Y:/H andM;.

More generally, one can replaeby a family with an equation

Jiiﬁxia” — 5tXy--- Xs

for suitable 5< 5 matrices with integer coefficienss. This again can be generalized
to any number of variables. A further generalization to &gl projective spaces is
givenin [2].

2. CY threefolds parametrised by Shimura varieties

The period spac® = Dy parametrises the polarized weight three Hodge structdres o
CY type on(Vz = ZN Q). Given a CY threefolX and a marking, the unobstructedness
of the deformations oX implies that the period points of all deformationsfre the
points of ag = (N — 2) /2-dimensional subvariety of D.

On the other hand, there are many Hermitian symmetric daweiich parame-
trise Hodge structures of CY type. Such a domain is of the fB(iR) /K, whereG(R)
is a real reductive Lie group which is the group of real powften algebraic group
defined ovefQ, andK is maximal compact subgroup &{R). Given(Vz,Q), there is
a fixed representation @(RR) on Vg such that the image @(RR) is contained in the
symplectic grouspQ,R). One considers the homomorphisms of real Lie groups

h:st={zeC:|4=1} — G(R)

such that the eigenvalues bfz) are zZ°Z* with non-negative integerp,q such that
p-+q= 3. Each such homomorphism gives a Hodge structure of weigbé tonVvy,
by definingV P4 to be the eigenspace with eigenvalffg”. The groupG(R) acts on
the set of such Hodge structures by conjugatien ghg™ with g € G(R). See for
example [24], Chapter 1.

Changing the marking corresponds to an action of an elenfiénte SpVyz, Q)
onD. The moduli space of the Hodge structures of deformatiox of thus the quo-
tient of B by the subgroupg of I' which mapsB into itself. Not much is known about
the subgroup§ g, see however [12, 23] for a study in the cé$e- 4. In caseB is a
Hermitian symmetric domain arltk is an arithmetic subgroup @&(Q) one obtains a
Shimura variety g\B = g\ G(R) /K which parametrises the deformationsxf

Below we will review various examples from [24]. In generaisi not easy to
decide if the deformations of a CY threefold are paramedrisea Shimura variety. See
[15] for a family of CY threefolds which are not parametridggda Shimura variety.



278 A. Garbagnati and B. van Geemen

2.1. Example

The referenceis [4, §3]. L&, i = 1,2, 3 be elliptic curves and let : E; — E; be the
inversionz+— —zfor the group law orE;. Let

Gy = <ll><12><1E37 11X1E2><l3> C Aut(E; x Ex x E3).

Then the (singular) variet{E; x Ez x E3)/G4 has a resolution of singularities which
is a CY threefoldX with h>! = 3 (andh>! = 51). Thus the deformation space X%f
is three dimensional. Obviously, it contains the CY vaegtobtained by deforming
the three elliptic curves. Thus the period points of defdioms of X are inB = H?3,
whereH; is the upper half plane which parametrises elliptic curvdws these CY’s
are parametrised by a Shimura variety.

2.2. Examples of Borcea—\Voisin type

Let Sbe a K3 surface admitting an involutiors such thaH?0(S) is in the eigenspace
of the eigenvalue-1 for the action ofx on H2(S,C). We will assume moreover that
the fixed locus of the involutions is made up ok rational curves. The dimension
of the family of K3 surfaces admitting an involution actingmtrivially on H%9 and
fixing k rational curves is 16 kand such a family is parametrised by a Shimura variety
associated t8Q2,10— k).

Let E be an elliptic curve and letbe the involutiorz — —zon E. The quotient
threefold(Sx E)/(as x 1) admits a desingularization which is a CY threeféldthis
construction is called Borcea—\oisin construction). 18,[2] the Hodge numbers of
are computed:

hti(X) = 1545k,  h?*Y(X) = 11—k

Hence the dimension of the family of the Calabi—Yau thredfaletermined b is
the sum of the dimension of the family of the K3 surfaces wityolution and the di-
mension of the family of elliptic curves. Thus these CY tliodes are parametrised by
the product of the Shimura varieties parametrising thesefamilies, see [24, Section
11.3].

Example 2.1 is a particular case of this construction, iddbe desingulariza-
tion of the quotientEy x Ep)/(11 x 12) is a K3 surfaceS (in fact, it is a Kummer
surface). The automorphisas induced onS by 1g x | acts non trivially orH29(S)
and fixes 8 rational curves. Hen®x Ez)/(as x 1) is birational to(Ey x Ez x E3) /Ga.
For the Shimura varieties, one should remember that the rearoupsSQ(2, 2)° and
SL(2,R) x SL(2,R) are isogeneous and thus the Shimura variety associad #2)
is indeed a quotient dfl; x Hi;.

2.3. The easiest case

Another particular case of the Borcea—\Voisin construcisoabtained by choosing
to be the unique K3 surface with an automorphiggwhich fixesk = 10 rational
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curves. This K3 surfac8is well known. It is described, for example, in [26] as the
desingularization of the quotient

(E/xxE,/7)/(Ye xV&), with E = :=C/(Z+V-1Z)

andye is the automorphism dt ,— defined byz— v/ -1z
The third cohomology group of is:

agXl

HS(X7Q) = (TS®H1(E5@)) = TS®H1(E5@)7

where
Ts = H3(S Q)" 1 = Q2

As S, and thus the Hodge structure g is fixed, the variation of Hodge structures in
H3(X,Z) comes from the variation of Hodge structurestti(E, Z). This rankN = 4
variation is the direct sum of two (identical) rank two defations, and is parametrised
by Hj. In particular, this variation of Hodge structures doestraate maximally unipo-
tent monodromy, instead the monodromy operators have 2liagonal blocks in a
suitable basis, cf. [25, Example 1]. We will see more exasplevariations without
maximally unipotent monodromy in Section 3.2.

Any CY threefold from this family is also birationally isonqhic to a double
cover ofP? branched along the union of eight planes As such it appeanstasno. 13
in the table in Section 4.2.5 of the book [22]. To obtain thasidle cover, one uses that
Sis a double cover dP? branched over six lines. Putting one line “at infinity”#%, a
birational model ofSis (cf. [28, 5.1, 5.2]):

S: & =xyx—1(y-1)(x-y).

An elliptic curveE can be defined bi? = u(u— 1)(u— ) for a suitable\ € C. Hence
X, a desingularization o x E by the involution which fixes,y,u and mapss;t —
—s,—t, has a birational model defined by

X: WP = xyux—1)(y—1)(u—1)(x—y)(u—A).

A suitable coordinate transformation @3 will map the branch locus to the one in
Meyer’s book [22].

2.4. CY-type Hodge structures parametrised by Shimura varties

There are many Shimura varieties which do parametriseti@rgof Hodge structures
of CY type, but where it is not known if these Hodge structuwese from CY three-
folds.

For example, leA be an abelian threefold and letc H2(A,Z) be an ample
divisor class. Note thah is not a CY sinceh!® = h?? = 3. One haH3(A Z) =
A3HY(A 7Z) and the primitive conomology

H3(A, Z)prim = H3(A,Z)/ (LAHY(A,Z)) (=714
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is a polarized Hodge structure of CY type wigh= h;’rilm =9—-3=6. The moduli

spaceAs of polarized abelian threefolds with the same polarizatigre as(A, L)
(these are all deformations &) is the quotient’ \Hj of the Siegel half space by a
discrete subgroup. C S6,Q). The image off3 in D14 parametrises the polarized
Hodge structures of CY typie3(A;, Z)prim for deformationg A, L¢) of (A, L), so these
Hodge structures are parametrised by a Shimura varietyhélbest of our knowledge,
it is not known if there exists a family of CY threefoldg such thaﬂ—|3(At,Z)p,im o
H3(X,Z) /torsion fort in an open, dense, subsetls.

A family of polarized CY-type Hodge structures, with! = 27, parametrised
by the Hermitian symmetric domain associated to the Lie grfutypeEy is defined
in [17]. Itis not yet known if there is a family of CY threefadvith these Hodge
structures.

3. Examples with automorphisms of order three

3.1. Rohde’s construction

In the paper [25], J.C. Rohde constructs families of CY tfulels withq= h®! = 6—Kk,

for 0 < k < 6, which are parametrised bycdimensional Shimura variety, in this
case a ball quotient. They are obtained as the desinguiarizaf the quotient of a
productE x Sby an automorphism of order three, whé&és a certain elliptic curve
and Sis a K3 surface which admits an automorphism of order threetwfixes k
rational curves and+ 3 isolated points. These K3 surfaces were classified in [1].
A similar construction with an automorphism of order foudiscussed in [13], and
various examples are given.

Let& € C be a primitive cube root of unity and consider the ellipticve
E:=C/Z+ZE, EndE) = Z[g].

We letag be the automorphism & defined byz+— &z. A Weierstrass equation & is
y> =x®—1andag : (x,y) — (£x,y). The automorphisre gives the decomposition
into eigenspaces, with eigenvalieandg respectively:

H(E,C) = H*(E)g & H*(E);.

For any integek with 0 < k < 6, there exist K3 surfac&with an automorphism
of order threens such that the second cohomology group splits as:

H%(S Q) = Ts@ N,

where
Ns := H?(S,Q)% =~ Q8+, H29(S) c Ts® C.

As dimH?(S,Q) = 22, it follows that dinTs = 14— 2k and the Hodge numbers of the
weight two polarized Hodge structufgareh®?(Ts) = 1, h11(Ts) = 12— 2k = 2q. The
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action ofa§ on Ts defines a structure dp(&)-vector space oilis. The eigenspaces for
this action are
TsoC=TF oT o T & Tgp,
—_—
Tég Tse

and 11 11
dlmTS’E = dImTS’E =6-—k=q.
The moduli space of such K3 surfacesidimensional, and it is a quotient of thieball

in CY, see Section 3.5, and it is a Shimura variety.

The weight three polarized rational Hodge substructuret of ag x og-in-
variants in the tensor produet?(S,Q) ® H(E, Q) is then of CY type. Rohde shows
that it is isomorphic to the third cohomology group of a CYefold Xs which is a
desingularization of the (singular) quotient varié8x E)/(as x ag):

OsXOg

H3(Xs, Q) = (H2(SQ) @ HY(E,Q))* = (Ts@ HY(E,Q))

Here it is important that the fixed point locus of the autonmismas on S consists of
(smooth) rational curves and isolated points.

The CY threefoldXs still has an automorphismxg of order three which is

induced by §x ag (or, equivalentl)agl x 1g). As the eigenspaces ot onH'(E,Q)
areHO(E) andH%1(E) we obtain the decomposition into-eigenspaces:

HI06.C) = (Teg oM (B)e) @ (Teg @ HO(E)) = F2 0 P2
where the last equality follows by inspection of the Hodgeatheposition ofTs:
~ 720 .
HO(X9) 2 TE@HY(E)y © T @HM(E);,
and similarly
H2(Xs) = Tt @ HY(E)y  andthus  din®(Xs) = g

As the moduli ofSalready provide g-dimensional deformation spaceX{, one finds
that all the deformations oXs are of this type. Therefore these CY threefolds are
parametrised by the same Shimura variety as the K3 surfaces

3.2. No maximal unipotent monodromy

A peculiar feature of these families of CY threefolds is ttiety do not have a large
complex structure limit. In other words, their Picard—Fsigdyuations do not have
singular points with maximally unipotent monodromy. To sy, recall thatF2 =
H3(Xs,C)g andF2 = H3(Xs,(C)g are the eigenspaces @f,. The non-vanishing sec-
tion w of F3 c F2 = FEZ is always in the-eigenspace, which has dimension-gj.
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Therefore its derivatives under the Gauss—Manin connecgimain in this eigenspace.
Instead of a degre€ 2+ q) Picard—Fuchs equation one now finds an equation of degree
1+ q. This implies that the “standard” recipe for Mirror Symmyetannot be applied

to these families. In the case= 1, this equation was given explicitly in [14], see also
the next section. We already saw another example of thisdtidse?.3.

3.3. Thecasg=1

We recall our explicit description from [14] of the K3 suré&sfrom Section 3.1 in the
case the associated CY threefolds hqveh?! = 1.

One starts with a polynomidl = gh? € C|t] with g, h of degree two such that
f has four distinct zeroes, so up to the action of ) we have only one parameter.
The K3 surfacess has an elliptic fibratiorm: Sf — P! with a section. Its Weierstrass
model is:

S: Y2=Xx34f(t)2, f=gh, dedg)=degh)=2,
wheret is the coordinate oft'. This surface has an automorphism of order three
ar: St — S, (X,Y,t) — (EX,Y,1)

which does act a& onH?0(S¢) = Cdt A dX /Y. Explicit computations show that

H%(Sr,Q) = Tr @ Ny,

where
Ni = HX(S.Q)" = Q' HX(S)cTiaC,

and thaio s fixes only five rational curves and eight isolated points. tmplexifica-
tion of Ts splits into four one-dimensional spaces:
20 1,1 1,1 0,2
Tt@C = sz &) TfE &) Tf,E D Tf,z'

Rohde’s construction now produces a CY threeféid the desingularization of the
guotient ofSs x E by the automorphisra = a¢ x ag and

H3(X,Q) = (T xHY(E,Q)"
2,0 11 1,0 11 02 01 -
(T2 & T e HIE) & (T © TPF) @ HOYE)g.

The Hodge structure$; can be understood better by observing that all the
smooth fibers of the elliptic fibratiom: S; — P! are isomorphic (they are elliptic
curves withj-invariant 0, so are isomorphic &). Thus the elliptic fibration is isotriv-
ial and becomes birationally isomorphic to a product aftease change. For this, we
define a curve

Cr: V= f(t)
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which is a 3:1 cyclic cover aP* with covering automorphism
Bt : C; — Cy, (t,v) — (t,8v).

Substitutingf = V3 in the Weierstrass equation 8f, one finds the birational isomor-
phism:
Ci xE — St = (Ct xE)/(Bs x 0g),

((t,v), (%)) — (X,Y,t) = (V?x,V3y,t).

The automorphism; on St is induced byag. This leads to an isomorphism of Hodge
structures:

Tf o~ (Hl(ChQ) ® H].(E,(@))BfX(XE7

which implies another isomorphism of Hodge structures:

H3(Xr,Q) = (HX(Cr,Q) @ HY(E,Q) @ HY(E, Q)"

whereH = (7/37)? is generated by the automorphisfisx og x 1g and &, x g x
agt of Cf x E x E. This shows that the variation of the Hodge structééXs, Q) is
entirely coming from the variation of the Hodge structuréthe curve<Cs. Note that

H39(X¢) = HO(Cr, Q)¢ @ HY(E, Q) @ HY(E, Q).

The Picard—Fuchs equations for the variation of Hodge &iras of the curves
Cy is explicitly given in [14]. One can parametri& in such a way thag(t) =t(t —
1) andh(t) = (t — A\) (and the other zero df is at »), thusCs = C, with defining
equationv® = t(t — 1)(t — A)2. The holomorphic one forms on this curve atgwdand
(t—A)dt/v2, note that they have distinct eigenvalde& for the automorphisrfis. The
Picard—Fuchs equation for:= dt /v € H%(Cs ,Q)g turns out to be:

02 2 2

This is also the Picard—Fuchs equation for the holomorgirieet form on the corre-
sponding family of CY threefolds.

Rohde computes the Hodge numbers of these CY threefgldsd finds:
dimHM(X¢) =73, dimH?Y(Xs) = 1.

Any CY threefoldY from the Mirror family, if it exists, should thus havé!(Y) = 1
andh?1(Y) = 73. At least three families of CY threefolds with these Hodgenbers
are known: the complete intersections of tye3) in P%, (2,2,3) in P® and(4,4) in
the weighted projective spa@8(1,1,1,1,2,2). But in these cases the Mirror families
are known and they have maximally unipotent monodromy 83j, hence they cannot
be the Mirrors of the family of the;.
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3.4. The caseg > 1

In caseg < 5, we again find that the K3 surfaBdnas an isotrivial fibration with smooth
fibers isomorphic tde, but we could not find such a fibration in cage- 6. The CY
threefoldXs is then again a desingularization of a quotient of the prodtia curveC
with two copies of the fixed elliptic curvE. The variation of Hodge structures of the
Xs is obtained from the deformations Gf

Forq < 3, we consider the surface (cf. [14])
Sty =x3+f(t)?, f=gh?, degf)=86,

such thagg andh have no common zeros and no multiple zeros. The cQfveVe =

f(t) has the automorphisf : (t,v) — (t,&v). Asin 3.3, Rohde’s CY threefold is

the desingularization oiCs x E x E) /H, whereH = (B¢ x ag x 1g, 1c, X dg X agl)

(see [14, Remark 1.3]). The Hodge numberxefand the genug(Cs) of Ct are as
follows:

degg) | degh) | g(Cr) | a=h>*(Xs) | h1(Xs)
6 0 4 3 51
4 1 3 2 62
2 2 2 1 73
0 3 1 0 84

The last line corresponds to a rigid CY threefddd whereCs ~ E, andX; is
the desingularization of the quotieitx E x E by (ag! x ag x 1g, 1g x g x agl).
In this case, the K3 surfac® is described in [26].

In caseq = 4, we consider the curve
G: V=It) degl)=12

such that (t) has 5 double zeros. It admits the automorphm(t,v) — (t,&v). The
quotient(C; x E) /(B x ag) has a desingularizatidh which is a K3 surface having an
elliptic fibration with Weierstrass equatioff = X3+ 1(t), whereX := v2x, Y := VPy.
The surfac&y admits an automorphism of order 3 induced bgg. The fixed locus of
ot consists of 2 rational curves and 5 points. Applying Rohdeisstruction to the K3
surface§ one obtains a CY threefold such thah®(X) = q= 4 andh>*(X) = 40.

In caseq = 5, one needs a K3 surfa&with an automorphisnas of order 3
which fixes one rational curve and 4 points (cf. [25]). In [Ijr@jective model of such
a surface is given: it is a (singular) complete interseciiof* with equations

{ F2(Xo,...,X3) =0,
G3(XO;"'7X3) = sz
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whereF, andG3z are homogeneous polynomials of degree 2 and 3 respectiele-
over, the curv&/ (F,) NV (Gs) has 4 singular points of typ&;. The surfaceis clearly

a triple cover of the quadric definde = 0 in P branched over the curve which is
the intersection of this quadric with the cubic surface dafibyGs = 0 in P3. The
inverse image irS of a line in a ruling of the quadric i is an elliptic curve with a
covering automorphism of order three which fixes the rantificgpoints. Hence such
an elliptic curve is isomorphic t&. ThusS admits an isotrivial fibration (in general
without section) with general fiber isomorphicEo In this case Rohde’s CY threefold
hash®1(X) = 29.

3.5. The complex ball

We briefly recall why the CY-type Hodge structurd$(Xs,Z) are parametrised by a
complexg-ball. More generally, with the notation from Section 1.8nsider polarized
weight three Hodge structures 0wy, = 72179 Q) of CY type which, moreover, admit
an automorphism of order thrge

@:Vz —Vz, Q@) =QxY),  Go(VPY) =VPI @ =1y,

Then we have a decomposition \df into ¢-eigenspaces, and we assume, as
in the examples above, that the eigenspace with eigenvalue is exactlyF?, so
F2= FEZ. Then theV P9 are alsap-eigenspaces:

Ve = Ve 0 Ve =V o Vet o Ve e Ve,
In particular, the subspac¢e, being an eigenspace of the fixed automorphgpsof \Vy,

is now fixed inVc. It remains to find the moduli 830 insideF? = V3% V21, Recall
the Hermitian formH onV¢ which is positive definite o3 and negative definite on
V21 These two subspaces are perpendiculaHorThus the unitary group d'f‘|“:2

is isomorphic to the groupl (1,q). It is well-known that this group acts transitively
on the orthogonal decompositioRg = W & W with Hw >0 (and thusH‘WL < 0).
The stabiliser of a given decomposition is the subgidgp) x U (q), hence the moduli
space of these decompositions is the Hermitian symmetricaiio

U(La)/(U(1) xU(q) =B = {we CT: |w| <1}

It is easy to check that these decompositions corresporttetélbdge structures un-
der consideration, hence tlgeball is also the moduli space of these CY-type Hodge
structures.

More explicitly, the Hermitian fornrH has signaturé1+,q—) on the com-
plex subspac&? = C1*9. ThusF? has a basis on which we hatz,z) = |z|? —
¥7_1/zj|?. In a Hodge decomposition, we must haw&® = Cw for a non-zerav =
(Wo, W, ..., Wq) € F2 such thatH (W, w) > 0, that is,|wo|* > 57_; |w;|?. In particu-
lar, wo # 0 and so we may assume thag = 1. Thenw is determined by the point
W= (Wi, ..., Wg) € CIwith 37, |w; |? < 1, that is, a point of the-ball. Conversely,
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givenw € BY, letw = (1,w) and define/3° = Cw/, V2! = (V30)1 | the orthogonal
complement, w.r.tH, in F2 of V30 and defin&/12, V03 usingv P4 = V&P, One easily
checks that this gives a polarized Hodge structuré\bnQ) which admits the auto-
morphisme.

As we observed before in Sections 3.3, 3.4, the ball alsonpetréses families
of curves, like theCs, and K3 surfaces, like th& . Equivalently, it also parametrises
certain Hodge structures of weight one and two. The reldtieveen these Hodge
structures is given by the “half twist” construction, se@&,[20].
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