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A. Ardjouni and A. Djoudi

PERIODIC SOLUTIONS IN TOTALLY NONLINEAR DYNAMIC
EQUATIONS WITH FUNCTIONAL DELAY ON A TIME SCALE

Abstract. Let T be a periodic time scale. The purpose of this paper is to usedification
of Krasnoselskii’s fixed point theorem due to T. A. Burton how that the totally nonlinear
dynamic equation with functional delay

X2 (1) = —a(t)x(o(t) + G(t, (1), St —r(t)), teT,

has a periodic solution. We invert this equation to constausum of a compact map and a
large contraction, which is suitable for applying the Bart&rasnoselskii theorem. Finally,
an example is given to illustrate our result.

1. Introduction

A time scale is an arbitrary nonempty closed subset of theweabers. The study of
dynamic equations on time scales is a fairly new subject,rasélarch in this area is
rapidly growing (see [1, 2, 3, 4, 7, 8, 9] and papers thereije theory of dynamic
equations unifies the theories of differential equations difference equations. We
suppose that the reader is familiar with the basic conceptsarning calculus on time
scales for dynamic equations. Most of the material needeshib this paper can in any
case be found in the books of Bohner—Peterson [3, 4].

We start by giving some definitions necessary for our work.e fibtion of
periodic time scales is introduced in Atici et. al. [2] andf@ann—Raffoul [8]. The
following two definitions are borrowed from [2, 8].

DEFINITION 1. We say that a time scaleis periodic if there exist a p- 0 such
thatift € T thent+p e T. For T # R, the smallest positive p is called the period of
the time scale.

Below are examples of periodic time scales taken from [8].

ExampLE 1. The following time scales are periodic.

() T= O [2(i — 1)h, 2ih], with h > 0, has periogh = 2h.

j=—o00
(i) T = hZ has periodp = h.
(i) T=R.
(iv) T={t=k—qg":keZ, me Np}, with 0< g< 1, has periogp = 1.

REMARK 1 ([8]). All periodic time scales are unbounded above andwel
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DEFINITION 2. LetT # R be a periodic time scale with the period Ye say
that the function f T — R is periodic with period T if there exists a natural number
nsuch that T=np, f(t£T) = f(t) forallt € T and T is the smallest number such
that f(t£T) = f(t). If T =R, we say that f is periodic with period % 0if T is the
smallest positive number such thgt £ T) = f(t) forallt € T.

REMARK 2 ([8]). If T is a periodic time scale with periqd theno(t £ np) =
o(t) = np. Consequently, the graininess functiosatisfies

Ht+np)=o(t+np) - (t+np)=o(t) -t = p(t),

and so, is a periodic function with periqd

Let T be a periodic time scale such that @ and consider the totally nonlinear
dynamic equation with functional delay given by

(1) x> (1) = —a(t)x3(o(t) + G(t, x3(t), X*(t —r(t))), teT.

We shall show that (1) possesses periodic solutions. Totésdnd we assume that
r:T— R andthatd —r : T — T is strictly increasing so that the functioqt —r(t))
is well defined ovelfT.

In the casdl' = R, the authors if7] used a modification of Krasnoselskii's fixed
point theorem to show the existence of periodic solutior(d pivhen the delay is some
positive continuous and periodic function

In Section 2, we present some preliminary material that wenged through
the remainder of the paper. We will state some facts abouthenential function on
a time scale as well as the modification of Krasnoselskii'edipoint theorem due to
T. A. Burton (see [5, Theorem 3] and [6]). For details on Kiasziskii theorem we
refer the reader to [10]. We present our main results on giity in Section 3 and
provide an example to illustrate our claim.

2. Preliminaries

We begin this section by considering some advanced topitieeitheory of dynamic
equations on a time scales. Most of the following definitidasmas and theorems can
be found in [3, 4]. Our first two theorems concern the compmsiof two functions.
The first theorem is the chain rule on time scales [3, Theor®3]1

THEOREM 1 (Chain Rule).Assumev : T — R is strictly increasing and =
v(T) is a time scale. Leb: T — R. If v2(t) andw” (v(t)) exist for te T, then

(wov)” = (0 ov)V2.
In the sequel we will need to differentiate and integratecfioms of the form

f(t—r(t)) = f(v(t)) where,v(t) :==t —r(t). Our second theorem is the substitution
rule [3, Theorem 1.98].
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THEOREM 2 (Substitution).Assumey : T — R is strictly increasing and =
v(T) is a time scale. If £ T — R is an rd-continuous function andis differentiable
with rd-continuous derivative, then forlac T,

b v(b)
/f(t)vA(t)At - /(f ov(s)As.
a v(a)

A function p: T — R is said to baegressivef 1 + p(t)p(t) # 0 for allt € T
The set of all regressive rd-continuous functibnT — R is denoted byg while the
setg " ={fex :1+pt)f(t)>0forallt e T}.

Let pe % andu(t) # 0 for allt € T. The exponential function ofi is defined
by

o(t,s) exp(s/tﬁ o1+ )p(z))Az).

It is well known that ifp € ® 7, theney(t,s) > 0 for allt € T. Also, the exponential
functiony(t) = ep(t,s) is the solution to the initial value probley = p(t)y, y(s) = 1.
Other properties of the exponential function are given aftillowing lemmas.

LEMMA 1 ([3]). Letpge ®. Then
(i) eo(t,s) =1and g(t,t) =1;
(ii) ep(a(t),s) = (1+u)p(t))ep(t,s);

pit) .
1+ut)p(t)’

(iii) = ep(t,s), whereop(t) = —

1
ep(t,s)

(iv) ep(t,s) =

o) =esp(st);

(V) ep(t,s)ep(s,r) = ep(t,r);

(vi) €'(+,5) = pey(.,) and (ep(_},s))ﬂ _ eng(-t,)s)'

LEMMA 2 ([1]). If pe & T, then
0<ep(t,s) < exp(/p(u)Au), vt e T.
S

COROLLARY 1 ([1]). If pe & ™ and pt) < Ofor allt € T, then for all se T

with s<t we have
t

0 < ep(t,s) < exp(/p(u)Au) <1

S
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In the analysis, we employ a fixed point theorem in which thigomoof a large
contraction is required as one of the sufficient conditiomle following definition,
due to T. A. Burton, can be found in [5, 6].

DEeFINITION 3 (Large Contraction)Let (M, d) be a metric space and consider
B:M — M. Then B is said to be a large contraction if giverp € M with @ # ¢ then
d(Bp,Bp) < d(q,¢) and if for all € > O, there exists & < 1 such that

(@0 €M,d(p,¢) > €] = d(Be,Bp) < dd(¢,9).

The next theorem is also a result of T. A. Burton. This capitigatheorem,
which constitutes a basis for our main result, is a refortedaersion of Krasnosel-
skii's fixed point theorem (sef®, Theorem 3and[6]).

THEOREM 3 (Burton—Krasnoselskii)Let M be a bounded convex nonempty
subset of a Banach spa¢B, ||-||). suppose that A and B map M infosuch that

(i) x,y € M, implies Ax+Bye€ M;
(ii) A’is continuous and AM is contained in a compact subset;of M
(iii) B is a large contraction mapping.

Then there existsg M with z= Az+ Bz

It is obvious that if we want to apply the above theorem we rteezbnstruct
two mappings, one a large contraction and the other compact.

3. Existence of periodic solutions

We will state and prove our main result in this section. Afterprovide an example to
illustrate our results. LeL > 0, T € T be fixed and ifl' # R, T = npfor somen € N.
By the notatior{a, b], we mean

[abj={teT:a<t<b}

unless otherwise specified. The interviald), (a,b] and(a,b) are defined similarly.

DefineCr ={¢:T—R|p cCandd(t+T) = (t)} whereC is the space of
continuous real-valued functions @ Then (Cr,||-||) is a Banach space with the
supremum norm

[$]] = supld(t)] = sup | (t)].
teT te[0,T]
We will need the following lemmas whose proof can be foundin [
LEMMA 3. Let xe Cr. Then||xX°|| = ||xo a|| exists and|X°|| = ||| .

In this paper we assume thee % * is continuousa(t) > 0 for allt € T and

2 at+T)=a(t), (id—r){t+T)=(id—r)(t),
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whereid is the identity function of. We also require tha(t,x,y) is continuous and
periodic int and Lipschitz continuous iRandy. That is

(3) Gt+T,xy) =G(t,xy),
and there are positive constakis ks such that
4) |G(t,x,y) — G(t,zwW)| < ki |x—2Z +ka|y—w], forx,y,zw e R.
LEMMA 4. Supposé2) and(3) hold. If xe Cr, then x is a solution of equation

(1) if and only if

X(t) = (1—esa(t,t — T))fl { a(s)(x(a(s)) — x3(0(s)))e@a(t,s)As

(5) t

Lo
Lo

+ [ G(5,%3(s),x3(s—1(9)))ezalt,5)As |.

t

Proof. Letx € Ct be a solution of (1). First we write this equation as
X2 (t) +a(t)x(a(t)) = a(t)x(o(t)) — at)x3(a(t)) + G(t, (1), Xt — r(t))).

Multiply both sides of the above equation by(t,0) and then integrate from—T tot
to obtain

[ (exs0x9)* 5= [ |a(s) {x(o() - ¥(o(s))
e .

t t

+G(s,x3(9), (s — r(s)))} ea(s,0)As.
As a consequence, we arrive at
e(t,0)x(t) —ea(t —T,0)x(t—T)
t
= / {a(s) {x(a(s)) —x%(a(9)) } + G(s,x3(9), X*(s— r(s)))} ea(s,0)As.
t-T
Now, the lemma follows by dividing both sides of the aboveatmn bye,(t,0) and
using the fact that(t) = x(t —T). O

To apply Theorem 3, we need to define a Banach sfga@ebounded convex
subsetM of B and construct two mappings, one a large contraction andttes com-
pact. So, we letB, ||-||) = (Cr,]||-||) andM = {¢ € B| ||¢|| <L}, whereL = +/3/3.
We express equation (5) as

0(t) = (BO)(t) + (A)(t) := (H)(1),
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whereA B: M — B are defined by

t
© (A0 = (L-eatt=T)) " [ G(s.0%(9). ¢%(s—r(5)) ecalt s
=T

t

and

t
M (B0 = (1-ecaltt=T) " [ als)(8(0(s) - $%(0(9))) eualt. 925
T

t
We suppose an additional condition, namely that thedexs3 with
(8) J((ke +ko)L3+]G(t,0,0)|) < La(t), WteT.
We shall prove that the mappirg has a fixed point which solves (1), whenever its

derivative exists.

LEMMA 5. For A defined in(6), suppose thaf2), (3), (4) and(8) hold. Then
A: M — M is continuous in the supremum norm and maps M into a compidsies of
M.

Proof. We first show thatA: M — M. Clearly, if ¢ is continuous, so i&¢. Evaluating
(6) att + T gives

+T

G(s 3(9), $3(s—r(9))) ecalt +T,9)As.

t

9) (AD)(t+T)=(1-ealt+T,1) "

Use Theorem 2 witli = s— T and conditions (2), (3) to get
(AD)E+T) = (1-ecat+T.t))

X / GU+T,03u+T),3u+T —r(u+T))) ecalt +T,u+T)Au
T

-1

(10)

From Theorem 2, we havea(t + T,u+T) = eza(t,u) andeca(t+ T,t) =
esa(t,t —T). Thus (9) becomes

t
(AD)(t+T) = (1—ecalt 1/@ U, 03(u), $3(U—r(U))) ealt,U)AU

= (AD)(1).
That is,A: Cr — Cr. In view of (4), we arrive at
IG(t,x,y)[ =[G(t,x,y) — G(t,0,0) + G(t,0,0)|
<|G(t,xy) — G(t,0,0)[ +|G(t,0,0)|
< ka [|x]| + k2 [ly]| +[G(t,0,0)] .
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Note that from Corollary 1, we have-les4(t,t — T) > 0. So, for anyp € M,
we have

t
B0 < (1-eatt-T) " [ [6(s 6%(9), ¢%(s—1(9)) ecalt,9)As

=T
t
< (1-eatt-T) [ ((ku+k)l®+(6(s0.0)] ) ealt,9)As
=T
t La(s)
< (1—e@;a(t,t—T))*l/ T%a(t,s)As
L t-T
= = L.
3 <

Thus,A¢ € M. Consequently, we have: M — M.

We show thaf is continuous in the supremum norm. Toward thisplep € M,
and set

11 =(1l—eq4tt-—T) 1 = t = G(t,0,0)|.
(11) a=(1-exat, Ny tg?g};ﬁ{a()}, P tQ?S%(H (t,0,0)|

Note that froma(t) > 0 we have [m$>]<e@a(t,s) < 1. So,
set-Tit

[(Ad)(t) — (AW)(1)] t
< (1—e@a(t,t—T))*1/ ‘G(s, 93(9), 63(s—1(9))
t—T 3 3
~G(s W¥(8), (s 1(9) |e=alt, 9 As

t

< (ki +k2) |93 — 0¥ (1fe@a(t,t7T>)*1/eea(t,s>As
t—T
< 3(ki+ ko) TaL?(|¢ — .

Lete > 0 be arbitrary. Defing = £/K with K = 3(k; + kz)TC(LZ, wherek; andk, are
given by (4). Then, fof|¢ — Y|| < n we obtain

[Ad —AP| <Ko -yl <e.

This proves tha# is continuous.

It remains to show thak is compact. Leth, € M, wheren is a positive integer.
Then, as above, we see that

1(Adn)? Il = | Adnll < L.

Moreover, a direct calculation shows that

(Adn) > (t) = G(t, p3(t), dR(t —r(t))) —a(t) (Adn)° ().
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Consequently, by invoking (4) and (11), we obtain

|(Adn) (0] < |G (t. 030 $3(t — r(©))) | +a(t) | (Adn)° (1)
< (ki +ke)L® +|G(t,0,0)[ +y||(Adn)°||
< (ki +ko)L3+p+yL
<D,
for some positive constaid. Hence the sequend@y,) is uniformly bounded and
equicontinuous. The Ascoli-Arzela theorem implies thaubsgquencéAdn, ) of

(Adn) converges uniformly to a continuodsperiodic function. Thus is continu-
ous andAM is a compact set. O

LEMMA 6. Let B be defined b§7) and that(2) holds. ThenBM — M is a
large contraction.

Proof. We first show thaB: M — M. Clearly, if ¢ is continuous, so i8¢. Evaluate
(7) att +T to have

(BO)(t+T) T

(12) - (1—e@a(t+T,t))*1/ a(s) (9(a(9) — ¢3(a(9))) ecalt + T,9)As.
t

Use Theorem 2 witli = s— T and conditions (2), (3) to get

(Bo)(t+T) ¢
— (1-eat +T,t))*1/ a(u) ($(o(u+T)) — $3(0(u+T))) esalt + T,u+T)Au.
t=T

From Theorem 2, we have(u+T) = o(u) + T, esa(t+ T,u+T) = e-a(t,u) and
€ca(t+T,t) = esa(t,t —T). Thus (12) becomes

t
(B0)(t+T) = (1-ealtt=T)) ™ [ au)(6(o(W) - 6%(0(W)) e-alt, AU
7

t
= (BY)(1).
Thatis,B:Cy — Cr.

Note that from Lemma 3 and Corollary 1, we hdi¢g(o) — ¢3(0) || =||¢ — ¢7||
and 1—e-,(t,t — T) > 0. So, for anyp € M, we have

1

(BO)()] < (1-eatt=T)) " [ a9)|d(a(s) —$3((9))] ecalt.5)As

t

1

IN

(1-eatt-T) " [ a9)[|6(0) — 0%(0)| ealt. 925

i

t

= [lo—¢7.
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From (5], we havd|$ — ¢3|| < (2v/3)/9 < L. So, for anyp € M, we obtain
B[ <L.

ThusB¢$ € M. Consequently, we hag: M — M.

It remains to show tha is large contraction. Leg, ) € M, with ¢ = . Using
d2(0(s)) + W?(o(s)) < 1, we have

|(BO)O) —BO®]
< (1*eea(t,t*T))A/a(S)‘¢(0(S))*¢3(0(S))*UJ(G(S))HJ?’(G(S))

=T
< I6(0) ~ w(o)|| (1~ _inf $%(a(9)) +lIJ2(0(s)))

selt—T.] 2

e@a(tv S)AS

t
< (1-ealtt=T) [ alse-altsas
t—T
<lo—uyl.
Then|[Bo — Bl < [l¢ — ]
ThusB is a large pointwise contraction. BBtis still a large contraction for the

supremum norm. To show this, ket (0, 1) be given and suppose thiaty € M satisfy
& — w|| > €. From [6] we have

2 2
I8 Bl < (1- Z5) 19(0) ~ w(o) | = (1 7)o~ wl.
ConsequenthyB is a large contraction. O

THEOREMA4. Let(Cr,||-||) be the Banach space of continuous T -periodic real
valued functions off and M= {¢ € Cr | ||¢|| <L}, where L= /3/3. Supposé&2),
(3), (4) and(8) hold. Then equatiofil) has a T -periodic solutiop in the subset M.

Proof. By Lemma5A: M — M is continuous an@dM is contained in a compact set.
Also, from Lemma 6the mappind@: M — M is a large contraction. Next, we show
that if ¢, € M, we have

1A +BY|| < [|AD] + Byl < L/I+(2v3)/9< L.

ThusAd + By € M.

Clearly, all the hypotheses of Burton—Krasnoselskii's iieen 3 are satisfied.
Thus there exists a fixed poifite M such thath = Ap + B. Hence the equation (1)
has ar -periodic solution inM. O

ExampLE 2. LetT be a periodic time scale. We consider the totally nonlinear
dynamic equation with functional delay

(13) X2 (1) = —=8x3(a(t)) +sin(C(t)) + coC(t —r(t))), teT,



358 A. Ardjouni and A. Djoudi

where
(id=r)(t+T)=(id—r)(t).

Also, we assume that the functiois continuous withd —r : T — T strictly increasing.
So, we have

a(t) =8, G(t, x3(t), X3t —r(t))) = sin(C(t)) + co3(t —r(t))).

DefineM = {¢ € Cr | ||¢|| <L}, whereL =+/3/3. Then for, P € M, we have
y=8 p=1

Clearly,G(t,x,y) is continuous and periodic inLipschitz continuous irx andy. That
is to say
G(t+T,xy) =G(t,xy),

and

|G(t,x,y) — G(t,z,w)| = |sin(x) — sin(z) 4+ coqy) — cogw)|
< |sin(x) —sin(2)| + |cosy) — cosw)|
<x=Z+ly—wl.

Note that ifJ = 3 we have

J((ke +k2)L® +|G(t,0,0)|) = 3(2(v/3/3)% + 1)
<(v3/3)8
= La(t), vt e T.

Hence (13) has &-periodic solution irM, by Theorem 4
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