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FURTHER RESULTS ON UNIQUENESS OF ENTIRE
FUNCTIONS SHARING ONE VALUE

Abstract. In this paper, we study the uniqueness problems of entiretifums sharing one
value with weight¢ (¢ = 0,1,2). The results in this paper improve the related resultsrgiv
by X.Y. Zhang and W.C. Lin, M.L. Fang, C.C. Yang and X.H. Hutz. e

1. Introduction and main results

In this paper, a meromorphic function means meromorphieéropen complex plane.
We shall use the standard notations in Nevanlinna’s valsteilolition theory of mero-
morphic functions such ag(r, f), N(r, f), N(r, f), m(r, f) and so on (see [2, 7]). The
notationS(r, f) is defined to be any quantity satisfyi®gr, f) = o{T(r,f)} asr — o
possibly outside a set ofof finite linear measure.

Let f andg be two nonconstant meromorphic functioabe a complex number.
We say thatf andg share the valua CM (counting multiplicities) iff —aandg—a
have the same zeros with the same multiplicities. Simil#rl{y —aandg— a have the
same zeros ignoring multiplicities, then we sagndg share the valua IM. Let ¢ be
a nonnegative integer es. We denote byE,(a, f) the set of alla-points of f, where
ana-point with multiplicity mis countedntimes ifm < ¢, and¢ + 1 times ifm > ¢. If
E/(a, f) = E/(a,g), we say thaff andg share the valua with weight?¢. Clearly, if
andg share the valua with weight¢, then for any integep (0 < p < ¢), f andg share
the valuea with weight p. Also we note thaf andg share the valua CM or IM if
and only if¢ = o or ¢ = O respectively. So, the weighf a weighted sharing value is
used to measure how close the shared value is to being shktex © being shared
IM (see [3]).

Let m be a positive integer, we also denote iy (see [9]) the producgm,

where
/0, u=o0
XW=1 1 po.
In 1993, Wang [4] proved the following result.

Theorem ALet f be a transcendental entire function, anl be two positive integers
with n>k+ 1. Then(f")K = 1 has infinitely many solutions.

Many authors have interest in establishing a uniquenessahecorresponding
to the above result. In 1997, C.C. Yang and X.H. Hua [5] firetlyained the following:
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Theorem Blet f andg be two non-constant entire functions amd- 6 an integer.
If f"f' andg"g’ share 1 CM, then eithef = dg for some(n+ 1)th root of unity

d or g(z) = c1€** and f(z) = cxe" %4, wherecy,c, and ¢ are constants and satisfy
(c162)"1c? = —1.

In 2002, Fang [1] improved Theorem B to tkeh derivative and obtained the
following theorems.

Theorem CLet f andg be two non-constant entire functions andigt be two positive
integers withn > 2k + 4. If (f")¥) and(g")¥) share 1 CM, then eithefi(z) = c;e%,
9(2) = ce” %, wherecy, ¢; andc are three constants satisfyifig1)¥(c1¢2)"(nc) =1,
or f =tgfor a constant such that" = 1.

Theorem DLet f andg be two non-constant entire functions andigt be two positive
integers withn > 2k 4-8. If [f"(f — 1)]® and[g"(g — 1)]¥ share 1 CM, theri = g.

In 2008, X.Y. Zhang and W.C. Lin [9] extended the above rasmjtproving the
following theorems.

Theorem ELet f andg be two non-constant entire functions andrigh andk be three
positive integers witm > 2k+ m* 4 4, and\, p be constants such thgt| + |y # 0. If
[F'(uf™+ )] and[g"(ug™ +A)]¥ share 1 CM, then

(i) whenAp# 0, f =tgfor a constant such that" = 1 andt™ = 1;

(i) when Ap = 0, either f = tg, wheret is a constant satisfying"™ = 1, or
f(z) = c1€%%,g(2) = ce” % wherecy, ¢; andc are three constants satisfying

(—1)*A%(crc)™ ™ [(n+m)c)]* = 1 or (—1)Ku?(c1c2)™™ [(n+ m*)c)]* = 1.

Theorem FLet f andg be two non-constant entire functions andignh andk be three
positive integers witm > 2k+m+4. 1If [f"(f —1)M® and[g"(g— 1)™® share 1
CM, then eitherf = g, or f andg satisfy the algebraic equatid®(f,g) = 0, where
R(wi,W2) = Wi (wy — 1) —wh(wp — 1)™.

In this paper, we establish the following theorems whichriove the above
related results.

THEOREM 1. Let f and g be two non-constant entire functions, and l@ n
and k be three positive integers, aidu be constants such th&k| + |y # 0. If
Ee(L, [fM(uf™+2)]®) = E/(1, [g"(ud" + N)] ), and one of the following conditions
holds:

(i) £=2and n> 2k+ 4+ m*
5k + 9+ 3m"
—
(i) ¢=0and n> 5k+ 7+ 4m".
Then the conclusion of Theorem E holds.

(i) £=21andn>
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THEOREM?Z2. Let f and g be two non-constant entire functions and Jet and

k be three positive integers. I8, [f"(f —1)™M®) = E/(1,[g"(g— 1)M®), and one
of the following conditions holds:

() {=2andn>2k+4+m;
5k+9+3m
—

(iii) ¢=0and n>5k+7+4m.
Then the conclusion of Theorem F holds.

(i) £=21andn>

By Theorem 1, we immediately obtain the following results.

COROLLARY 1. Let f and g be two non-constant entire functions and let
n,k be two positive integers with m 2k +4. If Ex(1,[f"|) = Ex(1,[g"®), then
either f(z) = c1€%, g(z) = ce %4 where g,c; and c are three constants satisfying
(—1)X(c1c2)"(nc)* = 1, or f =tg for a constantt such thaft= 1.

COROLLARY 2. Let f and g be two nonconstant entire functions and l&t n
be two positive integers with n 5k+ 7. If [f"]®) and [g"® sharel IM, then ei-
ther f(z2) = c1€%, g(z) = c,e %%, where g,c; and c are three constants satisfying
(—1)¥(c1c2)"(nc)* =1, or f =tg for a constant t such thaf t= 1.

Moreover, from Theorem 2, we can also deduce the followisglte.

CoOROLLARY 3. Let f and g be two non-constant entire functions and J&t n
be two positive integers withxa 2k+ 5. If Ex(1, [f"(f — 1)]®) = Ex(1,[g"(g— 1)]),
then f=g.

COROLLARY 4. Let f and g be two non-constant entire functions and J&t n
be two positive integers with 1 5k+11. If [f"(f — 1)) and[g"(g— 1)] sharel
IM, then f=g.

For convenience, we now explain some notation that will keus the paper.

DEFINITION 1. Supposef andg share the value 1 IM. Letp be a common
1-point of f andg with multiplicity p andq respectively. We denote BYy (r,1; f) the
reduced counting function of those 1-pointsfoandg wherep > g, by N<E3(r,1; f)
(respN,(Ez(r,l; f)) the reduced counting function of those 1-pointsfadindg where
p=q>3(resp.p=q>2). Inthe same way, we definé_(r,1;g), N<E3(r,1;g) and
N<E2(r,1;g). In particular, we denote b »(r,1;f) (resp.Np1(r,1;f)) the reduced
counting function of those 1-points éfandg where 2= q < p (resp. 1= g < p). Sim-
ilarly, we can defindNi2(r,1;g) andN1(r,1;g). In addition, we denote bMé)(r, 1;f)
(resp.Né)(r, 1;9)) the counting function of those common simple 1-points$ @ndg,
each point is counted only once.



40 X. Q. Lin

DEFINITION 2. Let p be a positive integer and € CU {0}, we denote by
Np)(r,& f) the counting function of the zeros df— a whose multiplicities are not
greater tharp, by N,(r,& f) the counting function of the zeros éf— a with multi-
plicities at leastp, and byNp, (r,a; f), Np(r,a; ) the corresponding reduced count-
ing functions. Also byN(r,a; f) the reduced counting function of thoagoints of
f. Moreover, we seNy(r,a; f) = N(r,a; f) + Npo(r,a; f) +--- + N(p(r,a; f). Clearly,
Ni(r,a; f) = N(r,a; f).

DEeFINITION 3. LetF,G be two nonconstant entire functions. We denote by
No(r,0;F’) the counting function of those zeros Bf which are not the zeros of
F(F —1), by No(r,0;F’) the corresponding reduced counting function. Similarlg, w
can definéNo(r,0;G") andNy(r,0;G').

2. Some lemmas

For the proof of our results, we need the following lemmas.

LEmMMA 1 ([8]). Let f(z) be non-constant meromorphic function and k be a
positive integer. Then

Np(r, 05 ) < Npi(r, 05 F) + KN(r,e0; ) + S(r, f).

LEMMA 2 ([6]). Let f(z) be non-constant meromorphic function and k be a
positive integer, then

(1) N(r,0; £ )
2) N(r,0; f®)

T(r,f®

ST, ) N0 )+ S ),
(rOf) +KN(r, 00;

F)+S(r, ).

<
<

LEMMA 3. Let F and G be two nonconstant entire functions. Suppose that
E/(1,F) =E«(1,G).

(i) When{ =1,
(3) Niao(r,1;F) < IN(r,0;F) +S(r,F), Ni2(r,1;G) < IN(r,0;G) + S(r,G).
(i) When? =0,
4) NL(r,1;F) <N(r,0;F) + S(r,F), N_(r,1;G) <N(r,0;G) + S(r,G).
Proof. Note thatF is a nonconstant entire function, from (2) in Lemma 2, we have
N(r,1;F) —N(r,1;F) +N(r,0;F) — N(r,0;F) < N(r,0;F") < N(r,0;F)+S(r,F).
This shows that

(5) N(r,1;F) —N(r,1;F) < N(r,0;F)+S(r,F).
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(i) When¢ =1,
Ni2(r,1;F) < 3[N(r,1;F) = N(r, 1;F)].
Combining this with (5), we obtain
Nio(r,1;F) < 3N(r,0;F) +S(r,F).

Similarly, we have
Ni2(r,1;G) < 3N(r,0;G) + S(r,G).

(i) When ¢ =0,
NL(r,1;F) < N(r,1;F) —N(r, 1;F).

Combining this with (5), we obtain
NL(r,1;F) < N(r,0;F) + S(r,F).

Similarly, we have
NL(r,1;G) < N(r,0;G) + S(r,G).

This completes the proof of Lemma 3. O

LEMMA 4. Let F and G be two nonconstant entire functions. Set

F// F/ G// G/
H=lF 2 1} - { }
If E¢(1,F) = E/(1,G) and H= 0.
(i) Whent =2,

(6) T(r,F)+T(r,G) <2[Na(r,0;F) + No(r,0;G)] + S(r,F) + S(r,G).

G G-1l"

(i) Whent =1,
T(LF)+T(G) < 2[Ny(r,0;F)+Ny(r,0;G)] + 3[N(r,0;F) + N(r,0;G)]
(7) +S(r,F)+9(r,G).
(iil) When? =0,

T(F)+T(,G) < 2[Na(r,0;F)+Ny(r,0;G)] +3[N(r,0;F) +N(r,0;G)]
(®) +S(r,F) +S(r,G).

Proof. By H # 0 and a simple calculation, we get
© N/(rL;F) < N(r,OH) < T(rH) +O(1) < N(r,e5;H) + S(r.F) + S(1,G).
SinceE,(1,F) = E/(1,G) andF, G are two nonconstant entire functions, we get

N(r,o0;H) < No(r,0;F) +No(r,0;G) +NL(r,1;F) + NL(r, 1;,G)
(10) +No(r,0;F") +No(r,0;G).
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Now we consider the following three cases:
(i) For¢ =2, we note that

IN

So

S(r,1F) +NL(L LF) +NL(r, 1;6)] < AN, 1;F) — 3Ny (1, 1;F) = Nio(r, 1;F).

2(r,1;F)

1) N (r, 1;F) + N,
< IN(r, 1;F)—%[N(E?’(r,l;F)+NL(r,1;F)+NL(r,1;G)].

NI

By symmetry,

<IN(MLG) - INE(r,1;,6) + NL(r,1;G) + NL(r, 1;F)].
Combining with (9)—(12), we deduce that
N(r,1;F) +N(r,1;G)
Ny (r,1;F) -+ No(r, 1;F) 4+ 3N; )(r,l;G)+N<2(r,1;G)+Né)(r,1;F)

NI

N(r,1;F) + IN(r,1;G) — [NS(r, 1;F) + NL(r.1F) +NL(r.1,6)]

< +1
N(rOF)i 2(r,0;G) +NL(r,1;F) + N_(r,1;G) + No(r,0;F")
N, +

!

+ Nl

N
+No(r,0;G) + S(r,F) + S(r,G)
SN(r,1;F) + 3N(r,1;G) + N(o(r,0;F ) + N(r, 0;G)
(13) +No(r,0;F") +No(r,0;G") + S(r,F) + S(r,G).
On the other hand, by the second fundamental theorem, we get
TrF)+T(r,G) < N(r,1;F)+N(r,1;G)+N(r,0;F) +N(r,0;G)
—No(r,0;F") — No(r,0;G") + S(r,F) + §(1,G).
Substituting (13) into this, we get

IN

TrF)+T(r,G)
< 3N(r,1;F) +3N(r,1;G) + Nio(r,0;F ) + No(r,0;G)
+N(r,0;F) +N(r,0;G) + S(r,F) + §(r,G)

(14) < 3[T(rF)+T(r,G)]+Ny(r,0;F) + Na(r,0;G) + S(r,F) + S(r,G).
This implies

T(r,F)+T(r,G) <2[Na(r,0;F) + No(r,0;G)] + S(r,F) + §(r,G).

(i) For¢=1, we note that
%[Nf;( 1;F)+NL(r,1;F) + NL(r,1;G) — Ni2(r,1;G)]

< IN(LLF)— 3Ny (r,1;F) —Npo(r, 1;F)
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So
INp (r, 1;F) + No(r, 1;F)

15) < IN(LLF) - INS(r,LF) + Nu(r, 1;F) + NL(r, 1;,6)] + Nio(r, 1;G).
Similarly, we have

3Ny (1,1;G) + Nio(r,1;G)
(16) < IN(r,1;6)— I[NE(r,1;G) + NL(r,1;G) + NL(r, 1;F)] + INia(r, 1;F).
Combining (15) and (16) with (9) and (10), we obtain
N(r,1;F) +N(r,1;G)
Ny (r,1;F )+ No(r, 1;F) + 3Ngy (r, 1,G) + Nio(r, 1'G)+Né)(r 1;F)

NI

N(r,1;F) + IN(r, 1;,6) — [NE(r, 1;F) + N (1, 1;F) + N (r, 1,G)]
$[NL2(r,1;G) + Ni2(r, 1;F)] 4 [N(2(r,0;F ) + Ni2(r,0;G) + N (r, 1;F)
+NL(r,1;G) 4+ No(r,0;F") +No(r,0;G") + S(r,F) + S(r,G)]
2IN(r,1;F) + N(r,1;G)] + 3[Ni2(r,1;G) + Nio(r, 1;F)]
+N2(r,0;F) +N2(r,0;G) 4+ No(r,0;F") + No(r,0;G') + S(r,F) + S(r,G).

<

—+ I\)Il—‘

IN

Sincel = 1, substituting (3) into the above inequality, we get
N(r,1;F) +N(r, 1;G)

< [N(r 1;F) +N(r,1;G)] + 3[N(r,0;F) + N(r,0;G)]

N2(r,0;F) +N2(r,0;G) + No(r,0;F") +No(r,0;G') + S(r,F) + S(r,G).

Combining this with the second fundamental theorem, simtdldhe proof of (14), we
can deduce that
T(r,F)+T(r,G)

< [N(r 1;F)+N(r,1;G)] + 3[N(r,0;F) + N(r,0;G)]

N(2(r,0;F) +N2(r,0;G) + N(r,0;F ) + N(r,0;G) + S(r,F) + S(r,G)
%[T(r,F)+T(r,G)] 3 [N(r,0;F) + N(r,0;G)] + Na(r,0;F ) + Ny(r,0; G)
+8(r,F)+9(r,G).

This yields

T(LF)+T(r,G) < 3[N(r,0;F) +N(r,0;G)] + 2[Na(r,0;F ) + Na(r, 0;G)]

+8(r,F)+9(r,G).

IN

(i) For ¢ =0, we note that

17)  NrLF) = N0 LF)+NE(r1F) +NL(r1;F) +NL(r,1;6).
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On the other hand, we have
NE(r,1;G) + N (1, 1;G) + NL(r, 1;F) — Na(r, 1;F) < N(r, 1,G) — N(r,1;G).
This and (17) yield

N(r,1;F) +N(r,1;G)
< N 1;F) +NE(r,1;F) + NL(r, 1;F) + NL(r,1;G) + N(1, 1;G)
~[N2(r,1,G) + NL(1,1;G) + N_(r, 1;F) — Na(r, 1;F)]
N (r, 1iF) + Nes(r, LiF) + T(1,G) + O().

IN

Combining this with (9) and (10) and applying (4) in Lemma & deduce

N(r,l;F) +N(r,1;G)

< Np(r,0;F)+N2(r,0;G) + NL(r,1;F) + NL(r,1;G) + Np1(r, 1;F)
+N0(r,O,F’)+No(r,0;G’) +T(r,G)+S(r,F)+S(r,G)
< Np(r,0;F) +N2(r,0;G) + 2N(r,0;F) + N(r,0;G)

+No(r,0;F") +No(r,0;G') + T (r,G) + S(r,F) + (1, G).
Combining this with the second fundamental theorem, we get

T(r,F) < N(r,0;F)+Ny(r,0;F)+N(r,0;G) + N(r,0;G)
+2N(r,0;F) +N(r,0;G) + S(r,F) + S(r,G)
= Np(r,0;F) +Ny(r,0;G) + 2N(r,0;F ) + N(r,0;G) + S(r,F) + (1, G).

Similarly, we have
T(r,G) < Ny(r,0;G)+ Ny(r,0;F) +2N(r,0;G) + N(r,0;F) + S(r,F) + (1, G).
The above two inequalities show

T(rL,F)+T(r,G) < 2[No(r,0;F)+ Na(r,0;G)] + 3[N(r,0;F ) + N(r,0; G)]
+S(r,F)+ S(r,G).

This completes the proof of Lemma 4. O

LEmMMA 5 ([7]). Let f be a nonconstant meromorphic function and let n be a
positive integer. Suppose that® = anf" +a,_1f" 1 +... + a1 f + ag, where aare
meromorphic functions such thafa;) = S(r, f) (i=0,1,2,...,n) and & £ 0. Then

T(r,P(f)) =nT(r, f)+S(r, f).
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3. Proof of Theorem 1

Proof. Set
(18) F=f"ufm"+r), F=F®,
(19) G=g"(ug"+)), G=GY,

and letH be defined as in Lemma 4. If

E(L,[F"(uf™+2)]0) = Ey(L, [g"(ng" + 1)),

thenE/(1,F) = E/(1,G).
By Lemma 5 and (18), we have

T(LF) = (n+m")T(r,f)+S(r,f),
(20) N(r,0;F) < nN(r,0;f)+m*T(r, f)+S(r, f).

By (18) and applying (1) in Lemma 2 , we get

T(F) < TrFR)—N(r,0;F®)+N(r,0;F)+ S(r,F)
(21) = T(r,F) —N(r,0;F) 4+ N(r,0;F) + §(r, ).

(20) and (21) yield
(Nn+m"T(r, f) <T(r,F) —N(r,0;F) +nN(r,0; f) + m*T(r, f) + S(r, f).

This shows
nT(r,f) <T(r,F)—N(r,0;F)+nN(r,0; f) + S(r, f).

Similarly, we have
nT(r,g) < T(r,G) —N(r,0;G) +nN(r,0;9) + S(r, ).
So
nT(rf)+T(rg)] < T(F)+T(r,G)—[N(r,0;F)+N(0,G)]
(22) +N[N(r,0; ) +-N(r,0;9)] + S(r, f) 4 S(r, 9).

On the other hand, note that4f is a zero off with multiplicity p thenz, is a zero of
[ (uf™ ))& with multiplicity at least 3 sincep—k > (k+2)p—k> 2, so we get

Nis(r,0;F) —2Ni3(r,0;F) > (n—k—2)N(r,0;f).
From this we deduce that
Nz(r,0;F) = N(r,0;F)+N(r,0;F)

= N(r,0;F) — [N3(r,0;F) — 2N(3(r,0;F)]
< N(r,0;F) — (n—k—2)N(r,0; f).
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Similarly, we have
N2(r,0;G) < N(r,0;G)— (n—k—2)N(r,0;9).
Therefore

N2 (r,0;F) 4+ N2(r,0;G)
(23) < N(r,0;F)+N(r,0;G) — (n—k—2)[N(r,0; f) + N(r,0;9)].

In addition, by Lemma 2, Lemma 5 and (18), we get
N(r,0;F) < N(r,0;F)+S(r,F) <nN(r,0; f) + m*T(r, f) + S(r, f).
Similarly, we have
N(r,0;G) < N(r,0;G)+S(r,G) < nN(r,0;g) + m*T (r,g) + S(r,9).
Therefore
N(r,0;F)+N(r,0;G)
(24) < nIN(r,0;f)+N(r,0;,9)] +m[T(r, f) + T (r,9)] + S(r, f) + S(r, Q).
Suppose thatl #Z 0. Now we consider the following three cases:
Case (i) ¢ = 2 andn > 2k + 4+ m*. By Lemma 4, we have
(25) T(r,F)+T(r,G) < 2[Na(r,0;F)+ Nz(r,0;G)]+ S(r,F) + S(r,G).
Combined with (22), (25), (23) and (24), we deduce that

n[T(r,f)+T(r,9)]
< 2[Na(r,0;F) + Na(r,0;G)] — [N(r,0;F) + N(r,0;G)]
+n[N(r,0; f) + N(r,0;9)] + S(r, f) + S(r,9)

< 2[N(r,0;F)+N(r,0;G) — (n—k—2)(N(r,0; f) + N(r,0;9))]
—[N(r,0;F) +N(r,0;G)] + n[N(r,0; f) + N(r,0;9)]
+S(r, f) +S(r,9)
= N(r,0;F)+ N(r,0;G) — (n—2k—4)[N(r,0; f) + N(r,0;9)]
+3(r, f) +S(r,9)
< (2k4+4)[N(r,0; f) + N(r,0;9)] + m*[T(r, f) + T (r,0)]
(26) +S(r, f)+S(r,9).

This contradicts the assumption> 2k + 4 4+ m*.
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Case (i) ¢ = 1 andn > (5k+ 9+ 3m*) /2. By Lemma 4, we have
T(LF)+T(r,G) < 2[Na(r,0;F)+Ny(r,0;G)] + 5[N(r,0;F) + N(r,0;G)]

(27) +S(r,F)+8(r,G).

Combining with (22), (27), (23) and (24), similar to the pfob(26), we deduce

nTrH)+Trgl < (2Kk+4N(r,0:f)+N(r,0;9)] +m'[T(r, f) + T(r,9)]

(28) +3[N(r,0;F) +N(r,0;G)] + S(r, f) + S(r, ).
Note that
(29) N(r,0;F) = Ny(r,0;F®), N(r,0;G) = Ny (r,0;GW).

Applying Lemma 1, Lemma 5 and combining (29) with (18), weaiit
N(r,0;F) +N(r,0;G)
= Ni(r,0;F®) 4 Ny(r,0;G®)
Ni4k(r,0;F) + No,k(r,0;G) 4+ S(r,F) + (r,G)
(L+K)N(r,0; f) + N(r,0;u f™ -+ A) + (14 k)N(r, 0;9)
+N(r,0;ug" +A) + S(r, f) + S(r,9)
(30) (L+K)[N(r,0; f) +N(r,0;9)] + m* [T (r, ) + T (r,9)] + S(r, f) + S(r, Q).
Substituting (30) into (28), we get
n[T(r,f)+T(r,9)]
< (2k4+4)[N(r,0; f) + N(r,0;9)] + m*[T(r, f) +T(r,9)
+3(L+K)[N(r,0; f) + N(r,0;9)] + 2m*[T (r, f) + T(r,g)] + S(r, ) + S(r, Q)
< 2(5k+9)[N(r,0;f) -+ N(r,0;0)] + 3m*[T (r, f) + T (r,g)] + S(r, ) + S(r, Q).
This is impossible, since > (5k+ 9+ 3m*) /2.

<
<

IN

]
r

Case (iii) £=0 andn > 5k+ 7+ 4m*. By Lemma 4, we have
TLF)+TrG) < 2[Nz(r,0;F)+ Na(r,0;G)]
(31) +3[N(r,0;F) + N(r,0;G)] + S(r,F) + §(r,G).
Combining with (22), (31), (23) and (24), similarly to theopf of (26), we deduce
NTrf)+T(rg)] < (2k+4)[N(r,0;f)+N(r,0;9)]+m*[T(r,f)+T(r,g9)]

(32) +3[N(r,0;F) +N(r,0;G)] + S(r, f) + S(r, 9).
Substituting (30) into (32), we get
n[T(r,f)+T(r,g)]

< (2k+4)[N(r,0; f) + N(r,0;9)] + m*[T(r, f) + T (r,0)]

+3(1+K)[N(r,0; f) +N(r,0,9)] + 3m*[T(r, f) + T(r,9)] + S(r, f) + S(r,9)
< (Bk+7)[N(r,0; f) + N(r,0;9)] + 4m*[T (r, ) + T (r,9)] + S(r, f) + S(r, ).
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This contradicts the assumption> 5k+ 7 4 4m*.
ThereforeH =0, i.e.,
FII F/ G/I GI

F “F-1 G “G-1

By integrating, we get from above equality that

F/ G/
F_12 ‘G_1?

wherec is a nonzero constant. It follows thktand G share 1 CM, that is to say,
[F"(uf™+A)]® and[g"(ug™ +\)] share 1 CM. This together with> 2k + 44,
by Theorem E, we obtain the conclusion of Theorem 1.

This completes the proof of Theorem 1. O

4. Proof of Theorem 2

Proof. Set
F=f"(f—-1)" F=F®,
G=g"(g-1", G=GW,
and letH be defined as in Lemma 4. If

Eo(L, [f"(f —1)M¥) = Ex(1,[g"(g— 1)™®),

thenE,(1,F) = E/(1,G). Using the discussion in the proof of Theorem 1, we can verify
that if one of the three conditions in Theorem 2 holds, tHea 0. Next, by integrating
this, we getfr andG share 1 CM, i.e.[f"(2)(f(z) — 1)™® and[g"(2)(g(z) — 1)™®
share 1 CM. This together with> 2k+ 4+ m, by Theorem F, we obtain the conclu-
sion of Theorem 2.

This completes the proof of Theorem 2. O

5. Proof of Corollary 3 and Corollary 4

Proof. In fact, letm= 1 and/ = 2 (¢ = 0), by Theorem 2, i€, (1,[f"(f — 1)]¥) =
E/(1,[g"(g—1)]®) andn > 2k+5 (n > 5k+ 11) then eitherf = g or f"(f — 1) =
g"(g—1). Supposef £ g, then we geg = hﬁ‘i—;}l whereh = é. From this and by
Picard’s theorem, we can deduce thdd a constant sincgis an entire function. Sa
is a constant, a contradiction. Hentes g.

This completes the proof of Corollary 3 (Corollary 4). O
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