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POWER MULTIPLES IN BINARY RECURRENCE
SEQUENCES: AN APPROACH BY CONGRUENCES

Abstract. We introduce an elementary congruence-based proceduoekddr g-th power
multiples in arbitrary binary recurrence sequenag$>(3). The procedure allows one to
prove that no such multiples exist in many instances.

1. Introduction and result

Letu,v,A B € Z. The (Z-valued) binary recurrence sequence with initial valugg
and coefficient#\, B is the sequencfGn}n>o defined recursively as

Q) Go=U, G1=V, Gn2=AGy1+BG,foralln>0.

The discriminant of the sequence (1) is the intefyer A2 +4B # 0. An equivalent
description is

Gna1 1 0 Gn ’
: Gt _ (AB\" (G .
i.e. ( +1) = (1 0) (G(l)) for alln > 0. LetK be the smallest extension @f con-

Gn

taining the eigenvalue§ii, A2} of the matrix(/ig) and denote byok its ring of

integers. Eithe = Q or K is quadraticK = Q(v/A), and in the latter case write
Gal(K/Q) = (1). The sequence (1) is called non-degeneraig i, is not a root of
1. Also, if A1 # A2 the sequence is a generalized power sum with constant ¢eeféic
namely

G1—AGg _ MGy — Gy

— g AD 4 goAD h _ 2177270 _ 4120~ =1
Gn =i\l +GoA3,  wheregy = =", g2 =

A sequence with values iA can be “followed” looking for integers with special
interesting arithmetic properties (Ribenboim [6] likeimstto picking wild flowers
during a walk in the countryside). In this note we deal witl #dguation

(3) G = ko

where 0+ k € Z is a fixed constant angl> 3. As usual, we may and shall assume that
gis a prime number.

By relating it to Baker’s theory of linear forms in logaritismPeth6 [5] and
Shorey and Stewart [7] proved independently that (3) hadeusome mild conditions
on the sequence, only finitely many solutidmsGp, x,q). Pethd’s precise version of
the result is the following.
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THEOREM1. Let{Gp} be a binary recurrence sequence with coprime non-zero
coefficients A and B such thé®o, G1) # (0,0), A> £ — B for j € {1,2,3,4} and G —
AGyG1 — BGS # 0. Let? be afinite set of primes and lgtbe the set of integers divisi-
ble only by primes irp. Then, there exists an effective constart C(A,B,Go, G1,?)
such that if G = kx@ with ke s and|x| > 1 thenmax(n, |G|, |x|,q) < C.

REMARK 1. When the sequencGy} is non-degenerate arldis any fixed
integer, the finiteness of the number of solution§&af= k (i.e. thex-trivial solutions
of (3)) follows from the Skolem—Mahler-Lech theorem, [4,82which is independent
of Baker’s theory.

Although theorem 1 reduces in principle the problem of figditi the solutions
of (3) to a finite amount of computations, from a practicalpaif view the possibility
of using brute force is illusory since the consténis huge. Following the steps of
the proof of theorem 1 in the arguably simplest case of therkabci sequencéF}
(obtained foru = 0, v= 1, A = B = 1) the first author [1] found that for a solution
of (3) with k = 1 the bounds arg < 1921203 and|x| < &*"“*“*9/4a  Eyen for
a single sequencgGn}, the problem of finding a complete solution of (3) may be far
from trivial. For instance, it had been known for a while ttreg only squares and cubes
in the Fibonacci sequence afBp=0,F1=1,F,=1F12=144} and{Fo = 0,F1 = 1,

F> = 1,Fs = 8} respectively, but to prove that those are the only powergeBud,
Mignotte and Siksek [3] had to combine the classical apgredth modular methods
similar to those used by Wiles to prove Fermat'’s last theorem

Let us fix the exponerd. We present an elementary procedure, introduced in
[1], to approximate the solutions of (3) in the following sen The procedure outputs
a large integeN = Ny and a relatively small set C Z/NZ such that ifG, solves (3)
thenn=nmodN € 7. The actual computations show that the procedure “congérge
rather quickly and in many cases yields- 0 showing the absence of solutions for the
corresponding equation.

The procedure is explained in section 2 followed by someib#cs in section
3. We do not address the question of estimating the expeategutational complexity
of the procedure which does not seem to be straightforward.

A final section gives a few examples of actual computations. &gt all non-
trivial sequenceqdGn} with parametersA = B = 1, and non-negative initial values
Gp andG; with min{Gp, G1} > 2 and maxGp, G1} < 9 up to shift-equivalence (see
definition 1). There are two tables. Table 1 shows the re$ultrming the procedure in
search ofg-powers, forg € {3,5,7,11,13 17}. Table 2 lists the values &ffor which
(3) with g = 3 orgq =5 has no solutions for € k < 30 andg-power free. In particular,
the following result remains proved.

THEOREM2. Let{Gp} be a binary recurrence sequence with=AB = 1. The
equation G = kx3 has no solutions in all cases labelledin Table 1 and for all values
(g,k) listed in Table 2 below.
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More extensive tables of data are included in the prelinyinarsion [2] posted
on the arXiv.

An analysis of table 1 in the text (and of tables 1-6 in [2])whdhat in many
cases, up to replacinyg by a large divisor, the set consists of just one element, so
that up to shift-equivalence we may assume that{0}. The following question arises
naturally. Suppose that there is a (large) intdgeuch that a solution @b, = kx3 can
occur only forn= 0 modN. Can we obtain further information on the set of solutions
from arithmetic properties of the triplék,g,N)? In particular, can we deduce the
finiteness of the number of solutions independently of Bakbeory?

2. The procedure

We shall assume th&B = 0. The binary recurrence sequence (1) extends uniquely to
a functionZ — Z[1/B] in such a way that the recurrence relat®n 2 = AGn+1+ BGy
remains valid for alh € Z. Namely, set inductively

A 1
G_h= *Eefn+l+ EG,nJrz foralln> 0.

DEFINITION 1. Two extended binary recurrence sequen@@s}nez, {G tnez
are called shift-equivalent if there existskzZ such that G = Gy, for all n € Z.

PROPOSITIONL. (i) Two sequences not of the fofigu"} are shift-equivalent
if and only if they share four equal consecutive terms.

(i) The sequenceg'} and{G,} are shift-equivalent if and only if &= ¢g'y" with
g = g for some ke Z.

Proof. The sequenceSGn }nez and{ G}, }nez with same parametefsandB are shift-
equivalent if and only if they have a common segment of lejtis, = Gs and

11 = Gs,1 for somer, s€ Z. WhenGZ # AGGy_1 + BGZ_; for some (or, equiva-
lently, all) k € Z the parameter& andB can be recovered from the consecutive terms

Gk_1,--- ,Gky2 by solving the linear equations

{ Gkiz = AGc1+BG
Gk+]_ = AGk + Bfol

This proves part 1 once we observe that the sequences ofrthd fp"} are precisely
those for whichG2 = AGGx_1 +BGZ_,. Part 2 is immediate. O

The previous fact remains true fBvalued sequences, wheRds any domain
of characteristic prime t8.

DEFINITION 2. Let/ be a prime numbe(/,B) = 1. The reduction modul6of
the Z-valued binary recurrence sequen(® is the sequencé€Gn} whereG, € F, =
7 /¢Z is the class of &
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The reduced sequend&y} is anlF,-valued binary recurrence sequence with
parameteré\ andB # 0 and initial valued, v. Its extensionGp}nez is the reduction
modulo/ of the extensio{G,}. The following very simple fact is the basis of the
procedure.

PROPOSITION2. Let {Gn} be an extended-valued binary recurrence se-
quence. ThefiG} is periodic.

Proof. Since there are only a finite number of pafesb) € ¥, x I, there must be
integers # ssuchtha, = GsandGy 41 = Gs;1. If 0 # k= s—r, an obvious induction
shows that the sequencfS,} and{G«} coincide. O

DEFINITION 3. For a prime rlumbef, let Ty be the minimal period of the ex-
tendedF,-valued reduced sequen¢6}, i.e.

v = min{k € Z”° such thaGyx = Gn foralln € Z} .

PROPOSITIONS. Let/ be a prime number. The periad is a divisor of
() £(¢—1),if A=0orif Ais nota square irZ with ¢ | A;
(i) ¢—1,if Ais anon-zero square or {f%) = 1;
(i) ¢2—1,if Ais nota square and%) = —1.
Proof. From the description (2), the periad is the order of the cyclic quotient group

(M) /(M) NSy whereM € GL(F,) is the reduction modulé of M = (’;g) andS;y

is the stabilizer of the vectaf}) under the tautological action of G(F,) on (Fy)2.
ThusTy | ord(M).

IfA=0thenK =Q,A1=A2=AcZ andM ~ (g i) whose order modulé
isl(¢—1).
If A0 the eigenvalues are different, Bb~ (Aol AOZ) with A1, A2 € Qif Aisa

square oA, = A} otherwise. Hence of) is the least common divisors of the orders
of A1 andA; as elements dfok /¢0k)*. Thus the other cases follow recalling that

Fy if K=Q,
(Ok/lok)™ ~ F’i x<Fy if K quadrat?c and .Split,
Fp if K quadratic and inert,

(Fy[X]/(X?))* if K quadratic and ramified

The procedure goes as follows.
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Step 1: Inputthe defining datéu, v, A, B), the equation datg, ) and fix a cutoff value
Coif > 0.

Step 2: Consider the prime§;, < --- < ¢, < Cof satisfying the following three condi-
tions:

(i) ¢ does notdividBkforalli=1,...,r;
(i) 4=1modqforalli=1,... r;

(iii) if we setny = 1, and definenjyq fori =1,...r — 1 inductively asni1 =
lem(n;, 1, ), thennj 1 /m < qforalli=1,2,...r - 1.

Step 3: Construct inductively setg C Z/niZ as follows:
(i) 71={n€Z/mZ suchthaGn/k € (Fy,)%};
(i) fori=1,2,...r—1, giveny; first set
%1 = {N€ Z/ni;1Z such than modn; € 7}
and then let

Jig1= Jiil — {nsuch thaiG, /k ¢ (Fe,h)%}

Step 4: If 5 = 0 for somer’ < r the procedure stops, else Mt= n; and output
9 =29 CZ/NZ.

The reason for the conditions on the prindeis the following. The subgrouf¥; )9 of
g-powers in the multiplicative groul; is proper if and only ify| ¢ — 1, and in this case
consists of(/ — 1)/q elements. Thus, the number gfpowers inF, is (q+ ¢ —1)/q
and on average we can expect that at each step
i~ Aty ’
Fi4a] = R

Since|yii1| = (ni+1/ni)| ], by forcingniy1/n < g— 1 and observing that

. g+4—-1
im——(q—-1) < 1,
i—00 q& (q )
we can expect that eventually.+1| < |%| on average, so that the procedure should
eventually produce an empty set of indices when the equéiomas no solutions.

REMARK 2. The necessity of imposing condition 3 in Step 2 makes thegr
dure unsuited for the casp= 2.
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3. Heuristic density estimates

The support oh € Z is the set Supm) = {p prime such thap| n}. Fix an integer
m> 2 and letey, = {¢ prime such that mg8upg1y)) < m} and

2/, = {¢ prime such that mg8upgord,(M))) < m}.
Also, let?mq = {¢ € Pm such tha? = 1 modq} and
Pmq = {{ € Py, such tha? = 1 modq}.

The setspy, and 2y, , depend on the coefficienfsandB, while the setem andPmgq
depend also on the vectdr= () € Z? of initial values. Sincev, | ord,(M), we have
thate/, C P and:P,Q,,,q C Pmq. The primedy,{»,... of Step 2 are inpg_1,4. We shall
show that in the case of a non-degenerate binary recurregesce with non-zero
initial vectorV, a variation of the classical Artin heuristics, under thealsndepen-
dence hypotheses, yields that the expected density of thevgeand hencern,gq, is
zero.

Let assume first tha€ = Q and, for the sake of uniformity of the argument, also
that min{|A1], |A2|} > 2. LetZ, be the finite set of primes containing 2 and the primes
dividingA1A2. Consider a primé ¢ 3o and write/ — 1 = abwhere maxSuppa)} <m
and mif{Suppb)} > m. Then(A1,A2) € F/ x F; and

max(Supgord,(M))) <m <= s andA, areb-powers inF

A1 and); arep’-powers inF;* for
all primesp > msuch thap' || £ — 1.
Since the prime¢ = 1 modp" are precisely those that split completely in the cyclo-

tomic extensior) C Q(pyr), we can rephrase the last condition in terms of the exten-
sions in the diagram

(4) Q(My+2) Q> VA1, VA7) .

Namely,A; andA; are in(F; )P andp' || 1 if and only if ¢ € 5, ,, whereZ},, =
{primes¢ that split completely in Il and do not split completely ih By construction,
Z’p7r N Z’plr, if r £ 1/, and if we IetZ’p = u,zlz’pJ then

(5) ?h= ) Zp
p>m

The following proposition is a straightforward applicatiof Kummer’s theory to the
situation of diagram (4).
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PROPOSITION4. Suppose g Zo. Then:
(i) [Qpy, A 1 Q)] = pf fori =1, 2;
(i) Q(up, R/A1) NQ(Hy, R/A2) = Q(Hp);
(iii) GalQ(kpr, VAL, ¥/A2)/Qlkyr)) =~ (/P 2)%;
(V) Q1) NQHy, VAL, V/A2) = Q).

In particular, forp ¢ Xy point 4 says thaI’p,r + 0 and byCebotarev’s theorem
the expected density &, is

! . . 1 1
6(Zp,r) - <1 [Q(Hpr+1) . Q(pr)]> [@(Hp’, Rr/)\_lv Rr/)\_Z) Q]
p—1 1 _ 1
p p¥i(p-1) p¥

so thatd(X},) = ¥ r>1 p~¥ =1/(p%—1). Applying the independence assumption to (5)
yields the expected value

o ! 1 _
5(2),) = pELzS(zp) pDn 5 1=0

peXg p¢Zo
Letl € Pm— 2}, £ ¢ Zo. ThenM™ %1 mod? and yet
(6) M™V =V mod/.

In order for this to be possible, the matii& mod¢ must admit 1 as an eigenvalue.
Thus a primel ¢ % is in 2y — 2}, if and only if the following two conditions are
satisfied.

C1. Exactly one of the eigenvaluks, A» is ab-power inF; . Equivalently, exactly
one of the eigenvalues, Az is ap’-power inFF; forall p' || £ — 1 with p > m.

C2. If A is the eigenvalue of condition C1, th&mod/ € E, whereE, C (Z/(Z)?
is theA-eigenspace dfl mod~.

Denote?’, the set of primes satisfying condition C1 only. As abaye= Np>mZp
whereX, = ;> Zp;r is a disjoint union with

s _ ¢ that split completely in one extensiGhC Q(py, R/Aj),
pr= j =1, 2, but not in both or in | of diagram 4 :

GivenT > 0, Iet( ) ¢ vt C 72 be a finite set such that the restriction of the product
of quotient maps

VT — ﬂ (2)07)?

lepl,
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is a bijection andt C 71/ for T < T’. Then, denoting (as usuatT) the number of
primes less thail and making explicit the dependencef on the initial vector,

& = 1 [{{eP(V)msuchthat <T}| 1 1
: |7/T|VE7/T (T) nT) G ¢

ten),

becauseE,| = ¢. Thus,d = limt_., o7 is the average density of the set$V), for
Ve Ur 1. On the other handr < 1(T)~t3! ;1/n and the well-known asymp-
toticsT(T) ~ Tlog(T) "t andy!_;1/n~ log(T) yield & = 0. Since the set’r can be
constructed so to contain any gives4v € Z2, we get an estimated density

o(? (V)m) =0, forall v+#£ 0, if K=Q.

Let us assume now thKtis quadratic and leX = A;. Note that non-degeneracy
is equivalent to the subgroup,A’) < K* being free of rank 2. This time |&fp be
the finite set of primes containing 2, the primes dividing/§l(A), the primes such that
K C Q(ue=) and the primes that are ramifiedkn Let? ¢ Zo. If £ is splitin K, then
A € (ok/lok)* ~F; xF;. The situation is very similar to the cake= Q and we
omit the details.

If £is inertinK, then\ € (0k /£0k)* =~ Fp. Letus write/? — 1 = ab where
max{Supfa)} < mand miSupgb)} > m. Then

maxSuppiord,(M))) <m <= Xis ab-powerinF
X is ap'-powers infF; for all
primesp > msuch thatp" || /2 — 1.

Let Z/p,r be the set of primes satisfying the latter conditiopaConsider the diagram
of Galois extensions

(7) K(“Drv p\r/xv W) .

Mk

r
K(Hp’) ) m

Then

3, = {primes¢ that split completely in Il and such thé&t£ 1 mod p i}
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Again,zj, NZy = 0if r # 1’ and if we letZj = Ur>12Y,, then

(8) 2}, = {¢ € 2}, such that is inert inK} = (] =,

p>m

The analogue of proposition 4 is the following

PROPOSITIONS. Suppose | 2o andA /AT not a root ofl. Then:
() Kk ¥/A) K (k)] = [K(pr, VA7) K ()] = P
(i) K (ks /N) MK (gr, R/AT) = K (g )
(i) GallK (g, WA, VAT /K () ~ (Z/p'Z)?;
(V) Q1) DK (b, VA, R/AT) = Q).
To estimate the density of the primesﬁ’g‘r, observe that an inert prinfesplits

completely in the extensiofill ) of diagram (7) if and only if a Frobenius element
o€ FrobK(“pr’ oy, p\r/ﬁ)/K(f) C I satisfies the following conditions:

o’=id and ox=T

These conditions define a conjugacy cl@ss I and byCebotarev’s theorem we need
to estimate its size. The exact sequences of Galois groups

1—Txk—T— (1O —1

and
1—Tk—Tk—H-—1

split, so thal” ~ Ik x (1) ~ (I x H) x (). The extensio® C K () is abelian with
Galois group isomorphic t& = H x (1) so that we gef ~ ' x G. SinceH is cyclic
(of even ordem’~1(p — 1)) there are 2 elements of order 2 @restricting tot and
finally

Cl < 2|ri| = 2p™".

Combining this estimate with Dirichlet’s theorem of primiasarithmetic progression
under the independence assumptions we get

-1 2p% 1
T )< P =_.
5(2‘”)‘< p )2p3fl(p1) pr

Thus,8(Zp) < 3,>1p" = 1/(p— 1) and finally, from (8) and recalling that the inert
primes have density/P,

A % 1,5 1, p%l o,

peZy p¢Zo
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The analysis of the sety, — 2/, follows the same lines of th€ = Q situation in
the case of a split priméand we, again, omit the details. Whéis inert the basically
trivial observation thah is ab-power if and only ifA is ab-power implies at once that

T, = ord,(M) if £is inert.

In other words, the set,, — 2/, consists only of split primes or primes Ky and the
heuristic estimate

o(?(V)m) =0, forall V£ 0, if K is quadratic,

follows.

4, Tables

We implemented the procedure using the Maple 12 packageeaitdrin on a Mac-
Book, with a cutoff value€Cys = 10000.

For reasons of space the tables in this section report ong & these computa-
tions: we consider all sequences up to shift-equivalentepéarameterd = B =1 and
non-negative initial value§y andG; such that mifiGo, G1} > 2 and maxGo,G1} <
9. For more extensive tables the reader may consult theprely version [2].

Table 1 gives the results of applying the procedure in seafrplare powers for
prime exponentg with 3 < < 17. The tables contain 3 types of entries:

(i) @ indicates that the procedure outputs the empty set, i.¢thhacorresponding
sequence does not contajith powers;

(i) {a}m indicates that the procedure shows that the aptlp powers in the corre-
sponding sequenggs, } can occur only fon = a mod (Ng/m);

(i) mindicates that the procedure final output was a setdifferent possible classes
moduloNq for indicesn with G, a g-th power, not coming from the same class
modulo a large divisor oig.

Table 2 lists they-power free values ¥ k < 30 for which the procedure shows
that the equation (3) has no solutions.
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TABLE 1
g-powers in sequences with=1 andB =1

N3 = 186624 Ns = 15552000N; = 127008000,
N11 = 3841992000N;3 = 43286443200
N17 = 68235175008000

[Go|Gi]| q=3 | gq=5] q=7 | g=11|q=13[q=17 |
2] 5 62 4 {2},
24 IZ]
{3} {92
{1}2 %)
%)

7}
30 {-2},
{1}2 {7}z
%) %)

4 {22 {2
{-2}2 @ %)
20 [ {1 | {1}
@
7
@
68
52
40
52
68 IZ]
32 [ {1 | {1
7
16
@
7
16
7
44
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TABLE 2
Values ofg-power free constants k < 30 for which the equation
Gn = kX has no solutions with=1,B=1, andq= 3, 5

Go|G1|g=3
q:

1 3 5,6,9,10,12-15,17, 19, 20-23, 26, 30
5, 6,8-10, 12-15, 16, 17, 19-23, 25-28, 30

1 4 6, 10, 13,15, 17, 18, 20, 22, 25, 26, 28, 29
6,8,10,11, 13, 15-18, 20-22, 25-30

1 5 9, 12-15, 18-20, 22, 23, 26, 29, 30
2,8,9,12-16, 18-23, 25, 26, 29, 30

1 6 2,3,10-12, 15,17, 18, 23, 25, 26, 30
2,3,8,10,12,14-19, 21, 23, 25-30

1 7 3,4,9,10,12-14,17, 18, 21, 22, 25, 26, 28-30
2-4,9,10, 12-14,17-22, 25, 26, 28-30

1 8 2,3,5,10-12, 15, 18, 21, 25, 28-30
2-5,10-12, 14-16, 18, 20-23, 25, 27, 28-30

1 9 4,5,11, 13, 14,17, 18, 20, 21, 23, 25, 26
2,4-6,11-14,16-18, 20, 21, 23, 25-28, 30

2 5 6, 10, 13,15, 17, 18, 20, 22, 25, 26, 28, 29
6,8,10,11, 13, 15-18, 20-22, 25-30

2 6 3,5,9,10-13, 15, 17, 18, 20, 21, 23, 25, 26, 28+30
3,5,7,9-13, 15-21, 23, 25-27, 28-30

2 7 4,6,10,12,13-15, 18, 20, 22, 23, 26, 28, 29
6,10, 12-15, 17, 18, 20-23, 26-29

2 8 57,9,11,12,17, 19, 20, 23, 25, 26, 29, 30
3,5,7,9,11-13, 15-17,19-23, 25-27, 29, 30

2 9 4,6, 10, 14, 15, 18, 21-23, 25, 26, 28, 30
3,4,6,8,10,13-16, 18, 19, 21-23, 25-28, 30

3 7 9, 12-15, 18-20, 22, 23, 26, 29, 30
2,8,9,12-16, 18, 19-23, 25, 26, 29, 30

3 8 4,6, 10, 12-15, 18, 20, 22, 23, 26, 28, 29
6, 10, 12-15, 17, 18, 20-23, 26-29

3 9 4,5,7,10, 11, 13-15,17-20, 23, 25, 26, 29, 30
2,4,5,7,8,10,11, 13-20, 22, 23, 25-30

4 9 2,3,10-12, 15,17, 18, 23, 25, 26, 30
2,3,8,10,12,14-19, 21, 23, 25-30

continued on the next page
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Table 2: Impossible values &fin sequences with=1,B=1

(continued from the previous page)

Go | G1|q=3

q=>5

6 | 4 5,7,9,11, 12,17, 19, 20, 23, 25, 26, 29, 30
3,5,7,9,11-13,15-17, 19-23, 25-27, 29, 30

6 | 5 3,4,9,10,12-14,17, 18, 21, 22, 25, 26, 28-30
2,4,3,9,10, 12-14,17-22, 25, 26, 28-30

713 2,6,9,12, 14,17, 18, 20-22, 25, 28-30
2,5,6,8,9,12,14,16-19, 20-22, 25, 27-30

7| 4 2,6,9,12, 14,17, 18, 20-22, 25, 28-30
2,5,6,8,9,12,14,16-22, 25, 27-30

715 4,6, 10, 14, 15, 18, 21-23, 25, 26, 28, 30
3,4,6, 8,10, 13-16, 18, 19, 21-23, 25-28, 30

8 | 2 3,5, 13, 15, 17-19, 21, 23, 25, 26, 28-30
3-5,7,9,11, 13, 15-19, 21, 23, 25-30

8| 3 2,4,6,7,9,12,15,17,19-23, 26, 28, 30
4,6,7,9,10,12,15-17, 19, 20-22, 23, 26-30

8 | 4 3,5-7,10, 11, 13, 15, 17-23, 25, 26, 29, 30
2,3,5-7,9-11, 13-15, 17-23, 25-27, 29, 30

8|5 2,4,6,7,9,12, 15,17, 19-23, 26, 28, 30
4,6,7,9,10,12,15-17,19-23, 26-30

8| 6 3,5, 13, 15, 17-19, 21, 23, 25, 26, 28-30
3-5,7,9,11, 13, 15-19, 21, 23, 25-30

8 | 7 4,5,11, 13, 14,17, 18, 20, 21, 23, 25, 26
2,4-6,11-14,16-18, 20, 21, 23, 25-28, 30

911 2,5-7,12, 13, 15, 18-20, 23, 26, 28-30
2-7,12-16, 18-20, 22, 23, 26-30

9 2 4-6,10, 12, 14, 15,17, 20, 25, 26, 28-30
3-6, 8, 10, 12, 14, 15, 17-22, 25-30

9| 3 2,4,5,7,10, 11, 13, 14, 17-20, 22, 23, 25, 26, 28-3D
2,4,5,7,8,10, 11, 13, 14, 16-20, 22, 23, 25, 26, 28+

9| 4 3,6,7,10-12, 15, 18, 20, 22, 25, 26, 29
2,3,6,7,8,10-12, 15, 16, 18, 20-23, 25-29

915 3,6,7,10-12, 15, 18, 20, 22, 25, 26, 29
2,3,6-8,10-12, 15, 16, 18, 20-23, 25-29

9| 6 2,4,5,7,10, 11, 13, 14, 17-20, 22, 23, 25, 26, 28-3D
2,4,5,7,8,10, 11, 13, 14, 16-20, 22, 23, 25, 26, 28+

9| 7 4-6, 10, 12, 14, 15, 17, 20, 25, 26, 28-30
3-6, 8,10, 12, 14, 15, 17-22, 25-30

91| 8 2,5-7,12, 13, 15, 18-20, 23, 26, 28-30
2-7,12-16, 18-22, 23, 26-30

17

30

30



318 T. Boggio and A. Mori

References

(1]

(2]

(3]

[4]

(5]

(6]

[7]

BoGaGloT. Multipli di potenze in una relazione ricorsiva binarigesT di Laurea Magistrale,
Universita di Torino, 2008.

BoGGIOoT. AND MORI A. Power multiples in binary recurrence sequences: an aghro
by congruences. arXiv:1009.5092v1 [math.NT].

BUGEAUD Y., MIGNOTTE M. AND SIKSEK S. Classical and modular approaches to expo-
nential Diophantine equations. |. Fibonacci and Lucasgmtiowers Annals of Math. 163
(2006), 969-1018.

EVERESTG., VAN DER POORTENA., SHPARLINSKI |. AND WARD T. Recurrence Se-
guencesvol. 104 ofMath. Surveys and Monograph&8merican Math. Society, 2002.

PETHO A. Perfect powers in second order linear recurrendeblumber Theory 161982),
5-13.

RiBENBOIM P. FFF: Fibonacci: di Fiore in FioreBoll. Unione Mat. Ital. (8) 5-A(2002),
329-353.

SHOREY T. N. AND STEWART C. L. On the Diophantine equatian@ + bXy+cy? =d
and pure powers in recurrence sequendéasth. Scand. 521983), 24-36.

AMS Subject Classification: 11B39, 11B50

Teresa BOGGIO, Andrea MORI

Dipartimento di Matematica, Universita degli Studi di Tavi
Via Carlo Alberto 10, 10123 Torino, ITALIA

e-mail:t eresa. boggi o@nai | . com andrea. nori @nito.it

Lavoro pervenuto in redazione il 02.06.2010 e, in forma d&fm il 29.09.2010



