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SHIFT OPERATORS AND STABILITY
IN DELAYED DYNAMIC EQUATIONS

Abstract. In this paper, we use what we call the shift operator so thatige delay dynamic
equations of the form
X(t) = a(t)x(t) + b(t)x(d_ (h,t))3" (h,t), te€ [to,®)NT

can be analyzed with respect to stability and existence lotisns. By means of the shift
operators, we define a general delay function opening aruaviem the construction of Lya-
punov functional on time scales. Thus, we use the Lyapundvict method to obtain
inequalities that lead to stability and instability. THere, we extend and unify stability
analysis of delay differential, delay difference, delaglifference, and delag-difference
equations which are the most important particular casesiofielay dynamic equation.

1. Introduction

Lyapunov functionals are widely used in stability analydidifferential and difference
equations. However, the extension of utilization of Lyapufunctionals in dynamical
systems on time scales has been lacking behind due to theaiotspresented by the
particular time scale. For example, in delay differentlations, a suitable Lyapunov
functional will involve a term with double integrals, in wdhi one of the integral's
lower limit is of the formt +s. Such a requirement will restrict the time scale that can
be considered.

For a few references on the study of stability in differelrgguations using Lya-
punov functionals, we refer the interested reader to [4,n8] [A2]-[24]. The reader
may consult Yoshizawa [24, pp. 183-213] (or any book on fioneit differential equa-
tions and Lyapunov’s direct method) for definitions of slifpiand for properties of
Lyapunov functionals. For the stability analysis of theagedifferential equation

(1) X (t) = a(t)x(t) + bt)x(t—h), h>0

we refer to [16]-[18] and [22]. In [2], the authors improvdtktresults of [22] by
considering the delay differential equation of the form

2 X (t) = a(t)x(t) +b(t)x(t—h(t)), 0<h(t)<ro.
On the other hand, stability analysis of delay differencgadigns of the form
(3) X(t+1)=a(t)x(t) +bt)xt—1), TE€Z4

is treated in [8, 20, 21].
A time scale, denotef, is a nonempty closed subset of real numbers. The set
T is derived from the time scal& as follows: if T has a left-scattered maximuikh,
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thenTX = T— {M}, otherwisel* = T. The delta derivativé” of a functionf : T — R,
defined at a poirtte T* by

(4) £4(t) := lim flo®) —f(s)

st —s wheres—t, se T\ {o(t)},

was first introduced by Hilger [19] to unify discrete and doaobus analyses. In (4),
o :T — Tis the forward jump operator defined byt) :=inf{sc€ T : s> t}. Hereafter,
we denote byi(t) the step size functiop: T — R defined byu(t) := o(t) —t. A point

t € T is said to be right dense (right scattered)(f) = 0 (u(t) > 0). A point is said to
be leftdense if supse T :s<t} =t. Afunctionf : T — R is calledrd-continuous if
it is continuous at right-dense points and its left sidedtiraxists (finite) at left dense
points. Everyd-continuous functiorf : T — R has an anti-derivative denoted by

t
F(t):= [ f(t)At.
fo
To indicate the time scale intervi, b] N T we use the notatiofa, b];. The intervals
[a,b)r, (a,b]t, and(a,b); are defined similarly. For brevity, we assume the reader is
familiar with the basic calculus of time scales. A compredtemreview on dynamic
equations on time scales can be found in [10, 11].
In [4, 7], the authors handle the stability analysis of thaayic equation

(5) XA(t) = a(t)x(t) + b(t)x(8(t)) & (1),

where the delay functiod: [to, )t — [8(tp), )T iS surjective, strictly increasing and
is supposed to have the following properties

dt)<t, dB(t)<w,  doc=00d.

Afterwards, we point out in [6] that the assumptid»no = oo 8 is redundant whenever
the delay functiom : [to, )T — [d(to), )T is surjective and strictly increasing.

Note that the delta derivative in (4) turns into the ordindeyivativef’(t) and
the forward differencé&f(t) := f(t+1) — f(t) whenT = R andT = Z, respectively.
Hence, (5) is a general equation including the particulaesd1) and (3). However,
this paper improves the results of [4].

In this paper, we define the general shift operator and makeithem in the
construction of the Lyapunov functional to improve prevsaasults on delay dynamic
equations regarding stability and boundedness of solsitibmparticular, we improve
the results concerning (1), (3) and (5). The main task ofghiser can be outlined as
follows:

e To create a suitable Lyapunov function that leads to expiglesiability of the
zero solution.

e To give criteria for instability.

e To compare the results of this paper with ones in the exiditiewgature.
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In [22], the author used the following

t 2 0
b(s+h)x(s)ds] A / b2(2+ h)x2(2)dzds
h —hJt+s

t—

®) V()= [x(t) +

to study the exponential stability of the zero solution of (1

We do not adopt this type of Lyapunov functional since it fieggithe time
scale to be additive. An additive time scale is a time scalehwis closed under ad-
dition. There are many time scales that are not additive. &anbre specific, the
time scalesZ = {0} U{q":ne Z}, v'N = {{/n: nc N} are not additive. However,
3. (st) =ts*randd. (s,t) = V12 + & are the shift operators defined ghandy/N, re-
spectively. It turns out that we need the notion of shift apers to avoid the additivity
assumption on the time scale. That is, to include more tirakesadn the investigation.
Shift operators were first introduced in [1] to obtain funatibounds for convolution
type Volterra integro-dynamic equations on time scalesvéier, the time scales con-
sidered in [1] is restricted to the ones having an initialnpty € T so that there exist
shift operators defined dty, «) NT. Afterwards, in [5] the definition of shift operators
was extended so that they are defined on the whole time Bcaéhethis paper, our new
and generalized shift operators include positive and negaalues.

We end this section by giving some basic definitions and #rasrthat will be
used in further sections.

DeFINITION 1. Afunction h T — R is said to be regressive If+ p(t)h(t) # 0
forallt € T¥, where |ft) = o(t) —t. The set of all regressive rd-continuous functions
¢ : T — Ris denoted by while® * ={he % :1+pu(t)$p(t) >0 forall t € T}.

Letd € % . Theexponential function T is defined by

t
@ ar(t9 = exp( [ L (b))
where(, is the cylinder transformation given by
LLog(1+u(re(r) if u(r) >0
o(r) it u(r)=0.

It is well known that ifp € ® 7, theney(t,s) > 0 for allt € T. Also, the exponential
functiony(t) = ep(t,s) is the solution to the initial value probleyf = p(t)y, y(s) = 1.
Other properties of the exponential function are given anftllowing lemma:

@) L (6(1)) = {

LEMMA 1 ([10, Theorem 2.36])Let pg€ % . Then
(i) eo(t,s) =1and g(t,t) =1,
(ii) ep(o(t),s) = (1+K(t)p(t))ep(t,s);

1 p(t)

(i) & g ~ Sopllss) whereop(t) = — - o
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(iv) ep(t,s) = ep(ls ) =esp(Sit);

(V) ep(tvs)ep(sa r) - ep(ta r);

. 1 \&  pt)
(vi) (ep(-,s)) gy

THEOREM 1 ([10, Theorem 1.117])Let a€ TX, b € T and assume that k
T x T¥ — R is continuous att,t), where tc T with t > a. Also assume that't, .)
is rd-continuous orfa, o (t)]. Suppose that for each> 0 there exists a neighborhood
U oft, independent of € [tg, o (t)], such that

k(o(t), ) —k(sn) -k (11 (0(t) -9 <elo(t) -
for all s € U, where K is the derivative of k with respect to the first variable. Then
gt) = /tk(t,r)AT implies @(t):/tkﬂ(t,r)Awk(o(t),t)
b b
h(t) ::/t K(t,T) AT impIiesd‘(t):/t KA (t,1) AT — K (G (1) 1).

2. Shift operators

Next, we define generalized shift operators. A limited \@rsian be found in [1].

DEFINITION 2. LetT* be a non-empty subset of the time sc@land { € T*
a fixed number such that there exist operatdrs: [to,o)r x T* — T* satisfying the
following properties:

P1 The function®. are strictly increasing with respect to their second arguise
ie.,if

(To,t), (To,u) € D4 1= {(S;t) € [to, ) x T" : d.(st) € T*},
then <t < u implies 8. (To,t) < 64 (To,U);

P2 if (T1,u), (Tz,u) € D_ with Ty < T, thend_(Ty,u) > d_(Tz,u), and
if (T1,u),(T2,u) € D4 with Ty < Tp, thend, (T1,u) < 84 (T2, u);

P3 ift € [tg,»)T, then(t,tg) € D4 andd, (t,tg) =t. Moreover, if te T*,
then(to,t) € o4 andd, (to,t) =t;

P4 if (sit) € D, then(s,d.(s,t)) € D andd+(s,0+(sSt)) =t;
P5 if (s;t) € 4 and(u,d+(s;t)) € D+, then(s, 8+ (u,t)) € »+ and
61(U,6i(3,t)) = 6i(sa 6;(U,t))-
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Then the operator8_ andd,. associated withgte T* (called the initial point) are said
to be backward and forward shift operators on the Bét respectively. The variable
s € [to,)r in 8. (s t) is called the shift size. The valuds(s,t) andd_(s;t) in T*
indicate s units translation of the termatT* to the right and left, respectively. The
setsp, are the domains of the shift operatdys, respectively.

EXAMPLE 1. LetT =R andty = 1. The operators

_Jt/s ift>0
9) o_(st)= { st ift<o0, forse [1,)
and
st ift>0
(10) o, (st) = { t/s ift<0, forse [1,0)

are backward and forward shift operatorsTn= R— {0}, respectively. In the table,
we state different time scales with their correspondiné sipierators:

| T Jto] T |3 (st) [ 3. (st) |

R 0 R t—s t+s

Z 0 Z t—s t+s

qg?u{o} | 1| ¢* t/s st
N1/2 0| NY2| 12— | Vi2+¢&

The proof of the next lemma is a direct consequence of Defimii

LEMMA 2. Letd_, &, be the shift operators associated with the initial point t
We have

(i) _(t,t) =toforallt € [to,o)r;
(i) &_(to,t) =tforallt € T

(i) If (st) € D, thend, (s,t) = u impliesd_(s,u) =t. Conversely, ifs,u) € o_,
thend_(s,u) =t impliesd, (s,t) = u;

(iv) &, (t,0-(s,tg)) =0_(s,t) forall (s;t) € D (d,) with t > to;
(V) 04 (u,t) =3, (t,u) forall (u,t) € ([to, ) X [to, o)) N D4;
(vi) d:(st) € Jto, o) for all (s;t) € D with t > to;
(vii) 8_(s,t) € [to, )T for all (s;t) € ([to,)T X [S,0))ND_;
(viii) If &4 (s, -) is A-differentiable in its second variable, théﬁr‘( ) >
(ix) 0.(0_(u,s),d_(s,v)) =0d_(u,v) forall (s,v) € ([tg,) x [S,00))ND_,
and(u,s) € ([to, %)t X [u,00)r)ND_;
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(x) If (s,t) € D_ andd_(s,t) =to, then s=t.
Proof. (i) is obtained from P3—-P5 sine (t,t) = 6_(t,d;(t,tp)) =tp forall t € T*.
Part (ii) is obtained from P3—P4 sinde (tg,t) = d_(t, 84 (to, 1)) ='t.
Letu:=0,(st). By P4 we havés,u) € »_ forall (s;t) € ., and hence
0_(s,u) =0_(s,0:(st)) =t.

The latter part of (iii) can be done similarly. We have (i) P3 and P5 yield

5. (.5_(Sto)) = 3_(8.3: (t,0)) = 5_(S ).
P3 and P5 guarantee that

t =0, (t,to) = 0+ (t,0_(u,u)) = 6_(u,0,(t,u))

for all (u,t) € ([to, ®)T X [to,)T) N D. Using (iii) we have

5 () = 8, (U3 (U, (t,u))) = 5 (t,u).
This proves (v). To prove (vi) and (vii) we use P1-P2 to get

3. (st)>8, (to,t) =t >t
for all (s;t) € ([to, ) X [tg,®)T) N D, and
d_(st) > -(ss)=to

forall (s,t) € (Jto, )T X [S,%)1)ND_. Sinced, (s,t) is strictly increasing in its second
variable we have (viii) by [11, Corollary 1.16]. (ix) is prem as follows: from P5 and
(v) we have

for all (s,v) € ([to, ™) x [s,00)1) ND_ and(u,s) € ([to,)T X [U,®)r)ND_. Suppose
(st) € o_ ={(st) € [to,0)r x T*: d_(s,;t) € T*} andd_(s,t) =to. Then by P4 we
have

t=23.(s0-(st)) €d:(sto) =s.

This is (x). The proof is complete. O

Notice that the shift operato®. are defined once the initial poitg € T*
is known. For instance, we choose the initial pdint= 0 to define shift operators
0.(st) =t+sonT =R. However, if we choosg € (0,) as the initial point, then

the new shift operators associated witlare defined bﬁi (st)=tFA+£s Interms
of &., the operatord. can be given as

5i(st) =85 (N, 8. (s ).
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ExAMPLE 2. Here are some particular time scales to show the chandein t
formula of shift operators as the initial point changes:

| | T = NY/2 | T=hz | T=2 |

to 0 A 0 hA 1 2
5 (st) || ViZ—2 ViZ+A2— | t—s t+hA—s|t/s 2Msl
d.(st) || Vi2+g2 VIZ-A24 2 | t+s t-ha+s| ts 27Ms

whereh € Z,NY2:= {{/n:ne N}, 2V := {2":ne N}, andhZ: = {hn: ne Z}.

3. Delay function

In this section we introduce the delay function on time ss#hat will be used for the
construction of the Lyapunov functional.

DEFINITION 3. LetT be a time scale that is unbounded above and T* an
element such that there exist the shift operadars [tg, ) x T* — T* associated with
to. Suppose that & (tp, o)t is a constant such thgh,t) € D for all t € [tp, )T, the
functiond_(h,t) is differentiable with an rd-continuous derivative, abd(h,t) maps
[to,) onto [6_(h,tg),)r. Then the functiod_(h,t) is called the delay function
generated by the shift- on the time scal&.

It is obvious from P2 and (iii) of Lemma 2 that
(11) 0_(h,t) < 6_(to,t) =t forall t € [tg, ).
Notice thatd_ (h, - ) is strictly increasing and itis invertible. Hence, by P4-R8 have
5~ (h,t) =3, (h,t).

Hereafter, we shall suppose tfais a time scale with the delay functién (h, - ) :
[to, )T — [0_(h,tg), ), wheretg € T is fixed. Set
(12) T, = ['[0,00)11' and T = 5,(h,T1).

Evidently, T is closed inR. By definition we havel; = [d_(h,t),%)r. Hence,T;
andT> are both time scales. Let, ando» denote the forward jump operators on the
time scaledl'; andTy, respectively. By (11)—(12),

T, CToCT.

Thus,
o(t) =0oz(t) forall te T,

and
o(t) =01(t) = oz(t) forall t € T;.

That is,01 andoy are the restrictions of the forward jump operatorT — T to the
time scaledl'; andTy, respectively, i.e.,

o1 = 0|T1 ando; = 0|1r2-



376 M. Adivar and Y. N. Raffoul

Recall that the Hilger derivatives, A;, andA; on the time scale¥, T1, andT, are
defined in terms of the forward jumpms o1, ando,, respectively. Hence, if is a
differentiable function at € T», then we have

f82(t) = (1) = fA(t), forallte Ty.

Similarly, if a,b € T2 are two points witta < band if f is ard-continuous function on

the interval(a, b)r,, then
b b
/f(s)Azs:/ f(s)As.
a a

The next result is essential for future calculations.

LEMMA 3. The delay functiod_(h,t) preserves the structure of the points in
T;. Thatis,
01(t) =t implies 02(5_(h,t)) =5_(h,1).

o1(t) >t implies 02(8_(h,T) > &_(h,T).

Proof. By definitiono(t) >t for allt € Ty. Thus,

5_(h,01(t)) > 3_(hyt).
Sinceoz(d_(h,t)) is the smallest element satisfying

02(5_(ht) > &_(hyt),
we get
(13) 0_(h,01(t)) > 02(8_(h,t)) forall t € T;.
If o1(t) =1, then we have

5_(hT) =5_(h,01(f)) > 02(5_(h,)).

That is,
5_(h,) = 02(5_(h,D)).
If o1(t) >, then
(T 01())r, = T, 01))r =2
and
5_(h,o1(f)) > 5_(h,1).

Suppose the contrary. Thatds (h,T) is right dense; namelg,(3_(h,t)) = &_(h,t).
This along with (13) implies

(= (haf\)v 3_(h, Gl@)))Tz # 2.

Pick one elemerge (3_(h,t),5_(h,01(t)))r,. Sinced_(h,t) is strictly increasing in
t and invertible, there should be an elemeat(t, o1 (t))r, such thad_(h,t) = s. This
leads to a contradiction. Hena®, (h,t) must be right scattered. O
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Using the preceding lemma and applying the fact thdt)) = o(u) forall u €
T, we arrive at the following result.

COROLLARY 1. We have
0_(h,01(t)) = 02(d_(h,t)) forall t € T;.
Thus,
(14) o_(h,o(t)) =0(d_(h,t)) forall t € T;.
By (14) we have
6_(h,0(s)) = a(d_(h,s)) forall s& [to,o)T.
Substitutings = &, (h,t) we obtain
5_(h,0(3.(h.1))) = o(3_(h, 8, (h.1))) = O (t).
This and (iv) of Lemma 2 imply
0(8,(h,t)) =08, (h,a(t)) forall t € [d_(h,tg),)r.

ExampPLE 3. We next give some time scales with their shift operators:

| T || h | 6*(hat) | 6+(hat) |
R eRy t—nh t+h
Z cZ. | t-h t+h
q?u{o} || eq? L ht
N1/2 eZ. | V2R | VI2+ 12

EXAMPLE 4. There is no delay functiod. (h, -) : [0,)z — [3_(h,0),)T on
the time scalél'= (—0,0]U[1,0). Suppose to the contrary that there exists such a
delay function orl. Then since 0 is right scatteredh := [0, )z the pointd_ (h,0)
must be right scattered ifi; = [5_(h,0), )T, i.e., 02(3_(h,0)) > &_(h,0). Since
o2(t) = a(t) forallt € [5_(h,0),0)T, we have

0(3_(h,0)) = 02(3_(h,0)) > 5_(h,0).

Thatis,5_(h,0) must be right scattered . However, inT we haved_(h,0) < 0, that
is, &_(h,0) is right dense. This leads to a contradiction.

THEOREM 2 (Substitution [10, Theorem 1.98]Assumev : T — R is strictly
increasing andl := v(T) is a time scale. If £ T — R is an rd-continuous function
andyv is differentiable with rd-continuous derivative, then ob € T,

b v(b) ~
15 ,SVA(s)As = Vv L(s))As.
(15) [ otovisias= [ oty is)s
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First, since the operatdy: [tg,)r — [O(to), )T IS stnctly increasing, it is
bijection. If we substitute(t) = &_(h,t) and f(t,s) = g(t,5-%(h,s)) = g(t,d, (h,s))
into (15), we obtain

—(h,b)

(16) /a "£(t.5(h9)5™ (h.8)Ars — /6 6( £(t,9) A0S

h,a)

for a,b € T1. For anyt € Ty, we haveld_(h,to),t)r, C T. This and (16) yield

3 (hto)
17) :/ f(t, sAzs+/ f(t,5)A2s
d (hyto)

:/ttof(t,es,(h,s))esél(h,s)AlH/t f(t,9)As

1
_ /° ft5-(he)s (hs)ast [ f(tshs
t — (hto)

The formula

t A
(18) [/5 (ht)f(t,s)As} — f(a(t),t) — f(a(t),5_(h,t))8% (h,t) +/ A(t,9)As

follows from (17) and Theorem 1.

THEOREM3. Let k be an rd-continuous function. Then

t t t a(u)
(19) / As/ k(u)Au:/ Au/ k(u)As.
5_(ht) Js 3_(ht) Jo_(ht)

Proof. Substituting

into the formula
[ 1o0)amax = [ (19097~ [ 14x19008x
(see [10, Theorem 1.77]) and using Lemma 2, we get
t
/ - As/k Au—/ 1 919~ 8-(M0]K(s)AS

(20) 7/ (ht) /ht Kuas
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4. Stability analysis using Lyapunov’s method

Let T be a time scale having a delay functidn(h,t), whereh >ty andtg € T is
nonnegative and fixed. In this section we consider the egjuati

(21) XA(t) = a(t)x(t) +b(t)x(d_(h,1))d% (h,t), t € [to, )T
and assume that
(22) ‘6§(h,t)’ <M < o forallt € [to, o).

Let y: [6_(h,to),to)r — R berd-continuous and let(t) := x(t,to, V) be the solution
of (21) on|tp, )7 with X(t) = Y(t) on[d_(h,to),to]r. Let

161l = sup{[¢(t)] :t € [3-(h,to),to)7} -
Observe that using (18), equation (21) can be rewrittenlsife
t O
@3) 0 =Qux0 - | [ b (hexeas|

where
Q(t) :=a(t) +b(d+(h,t))
and/\; indicates the delta derivative with respect to

LEMMA 4. Let
t

(24) Alt) == x(t) + / b(5- (h, §))x(s)As
5 (ht)

and

(25) B(t) (=t —5_(h,t).

Assume that there exists\a> 0 such that
A2 (h,t)
@0 B+ = QU S TMBO O] (D) - (Y

forallt € [tg, ). If

t t
27) V(t) = A2+ A / As / b(8+ (h, U))2X(u)?Au
5_(ht) s

then, along the solutions of (21) we have

(28) VA(t) < Q(t)V(t) forall t € [to,o0)r.
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Proof. Itis obvious from (23) and (24) that

Then by (18) and the formul&(a(t)) = A(t) + p(t)A(t) we have

VA @) = [A) + +>\/ b(8s(h, u))2(u)?Au

o(t)

— A2 (h,t) / b(3. (h,u))?x(u)2Au+A (t —d_(h,t))b(3, (h,t))?x(t)?
3_(ht)

A a(t) 20102
~ 2AD) + KOQUXDI QXY -2 (h) [ 1 DO (00X
+AIB) + ()] b3+ (h, 1)) 2X(1)2.

Using the identity
t 2
(29) A)X() = X3(t) + AZ(t) — ( / b(6+(h,s))x(s)As)

and condition (26) we have

VA) = QV () +R(t) +x*(t) [ (B(t) + H(t)) b(8 (h,1))? + Q(t) + H(t) Q*()]
(80)  <QMV()+R(),

where
! a(t)
( / b(8+ (h, ) ) A (h,t) / b(8. (h, u))2x(u)?Au
5 (ht)
5_(ht) .
(31) —aQ) [as / b(8 (h, u))2x(u)?Au.
5_(ht) s

Hereafter, we will show that (26) implieR(t) < 0. This and (30) will enable us to
derive the desired inequality (28). First we have

(32) / o BB () (w0 > /5 " b3, (hu))2x(u)?Au.

5_(ht _(ht)

From Hoélder’s inequality [10, Theorem 6.13] we get

(33) (/tb&rhs As>2<B /bmhs)) X(9)2s.

5_(ht) o_(ht)
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On the other hand, (19) yields

/As/bmhu )ZAuf

(34) =

a(u)
/ b(& (h, u))2x(u)?As
_(h
[o(u) — 8_(h,t)]b(8, (h,u))?x(u)?Au

t
/ b(3, (h,u))?x(u)?Au.
5. (ht)

Substituting (33) and (34) into (31) and using (32) togettigh & (h,t) > 0 we deduce
t
R) < — { (BO)+ MBO + HODQW +AL (M} [ b3+ (h9)(s7s
5_(hyt)

Hence, using the left-hand side of (26), we arrive at theuadity R(t) < 0. The proof
is complete. O

In preparation for the proof of the next theorem we state dliewing lemma.

LEMMA 5. If § € & 7, then

(35) 0<g(t,s) < exp(/stq)(r)Ar)

forallt € [s,o0)7.

THEOREM4. Let ac £+ and Qe % . Suppose the hypothesis of Lemma 4. If
there exists am € (tp, h)t such that

(36) (at)e oy forall t € [tg, )
and
(37) d-(ht) < - @008 () gy ¢ ¢ [, ),

2

then any solution ¢t) = x(t,to,$) of (21) satisfies the exponential inequalities

S_(at)
(38) IX(t)] < Vto)e?fo Qs
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forallt € [a,)r and

S

! a(s)As t b
@) o<l 1w [ 2

o Jealuau As]

forallt € [to,a)r, where M is as defined by (22),

1. M1
&)= 1+W > 1

andA(t) == 8_(h,t) — 5_(h,5_(a,t)).

Proof. Sincety < a < hthe condition (37) implies

(40) 5_(h,t) <& (a,t) forall t € [a,00)T
and
(41) 0<A(t) <d_(a,t) —d_(h,t) forall t e [a,o)r,

LetV(t) be defined by (27). First we get by (20), (27) and (40), (41) tha
t t
V() > A / ns | b(3. (h,u))x(u)?Au
o_(hyt) s
t
AL 1 1900 =8 (0 0]B(B () ()%
1
=9 a0 010 = 8- (B0]D(B. (1) (0
t
>3- (@) =3 (h)] [ o DB
This along with (41) yields

(42) V(t) > M) /6 t(a , b(8+ (h, u))2X(u)?Au

forallt € [a,)T. Similarly, we get

3_(ay)
V(3 _(a,t)) >\ /5 e @) [o(u) —58_(h,d_(a,t))] b, (h,u))?x(u)2Au
5,(6J) ,
(43) >\ /5 o [o(u) —58_(h,d_(a,t))]b(d, (h,u))?x(u)?Au

> M) /5 5(::;) b5, (h, u))2x(u)2Au
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for all t € [a,c) sinced_(a,t) < d_(tp,t) =t. Utilizing (27), (42), and (43), we
obtain

V() +V(_(a,t)) > A(t)2+)\/\(t)/6t s b(3. (h,u))?x(u)?Au

o_(at) 2 2
(44) VNG / ey D)X

t
> A2+ AA(L) / RO
3_(ht
for allt € [0, ). Substituting (33) and (24) into (44) we find

VOV () > (1 o )

(45) +[Lx(t)+ E(t)< /t b(fL(h,u))x(u)Auﬂ2

1
> (1- W)XZ“)
forallt € [a,)7. SinceV2(t) < 0, we get by (45) that
1
(46) (1- m)xzm <V()+V(8-(,t) < V(5 (1)

for allt € [a, ). Multiplying (28) by esq(0(s),to) and integrating the resulting in-
equality fromtp to t, we derive

t A
0> /t [VA(9) - Q(9V(9)] exqlo(s) o)

(47) = tt V(s)e-o(s to)]* As
:V(t)e@Q(t,to) —V(to).

Thatis,

(48) V(t) <V(to)en(t,tp) forall t e Jtg, o).

Combining (46) and (48), we arrive at

2

X(t) < 7 Y (lo)e(3-(a,1).1o)
(t- )

forallt € [a,)r. The hypothesi® € % and the condition (26) guarantee tigit) €

® . Thus, (35) implies

S_ (ot

2 V(to) o3 o 'Q9ns

Ix(t)| <
TN )
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forallt € [0, c0)7.
Multiplying (21) by esa(0(t),to) and integrating the resulting equation fragn
tot we have
t b
RV CIE
to 1+ H(s)a(s)

Sinced_(h,t) < d_(a,t) <o_(a,a) =tpforallt € [to, o), (35) along with (49) yields

(49) X(t) = X(to)ea(t,to) ea(t,9)x(5_(h,s))8%(h,s)As.

) = est.t0) | o)+ ﬁ%eﬂto,s)w(a<h,s>>6AS<h,s>As]
I b | _tawau ]
< v [eo e As
s b — [Sa(u)Au
< || efo { % & fan As]_
The proof is complete. O

Notice that Theorem 4 does not work for the time scales in whic
(th h)T =d.

For instance, lef' = Z, to = 0, d_(h,t) =t —handh = 1. Itis obvious thafto,h)z =
(0,1)z = @. That s, there is na so that (36) and (37) hold. In preparation for the
proof of the next theorem we give the following lemma.

LEMMA 6. LetT be a time scale angta fixed point. Suppose that the shift
operatorsd, (h,t) associated with the initial poinptare defined oil. Suppose also
that there is a delay functiob_ (h,t) defined or. If (to,h)T = @, then the time scale
T is isolated (i.e..T' consists only of right-scattered points). Moreover,

(50) o(t) =3 (ht)
forallt € [8_(h,tp), o)t or equivalently

(51) o(5-(h,t)) =
forallt € [tg, o).

Proof. Suppose thato, h)r = @. Defined (h, to) = to anddX (h,to) = &, (h,8¢ % (h, to))
for k € Z,. Sinced, (h,t) is surjective and strictly increasing we have

(5ifl(h,to),5'1(h,to)) -5 (h, (5&2(h,t0),5§*1(h,t0)) ) fork=2,3,...
T T
Thus, one can show by induction that

(52) (es'f;l(h,to),es';(h,to))T — o forall ke Z,.
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Thatis,o(8% 1(h,to)) = 8 (h,to) for k € Z... On the other hand, we can write
[to, @) = U1 8 (. o)., & (h, o))

Hence, for any € [t, )T there is &g € Z, so thatt € [6k+°’1(h,to),6§°(h,to))qr. By
(52) we have = 6&”1(h,to). This shows that

o(t) = o(8 (1)) = 3 (h.to) = 8. (.3} (hto) = 8. ()
for all t € [d_(h,tp), ). This along witha(d_(h,t)) = &_(h,o(t)) yields (51). The

proof is complete. O

THEOREM 5. Let ac 7, Q€ £. Assume the hypothesis of Lemma 4. If
(to,h)r = &, then any solution ) = x(t,to,¢) of (21) satisfies the exponential in-
equality

x(t)] < <1+ %) V (to) €2 o A9

forallt € [to, ).

Proof. LetH be defined by
(53) H(t) = / As / b(8. (h, u))2x(u)?Au.

From (20), (51), and (33) we get

HO = [, 00) =5 (h0]B(3- () XA
> [6(5_(h,t) = 5_(h,t)] /6 t oy DB (1) (W70

LY RO
t

z< / b@(h,u))x(u)Au)z.

5_(ht)
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Hence, by (27) we have

V(t) = A2(t) + AH (1)
t

z( + /b6+hs))()As)2+}\ /tb6+hu))()Au)

3_(ht) S_(ht)

(1%))(2“”{ L o+ 1+>\< j b(&, (h,u))x )Au>]2

5_(ht)

2

'—\
+
>

This along with (48) yields

x(t)] < <1+ %) V (to) €2 fio (518
The proof is complete. _

In the next corollary, we summarize the results obtainethfitheorem 4 and
Theorem 5.

COROLLARY 2. Assume the hypothesis of Lemma 4. Leta™ and Qe % .
Suppose that there exists\a> 0 such that (26) holds for all € [tp, )T

1. If there exists am € (to,h)r such that (36) and (37) hold, then any solution
X(t) = x(t,t0,¢) of (21) satisfies

Ix(1)] < 2__Vitg)e o U INBE GG (097 uEQ S Jas
(1-4)
Thus, if
5_(at)
fim [M(B(9) +(s)) b(3+ (h,5)* + W(S)Q*(3)] As = e,

fo

then the zero solution of (21) is exponentially stable.

2. If (to,h)r = @, then any solution (t) = x(t,to, ¢) of (21) satisfies

X()| < (1 +%)V( o) & 3 o[BS HH D) s QP 5] as

Thus, if .

im [ [\ (B(S) + () b(a(S))? + H(S)Q(S)] As= o,

t—oo to

then the zero solution of (21) is exponentially stable.
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Letq>1,T=0Z={0}u{q":nez},d (ht)=q™M, andhe Z,. Then,
(21) turns into they-difference equation

(54) Dgx(t) = at)x(t) +bt)x(@ ")g ™", te{la....},
whereDgx(t) = % Next, we use Corollary 2 to derive a stability criteria fbet
g-difference equation (54).
ExAMPLE 5. Suppose that% p(t)a(t) > 0, 1+ u(t)Q(t) # 0, and
A"
@(t) + A(w(t) + p(t))
forallt € {1,0,¢%... }, wherew(t) :=t (1—q~") andp(t) =t(q—1).

< Q(t) < —A(w(t) +K(t)) b(3, (ht))? — u(t)Q()

1. 1f (1, qh)qz =+ &, then then condition (37) holds. By Corollary 2, we conclude
that any solutiorx(t) = x(t,to,$) of the g-difference equation (54) satisfies the
exponential inequalities

0] < (172;%0)%) (3.

forall't € [q*, ).z and

) < wlew( S walo) [1+Sd G@exp(uql@ uwaw) |

se1D) 4z 1z ¢z
forallt € [1,%)qz, where
_ b(s)
_-h
G(S) q },J.(S) 1+ l,l(S)a(S)

Hence, if

m 5 2[Ma-a 'y + (- DA = .
SE[La™ )z

then the zero solution of (54) is exponentially stable.

2. If (1,9")z = @, thenh = 1 and
Ix(t)] < 1+} V(tg) ex 1
< 3 (to) exp > g H(s

im 5 $a-ar e+ (@- DHEg =

t~>°0 lt

Hence, if

then the zero solution of (54) is exponentially stable.
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In the next result, we will display a Lyapunov functional thavolves |x|2.
Thus, in preparation we have the following.

Using the product ruléfg)® = f2g° + fgPand differentiating both sides of
*2(t) = |x(t)|* we obtain the derivativi(t)|* as follows:

| |A X+ X°

55 —
(55) X+ ]

X2 for x#0.

Thus|x|® depends oq% and ‘XX% (i.e., signs ofx andx®, respectively). Given
x: T — R, let the set&} and Ty be defined by

Ty = {te T:x(t)x°(t) >0},

Ty ={teT:x(t)x°(t) <0},

respectively. The séf, consists only of right-scattered points Bf Since the time
scaleT = R has no any right-scattered points, we hdye= @. Thus for all differ-
entiable functionsc: R — R, the formula (55) turns intx|® = ﬁxﬂ. However, for
an arbitrary time scale (e.dl = Z) the setly, may not be empty. For simplicity, we
need to have a formula fox/* which does not includ&®. The next result provides a

relationship betweebqA and ﬁxa. Its proof can be found in [3].

LEMMA 7 ([3, Lemma 5]). Let x+# 0 be A-differentiable. Then

20t ift € Ty
(56) IX(t)lAZ{ ) Y X(t) - :
—W|x(t)|—wxa(t) ift € T, .
THEOREMG. Define a continuous functiaq(t) > 0 by
ex(t,to
(57) n(): et o)

T LA ) €a(d:(n9) to)AS

Suppose that a ® ™ and that

(58) [b(t)] —An° ()&% (h,t) <0

holds for all t [tp, ). Then any solution of (21) satisfies the inequality
(59) [X(t)| < V(to,%,)ey(t, 1) for allt € [tg, )T,

where

Vi) = o) +An(o) [ ixs) s

—(Nlo

y(t) :=a(t) +AMn°(t), M = max{1,M}, and M is as in (22).
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Proof. For convenience define
— 14 / ea(5; (n,8),to) A
Then, by (18),
(t) = Nea(84 (h,),to) — €a(t,t0)8" (h,t)
(60) — Aea(t,to) [ea(6+(h,t),t) - 5é(h,t)} .
This, and a differentiation of (57), yield

ao ealtto) (al(t) 7o)
O =" < ) )
ezt +apt)zA) - au)
=n® ( 20 + OB
C

(61) —a(tn(t) - [<1+u<t>a<t>>n<t>

A
—a(t)n() —n°<t>zz(—§t))

=a(t)n(t) +An°(On(1)3% (h,t) — An°(t)ea(d+ (h,),1)

<n() [a®) +AMn° ()]
where we also usegf (t) = {(t) + pu(t)Z4(t) and

(SO SV)
)

()]Z()

o) ] Tt

W
(LHHOAONO gy =10,
Define
t
(62) V(t,%) = [x(1)]| + An(t) /Mm IX(3)| s

Lett € T} Nto,0)r. Then by (56) we havix(t)|* = %XA(U. Differentiating (62)
and utilizing (58) and (61), we arrive at

VAL ) = (O +An(0) [ t(m) X(9)]As+An°(t) [IX(0)] — b3 (n,1))] & (h.)]
a0+ [a) W) [ aslas

x(®)] 5-(h1)
+AN°(0) [ )] — [x(B-(h,))| & (h,1)|
= (a®) +AMn°(©)) (x(0)+ (Ib(t)| - A& (h, (1)) [X(3-(h,1))]
+An(t) [a) + Min°(o)] /;(m) IX(S)| As
<YVt %)

IN
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LxA(t) by (56). Hence,

Similarly, if t € Ty N[to,0)r, then|x(t)|* = — 5 [x(t)| - A

VAL X) < MO0 [al) o] [ x(s)las

+AN° () [IX(0) | — x(3-(h,1)| & (h.1)|
2 Y™
< (- 20+ A" ) o)
+ (Ib(®)] = A8 (h,n°(1) ) [x(3- (h.1))]

+An(t) {a(t) + l\ﬁn“(t)} /t x(s)|As

5-(ht)
< (a)+AMN?(©)) [x(0) |+ An () [a) + AMn°(0)] | t(m) X(s)|s
=YV (t,x).
since 14+ p(t)a(t) > 0 implies that
—% —a(t) <a(t)
Thus,
(63) VA(t, %) <Y(t)V(t,%) forall t € [to, ).

Integrating (63) and applying the fact théft,x) > |x(t)|, we arrive at the desired
result. O

In the next section we give a criteria for instability.

5. A criteria for instability

THEOREM7. Suppose there exists a positive constant D such that

Q)
(64) B(t)<D< b3, (h.1))?

for all t € [tg,o)T, wheref(t) is as defined in (25). Let the function A be defined by
(24). I

(65) V(t) = At)2—D /6 t(m) b(. (h,))2x(s)2s,

then along the solutions of (21) we have

(66) VA(t) > Q(t)V(t) forall t € [to,o0)r.
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Proof. LetV be defined by (65). Using (29) and (33) we obtain

VA(t) = [At) + A(a(t))] A2 (t) — Db(3, (h,t))?x(t)? + Db(t)?x(5_ (h,t))25" (h,t)
[2A(t) + M) Q)X(®)] Q(E)X(t) — Db(&,. (h,t))*X(t)?
2Q(t)A(t)x(t) — Db(3. (h,1))*(t)

t

\
+
S

2
QWA - ([ bE.(hs)x3s) | ~Dbi5. ()

3_(ht)

(
> Q)V (1) + [Q(t) — Db(&,.(h,t))?] x(t)%.

This along with (64) implies (66). O
To prove the next theorem we will need to use the followingrtean

LEmMMA 8 ([9, Remarks 2]).If ¢ is rd-continuous and nonnegative, then

(67) 1+ /tq)(u)Au <ep(t,s) < exp(/td)(u)Au) forall t >s.

THEOREMS8. Suppose all hypotheses of Theorem 7 hold. Suppose alf{that
is bounded above bfp with 0 < 3o < D. Then the zero solution of (21) is unstable,

provided that
t
lim [ b(5, (h,s))?As= w.

t—oo to
Proof. As we did in (47), an integration of (66) fromtot gives
(68) V(t) >V (to)eq(t,to) forall t € [tg,o)r.

LetV(t) be given by (65). Then

2
V(1) = x(t)2+ 2x(1) / t DB S)x(ss + ( / t b(6+(h,s))x(s)As)

5 (h, 5 (ht)
t

(69) -D / b(8. (h,5))2X(5)As.
5_(ht)

2
Bo C
(e

Bo,2, C 2
2KL < —K“+ —L~“.
- C Bo

LetC:= D — Bo. Then from

we have
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With this in mind, we arrive at

Bo2 ¢ 0+ ( / t b(6+(h,s))x(s)As)2.

A substitution of the above inequality into (69) yields

V(t)g(1+@)() (1+§))</t )b(6+(h,s))x(s)As>2

fD/ b(3, (h,s))?x(s)?As

2/x(t |/ b, (h,9))|[X(3)| A5 < 2

D D
B _X(t) Bo

Using (33) we find

2 t
( / b(®:(1.9))x (S)As) D /6 PRCCHUEIECRS

\/CV ( totb 6+(h,s))2As>.

This completes the proof. O

We end this paper by comparing our results to the existing.one

6. Some applications

In [4], by means of Lyapunov’s direct method the authors stigated the stability
analysis of the delay dynamic equation

(70) XA(t) = a(t)x(t) +b()x(3(1))3%(t),

wherea: T — Randb: T — R are functionsand € £ *. Moreover, the delay function
0 : [to,)T — [d(tg), )T IS surjective, strictly increasing and is supposed to hhee t
following properties

3t)<t, d(t)<w,  doo=008.
It was concluded in [4, Theorem 6] that

(71) Ib(t)] <N and a(t) < —N
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are the sufficient conditions guaranteeing stability ofzBeo solution of (70). Next,
we furnish an example to show that Theorem 4 allows us to mdaxlition (71) that
leads to exponential stability of zero solution (70).

EXAMPLE 6. LetT =R, a(t) =1, b(t) = -3, 8(t) =t — 3, andN = 1. Itis

obvious that the condition (71) does not hold. So, [4, Theo8¢ does not imply the
stability of the zero solution of the delayed differentiglation

(72) X (t) :x(t)—gx (t—%).

On the other hand, settifj= R, A = 3, andd_(h,t) =t — 1. Equation (21) turns into
(72) and the condition (26) becomes

_2 <Q(t) < —éb(5+(hvt))27

which holds for allt € [0,) sinceQ(t) = a(t) + b(8..(h,t)) = —3. One may easily
verify that condition (37) is satisfied fd_(o,t) =t — % andd_(h,t) =t — 1. Thus,
we conclude the exponential stability of the zero solutib(v@) by Corollary 2.

Now, let us consider the equation

(73) X2(t) = b(t)x(d-(h,1))8 (h,t),  t& [to,)r.

We observe the following by combining Corollary 2 and Theo&
REMARK 1. Letb € . Suppose that there existd a> 0 such that

B A2 (h,t)
B(t) +A[B(t) + u(t)]

holds for allt € [tg, ).

(74) < (84 (ht)) < —b(&:(h,1))*AB(t) + (L+A)K(L)],

1. Ifthere exists am € (tp,h)r such that (36) and (37) hold and if

5_(at)
@) Jim [ DBE+ L+ NHEbE (h.9) s e,

then the zero solution of (73) is exponentially stable.

2. If (to,h)r = @ and if

tim [ B3]+ (14 V(s b(o(s)?Bs=n

then the zero solution of (73) is exponentially stable.
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3. Suppose that€ £ ™ and that
Ib(t)] — An°()3" (h,t) <0

holds for allt € [to, )T, where

L 1
n(t) . — m.

Then any solution of (21) satisfies the inequality
t
IX(1)] <V (to, )62 Y95 (1, to) forall t € [to, o),
where

—(hto

to
Vo, o) = X(to)l + An(to) [ [x(9)lBs
5_(hto)
y(t) := AMnC(t), M = max{1,M}, andM is as in (22).

In [4, Theorem 7], the authors utilized fixed point theory alediuced that the
conditions

(76) p(t) :=b(3, (h,t)) #0 forall t € [to,o)r,
t”ﬂc]oep(tato) =0,

and
t t s
[ eslass [lopsles ([7 ipulou)ss<n<a

lead to stability of solutiomx(t,to; ) of (73). Notice that [4] generalizes all the results
of [20].
Moreover, Wang (see [22, Corollary 1]) proposed the inegual

(78) —2—1h <a(t)+b(t+h) < —hb?(t 4 h)

as a sufficient condition for uniform asymptotic stabiliti/tbhe zero solution of the
delay differential equation
X (t) = a(t) +b(t)x(t—h), h>0.

It can be easily seen that the conditions (77), (78) are nisfied for the data
given in the following example.

EXAMPLE 7. Leta(t) =0, T =R, 6_(h,t) =t—h, andp < 0 be fixed. Then
(21) becomes
X (t) = b(t)x(t — h).
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We can simplify condition (77) as follows
(79) hip/(2—e™ <N <1

If h= 2, andb(t) = —+%, then (76) implies
hipl(2— ) = > (2fe*1%t) >1
E >

for allt > —%In () = 1.22. Thus, the condition (79) does not hold. On the other
hand, forh = % andA = 3, condition (74) turns into

o BB, (01) < ~b(B. (h1))%

The last inequality holds fob(t) = —1—90. In addition, settingd_(a,t) =t— 1 one
may easily verify that conditions (36), (37) and (75) arés$ied. Hence, the first part
of Remark 1 yields exponential stability while [4, Theorefmaid [22, Corollary 1]
cannot.
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