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S. S. Billing

DIFFERENTIAL SANDWICH-TYPE RESULTS
AND CRITERIA FOR STARLIKENESS

Abstract. We find certain sufficient conditions for starlikeness ofmalized analytic func-
tions. We show that the subordination theorem proved hefiesia number of known results
and improves certain criteria of starlikeness. Some safdtyipe results regarding starlike
functions are also given. Mathematica 7.0 is used to plotrttzgjes of the unit disk under
certain functions.

1. Introduction

A function f is said to be analytic at a poiztin a domainD if it is differentiable

not only atz but also in some neighborhood of the pomtA function f is said to

be analytic in a domaif if it is analytic at each point of). Let J# be the class of
functions analytic in the open unit didk= {z: |z < 1} and fora € C (the complex
plane) andh € N (set of natural numbers), l6¢’[a, n] be the subclass o consisting

of functions of the formf (z) = a+ ay2"+ an.12""1 +---. Let .o/ be the class of all
functionsf which are analytic in the open unit difk= {z: |zl < 1} and normalized
by the conditions that(0) = f/(0) — 1= 0. Thus,f € &/ has a Taylor series

f(2) =2+ Y a.
k=2

A function f is said to beunivalentin a domainD in the extended complex
plane if and only if it is regular (analytic) i except for at most one simple pole, and
f(z1) # f(z) for z1 # 2 (21,22 € D). In this case, the equatidi{z) = w has at most
one root inD for any complex numbew. Such functions maf® conformally onto
a domain in thewv-plane. Let¥ denote the class of all analytic univalent functidns
defined on the unit disk which are normalized by the conditioh€)) = f'(0) —1=0.

A domainD in C is said to bestarlike (with respect to the origin) iE=0<c D
and the linear segment joining O to any other poinDdfes entirely inD, i.e. for all
ze D, Aze D where 0< A < 1. A functionf € &/ is said to be starlike in the open
unit diskE if it is univalent inE and f (E) is a starlike domain. Denote hy*(a), the
class of starlike functions of ordarwhich is analytically defined as follows:

Y*(a){f €0 (sz/((z?) > q, ZE]E},

wherea is a real number such thakOa < 1. Write.* = .#*(0), the class of univalent
starlike functions with respect to the origin.

For two functionsf andg analytic in the open unit disi, we say thatf is
subordinate to g i and write asf < g if there exists a Schwarz functiomanalytic
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in E with w(0) = 0 and|w(z)| < 1, z€ E such thatf(z) = g(w(2)), z€ E. In case
the functiong is univalent, the above subordination is equivalent (8) = g(0) and
f(E) C g(E).

Letd: C? x E — C be an analytic functiom be an analytic function if such
that(p(2),zp(2);2) € C2 x E for all z€ E andh be univalent irnE. Then the function
p is said to satisfy dirst order differential subordinatioif

1) ®(p(2),268(2);2) < h(z), ®(p(0),0;0) = h(0).

A univalent functiong is called adominantof the differential subordination (1) if
p(0) = g(0) andp < g for all p satisfying (1). A dominang that satisfies) < q for all
dominantgy of (1), is said to be theest dominanof (1).

Let W : C? x E — C be analytic and univalent in domafi¥ x E, h be analytic
in E, p be analytic and univalent i, with (p(z),zp (2);z) € C?> x Eforall z€ E. Then
p is called asolutionof the first order differential superordination if

(2) h(z) < W(p(2),26(2);2), h(0) = ¥(p(0),0;0).

An analytic functionq is called asubordinantof the differential superordination (2),
if q < p for all p satisfying (2). A univalent subordinagttfiat satisfieg) < ¢ for all
subordinantsg) of (2), is said to be thbest subordinantf (2).

7 7
The expressiongff(—(z? and 1+ fo’((z? play an important role in the theory of

univalent functions. Several new classes have been intemtland studied by vari-
ous researchers by combining these expressions in differ@anners. For example, in
1973, Miller, Mocanu and Reade [5] investigated the clags(known as the class of
a-convex functions) defined by

My = {f eo 00 [(1—0)2:/((2? +a (1+fo,ﬁ((2§))] >0, zeE},

wherea is any real number. They proved that the memberg/gfare starlike inE. In
1976, Lewandowski et al. [3] showed that the functidrs o7 which satisfy

20 )0 wen

are starlike irE.

Singh et al. [12] proved a generalized criterion for stantiess whose particular
case whemt = 1, B = A = 0 improves the above result of Lewandowski et al. [3] by
giving the following result.

L zf'(2) zf(2) .
) feo satlsfylngD[ <1+ >-12cE = feos”

f(2) f'(2)
In 1999, Silverman [11] defined the clagg by
B 11+zf"(2)/1'(2)
%_{f ed.‘ 27212 —1l<b,zeE;,
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and proved the sharp inclusiéfy, C S*(2/(1+ +/1+8b)), 0 < b < 1. The class%,
was, later on, studied extensively by Tuneski [7, 15]. In@00bradowt et al. [6]
proved that

zf"(z2)  zf'(2)
g (2

In 2007, Tuneski [16] proved the following result:
1+|A]
3+ A

1-a+azf’(2)/f'(2) 1+Bz a(A-B)z
®) e Rk wy Al c vy

In the literature of univalent function theory, a number dfegia of starlikeness have
been developed by various researchers by using the cortriaatf the expressions
zf'(2) zf"(2)

and 1+

f(2) f'(2)

for the researchers either to find a new criterion for starldss of analytic functions
or to generalize or improve certain known ones. With this indnwe establish here a
generalized criterion for starlikeness in terms of difféi@ subordination which uni-
fies a number of known results of starlikeness and gives s@weones. We refer to
[6,7,8,9,10,13, 15, 14, 16, 17]. We also establish the spoerding superordination
theorem which can be applied to obtain corresponding iesultuperordination form.
In addition, we give some sandwich-type results for stargss.

To state and prove our main results, we shall use the follpwifinition and
lemmas.

4) f € o satisfying |1+ <1l zeE = fes™"

Let f € & and <a<1, -1<B<A<1. Then

f e " [AB].

in different manners, and it has always been a matter oféater

DEFINITION 1 ([4, p. 21, Definition 2.2b]) We denote by Q the set of functions
p that are analytic and injective di\ B(p), where

B(p) = {{ 0B lim p(z) = .
and are such that'p() # 0 for { € OE \ B(p).

LEMMA 1 ([4, p. 132, Theorem 3.4h])Let g be univalent if and let6 and
¢ be analytic in a domai containing E), with @(w) # 0, when we q(E). Set
Q1(2) = zd(2)9[a(2)], h(z) = B[q(2)] + Q1(2) and suppose that either

(i) his convex, or

(i) Qqis starlike.

In addition, assume that

(i) 043 >0 z¢E.

If p is analytic inE, with p(0) = q(0), p(E) ¢ D and

6lp(2)] + 28 (29lp(2)] < Ba(2)] + 2d (2)9la(2)],
then [z) < q(z) and q is the best dominant.
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LEMMA 2 ([1]). Letq be univalent i and letd and@be analytic in a domain
D containing E). Set Q(2) = zd(2)¢[q(2)], h(z) = 6[q(2)] + Q1(2) and suppose that
(i) Qqis starlike inEE, and
ii 8'(q(2))
(i O K] > 0, zeE.
If p € .#[q(0),1]NQ, with pE) C D andB[p(z)] +zpP (2)9[p(2)] is univalentinE and

6la(2)] +zd(2)¢la(2)] < 6[p(2)] + 2B (2)¢lp(2)],
then dz) < p(z) and q is the best subordinant.

2. Main results

In what follows, all the powers taken are the principal ones.

THEOREML1. Letq q(2) # 0, be a univalent function iff such that

() O {1+ Zq,/((z? + <;§1 - 2> Zj(g)] >0, and

00[u- 22 (3942 B, 139 -0

f/ - . . o
If f €., z_(z) #0, z€ E, satisfies the differential subordination

f(2)
2f(2)\° f(2) f(2) 2f"(z)  zf(2)\ 1"
© () levaicy sty (58 7))
5 Y, zd(@ \*
< @) (B4 g o)
zf'(2)
f(2)

wherea, B,y,0 and p are complex numbers widhip #~ O, then <qg(z)and qis

the best dominant.

zf(2)

f(@)

M k@ s+ o 2P0 <@t (b o a2,

Define the function® andgas under:

Proof. On writing p(z) =

, the subordination (6) can be rewritten as:

B(w) = (Bw-+y)wi * and g(w) = awi 2.

Obviously, the function andgare analytic in domai® = C\ {0} andg(w) # 0, we
D. Setting the function®; andh as follows:

=i

-2

Qu(2) = 2d(29(a(2)) = azd(2)(q(2)) "~
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and

h(2) = 8(a(2) + Qu(2) = (a(2)" (s+ L+ ) |
A little calculation yields

IR (IR

u ) a2

Q(2) q(2)

3

and

+
Q(2) 92 \Mu
In view of conditions (i) and (ii), we get

(1) Q1 is starlike inE and
20 4 cn
1(Z

Thus conditions (ii) and (iii) of Lemma 1, are satisfied. Iewiof (7), we have

6lp(2)] + 2B (2)9lp(2)] < 6[a(2)] + 24 (2)9la(2)].

Therefore, the proof follows from Lemma 1. O

zZH(z) . zd'(2) ) zd(z)  Pd y(o
! *( 2) q(zﬁaﬂ(z”a(ﬁ‘l)'

THEOREMZ2. Letq q(2) # 0, be a univalent function iff such that

() O [1+ Z(j/((z? + (g _ 2) zg((zﬂ ~ 0and

(i) D [S—iq(z) n ;—/ <S - 1>] > 0.

zf'(2)
If f e.o, 1)

superordination

zf'(2)

f(2)

€ 19(0),1] N Q with # 0, z€ E, satisfies the differential

u
w2 b+ 35 o are)
)

® 2@\ 1@, 1@ (2@ 2f@\ ]
() [rvarg reang (e e = ne

wherea, B,y,0 and p are complex numbers withp £ 0 and h is univalent irE, then

zf'(2)

q(2) < T and q is the best subordinant.

zf'(2)
f(2)

© @) (54 gh o8 < ppf (pe 1+ ),

Proof. Settingp(z) = , the superordination (8) can be rewritten as:
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By defining the function§, ¢ andQ; same as in case of Theorem 1 and observing that

0(q2) B5 .  y(3
oa2) ~ap?@ta <ﬁ - 1> |

The use of Lemma 2 along with (9) completes the proof on theedames as in case of
Theorem 1. O

On combining Theorem 1 and Theorem 2, we obtain the follovsagdwich-
type theorem.

THEOREM 3. Suppose,B,y,d and i are complex numbers with # 0 and
suppose thatgay (91(z) # 0,02(2) # 0, z<€ E) are univalent functions iff such that
g: satisfies the conditions (i) and (ii) of Theorem 2 andf@jlows the conditions (i)

!
ff((? 7[01(0),1] N Q with f(()) #0, z€eE,

satisfies the sandwich-type condition

@@ (p+ o+ (dli)z>

oo (5 o 5]
< @) (4 5o (C%»)

zf'(2)
f(2)

best subordinant and the best dominant respectively.

and (ii) of Theorem 1.

where h is univalent if, then q(z) < (z). Moreover g and @ are the

3. Conditions for starlikeness

In this section, we use Theorem 1 to derive certain critesiasfarlikeness by spec-

ifying the functionq and selecting particular values ofB,y,d andp. When we se-
1+(1-2A . .
Hliz)z, 0< A< 1linTheorem 1, it is easy to check

that this dominant satisfies the conditions of Theorem 1 lioiong particular cases.
Consequently, we derive the following results giving skarhess of ordeh. Setting
a=0=p=1andB=y=0in Theorem 1, we get:
zf'(2)
f(2)
zf'(z)  zf(2) - 2(1-MN)z

f/(2) fz2 " (1-2[1+(1-207

then fe #*(A), 0<A < 1.

lect the dominant(z) =

COROLLARY 1. If f € &7,

#0, ze E, satisfies

1+ zeE,
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REMARK 1. ForA =0, the above corollary gives the following result.

zf(2)
If feo, )

#0, z€ E, satisfies

zf"(2)  zf(2) 2z

YTy o 12T

F(2),

thenf € .7*. Clearly the functiorF is the conformal mapping of the unit digkwith
F(0)=0and
F(E)=C\{we C:0(w) =0, |O(w)| >1}.

On comparing the above result with that of Obradwtial. [6] stated in (4), we
see that our result extends the region of variability of tiflecential operator
7 /
14 zf'(z)  zf'(2)
f'z (2
to get the conclusion of starlikeness ifec .#*. According to the result of Obraddvi
et al. [6], the above differential operator can take valmethié open unit disk to ensure
thatf € .* whereas our result shows that the same differential oprezatotake values
in C minus the two slit{w € C : O(w) = 0, |O(w)| > 1} to have the same conclusion.

Writing B=a, y=1—a, =2 andu=1in Theorem 1, we get:

COROLLARY 2. Leta andA be real numbers suchthfit< a <1, 0<A <1

and let fe o7, fo;(z? #0, z€ E, satisfy
zf'(2) [ zf"(2) 1+(1-20)z  [1+(1-207% 2a(1—MN)z
2 (“ (2) +1) B e 1-22

Then fe 7*(N).

REMARK 2. In particular whem = 1, A = 0 in above corollary, we get:
zf'(2)

E
2 #0,zcE,
zf'(z) (2" (2) 1+z 22 *
f(2) ( f'(2) )= 1_Z+W*G(Z) = fes

Forf e &,

We claim that the above result extends the region of vaitglf the differential oper-

/ 7
fo((z? (sz'((z? + 1) over the result of Singh et al. [12] stated in (3).

ator
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Figure 1

In Figure 1, we plot the dashed linew = —% and the image of the unit disk

[E under the above functio®. According to the result in (3), we see thiie .7* if
zf'(2) (21" (2)
f(2) \ (2

whereas, according to the above result, the same concltesioains true even if the

zf'(2) (zf”(z)

operator. 2 \ 72
This justifies our claim.

+ 1) takes values in the complex plane to the right of the dasimed li

+ 1) takes values in the shaded region left of the dashed line.

1 . -
By taking the dominang(z) = 1%; in Theorem 1 and on writing = 6 =
0, y=1—2a andp=1in Theorem 1, we get:

20—1
COROLLARY 3. Leta be a non-zero complex number W[Eh< aa > > 0.
zf'(2)

ForallzinE,if f € o, W #£0, ze E, satisfies
1-a+azf'(z)/f'(2) 1-z 2az
1-20)—+—— f *
(10) 200 et ar e < e

REMARK 3. It is worthwhile to compare the result in the above corgllaith
the result of Tuneski [16] stated in (5) in case whAre 1 andB = —1. In this partic-
ular case (5) and (10) are same, but we notice that the rangmaiase of the result of
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Tuneski [16] is restricted to/R < a < 1 where as in case of our result (Corollary 3), if
we considen as a real number, then the result holdsdar (—,0) U [1/2, ). Thus,
in case of our result, the rangeofs extended largely to get the same conclusion .

REMARK 4. Fora =a, B=a+bh, y=0andd=p= 1 and dominang(z) =

iz in Theorem 1, we have

1-z
(4 3 -5~ (128) >0

q/
zd'(z) zd(z) a+b (147 atbl+z
(1 e ) o (T 5 o

2
" a+b>0,becauseat:0,l+zz at+bltz 2a+b
1-272 a 1-z

a
we obtain the following result.

. In view of this remark,

2
COROLLARY 4. Suppose @ are real numbers such thata0, a;r b > 0. If

zf'(2)

fed, 15 #0, z€ E, satisfies
zf"(2) zf'(z) 1+z 2az
1 Tt T —H
a( + 72 >+b 1 <(a+b)172+1722 (2),
zf'(z) 1+z . .
then 1 <1Tz’ ie. fe I

The above corollary, in turn, gives the following result.

COROLLARY 5. Let a (3 0) and b be real numbers such that either-a0,

7
3a+2b>0,0ra<0,3a+2b<0,andlet fe o, fo((z? #0, z€ E, satisfy

a <1+ fo/((z?) + bsz((z? < H(2).

Then fe %, where H is the conformal mapping of the unit diskvith H(0) =a+b
and
H(E) =C\ {we C:O0w=0, |Ow| > \/a(3a+2b)}.

REMARK 5. It is worthwhile to compare the result in the above corgllaith
the main result (Theorem 2.4(ii)) of Tuneski [17]. We notattthe result of Tuneski
[17]is proved fora > O whereas our result in above corollary also holdsfer 0.

REMARK 6. By specifying the function and selecting the particular values of
a, B, y, 0 andy, we can derive a number of known results. Some of them arengive
below.
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1. Consideringt =B=pn=1 y=-1, d=0andq(z) = ii; in Theorem 1, we

obtain the result of Bulboa@cand Tuneski [2].

2. Selectingg =p=1, p=y=90=0andq(z) = ii; in Theorem 1, we obtain

Theorem 3 of Obradogiand Tuneski [7].

3. LettingB=a, y=1—a, =2 andu=1in Theorem 1, we get the main result
of Ravichamdran [8].

4. Onwritinga =B=pu=1, y=-1, 6=0andq(z) = 1%; in Theorem 1, we
get Theorem 1 of Tuneski [13].

1+A
5. Takinga=p=1, B=y=50=0andq(z) = 113;

1, we obtain the main result of Tuneski [15].

—1<B<A<1,inTheorem

1—
6. Settingr =p=1, p=93=0and replacing by —yandq(z) = Fi in Theorem
1, we get the main result (Theorem 1) of Tuneski [14].

REMARK 7. Similar to the above remark, Theorem 2 can be applied taimbt
zf'(2)

f(z)

some results in superordination form giving the best subart of

4. Sandwich-type results

In this section, we apply Theorem 3 to find certain sandwjgietesults which give the

!
best subordinant and the best dominant for the starlikeaqueiz’ff(—(z?. By selecting
the subordinamt; (z) = 1+ azand the dominarz(z) = 1+ bz 0 < a< b, in Theorem
3, we deduce, below, some criteria for starlikeness.

Writinga =B=p=1, y=—1andd= 2 in Theorem 3, we get:
COROLLARY 6. Leta b be real numbers for whilb< a< b < % Iff eo/is

zf'(2)
f(2)

21 (2) 2
@ < 2bz+ b7

"
#0and 21" is univalentinE. Then

/
such thatZf @ € (1,11 N Q, with 2

f(2)

2az+a’Z? <

implies
zf(2)

@ <1+4bz z€E.

1+az<
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ExamMPLE 1. Takinga=1/4, b=47/100, andf to be the same as in the above
corollary, we obtain:

liteag 2t <47, 209, g
2 16 f(2) 50" 10000 ’ ’
1. zf(2 47
1+- 1+—2z
R G T TV o

Writing B=a, y=1—a, 6=2 andu=1in Theorem 3, we get:

COROLLARY 7. Leta > 0and a b, (a < b), be real numbers for which <

1 1 1 . zf'(2) _
a< §+£ and0 < b< 1+%. If f € & is such that e e (1,11 NQ, with

zf'(2) zf(2) zf"(2)\ . . . : " -
1 #0and T 1+a 7z is univalent inE and in addition f satisfies
z

)
(@)
f(2)

7
1+ (1+ 20)az+ aa’Z < (1+oxzf (Z)) < 1+ (1+ 20)bz+ ab?Z,

f'(2)
then
zf'(2)
f(2)
ExAMPLE 2. Writinga =1, a=1/2, b=1 andf same as in above corollary,
we get that

1+az< <1+bz

3.1 zf'(2) zf"(2)
(11) 1+§z+Zz2< 16 (1+ 2 ) <1+3z2+7
implies
1 zf(2
(12) 1+§z< a6 <14z zcE.

Mathematica 7.0 is used to plot the images of the unit disleutite functions
on the left-hand side and on the right-hand side (11) in Eiguand those of (12) in

. . zf'(2) zf"(2)
Figure 3, respectively. It follows that e 1+ 72
zf

shaded portion of Figure 2, thei?% will take values in the light shaded portion of

) takes values in the light

Figure 3. Hencd is starlike inE.
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Writinga =0=p=1, =2 andy=0in Theorem 3, we get:

COROLLARY 8. Leta b bereal numbers forwhidb<a<b< 1l If f € &is

zf'(2) ., zf(2) zf"(z) zf'(z) . :
such thatf(z) € (1,1 NQ, with 1 #0andl+ 72 + e is univalent
in E, and satisfies
a zf"(z) zf'(2) bz
2+2 1 2+2 —
+ az+1+az< + 7 + i) <2+ bz+1+bz’
7
thenl+az< 2f2) < 1+bz.
f(2)
ExamMPLE 3. Fora=1/4, b=3/4 andf same as in above corollary, we obtain:
1 z zf"(z) zf'(2) 3 3z
1 2+ - 1 24 -z24—r
(13) TS Ty YR T i
then
1. zf(2 3
(14) 1+ZZ< f(Z) <1+ZZ.

Using Mathematica 7.0, we plot the images of the unit diskeulde functions
on the left-hand side and on the right-hand side (13) in Eiguand those of (14) in
zf"(2) N zf'(2)
f'(2) f(2)

7
shaded portion of Figure 4, thezi?f(%) will take values in the light shaded portion of

Figure 5, respectively. It follows that if -+ takes values in the light

Figure 5. Hencd is starlike inE.
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