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X. Q. Lin ∗

FURTHER RESULTS ON UNIQUENESS OF ENTIRE

FUNCTIONS SHARING ONE VALUE

Abstract. In this paper, we study the uniqueness problems of entire functions sharing one
value with weightℓ (ℓ = 0,1,2). The results in this paper improve the related results given
by X.Y. Zhang and W.C. Lin, M.L. Fang, C.C. Yang and X.H. Hua, etc.

1. Introduction and main results

In this paper, a meromorphic function means meromorphic in the open complex plane.
We shall use the standard notations in Nevanlinna’s value distribution theory of mero-
morphic functions such asT(r, f ), N(r, f ), N(r, f ), m(r, f ) and so on (see [2, 7]). The
notationS(r, f ) is defined to be any quantity satisfyingS(r, f ) = o{T(r, f )} asr → ∞
possibly outside a set ofr of finite linear measure.

Let f andg be two nonconstant meromorphic functions,a be a complex number.
We say thatf andg share the valuea CM (counting multiplicities) if f −a andg−a
have the same zeros with the same multiplicities. Similarly, if f −a andg−a have the
same zeros ignoring multiplicities, then we sayf andg share the valuea IM. Let ℓ be
a nonnegative integer or∞. We denote byEℓ(a, f ) the set of alla-points of f , where
ana-point with multiplicity m is countedm times ifm≤ ℓ, andℓ+1 times ifm> ℓ. If
Eℓ(a, f ) = Eℓ(a,g), we say thatf andg share the valuea with weightℓ. Clearly, if f
andg share the valuea with weightℓ, then for any integerp (0≤ p< ℓ), f andg share
the valuea with weight p. Also we note thatf andg share the valuea CM or IM if
and only ifℓ= ∞ or ℓ= 0 respectively. So, the weightℓ of a weighted sharing value is
used to measure how close the shared value is to being shared CM or to being shared
IM (see [3]).

Let m be a positive integer, we also denote bym∗ (see [9]) the productχµm,
where

χµ =

{
0, µ= 0
1, µ 6= 0 .

In 1993, Wang [4] proved the following result.

Theorem A.Let f be a transcendental entire function, andn,k be two positive integers
with n≥ k+1. Then( f n)(k) = 1 has infinitely many solutions.

Many authors have interest in establishing a uniqueness theorem corresponding
to the above result. In 1997, C.C. Yang and X.H. Hua [5] firstlyobtained the following:
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Theorem B.Let f andg be two non-constant entire functions andn > 6 an integer.
If f n f ′ and gng′ share 1 CM, then eitherf ≡ dg for some(n+ 1)th root of unity
d or g(z) = c1ecz and f (z) = c2e−cz, wherec1,c2 and c are constants and satisfy
(c1c2)

n+1c2 =−1.

In 2002, Fang [1] improved Theorem B to thek-th derivative and obtained the
following theorems.

Theorem C.Let f andg be two non-constant entire functions and letn,k be two positive
integers withn> 2k+4. If ( f n)(k) and(gn)(k) share 1 CM, then eitherf (z) = c1ecz,
g(z) = c2e−cz, wherec1,c2 andc are three constants satisfying(−1)k(c1c2)

n(nc)2k = 1,
or f ≡ tg for a constantt such thattn = 1.

Theorem D.Let f andg be two non-constant entire functions and letn,k be two positive
integers withn≥ 2k+8. If [ f n( f −1)](k) and[gn(g−1)](k) share 1 CM, thenf ≡ g.

In 2008, X.Y. Zhang and W.C. Lin [9] extended the above results by proving the
following theorems.

Theorem E.Let f andg be two non-constant entire functions and letn,mandk be three
positive integers withn> 2k+m∗+4, andλ,µ be constants such that|λ|+ |µ| 6= 0. If
[ f n(µ fm+λ)](k) and[gn(µgm+λ)](k) share 1 CM, then

(i) whenλµ 6= 0, f ≡ tg for a constantt such thattn = 1 andtm = 1;

(ii) when λµ = 0, either f ≡ tg, wheret is a constant satisfyingtn+m∗
= 1, or

f (z) = c1ecz,g(z) = c2e−cz, wherec1,c2 andc are three constants satisfying

(−1)kλ2(c1c2)
n+m∗

[(n+m∗)c)]2k = 1 or (−1)kµ2(c1c2)
n+m∗

[(n+m∗)c)]2k = 1.

Theorem F.Let f andg be two non-constant entire functions and letn,mandk be three
positive integers withn > 2k+m+ 4. If [ f n( f − 1)m](k) and [gn(g− 1)m](k) share 1
CM, then eitherf ≡ g, or f andg satisfy the algebraic equationR( f ,g) ≡ 0, where
R(w1,w2) = wn

1(w1−1)m−wn
2(w2−1)m.

In this paper, we establish the following theorems which improve the above
related results.

THEOREM 1. Let f and g be two non-constant entire functions, and let n,m
and k be three positive integers, andλ,µ be constants such that|λ|+ |µ| 6= 0. If
Eℓ(1, [ f n(µ fm+λ)](k)) = Eℓ(1, [gn(µgm+λ)](k)), and one of the following conditions
holds:

(i) ℓ= 2 and n> 2k+4+m∗;

(ii) ℓ= 1 and n>
5k+9+3m∗

2
;

(iii) ℓ= 0 and n> 5k+7+4m∗.

Then the conclusion of Theorem E holds.
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THEOREM2. Let f and g be two non-constant entire functions and let n,m and
k be three positive integers. If Eℓ(1, [ f n( f −1)m](k)) = Eℓ(1, [gn(g−1)m](k)), and one
of the following conditions holds:

(i) ℓ= 2 and n> 2k+4+m;

(ii) ℓ= 1 and n>
5k+9+3m

2
;

(iii) ℓ= 0 and n> 5k+7+4m.

Then the conclusion of Theorem F holds.

By Theorem 1, we immediately obtain the following results.

COROLLARY 1. Let f and g be two non-constant entire functions and let
n,k be two positive integers with n> 2k+ 4. If E2(1, [ f n](k)) = E2(1, [gn](k)), then
either f(z) = c1ecz, g(z) = c2e−cz, where c1,c2 and c are three constants satisfying
(−1)k(c1c2)

n(nc)2k = 1, or f ≡ tg for a constant t such that tn = 1.

COROLLARY 2. Let f and g be two nonconstant entire functions and let n,k
be two positive integers with n> 5k+ 7. If [ f n](k) and [gn](k) share1 IM, then ei-
ther f(z) = c1ecz, g(z) = c2e−cz, where c1,c2 and c are three constants satisfying
(−1)k(c1c2)

n(nc)2k = 1, or f ≡ tg for a constant t such that tn = 1.

Moreover, from Theorem 2, we can also deduce the following results.

COROLLARY 3. Let f and g be two non-constant entire functions and let n,k
be two positive integers with n> 2k+5. If E2(1, [ f n( f −1)](k)) = E2(1, [gn(g−1)](k)),
then f≡ g.

COROLLARY 4. Let f and g be two non-constant entire functions and let n,k
be two positive integers with n> 5k+11. If [ f n( f −1)](k) and [gn(g−1)](k) share1
IM, then f≡ g.

For convenience, we now explain some notation that will be used in the paper.

DEFINITION 1. Supposef andg share the value 1 IM. Letz0 be a common
1-point of f andg with multiplicity p andq respectively. We denote byNL(r,1; f ) the

reduced counting function of those 1-points off andg wherep > q, by N
(3
E (r,1; f )

(resp.N
(2
E (r,1; f )) the reduced counting function of those 1-points off andg where

p = q ≥ 3 (resp.p = q ≥ 2). In the same way, we defineNL(r,1;g), N
(3
E (r,1;g) and

N
(2
E (r,1;g). In particular, we denote byNL2(r,1; f ) (resp.NL1(r,1; f )) the reduced

counting function of those 1-points off andg where 2= q< p (resp. 1= q< p). Sim-

ilarly, we can defineNL2(r,1;g) andNL1(r,1;g). In addition, we denote byN1)
E (r,1; f )

(resp.N1)
E (r,1;g)) the counting function of those common simple 1-points off andg,

each point is counted only once.
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DEFINITION 2. Let p be a positive integer anda ∈ C ∪ {∞}, we denote by
Np)(r,a; f ) the counting function of the zeros off − a whose multiplicities are not
greater thanp, by N(p(r,a; f ) the counting function of the zeros off −a with multi-
plicities at leastp, and byNp)(r,a; f ), N(p(r,a; f ) the corresponding reduced count-
ing functions. Also byN(r,a; f ) the reduced counting function of thosea-points of
f . Moreover, we setNp(r,a; f ) = N(r,a; f )+N(2(r,a; f )+ · · ·+N(p(r,a; f ). Clearly,
N1(r,a; f ) = N(r,a; f ).

DEFINITION 3. Let F,G be two nonconstant entire functions. We denote by
N0(r,0;F ′) the counting function of those zeros ofF ′ which are not the zeros of
F(F −1), by N0(r,0;F ′) the corresponding reduced counting function. Similarly, we
can defineN0(r,0;G′) andN0(r,0;G′).

2. Some lemmas

For the proof of our results, we need the following lemmas.

LEMMA 1 ([8]). Let f(z) be non-constant meromorphic function and k be a
positive integer. Then

Np(r,0; f (k)) ≤ Np+k(r,0; f )+ kN(r,∞; f )+S(r, f ).

LEMMA 2 ([6]). Let f(z) be non-constant meromorphic function and k be a
positive integer, then

N(r,0; f (k)) ≤ T(r, f (k))−T(r, f )+N(r,0; f )+S(r, f ),(1)

N(r,0; f (k)) ≤ N(r,0; f )+ kN(r,∞; f )+S(r, f ).(2)

LEMMA 3. Let F and G be two nonconstant entire functions. Suppose that
Eℓ(1,F) = Eℓ(1,G).

(i) Whenℓ= 1,

NL2(r,1;F)≤ 1
2N(r,0;F)+S(r,F), NL2(r,1;G)≤ 1

2N(r,0;G)+S(r,G).(3)

(ii) Whenℓ= 0,

NL(r,1;F)≤ N(r,0;F)+S(r,F), NL(r,1;G)≤ N(r,0;G)+S(r,G).(4)

Proof. Note thatF is a nonconstant entire function, from (2) in Lemma 2, we have

N(r,1;F)−N(r,1;F)+N(r,0;F)−N(r,0;F) ≤ N(r,0;F ′) ≤ N(r,0;F)+S(r,F).

This shows that

(5) N(r,1;F)−N(r,1;F) ≤ N(r,0;F)+S(r,F).



Entire functions sharing one value 41

(i) Whenℓ= 1,

NL2(r,1;F) ≤ 1
2[N(r,1;F)−N(r,1;F)].

Combining this with (5), we obtain

NL2(r,1;F) ≤ 1
2N(r,0;F)+S(r,F).

Similarly, we have
NL2(r,1;G) ≤ 1

2N(r,0;G)+S(r,G).

(ii) When ℓ= 0,
NL(r,1;F) ≤ N(r,1;F)−N(r,1;F).

Combining this with (5), we obtain

NL(r,1;F) ≤ N(r,0;F)+S(r,F).

Similarly, we have
NL(r,1;G) ≤ N(r,0;G)+S(r,G).

This completes the proof of Lemma 3.

LEMMA 4. Let F and G be two nonconstant entire functions. Set

H =
[F ′′

F ′ −2
F ′

F −1

]
−
[G′′

G′ −2
G′

G−1

]
.

If Eℓ(1,F) = Eℓ(1,G) and H 6≡ 0.

(i) Whenℓ= 2,

T(r,F)+T(r,G)≤ 2[N2(r,0;F)+N2(r,0;G)]+S(r,F)+S(r,G).(6)

(ii) Whenℓ= 1,

T(r,F)+T(r,G) ≤ 2[N2(r,0;F)+N2(r,0;G)]+ 1
2[N(r,0;F)+N(r,0;G)]

+S(r,F)+S(r,G).(7)

(iii) Whenℓ= 0,

T(r,F)+T(r,G) ≤ 2[N2(r,0;F)+N2(r,0;G)]+3[N(r,0;F)+N(r,0;G)]

+S(r,F)+S(r,G).(8)

Proof. By H 6≡ 0 and a simple calculation, we get

N1)
E (r,1;F)≤ N(r,0;H)≤ T(r,H)+O(1)≤ N(r,∞;H)+S(r,F)+S(r,G).(9)

SinceEℓ(1,F) = Eℓ(1,G) andF , G are two nonconstant entire functions, we get

N(r,∞;H) ≤ N(2(r,0;F)+N(2(r,0;G)+NL(r,1;F)+NL(r,1;G)

+N0(r,0;F ′)+N0(r,0;G′).(10)
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Now we consider the following three cases:

(i) For ℓ= 2, we note that

1
2[N

(3
E (r,1;F)+NL(r,1;F)+NL(r,1;G)]≤ 1

2N(r,1;F)− 1
2N1)(r,1;F)−N(2(r,1;F).

So

(11)
1
2N1)(r,1;F)+N(2(r,1;F)

≤ 1
2N(r,1;F)− 1

2[N
(3
E (r,1;F)+NL(r,1;F)+NL(r,1;G)].

By symmetry,

(12)
1
2N1)(r,1;G)+N(2(r,1;G)

≤ 1
2N(r,1;G)− 1

2[N
(3
E (r,1;G)+NL(r,1;G)+NL(r,1;F)].

Combining with (9)–(12), we deduce that

N(r,1;F)+N(r,1;G)

= 1
2N1)(r,1;F)+N(2(r,1;F)+ 1

2N1)(r,1;G)+N(2(r,1;G)+N1)
E (r,1;F)

≤ 1
2N(r,1;F)+ 1

2N(r,1;G)− [N
(3
E (r,1;F)+NL(r,1;F)+NL(r,1;G)]

+N(2(r,0;F)+N(2(r,0;G)+NL(r,1;F)+NL(r,1;G)+N0(r,0;F ′)

+N0(r,0;G′)+S(r,F)+S(r,G)

≤ 1
2N(r,1;F)+ 1

2N(r,1;G)+N(2(r,0;F)+N(2(r,0;G)

+N0(r,0;F ′)+N0(r,0;G′)+S(r,F)+S(r,G).(13)

On the other hand, by the second fundamental theorem, we get

T(r,F)+T(r,G) ≤ N(r,1;F)+N(r,1;G)+N(r,0;F)+N(r,0;G)

−N0(r,0;F ′)−N0(r,0;G′)+S(r,F)+S(r,G).

Substituting (13) into this, we get

T(r,F)+T(r,G)

≤ 1
2N(r,1;F)+ 1

2N(r,1;G)+N(2(r,0;F)+N(2(r,0;G)

+N(r,0;F)+N(r,0;G)+S(r,F)+S(r,G)

≤ 1
2[T(r,F)+T(r,G)]+N2(r,0;F)+N2(r,0;G)+S(r,F)+S(r,G).(14)

This implies

T(r,F)+T(r,G)≤ 2[N2(r,0;F)+N2(r,0;G)]+S(r,F)+S(r,G).

(ii) For ℓ= 1, we note that

1
2[N

(3
E (r,1;F)+NL(r,1;F)+NL(r,1;G)−NL2(r,1;G)]

≤ 1
2N(r,1;F)− 1

2N1)(r,1;F)−N(2(r,1;F)
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So

1
2N1)(r,1;F)+N(2(r,1;F)

≤ 1
2N(r,1;F)− 1

2[N
(3
E (r,1;F)+NL(r,1;F)+NL(r,1;G)]+ 1

2NL2(r,1;G).(15)

Similarly, we have

1
2N1)(r,1;G)+N(2(r,1;G)

≤ 1
2N(r,1;G)− 1

2[N
(3
E (r,1;G)+NL(r,1;G)+NL(r,1;F)]+ 1

2NL2(r,1;F).(16)

Combining (15) and (16) with (9) and (10), we obtain

N(r,1;F)+N(r,1;G)

= 1
2N1)(r,1;F)+N(2(r,1;F)+ 1

2N1)(r,1;G)+N(2(r,1;G)+N1)
E (r,1;F)

≤ 1
2N(r,1;F)+ 1

2N(r,1;G)− [N
(3
E (r,1;F)+NL(r,1;F)+NL(r,1;G)]

+ 1
2[NL2(r,1;G)+NL2(r,1;F)]+ [N(2(r,0;F)+N(2(r,0;G)+NL(r,1;F)

+NL(r,1;G)+N0(r,0;F ′)+N0(r,0;G′)+S(r,F)+S(r,G)]

≤ 1
2[N(r,1;F)+N(r,1;G)]+ 1

2[NL2(r,1;G)+NL2(r,1;F)]

+N(2(r,0;F)+N(2(r,0;G)+N0(r,0;F ′)+N0(r,0;G′)+S(r,F)+S(r,G).

Sinceℓ= 1, substituting (3) into the above inequality, we get

N(r,1;F)+N(r,1;G)

≤ 1
2[N(r,1;F)+N(r,1;G)]+ 1

4[N(r,0;F)+N(r,0;G)]

+N(2(r,0;F)+N(2(r,0;G)+N0(r,0;F ′)+N0(r,0;G′)+S(r,F)+S(r,G).

Combining this with the second fundamental theorem, similar to the proof of (14), we
can deduce that

T(r,F)+T(r,G)

≤ 1
2[N(r,1;F)+N(r,1;G)]+ 1

4[N(r,0;F)+N(r,0;G)]

+N(2(r,0;F)+N(2(r,0;G)+N(r,0;F)+N(r,0;G)+S(r,F)+S(r,G)

≤ 1
2[T(r,F)+T(r,G)]+ 1

4[N(r,0;F)+N(r,0;G)]+N2(r,0;F)+N2(r,0;G)

+S(r,F)+S(r,G).

This yields

T(r,F)+T(r,G) ≤ 1
2[N(r,0;F)+N(r,0;G)]+2[N2(r,0;F)+N2(r,0;G)]

+S(r,F)+S(r,G).

(iii) For ℓ= 0, we note that

N(r,1;F) = N1)
E (r,1;F)+N

(2
E (r,1;F)+NL(r,1;F)+NL(r,1;G).(17)
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On the other hand, we have

N
(2
E (r,1;G)+NL(r,1;G)+NL(r,1;F)−NL1(r,1;F)≤ N(r,1;G)−N(r,1;G).

This and (17) yield

N(r,1;F)+N(r,1;G)

≤ N1)
E (r,1;F)+N

(2
E (r,1;F)+NL(r,1;F)+NL(r,1;G)+N(r,1;G)

−[N
(2
E (r,1;G)+NL(r,1;G)+NL(r,1;F)−NL1(r,1;F)]

≤ N1)
E (r,1;F)+NL1(r,1;F)+T(r,G)+O(1).

Combining this with (9) and (10) and applying (4) in Lemma 3, we deduce

N(r,1;F)+N(r,1;G)

≤ N(2(r,0;F)+N(2(r,0;G)+NL(r,1;F)+NL(r,1;G)+NL1(r,1;F)

+N0(r,0;F ′)+N0(r,0;G′)+T(r,G)+S(r,F)+S(r,G)

≤ N(2(r,0;F)+N(2(r,0;G)+2N(r,0;F)+N(r,0;G)

+N0(r,0;F ′)+N0(r,0;G′)+T(r,G)+S(r,F)+S(r,G).

Combining this with the second fundamental theorem, we get

T(r,F) ≤ N(r,0;F)+N(2(r,0;F)+N(r,0;G)+N(2(r,0;G)

+2N(r,0;F)+N(r,0;G)+S(r,F)+S(r,G)

= N2(r,0;F)+N2(r,0;G)+2N(r,0;F)+N(r,0;G)+S(r,F)+S(r,G).

Similarly, we have

T(r,G) ≤ N2(r,0;G)+N2(r,0;F)+2N(r,0;G)+N(r,0;F)+S(r,F)+S(r,G).

The above two inequalities show

T(r,F)+T(r,G) ≤ 2[N2(r,0;F)+N2(r,0;G)]+3[N(r,0;F)+N(r,0;G)]

+S(r,F)+S(r,G).

This completes the proof of Lemma 4.

LEMMA 5 ([7]). Let f be a nonconstant meromorphic function and let n be a
positive integer. Suppose that P( f ) = an f n +an−1 f n−1+ ...+a1 f +a0, where ai are
meromorphic functions such that T(r,ai) = S(r, f ) (i = 0,1,2, . . . ,n) and an 6≡ 0. Then

T(r,P( f )) = nT(r, f )+S(r, f ).
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3. Proof of Theorem 1

Proof. Set

F̃ = f n(µ fm+λ), F = F̃(k),(18)

G̃= gn(µgm+λ), G= G̃(k),(19)

and letH be defined as in Lemma 4. If

Eℓ(1, [ f
n(µ fm+λ)](k)) = Eℓ(1, [g

n(µgm+λ)](k)),

thenEℓ(1,F) = Eℓ(1,G).

By Lemma 5 and (18), we have

T(r, F̃) = (n+m∗)T(r, f )+S(r, f ),

N(r,0;F̃) ≤ nN(r,0; f )+m∗T(r, f )+S(r, f ).(20)

By (18) and applying (1) in Lemma 2 tõF , we get

T(r, F̃) ≤ T(r, F̃ (k))−N(r,0;F̃(k))+N(r,0;F̃)+S(r,F)

= T(r,F)−N(r,0;F)+N(r,0;F̃)+S(r, f ).(21)

(20) and (21) yield

(n+m∗)T(r, f )≤ T(r,F)−N(r,0;F)+nN(r,0; f )+m∗T(r, f )+S(r, f ).

This shows
nT(r, f ) ≤ T(r,F)−N(r,0;F)+nN(r,0; f )+S(r, f ).

Similarly, we have

nT(r,g)≤ T(r,G)−N(r,0;G)+nN(r,0;g)+S(r,g).

So

n[T(r, f )+T(r,g)] ≤ T(r,F)+T(r,G)− [N(r,0;F)+N(r,0;G)]

+n[N(r,0; f )+N(r,0;g)]+S(r, f )+S(r,g).(22)

On the other hand, note that ifz0 is a zero off with multiplicity p thenz0 is a zero of
[ f n(µ fm+λ)](k) with multiplicity at least 3 sincenp−k> (k+2)p−k≥ 2 , so we get

N(3(r,0;F)−2N(3(r,0;F) ≥ (n− k−2)N(r,0; f ).

From this we deduce that

N2(r,0;F) = N(r,0;F)+N(2(r,0;F)

= N(r,0;F)− [N(3(r,0;F)−2N(3(r,0;F)]

≤ N(r,0;F)− (n− k−2)N(r,0; f ).
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Similarly, we have

N2(r,0;G) ≤ N(r,0;G)− (n− k−2)N(r,0;g).

Therefore

N2(r,0;F)+N2(r,0;G)

≤ N(r,0;F)+N(r,0;G)− (n− k−2)[N(r,0; f )+N(r,0;g)].(23)

In addition, by Lemma 2, Lemma 5 and (18), we get

N(r,0;F) ≤ N(r,0;F̃)+S(r, F̃)≤ nN(r,0; f )+m∗T(r, f )+S(r, f ).

Similarly, we have

N(r,0;G) ≤ N(r,0;G̃)+S(r,G̃)≤ nN(r,0;g)+m∗T(r,g)+S(r,g).

Therefore

N(r,0;F)+N(r,0;G)

≤ n[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]+S(r, f )+S(r,g).(24)

Suppose thatH 6≡ 0. Now we consider the following three cases:

Case (i) ℓ= 2 andn> 2k+4+m∗. By Lemma 4, we have

T(r,F)+T(r,G) ≤ 2[N2(r,0;F)+N2(r,0;G)]+S(r,F)+S(r,G).(25)

Combined with (22), (25), (23) and (24), we deduce that

n[T(r, f )+T(r,g)]

≤ 2[N2(r,0;F)+N2(r,0;G)]− [N(r,0;F)+N(r,0;G)]

+n[N(r,0; f )+N(r,0;g)]+S(r, f )+S(r,g)

≤ 2[N(r,0;F)+N(r,0;G)− (n− k−2)(N(r,0; f )+N(r,0;g))]

−[N(r,0;F)+N(r,0;G)]+n[N(r,0; f )+N(r,0;g)]

+S(r, f )+S(r,g)

= N(r,0;F)+N(r,0;G)− (n−2k−4)[N(r,0; f )+N(r,0;g)]

+S(r, f )+S(r,g)

≤ (2k+4)[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]

+S(r, f )+S(r,g).(26)

This contradicts the assumptionn> 2k+4+m∗.
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Case (ii) ℓ= 1 andn> (5k+9+3m∗)/2. By Lemma 4, we have

T(r,F)+T(r,G) ≤ 2[N2(r,0;F)+N2(r,0;G)]+ 1
2[N(r,0;F)+N(r,0;G)]

+S(r,F)+S(r,G).(27)

Combining with (22), (27), (23) and (24), similar to the proof of (26), we deduce

n[T(r, f )+T(r,g)] ≤ (2k+4)[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]

+ 1
2[N(r,0;F)+N(r,0;G)]+S(r, f )+S(r,g).(28)

Note that

N(r,0;F) = N1(r,0;F̃ (k)), N(r,0;G) = N1(r,0;G̃(k)).(29)

Applying Lemma 1, Lemma 5 and combining (29) with (18), we obtain

N(r,0;F)+N(r,0;G)

= N1(r,0;F̃(k))+N1(r,0;G̃(k))

≤ N1+k(r,0;F̃)+N1+k(r,0;G̃)+S(r, F̃)+S(r,G̃)

≤ (1+ k)N(r,0; f )+N(r,0;µ fm+λ)+ (1+ k)N(r,0;g)

+N(r,0;µgm+λ)+S(r, f )+S(r,g)

≤ (1+ k)[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]+S(r, f )+S(r,g).(30)

Substituting (30) into (28), we get

n[T(r, f )+T(r,g)]

≤ (2k+4)[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]

+ 1
2(1+ k)[N(r,0; f )+N(r,0;g)]+ 1

2m∗[T(r, f )+T(r,g)]+S(r, f )+S(r,g)

≤ 1
2(5k+9)[N(r,0; f )+N(r,0;g)]+ 3

2m∗[T(r, f )+T(r,g)]+S(r, f )+S(r,g).

This is impossible, sincen> (5k+9+3m∗)/2.

Case (iii) ℓ= 0 andn> 5k+7+4m∗. By Lemma 4, we have

T(r,F)+T(r,G) ≤ 2[N2(r,0;F)+N2(r,0;G)]

+3[N(r,0;F)+N(r,0;G)]+S(r,F)+S(r,G).(31)

Combining with (22), (31), (23) and (24), similarly to the proof of (26), we deduce

n[T(r, f )+T(r,g)] ≤ (2k+4)[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]

+3[N(r,0;F)+N(r,0;G)]+S(r, f )+S(r,g).(32)

Substituting (30) into (32), we get

n[T(r, f )+T(r,g)]

≤ (2k+4)[N(r,0; f )+N(r,0;g)]+m∗[T(r, f )+T(r,g)]

+3(1+ k)[N(r,0; f )+N(r,0;g)]+3m∗[T(r, f )+T(r,g)]+S(r, f )+S(r,g)

≤ (5k+7)[N(r,0; f )+N(r,0;g)]+4m∗[T(r, f )+T(r,g)]+S(r, f )+S(r,g).
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This contradicts the assumptionn> 5k+7+4m∗.

Therefore,H ≡ 0, i.e.,

F ′′

F ′ −2
F ′

F −1
=

G′′

G′ −2
G′

G−1
.

By integrating, we get from above equality that

F ′

(F −1)2 = c
G′

(G−1)2 ,

wherec is a nonzero constant. It follows thatF andG share 1 CM, that is to say,
[ f n(µ fm+λ)](k) and[gn(µgm+λ)](k) share 1 CM. This together withn> 2k+4+m∗,
by Theorem E, we obtain the conclusion of Theorem 1.

This completes the proof of Theorem 1.

4. Proof of Theorem 2

Proof. Set

F̃ = f n( f −1)m, F = F̃ (k),

G̃= gn(g−1)m, G= G̃(k),

and letH be defined as in Lemma 4. If

Eℓ(1, [ f
n( f −1)m](k)) = Eℓ(1, [g

n(g−1)m](k)),

thenEℓ(1,F)=Eℓ(1,G). Using the discussion in the proof of Theorem 1, we can verify
that if one of the three conditions in Theorem 2 holds, thenH ≡ 0. Next, by integrating
this, we getF andG share 1 CM, i.e.,[ f n(z)( f (z)−1)m](k) and[gn(z)(g(z)−1)m](k)

share 1 CM. This together withn> 2k+4+m, by Theorem F, we obtain the conclu-
sion of Theorem 2.

This completes the proof of Theorem 2.

5. Proof of Corollary 3 and Corollary 4

Proof. In fact, letm= 1 andℓ = 2 (ℓ = 0), by Theorem 2, ifEℓ(1, [ f n( f −1)](k)) =
Eℓ(1, [gn(g− 1)](k)) andn > 2k+ 5 (n > 5k+ 11) then eitherf ≡ g or f n( f − 1) =
gn(g− 1). Supposef 6≡ g, then we getg = hn−1

hn+1−1
, whereh = f

g . From this and by
Picard’s theorem, we can deduce thath is a constant sinceg is an entire function. So,g
is a constant, a contradiction. Hencef ≡ g.

This completes the proof of Corollary 3 (Corollary 4).
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