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PERIODIC SOLUTIONS IN TOTALLY NONLINEAR DYNAMIC

EQUATIONS WITH FUNCTIONAL DELAY ON A TIME SCALE

Abstract. Let T be a periodic time scale. The purpose of this paper is to use a modification
of Krasnoselskii’s fixed point theorem due to T. A. Burton to show that the totally nonlinear
dynamic equation with functional delay

x△(t) =−a(t)x3(σ(t))+G
(
t, x3(t), x3(t − r(t))

)
, t ∈ T,

has a periodic solution. We invert this equation to construct a sum of a compact map and a
large contraction, which is suitable for applying the Burton–Krasnoselskii theorem. Finally,
an example is given to illustrate our result.

1. Introduction

A time scale is an arbitrary nonempty closed subset of the real numbers. The study of
dynamic equations on time scales is a fairly new subject, andresearch in this area is
rapidly growing (see [1, 2, 3, 4, 7, 8, 9] and papers therein).The theory of dynamic
equations unifies the theories of differential equations and difference equations. We
suppose that the reader is familiar with the basic concepts concerning calculus on time
scales for dynamic equations. Most of the material needed toread this paper can in any
case be found in the books of Bohner–Peterson [3, 4].

We start by giving some definitions necessary for our work. The notion of
periodic time scales is introduced in Atici et. al. [2] and Kaufmann–Raffoul [8]. The
following two definitions are borrowed from [2, 8].

DEFINITION 1. We say that a time scaleT is periodic if there exist a p> 0 such
that if t ∈ T then t± p∈ T. For T 6= R, the smallest positive p is called the period of
the time scale.

Below are examples of periodic time scales taken from [8].

EXAMPLE 1. The following time scales are periodic.

(i) T=
∞⋃

i=−∞
[2(i −1)h, 2ih], with h> 0, has periodp= 2h.

(ii) T= hZ has periodp= h.

(iii) T= R.

(iv) T= {t = k−qn : k∈ Z, m∈N0}, with 0< q< 1, has periodp= 1.

REMARK 1 ([8]). All periodic time scales are unbounded above and below.
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DEFINITION 2. LetT 6= R be a periodic time scale with the period p. We say
that the function f: T→R is periodic with period T if there exists a natural number
n such that T= np, f (t ±T) = f (t) for all t ∈ T and T is the smallest number such
that f(t ±T) = f (t). If T= R, we say that f is periodic with period T> 0 if T is the
smallest positive number such that f(t ±T) = f (t) for all t ∈ T.

REMARK 2 ([8]). If T is a periodic time scale with periodp, thenσ(t ±np) =
σ(t)±np. Consequently, the graininess functionµ satisfies

µ(t ±np) = σ(t ±np)− (t±np) = σ(t)− t = µ(t),

and so, is a periodic function with periodp.

LetT be a periodic time scale such that 0∈ T and consider the totally nonlinear
dynamic equation with functional delay given by

(1) x△(t) =−a(t)x3(σ(t))+G
(
t, x3(t), x3(t − r(t))

)
, t ∈ T.

We shall show that (1) possesses periodic solutions. Towardthis end we assume that
r : T→ R and thatid − r : T→ T is strictly increasing so that the functionx(t − r(t))
is well defined overT.

In the caseT=R, the authors in[7] used a modification of Krasnoselskii’s fixed
point theorem to show the existence of periodic solutions of(1) when the delay is some
positive continuous and periodic functionr.

In Section 2, we present some preliminary material that we will need through
the remainder of the paper. We will state some facts about theexponential function on
a time scale as well as the modification of Krasnoselskii’s fixed point theorem due to
T. A. Burton (see [5, Theorem 3] and [6]). For details on Krasnoselskii theorem we
refer the reader to [10]. We present our main results on periodicity in Section 3 and
provide an example to illustrate our claim.

2. Preliminaries

We begin this section by considering some advanced topics inthe theory of dynamic
equations on a time scales. Most of the following definitions, lemmas and theorems can
be found in [3, 4]. Our first two theorems concern the composition of two functions.
The first theorem is the chain rule on time scales [3, Theorem 1.93].

THEOREM 1 (Chain Rule).Assumeν : T→ R is strictly increasing and̃T :=

ν(T) is a time scale. Letω : T̃→R. If ν△(t) andω△̃(ν(t)) exist for t∈ Tk, then

(
ω◦ν

)△
=
(
ω△̃ ◦ν

)
ν△.

In the sequel we will need to differentiate and integrate functions of the form
f (t − r(t)) = f (ν(t)) where,ν(t) := t − r(t). Our second theorem is the substitution
rule [3, Theorem 1.98].
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THEOREM 2 (Substitution).Assumeν : T→ R is strictly increasing and̃T :=
ν(T) is a time scale. If f: T→R is an rd-continuous function andν is differentiable
with rd-continuous derivative, then for a,b∈ T,

b∫

a

f (t)ν△(t)△t =

ν(b)∫

ν(a)

( f ◦ν−1)(s)△̃s.

A function p : T→R is said to beregressiveif 1 +µ(t)p(t) 6= 0 for all t ∈ Tk.
The set of all regressive rd-continuous functionf : T→R is denoted byR while the
setR + = { f ∈ R : 1+µ(t) f (t)> 0 for all t ∈ T} .

Let p∈ R andµ(t) 6= 0 for all t ∈ T. The exponential function onT is defined
by

ep(t,s) = exp

( t∫

s

1
µ(z)

Log(1+µ(z)p(z))△z

)
.

It is well known that if p∈ R +, thenep(t,s) > 0 for all t ∈ T. Also, the exponential
functiony(t) = ep(t,s) is the solution to the initial value problemy△ = p(t)y, y(s) = 1.
Other properties of the exponential function are given in the following lemmas.

LEMMA 1 ([3]). Let p,q∈ R . Then

(i) e0(t,s) = 1 and ep(t, t) = 1;

(ii) ep(σ(t),s) = (1+µ(t)p(t))ep(t,s);

(iii)
1

ep(t,s)
= e⊖p(t,s), where⊖p(t) =− p(t)

1+µ(t)p(t)
;

(iv) ep(t,s) =
1

ep(s, t)
= e⊖p(s, t);

(v) ep(t,s)ep(s, r) = ep(t, r);

(vi) e△p ( · ,s) = pep(.,s) and
( 1

ep( · ,s)
)△

=− p(t)
eσ

p( · ,s)
.

LEMMA 2 ([1]). If p ∈ R +, then

0< ep(t,s)≤ exp
( t∫

s

p(u)△u
)
, ∀t ∈ T.

COROLLARY 1 ([1]). If p ∈ R + and p(t) < 0 for all t ∈ T, then for all s∈ T

with s≤ t we have

0< ep(t,s)≤ exp
( t∫

s

p(u)△u
)
< 1.
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In the analysis, we employ a fixed point theorem in which the notion of a large
contraction is required as one of the sufficient conditions.The following definition,
due to T. A. Burton, can be found in [5, 6].

DEFINITION 3 (Large Contraction).Let (M,d) be a metric space and consider
B : M → M. Then B is said to be a large contraction if givenφ,ϕ ∈ M with φ 6= ϕ then
d(Bφ,Bϕ)≤ d(φ,ϕ) and if for all ε > 0, there exists aδ < 1 such that

[φ,ϕ ∈ M,d(φ,ϕ) ≥ ε]⇒ d(Bφ,Bϕ)≤ δd(φ,ϕ).

The next theorem is also a result of T. A. Burton. This captivating theorem,
which constitutes a basis for our main result, is a reformulated version of Krasnosel-
skii’s fixed point theorem (see[5, Theorem 3] and[6]).

THEOREM 3 (Burton–Krasnoselskii).Let M be a bounded convex nonempty
subset of a Banach space(B,‖·‖). suppose that A and B map M intoB such that

(i) x,y∈ M, implies Ax+By∈ M;

(ii) A is continuous and AM is contained in a compact subset of M;

(iii) B is a large contraction mapping.

Then there exists z∈ M with z= Az+Bz.

It is obvious that if we want to apply the above theorem we needto construct
two mappings, one a large contraction and the other compact.

3. Existence of periodic solutions

We will state and prove our main result in this section. Afterwe provide an example to
illustrate our results. LetT > 0, T ∈ T be fixed and ifT 6= R, T = np for somen∈ N.
By the notation[a,b], we mean

[a,b] = {t ∈ T : a≤ t ≤ b}

unless otherwise specified. The intervals[a,b), (a,b] and(a,b) are defined similarly.

DefineCT = {ϕ : T→ R | ϕ ∈C andϕ(t +T) = ϕ(t)} whereC is the space of
continuous real-valued functions onT. Then (CT ,‖·‖) is a Banach space with the
supremum norm

‖ϕ‖= sup
t∈T

|ϕ(t)|= sup
t∈[0,T]

|ϕ(t)| .

We will need the following lemmas whose proof can be found in [8].

LEMMA 3. Let x∈CT . Then‖xσ‖= ‖x◦σ‖ exists and‖xσ‖= ‖x‖ .

In this paper we assume thata∈ R + is continuous,a(t)> 0 for all t ∈ T and

(2) a(t +T) = a(t), (id − r)(t+T) = (id− r)(t),
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whereid is the identity function onT. We also require thatG(t,x,y) is continuous and
periodic int and Lipschitz continuous inx andy. That is

(3) G(t +T,x,y) = G(t,x,y),

and there are positive constantsk1, k2 such that

(4) |G(t,x,y)−G(t,z,w)| ≤ k1 |x− z|+ k2 |y−w| , for x,y,z,w∈ R.

LEMMA 4. Suppose(2) and(3) hold. If x∈CT , then x is a solution of equation
(1) if and only if

(5)

x(t) =
(
1−e⊖a(t, t −T)

)−1
[ t∫

t−T

a(s)
(
x(σ(s))− x3(σ(s))

)
e⊖a(t,s)△s

+

t∫

t−T

G
(
s, x3(s), x3(s− r(s))

)
e⊖a(t,s)△s

]
.

Proof. Let x∈CT be a solution of (1). First we write this equation as

x△(t)+a(t)x(σ(t)) = a(t)x(σ(t))−a(t)x3(σ(t))+G
(
t, x3(t), x3(t − r(t))

)
.

Multiply both sides of the above equation byea(t,0) and then integrate fromt −T to t
to obtain

t∫

t−T

(
ea(s,0)x(s)

)△△s=

t∫

t−T

[
a(s)

{
x(σ(s))− x3(σ(s))

}

+G
(
s, x3(s), x3(s− r(s))

)]
ea(s,0)△s.

As a consequence, we arrive at

ea(t,0)x(t)−ea(t −T,0)x(t−T)

=

t∫

t−T

[
a(s)

{
x(σ(s))− x3(σ(s))

}
+G

(
s, x3(s), x3(s− r(s))

)]
ea(s,0)△s.

Now, the lemma follows by dividing both sides of the above equation byea(t,0) and
using the fact thatx(t) = x(t −T).

To apply Theorem 3, we need to define a Banach spaceB, a bounded convex
subsetM of B and construct two mappings, one a large contraction and the other com-
pact. So, we let(B,‖·‖) = (CT ,‖·‖) andM = {ϕ ∈ B | ‖ϕ‖ ≤ L} , whereL =

√
3/3.

We express equation (5) as

ϕ(t) = (Bϕ)(t)+ (Aϕ)(t) := (Hϕ)(t),
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whereA,B : M → B are defined by

(6) (Aϕ)(t) =
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

G
(
s, ϕ3(s), ϕ3(s− r(s))

)
e⊖a(t,s)△s,

and

(7) (Bϕ)(t) =
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

a(s)
(
ϕ(σ(s))−ϕ3(σ(s))

)
e⊖a(t,s)△s.

We suppose an additional condition, namely that there isJ ≥ 3 with

(8) J((k1+ k2)L
3+ |G(t,0,0)|)≤ La(t), ∀t ∈ T.

We shall prove that the mappingH has a fixed point which solves (1), whenever its
derivative exists.

LEMMA 5. For A defined in(6), suppose that(2), (3), (4) and (8) hold. Then
A : M → M is continuous in the supremum norm and maps M into a compact subset of
M.

Proof. We first show thatA : M → M. Clearly, if ϕ is continuous, so isAϕ. Evaluating
(6) att +T gives

(9) (Aϕ)(t+T) =
(
1−e⊖a(t+T, t)

)−1
t+T∫

t

G
(
s, ϕ3(s), ϕ3(s− r(s))

)
e⊖a(t+T,s)△s.

Use Theorem 2 withu= s−T and conditions (2), (3) to get

(10)

(Aϕ)(t +T) =
(
1−e⊖a(t +T, t)

)−1

×
t∫

t−T

G
(
u+T, ϕ3(u+T), ϕ3(u+T− r(u+T))

)
e⊖a(t +T,u+T)△u.

From Theorem 2, we havee⊖a(t + T,u+ T) = e⊖a(t,u) and e⊖a(t + T, t) =
e⊖a(t, t −T). Thus (9) becomes

(Aϕ)(t +T) =
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

G
(
u, ϕ3(u), ϕ3(u− r(u))

)
e⊖a(t,u)△u

= (Aϕ)(t).

That is,A : CT →CT . In view of (4), we arrive at

|G(t,x,y)|= |G(t,x,y)−G(t,0,0)+G(t,0,0)|
≤ |G(t,x,y)−G(t,0,0)|+ |G(t,0,0)|
≤ k1‖x‖+ k2‖y‖+ |G(t,0,0)| .
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Note that from Corollary 1, we have 1−e⊖a(t, t −T) > 0. So, for anyϕ ∈ M,
we have

|(Aϕ)(t)| ≤
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

∣∣G
(
s, ϕ3(s), ϕ3(s− r(s))

)∣∣e⊖a(t,s)△s

≤
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

(
(k1+ k2)L

3+ |G(s,0,0)|
)

e⊖a(t,s)△s

≤
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

La(s)
J

e⊖a(t,s)△s

=
L
J

< L.

Thus,Aϕ ∈ M. Consequently, we haveA : M → M.

We show thatA is continuous in the supremum norm. Toward this, letϕ,ψ ∈M,
and set

(11) α = (1−e⊖a(t, t −T))−1, γ = max
t∈[0,T]

{a(t)} , ρ = max
t∈[0,T]

|G(t,0,0)| .

Note that froma(t)> 0 we have max
s∈[t−T,t]

e⊖a(t,s)≤ 1. So,

|(Aϕ)(t)− (Aψ)(t)|

≤
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

∣∣∣G
(
s, ϕ3(s), ϕ3(s− r(s))

)

−G
(
s, ψ3(s), ψ3(s− r(s))

)∣∣∣e⊖a(t,s)△s

≤ (k1+ k2)
∥∥ϕ3−ψ3

∥∥(1−e⊖a(t, t −T)
)−1

t∫

t−T

e⊖a(t,s)△s

≤ 3(k1+ k2)TαL2‖ϕ−ψ‖ .

Let ε > 0 be arbitrary. Defineη = ε/K with K = 3(k1+ k2)TαL2, wherek1 andk2 are
given by (4). Then, for‖ϕ−ψ‖< η we obtain

‖Aϕ−Aψ‖ ≤ K ‖ϕ−ψ‖< ε.

This proves thatA is continuous.

It remains to show thatA is compact. Letϕn ∈ M, wheren is a positive integer.
Then, as above, we see that

‖(Aϕn)
σ‖= ‖Aϕn‖ ≤ L.

Moreover, a direct calculation shows that

(Aϕn)
△(t) = G

(
t, ϕ3

n(t), ϕ3
n(t − r(t))

)
−a(t)(Aϕn)

σ(t).
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Consequently, by invoking (4) and (11), we obtain
∣∣∣(Aϕn)

△(t)
∣∣∣≤
∣∣G
(
t,ϕ3

n(t),ϕ3
n(t − r(t))

)∣∣+a(t) |(Aϕn)
σ(t)|

≤ (k1+ k2)L
3+ |G(t,0,0)|+ γ‖(Aϕn)

σ‖
≤ (k1+ k2)L

3+ρ+ γL
≤ D,

for some positive constantD. Hence the sequence(Aϕn) is uniformly bounded and
equicontinuous. The Ascoli–Arzela theorem implies that a subsequence(Aϕnk) of
(Aϕn) converges uniformly to a continuousT-periodic function. ThusA is continu-
ous andAM is a compact set.

LEMMA 6. Let B be defined by(7) and that(2) holds. Then B: M → M is a
large contraction.

Proof. We first show thatB : M → M. Clearly, if ϕ is continuous, so isBϕ. Evaluate
(7) att +T to have

(12)

(Bϕ)(t +T)

=
(
1−e⊖a(t +T, t)

)−1
t+T∫

t

a(s)
(
ϕ(σ(s))−ϕ3(σ(s))

)
e⊖a(t +T,s)△s.

Use Theorem 2 withu= s−T and conditions (2), (3) to get

(Bϕ)(t +T)

=
(
1−e⊖a(t +T, t)

)−1
t∫

t−T

a(u)
(
ϕ(σ(u+T))−ϕ3(σ(u+T))

)
e⊖a(t +T,u+T)△u.

From Theorem 2, we haveσ(u+ T) = σ(u) + T, e⊖a(t + T,u+ T) = e⊖a(t,u) and
e⊖a(t +T, t) = e⊖a(t, t −T). Thus (12) becomes

(Bϕ)(t +T) =
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

a(u)
(
ϕ(σ(u))−ϕ3(σ(u))

)
e⊖a(t,u)△u

= (Bϕ)(t).

That is,B : CT →CT .

Note that from Lemma 3 and Corollary 1, we have
∥∥ϕ(σ)−ϕ3(σ)

∥∥=
∥∥ϕ−ϕ3

∥∥
and 1−e⊖a(t, t −T)> 0. So, for anyϕ ∈ M, we have

|(Bϕ)(t)| ≤
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

a(s)
∣∣ϕ(σ(s))−ϕ3(σ(s))

∣∣ e⊖a(t,s)△s

≤
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

a(s)
∥∥ϕ(σ)−ϕ3(σ)

∥∥ e⊖a(t,s)△s

=
∥∥ϕ−ϕ3

∥∥ .
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From[5], we have
∥∥ϕ−ϕ3

∥∥≤ (2
√

3)/9< L. So, for anyϕ ∈ M, we obtain

‖Bϕ‖< L.

ThusBϕ ∈ M. Consequently, we haveB : M → M.

It remains to show thatB is large contraction. Letϕ,ψ ∈ M, with ϕ 6= ψ. Using
ϕ2(σ(s))+ψ2(σ(s)) < 1, we have

|(Bϕ)(t)− (Bψ)(t)|

≤
(
1−e⊖a(t, t−T)

)−1
t∫

t−T

a(s)
∣∣∣ϕ(σ(s))−ϕ3(σ(s))−ψ(σ(s))+ψ3(σ(s))

∣∣∣e⊖a(t,s)△s

≤ ‖ϕ(σ)−ψ(σ)‖
(

1− inf
s∈[t−T,t]

ϕ2(σ(s))+ψ2(σ(s))
2

)

×
(
1−e⊖a(t, t −T)

)−1
t∫

t−T

a(s)e⊖a(t,s)△s

≤ ‖ϕ−ψ‖ .

Then‖Bϕ−Bψ‖ ≤ ‖ϕ−ψ‖ .
ThusB is a large pointwise contraction. ButB is still a large contraction for the

supremum norm. To show this, letε∈ (0,1) be given and suppose thatϕ,ψ ∈M satisfy
‖ϕ−ψ‖ ≥ ε. From [6] we have

‖Bϕ−Bψ‖ ≤
(

1− ε2

16

)
‖ϕ(σ)−ψ(σ)‖=

(
1− ε2

16

)
‖ϕ−ψ‖ .

Consequently,B is a large contraction.

THEOREM 4. Let (CT ,‖·‖) be the Banach space of continuous T-periodic real
valued functions onT and M= {ϕ ∈CT | ‖ϕ‖ ≤ L} , where L=

√
3/3. Suppose(2),

(3), (4) and (8) hold. Then equation(1) has a T-periodic solutionϕ in the subset M.

Proof. By Lemma 5, A : M → M is continuous andAM is contained in a compact set.
Also, from Lemma 6, the mappingB : M → M is a large contraction. Next, we show
that if ϕ,ψ ∈ M, we have

‖Aϕ+Bψ‖ ≤ ‖Aϕ‖+ ‖Bψ‖ ≤ L/J+(2
√

3)/9≤ L.

ThusAϕ+Bψ ∈ M.

Clearly, all the hypotheses of Burton–Krasnoselskii’s Theorem 3 are satisfied.
Thus there exists a fixed pointϕ ∈ M such thatϕ = Aϕ+Bϕ. Hence the equation (1)
has aT-periodic solution inM.

EXAMPLE 2. LetT be a periodic time scale. We consider the totally nonlinear
dynamic equation with functional delay

(13) x△(t) =−8x3(σ(t))+ sin(x3(t))+ cos(x3(t − r(t))), t ∈ T,
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where
(id − r)(t+T) = (id− r)(t).

Also, we assume that the functionr is continuous withid−r :T→T strictly increasing.
So, we have

a(t) = 8, G
(
t, x3(t), x3(t − r(t))

)
= sin(x3(t))+ cos(x3(t − r(t))).

DefineM = {ϕ ∈CT | ‖ϕ‖ ≤ L} , whereL=
√

3/3. Then forϕ,ψ ∈M, we have

γ = 8, ρ = 1.

Clearly,G(t,x,y) is continuous and periodic int Lipschitz continuous inx andy. That
is to say

G(t +T,x,y) = G(t,x,y),

and

|G(t,x,y)−G(t,z,w)|= |sin(x)− sin(z)+ cos(y)− cos(w)|
≤ |sin(x)− sin(z)|+ |cos(y)− cos(w)|
≤ |x− z|+ |y−w| .

Note that ifJ = 3 we have

J
(
(k1+ k2)L

3+ |G(t,0,0)|
)
= 3
(
2(
√

3/3)3+1
)

≤ (
√

3/3)8

= La(t), ∀t ∈ T.

Hence (13) has aT-periodic solution inM, by Theorem 4.
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