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GLOBAL SPACE-TIME LP-ESTIMATES
FOR THE WAVE OPERATOR ON L?

Abstract. We prove and disprove several estimates of the following:typ

[[ull < &f|Bull2 + bf|ull2

whered = gt—zz — Ay is the usual wave operator defined IF(R x R"), n > 2 and where

|| -1+ represents different norms yet to be determined.

1. Introduction

Many authors have worked on Strichartz estimates for theevesquation since the
paper of Strichartz [10]. Some of the important papers ate413, 8].

In this work we examine a slightly different type of thesdarastes. The ques-
tion asked here is: To whaP-space (or another space) does a funatibelong to ifu
andOu already belong th?(R x R") wheren > 2? This question actually constitutes
the follow-up of a work done by the author (see [6]). It wasve in [6] (among
others) that the following two inequalitie® hold:

1) [ullLp(r2y < al|Bul[ 2(g2) + bl[u[| 2r2) Where 2< p <,
2) eSStSHgﬂ?U(vt)HU(R”) < a||0u| 2(gn+1) + bl[Ul| 2gn+1y,
S

where 2<r < % while the following onedoes notold:
3) (Ul Lo (r2) < al|BU[| 2g2) + bl[U[| 2(r2)-

Note that Estimate (1) was a consequence of the followingimapt inequality
(which also appeared in [6]):

[ullemorrz) < allBull2+bjjull2,
for some constantandb.
In this paper, we prove that iR x R" and forn > 2, the estimate
[ullLprnxr) < @Ol 2@ gy + bllUll L2rn«r)

holds if and only ifp < 22,

91



92 M. H. Mortad

In the end, we answer some questions left open in [6].

It is worth mentioning that the author has a similar work (§§gdone for the
time dependent Scdinger operator. See also [1] for some related work for thg A
operator. For literature on PDEs and Fourier transformes[Zjeand [5].

2. Main results

Here is the first main result in the paper.

THEOREM1. Letn>2 and letp = Z*2. Then for alla> 0, there exist > 0
such that

(4) [UllLprxrn) < a|OU[| 2 xrn) + bl L2 xR0
for all u € L2(R x R") such thatdu € L2(R x R").

Proof. Let thex-Fourier transform of, i.e. (t, &), be supported in the regidf| < 2.
Then

[Aull 2oty < [lUlli2rns1

and the right hand side will be equivalent to
102Ul 2mns) + lUll 2ne)

which controIsHuHLtpLz(RnH) thanks to the Sobolev embedding theorem (intthari-
able). Hence by the frequency localization,

Ut llpny S Ut ) llign)-

Now, consider the case wheué,%) is supported in the regiolg| > 1. Recall
the Strichartz estimate fatu = 0, that is

ullpnesy S [10U(O, )], 1 + (U0, )] 5

One can hence choose any valua ofstead of O for the initial data time and obviously
restrict the left to a finite interval. The Duhamel’s prinleifin the casélu # 0) then
implies that

1)

1ullee(o, ey S 1] + inf_(llocu(s, )|, -5 +llucs, )l 3

1
LEH™2([0,T]xR") ~ 0<s<T

+T2(]3u(s) )

1
ST2{0u + [Jul
Lf )

-1 I, 1 1
H™ 2([0,T]xRM) LZH™ 2 ([0,T]xR" L2H 2 ([0,T]xRM)

Applying a Littlewood—Paley decomposition reduces thektotthe case(t, &)
is supported wherg| € [A,3A], with A > 1. TakingT = A leads to

ullLeqoaixrny S 110Ul 20 xrm) +A 10Ul L2(o0)xn) + 1UllL2(0.7] R -



LP-estimates for the wave operator 93

Summing over a disjoint decomposition&finto intervals of length\ and re-
membering thap > 2 yield

(Ul ety S [[OUll2(mnra) +}‘71HatuHL2(R”+1) + [|ull 2gnry).-
The proof will be complete once we show that €dt, &) supported wherg&| €
[A,3\] we may bound
A HI0cull 21y S (18Ul 2ggnety + [[Ull 2n).
This will be proved once we can show that
A2 S (- g7 41 g mA 21

by means of Fourier transforms. But, the previous inequalin easily be verified in
the casefq < 4A andn > 4A.

The proof is complete. O
Another result which generalizes one which appeared irs[@je following:

PropPoOSITIONL. For alla> 0, there existd > 0 such that

[ee]

2 2 2
eSS sup ||U(., '7t)HL2(R”) < a”DuHLZ(]RX]Rn) +b||u||L2(R><R”)
k=—o0 k<t<k+1

for all u € L2(R x R") such thafJu € L?(R x R").

Proof. The proof is based on energy estimates. wetL?(R x R") be such thaflu €
L2(R x RM).
For anys € [a,b], we have
b
ess Supu(t)uzgeny < [ 10UC fizgen i+ U 9)lgen)
a<t<b a
Hence
b 1 b
ess sup|u(-Ulliegen) < | I0UC0) liznydt+ = [ 1uC0)llzn dt.
a<t<b a aJa

Thus

1 1
ess <StL<‘|E||u('at)||L2(R”) < (b—a)2[|0ul| 2(jap)xrn) + (0 —8) "2 [[U[| L2([a ) x ") -
asts<

Finally, we easily get:

1 1
ess  sup [[u(-,t)[| zen < €2 [|[0Ull 2a 5 xrn) + € 2|UllL2(ja ) xRn)-
k<t<k+1

The square-summation oeyields the desired result. The proof is over.[]
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3. Counterexamples

The next result tells us that= Znnjlz is best possible in Theorem 1.

PROPOSITION2. Letn > 2 and letp > 22, Then there are no constants

a andb such that the estimate of Theorem 1 holds foruadi L>(R x R") such that
Ou e L2(R x RM).

Proof. There are two different ways to establish this proposit®ne can be found in
[1] and one in [7]. The operators considered in the quote@sagre different from the
wave operator but the method can be adapted to this case. O

We finish this paper by answering an open question raised ebjéut the self-

adjointness of2; — & v whereV is positiveand belongs td.2 (R?). We then

insisted on the positivity 0¥ since it was already known back then tlfétf a"—; +V
was not essentially self-adjoint for sorenhich was not positive.

The proof exploits the non essential self-adjointness efdhe-dimensional
Laplacian perturbed by sonmegativepotential.

PROPOSITION 3. There exists a positivé belonging toL2 (R?) such that

3?2 — % +V is not essentially self-adjoint aq;"(RZ).

Proof. The operator—‘;’—tz2 —t%is not essentially self-adjoint agy (R) (details can be
found in [9]) meaning that

2

(g_;ﬁ) f(0 =it or (g +) 0 =it

has a non-zero solution I?(R). Now the perturbed one-dimensional LaplaciarxBy
has as eigenvalu%, i.e. there is a non-zewe L?(R) such that

., 1
(-2 +¢) 09 = 5900
Now by adding up the last two displayed equations we get
(5) a—Za—zfxtt“xzfxt—i}fxt
57~ 52 ) [000) + 0319 = (i+5 ) Tg().

Taked(x,t) = f(x)g(t). Sincef,gare both in_L?(R), ¢ will be in L?(R?) and Equation
5 will have a non-zero solution ib?(R?) and yetV (x,t) = t* + x? is nonnegativeand
it belongs toc L?.(R?). O

loc
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A conjecture

We ask the interested reader the following rather hard gquresthich is true in the case
of the Laplacian (see [9]) but it remains open for generataipes (not known for the
Wave and the time-dependent Schrdodinger operators a}.least

CONJECTURE LetP be an essentially self-adjoint partial differential ogera
with domainCg (R"), n > 2. If theredo notexist two positive constanesandb such
that for allCg’ (R")

Il <al[Pfll2+ b f[l2,

thenP +V is not essentially self-adjoint o€y (R") for real-valuedv belonging to
L2(R").
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