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SCATTERED DATA APPROXIMATION
BY POSITIVE DEFINITE KERNEL FUNCTIONS

Abstract. Kernel functions are suitable tools for scattered datarfialation and approxi-
mation. We first review basic features of kernel-based raultite interpolation, before we
turn to the construction and characterization of positigénite kernels and their associated
reproducing kernel Hilbert spaces. The optimality of theutéing kernel-based interpolation
scheme is shown. Moreover, we analyze the conditioning @frétonstruction problem,
before we prove stability estimates for the proposed infatjpn method. We finally discuss
kernel-based penalized least squares approximation,ewkerprovide more recent results
concerning the stability and the convergence of the appration method.

1. Introduction

This contribution gives an introduction to selected asp@ftmultivariate scattered

data approximation by positive definite kernel functionsr the convenience of the

reader, we keep the presentation widely self-containecrevive first review basic

features of kernel-based Lagrange interpolation, beferdigcuss more advanced top-
ics of kernel-based interpolation and approximation. Rai¢ aspects of the subject
are covered in five sections:

Lagrange interpolation from scattered dat&élVe explain the problem of mul-
tivariate Lagrange interpolation. This leads us to positiefinite functions, whose
suitability for scattered data interpolation is demortstila

Native reproducing kernel Hilbert spac&Ve introduce a native Hilbert space,
whose reproducing kernel is given by the positive definitecfion of the interpolation
scheme. We analyze the properties of the native space.

Optimality of the reconstruction schem#e show that interpolation by positive
definite kernels is optimal with respect to (a) energy miagmtion; (b) best approxima-
tion; (c) norm minimization of the pointwise error functails.

Stability of the reconstruction schem/e analyze the conditioning of the in-
terpolation problem and we provide bounds on the associabdsgue constant. We
prove useful stability estimates for the interpolation inoet

Penalized least squares approximatidie discuss penalized least squares ap-
proximation by positive definite kernels. Recent resultsosoning the well-posedness,
the stability, and the convergence of the approximatiorhog:tire proven.

*This contribution is based onlazione Lagrangiangiven in Turin on 23 February 2011
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2. Lagrange interpolation from scattered data

2.1. Discussion of the interpolation problem

To explain Lagrange interpolation from multivariate seedtl data, suppose that we are
given a vector
fx = (F(x0),..., F(xn))T € R"

of discrete function values, sampled from an unknown fumcti: RY — R at a finite
point setX = {Xy,...,Xn} C RY, d > 1. Since we do not make any assumptions on the
distribution of the points ifX, we say that the given dafg is scattered

Lagrange interpolation from scattered data requires caimga suitableinter-
polants: RY — R satisfyingsx = fx, i.e.,

(1) s(xj) = f(xj), forall 1<j<n.

A standard approach for doing so is to assume shiass in a fixed finite dimensional
linear function space

y = Spar{slv s aS’]}v
with basisZ = {s1,...,5}, so thatsscan be represented as a unique linear combination

n
() s= ) CjS;
j=1

of the basis functions, ..., s.

In this case, solving the interpolation problem (1) regsiiselving the linear
system
Vax-C= fx

for the unknown coefficients= (cy, ... ,cn)T € R" of sin (2), where

Vi x = (5)(%)) 1< j ken € RT"

denotes th&andermonde matrifor the basis?.

It is desirable to select a basi8, and thus a function spac#, such that the
interpolation problem (1) has for any choice of scatteréefjpolation pointX a unique
solution. In other words, we require that the Vandermondgirm¥, x beregular for
any finite point seX. This leads us to the following observation.

THEOREM 1. Let . denote a finite dimensional linear function space with
basis® = {s1,...,5}. Moreover, let X= {xq,..., %} C RY be a finite point set. Then
the following properties are equivalent:

(a) The Vandermonde matrixak is regular.
(b) If se . vanisheson X, i.exs= 0, then == 0.

(c) The interpolation problemxs= fx has a unique solutions ..
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Proof. The linear map.x : . — R" defined by
Lx (S) = sx for s€ .7

is, with respect to the basi®, represented by the Vandermonde ma¥fixx. Note
that the above properties (a)—(c) can be reformulated ae thguivalent statements:
(a) Lx is bijective; (b)Lx is injective; (c)Lx is surjective. O

DEerINITION 1. A linear function space” satisfying the conditions (b),(c) of
Theorem 1 for any finite point setX RY is said to be aHaar spaceln this case, any
basisZ of .7 is called aChebyshev systemwn RY.

In the case of multivariate interpolation, however, thei9&é should depend
onX, i.e.,# = %(X). This is due to the classicMairhuber—Curtistheorem, named
after J. Mairhuber and P. C. Curtis, as independently praweheir works [18] (in
1956) and [7] (in 1959).

THEOREM 2 (Mairhuber—Curtis).For d > 2 and n> 2 there is no Chebyshev
systemZ = {s1,...,5} onRY, i.e., there exists % {xy,...,%} € RY, such that the
Vandermonde matrixyx is singular.

Proof. SupposeZ = {s1,...,%}, n > 2, is ford > 2 a Chebyshev system are.
Moreover, letX; = (X1,X2,X3,...,Xn) containn pairwise distinct points iiRd. Then
there is a closed continuous curye [0,1] — RY whose path” = {y(t) :t € [0,1]}
containsx; andxg, but no other point from the sdixs,...,xn}, i.e., x1,x2 € ' and
Xj gl forall3<j<n.

Now we can exchange the positionsxgfandxz in X1 by (continuously) moving
the pointsxy, X2 along the path™, without any coincidence betweem andx,. This
exchange yieldXo = (X2,X1,X3, ..., X%n). Note that d€iVz x, ) = —detVz x,), since by
the exchange of; andx; the first two columns iV x, are swapped.

Therefore there is one point 96 = {y(t1),y(t2), X3, ..., X2} C RY, 1,12 € [0, 1],
of pairwise distinct pointsy(t1) # y»(t2), satisfying defVzx,) = 0, because of the
continuity of the determinant. But this is, fo# = {s1,...,s}, in contradiction to
property (a) of Theorem 1. O

In conclusion, to ensure unique interpolation, the bais- {si,...,s} must
necessarily depend on the interpolation poiitslue to the Mairhuber—Curtis theorem.
A straightforward approach for doing so is to let thth basis functiors; depend on
the j-th interpolation poinkj, 1< j <n, i.e., we assume

sj = K(-,%j) for 1<j<n

for some continuous functiok : R4 x R4 — R.
This leads us to the linea@construction space

Fx =spaK(-,xj):1<j<n} for X ={X1,...,Xn},
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where in a modified ansatz for solvigg = fx we now assume

=}

3) s(x) = 1ch(x, Xj)
j

for the form of the interpolars. Therefore, solvingx = fx with assuming (3) boils
down to solving the linear system

Ax-c= fx
forc=(cy,...,cn)" € R", with a Vandermonde matrix
Ax = (K(thk))lgj.kgn S Rnxn,

whose basig# = {K(-,xj):1 < j < n} does now depend oX.

2.2. Lagrange interpolation by positive definite functions

For the sake of unique interpolation, the mattix must be regular foall possible
choices ofX, according to Theorem 1. To this end, it is sufficient to regthatAx is
symmetric and positive definite for aby To guarantee symmetry fés, the function
K must be symmetric, i.eK(x,y) = K(y,x) for all x,y € RY. To ensure thahy is
positive definite for any, we moreover require th#t is a positive definite function.

DEFINITION 2. A symmetric function KRY x RY — R is said to bepositive

definiteonRY, K € PDy, if and only if the matrix & = (K(Xj,%))1<j k<n IS positive
definite for all possible choices of finite point setsR¢.

We conclude the above discussion as follows.

THEOREM3. Let K € PDy. Then, for any finite point set X RY, the following
statements are true.

(a) The matrix A is positive definite.
(b) If se % vanishes on X, i.exs= 0, then s=0.

(c) The interpolation problemyf= sx has a unique solution
n
s(x) = Z ciK(x,%j) € X,
=1

whose coefficient vectore(cy, . . . ,cn)T € R"is the solution of the linear system

Ax-c= fx.
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Relying on the above theorem, we can further conclude thatie-tal the well-
posedness of the interpolation scheme — there is for anyt petX = {xy,..., X} C
RY a uniquelagrange basiq?1,...,ln} C Y& satisfying

ﬁj(xk)zajk:{ é IZH;E forall 1< j,k<n.
PrRoOPOSITIONL. The Lagrange basis is uniquely given by the linear system
(4) Axl(x)=R(x)  for xe RY
where we let

£(X) = (£1(X), ..., £n(x))T € R"and RX) = (K(X,X1),...,K(X,xy))" € R".
The unique interpolant s .% satisfying g = fx can be represented as

() s(x) = (fx, £(x)),

where(-,-) denotes the inner product of the Euclidean sp&€e

Proof. Note that for any = xj, 1 < j < n, the right hand sid&(x;) in (4) coincides
with the j-th column of Ax, and sol(xj) = ej € R" is the j-th unit vector inR".
Moreover, by/(x) = A 'R(x) any Lagrange basis function

(6) () =e/AJR(X)  for 1<j<n
can be represented as a unigue linear combination of thedms& (x, X1 ), ..., K(X,Xn)
inR(x), and sofj €  forall 1< j <n.

From property (c) in Theorem 3, the Lagrange representafigin (5) can be
obtained by

s(x) = (&,R(x)) = (A fx, R(X)) = (fx, Ax'R(X)) = (x, £(¥)).

2.3. Basic constructions of positive definite functions

In this subsection, we discuss the construction of posiiinite functions. But let
us first list some of their elementary properties. To this, éetcK € PDy andX = {x}
for somex € RY. Then, the (diagonal) entry i € R*1 is positive, i.e.K(x,x) > 0.
Next, if we letX = {x,y} for somex,y € RY, x#y, then detAx) > 0, which implies
K(%,¥)? < K(X,X)K(y,)-

In our subsequent construction of positive definite furdiove assume

K(x,y):=®(x—y)  for x,yeR?

for an even functiord : RY — R. Moreover, we say thab is positive definitei.e.,
@ € PDy, if and only if K € PDq. We express the above properties Koe PDy as
follows.
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REMARK 1. Let®:RRY — R be even and positive definite, i.@,c PDy. Then,
(@) ®(0) > 0;
(b) |®(x)| < ®(0) for all x € RY\ {0}.

In the subsequent discussion, we apply the normalizati@) = 1. O

Now let us discuss the construction of positive definite fioms. This is done
by using the Fourier transform, here written in the non-satrio form

f(w):= ) f(x)e 1 ®9dx  for felLY(RY).
R
The following basic result relies on the classiBalchner theoremdating back to the

1932 lecture notes [5] of Salomon Bochner, a somewhat mddifigiant of which is
as follows.

THEOREM 4 (Bochner).Suppose thatb : RY — R is even and continuous.
Moreover, assume th& has a continuous Fourier transform satisfying the Fourier
inversion formula

®(x) = (2m) / D" da
R
If & = 0is non-negative oY, then K(x,y) = ®(x—y) is positive definite.
Proof. Suppose thab € % (RY) \ {0} is non-negative o9,

In this case, the quadratic form

2
d(w) dw

n

cTAxc= Z CjekP(Xj — ) = (211)“’/
ifk=1 Rd

n .
3 ¢

=1

is, for anyc = (cy,...,cn)T € R" and anyX = {x1,...,%} C RY, non-negative, i.e.,
c"Axc > 0. If cT Axc = 0, then the (analyticdymbol function

5

S =Sx(w=Y ™  for weR
=1

must vanish identically ofiRY, due to the non-negativity of the continuous Fourier
transform® # 0. ButS= 0 impliesc = 0, which completes our proof. O

Now let us present three relevant examples for positive iefiadial functions
@, whose positive definiteness can be shown by using Bochoeasacterization of
Theorem 4.

EXAMPLE 1. TheGaussiarfunction
ox)=e Xz for xe RY

is for anyd > 1 positive definite orRY. In this case®(w) = e 19I3/4 > 0, and so
K(x,y) = exp(—|x—yl||3) € PDq, where| - ||z is the Euclidean norm oR¢. O
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EXAMPLE 2. Theinverse multiquadric

®(x) = (1+[X][3)

is for anyd > 1 positive definite ofRY. In this case,

—1/2

P(s) = lig_1)/2(5) s @ V2>0 for s= ||w2,
where

Z/2 v+21
20 jIr(v+j+1)

denotes the modified Bessel function of the third kind. Flavant properties of,, we
refer to [1]. O

for ze C\ {0}

ExamPLE 3. Theradial characteristic function§3]

1—|Ix|[2)P for ||x]|2 < 1
CD(X)=(1—||X|2)E:{ ( |(|)H2) for Hx”i}l

are ford > 2 positive definite orRY, provided thafd > (d +1)/2. In this case, the
Fourier transformb of ® can (up to some positive constant) be represented as

~ S
dJ(s):s’(d/Z*B*l)/ (s—t)PtY234_5),2(t)dt > 0 for s= |2,
0

Z/2 v+21
Z)J'FV+J+1 for ze C\ {0}

is the usual Bessel function of the first kind. More detaildleese earlier examples for
compactly supported multivariate positive definite fuaot can be found in [11]. O

Now that we have provided three explicit examples for pesitlefinite (ra-
dial) functions, we remark that the characterization of fduwar’s theorem allows us
to construct even larger classes of positive definite fonsti This is done by using
convolutions. Recall that for any pdirg € L*(RY) of functions, the Fourier transform
maps theconvolution product f g € L1(RY),

(f*g)(x / f(x—y)gy)dy  for f,ge LY(RY) and forxeRY,

of f andg onto the product of their Fourier transforms, i.e.,

— ~

fxg=f.g for f,geLY(RY).
If we letg(x) = f*(x) = f(—Xx), this yields

_h)

fatr=f.f=|f2  for feLXRY),

which is a simple method to construct positive definite fiors.
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COROLLARY 1. For any function® € L*(RY)\ {0} its autocorrelation

D(x) = (W W)( /pr y)W(—y)dy
is positive definite.

Proof. For ¥ € LY(RY)\ {0}, we have®d € L}(RY)\ {0}, and sod € ¥ (RY)\ {0}.
Moreover, the (continuous) Fourier transfofn= |L|J|2 > 0 of the (continuous) auto-
correlation® = W« W* is non-negative, so thab is positive definite by Bochner’s
theorem. O

The practical value of this construction, however, is ratmited. This is be-
cause the autocorrelatiobs« W* are rather awkward to evaluate. Instead, one would
prefer to work with explicit analytic expressions for th@étions® = W x P,

We remark that the basic idea of Corollary 1 has led to thetcocison ofcom-
pactly supportegositive definite (radial) functions, dating back to earl&ttingen
works of Schaback & Wendland [21] (in 1993), Wu [25] (in 19%dnd Wendland [22]
(in 1995). In their constructions, explicit formulae weriwan for autocorrelations
® = W« W, whose generatord(x) = Y(||x||2), x € RY, are specificadially sym-
metricand compactly supported ansatz functigns[0,) — R. This has provided
a large family of continuous, radially symmetric, and cortpasupported functions
o =W« W* as they were later popularized by Wendland [22], who usedrdidial
characteristic functions of Example 3 fi4 to obtain piecewise polynomial positive
definite compactly supported radial functions of minimadyiee. For further details
concerning the construction of compactly supported pasidefinite radial functions,
we refer to the survey [20] of Schaback.

3. Native reproducing kernel Hilbert spaces

The discussion of this section is concernimgproducing kernel Hilbert spaces
which are generated by positive definite functidds In particular, for any fixed
K € PDy, the positive definite functioK is shown to be the reproducing kernel of
its associated Hilbert spacg = %k, whose structure is entirely determined by the
properties oK. Therefore,% is also referred to as theative spacef K.

To introduce.#, we first define, for a fixed positive definite € PDy, there-
construction space

S ={se . F:XCRY,|X| < w}

containing all (potential) interpolants of the form

=}

(7) s(x) = % ciK(x,Xj)
=1

for somec = (cy,...,cn)T € R"andX = {xg,...,%} C RY.
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Note that anys € .7 in (7) can be rewritten as

n

(8) S(x) = s\ (X) :==NK(X,Y) for A= ch 3,

J

wheredy is the usual Diraé-functional, defined bgx(f) = f(x), and\Y in (8) denotes
action of the linear functional on variabley.

This gives rise to define thdual space
n
L =dA=3 cidic= (c1,...,cn)T € R"andX = {xq,...,X,} C RY
=1
containing all finite linear combinations &ffunctionals.

3.1. Topology of the reconstruction space and duality reladn

Now the dual space” can be equipped with the inner product

m Ny
O\au)K = )\XP-yK(X,y) = Z z dekK(vayk) for )\vuefv
j=1k=1
where
ny Nu

A=>cd €2 and p= ) ddy, €.2.
=1 k=1

By |||k = (-, -)ﬁ/z, % is a normed linear space. Likewise, via the duality relation
(8), we can equip” with the inner product

(S, Sk == (A, Wk for s\,su€ .

and norm| - ||k = (-, -),l</2. Note that the normed linear spacgsand.# are isometric
isomorphic,.¥ = ., via the linear bijectioA — s,, and by

Nk =]ls\[[xk ~ forall Ae..
Now let us give a few examples for inner products and norm&iand.”.

EXAMPLE 4. For any pair of point evaluation functiondalg,5,, € ., with
71,2> € RY, their inner product is given by

(82,82, )k = 8,8, K(x,Y) = K(2,21) = P(2— z).
Moreover, for the norm of an§, € .2, ze RY, we obtain

1821 = (82,82 )k = BBK(x.Y) =K(z2) = ®(0) = 1.
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Likewise,
(K(-,22),K(-,22))k =K(z2,21) = P(z2—2z)  forall z,2o € R

and
IK(,2)|lk = ||5|lx =1 forall zc RY.

O

To extend this elementary example, we regard, for fixed {x1,...,Xn} C RY,
the linear bijection operatds : R" — .%, defined as

(9) G(c) = i ¢iK(-,xj)  for c=(cy,...,cn)" €R".
=1

PROPOSITION2. Forany X= {x1,...,%} C RY, we have
(G(c),G(d))k = (c,d)a, forall c,d € R",

where
(c,d)a, :=c'Axd for c,de R"

is the inner product generated by the positive definite magi. In particular, G is an
isometry by
1G(c)|Ik = IIc||ay forall c e R",
1/2
wherel|- [ay = ()5,
Proof. Note that
n
(G(c),G(d))k = Z Cidk(K (X)), K (-, %) )k = ¢TAxd = (c,d)ay
=t

holds for allc = (cy,...,cn)" € R"andd = (dy,...,d)T €R". O

The above result gives rise to study theal operator G : % — R" of G.

ProPOSITION3. The dual operator G: .% — R" of G in (9), satisfying
(10) (G(c),9)k = (¢,G*(s)) forall c € R"and all se %%

is given by
G*(s) = sx for se Y.

Proof. Note that for anys € .%%, there is a uniqud € R" satisfyingG(d) = s, so that
(G(c),s)k = (G(c),G(d))k = (c,d)a, = (c,Axd) = (c,sx) forall ceR",

in which case our assertion follows from (10). O
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Anotherimportant example is concerning inner productseonchs of Lagrange
basis functions.

PrRoPOSITIONA. For X = {x1,...,%n} C RY, the inner product of the Lagrange
basis functiong; € ., satisfyinglj(x) = djx for all 1 < j,k < n, is given as

(€, 60k =2yt forall 1< jk<n,
where &' = (aj,})1<j ken € R™M. In particular, the norm ofj € .% is given as

1412 = aj’jl forall 1<j<n.
O

Proof. Recalling the representation of the Lagrange basis funsfign (6), we obtain

(4. 6k = ef A AxA ta = e Ajte = aj‘kl for 1< j,k<n.

From Example 4 and Proposition 4 we see that

Ax = (84, 8% )k )1<jken € R™™ and At = (4], 60k )1<j ken € RV

are Gramian matrices.
Next we discuss the constructionamthonormalbases.

PROPOSITIONS. For any X= {xq,...,X,} C RY, let
Ax=Q'DQ

denote the eigendecomposition of the symmetric mafrix R"*" with orthogonal
factor Qe R™" and diagonal D= diago1,...,0n) € R™", containing the positive
eigenvalues; > o2 > ... > g, > 0 of Ax. Then, the functions

(11) ¢;(x)=€e/DY2Q-R(x)  for 1< j<n
constitute an orthonormal basis ofx.
Proof. Due to their representation in (11), whe®ex) = (K(X, 1), ...,K(x,%,))T, any

¢; is a linear combination of the basis functioft(-,xj)}{_;, and sop; € .. More-
over, from Proposition 2 we obtain

(9.0 = €] D" Y2QAxQ'D M?e = (ej,&) =8 forall 1< j.k<n.
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Let us finally express the inner product between funct®Bs % in a dif-
ferent way (other than in Proposition 2). To this end, we waith their Lagrange

representations
n

n
= Z s(xj)¢j and sS= z 8% ) Uk
=1 k=1

Moreover, we define the inner product
(c.d)pri=c TAld for ¢, deR"

1/2

and norm|| - HAil = (, > , generated by the positive definite matbix®.

EXAMPLE 5. ForX = {xq,...,Xa} C RY, the inner product between any pair
s,§ € % can be expressed as

(S7§>K = <SX5§X>A;17

Indeed, from Proposition 4 we obtain

n n
(s.9k = Z S(X})8(x) (€ i)k Z s(xj)8()ay, = SxAx 5X—<SX;SX>A—
j k=1 k=1
In particular, we have

Isllk = ||sx|\A;1 forall se .%.

3.2. Construction of the reproducing kernel Hilbert space

By completion of the inner product spac&sand.” with respect to their normis- ||k,
we obtain the Hilbert spaces

D=2 and 7 :=.7.
We extend the linear bijection— s, to 2 and.#, which immediately yields
PrROPOSITIONG. The Hilbert space® and.# are isometric isomorphic,
[72=3
via the bijectiom\ — s, and by

Ak = lIsn]lk forall Ac 2.
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REMARK 2. Any functionalp € Z is continuous on the Hilbert spacé by the
Cauchy—-Schwarz inequality

()] = IENKOGY) | = [(Mk] < [kl Ik = (IRl - syl
In particular, any point evaluation functionigle ., x € RY, is continuous o, i.e.,
18x ()| < I8l - | Fllk = [ Ik forall fec.7.
|

Resorting to basic functional analysis, we see tifats a reproducing kernel
Hilbert space. But let us first recall some facts alveptoducing kernel§2].

DEFINITION 3. Let.# denote a Hilbert space of functions RY — R. Then,
a function K: R4 x R — R is said to be aeproducing kernelor .77, if and only if
K(-,x) € 2 for all x € RY, and

(K(-,x),f)p =f(x)  forall fe. 7 andallxeR.

Next we show a well-known result from functional analysis.

THEOREMS. A Hilbert spaces# of functions has a reproducing kernel, if and
only if all point evaluation functionals are continuous gfi.

Proof. Suppos« is a reproducing kernel fo#Z. Then, by
1) = ()] = [(K(-,%), P | < [KCX) o[ Flle for xeRY,

any point evaluation functionaj, is continuous o?’.

As for the converse, suppose that all point evaluation fonetssy are contin-
uous onsZ. Then, due to th&iesz representation theorethere is, for any € RY,
one functiorky € ¢ satisfying

f(x) =8x(f) = (k, T ) forall fe 7
and soK(-,x) = ky is a reproducing kernel fo#7”. O

REMARK 3. A reproducing kerneK for .2 is unique. Indeed, iK is another
reproducing kernel fog#, then by

(K(-,x), F)x = f(x) forall fc.# andall xeRY,

we obtain
(ky —ky, f)k =0 forall f €. andall xeRY,

where we lek, := K(-,x) andky := K(-,x). But this impliesk, = ky and soK =K. [
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3.3. The Madych—Nelson theorem

Now we are in a position where we can show that the positivaiefunctionK is the
(unique) reproducing kernel for the Hilbert spage= .% . To this end, we apply the
variational theory from the seminal papers by Madych angde[15, 16, 17], whose
central result relies on the representation

(12) (MK(-,Y),s0)k = (S S0k = A, Wk = NWK(X,Y) = A(sw)

for A € £ ands, € .. By continuous extension th € & ands, € % in (12), we
already obtain the important Madych—Nelson theorem.

THEOREM6 (Madych—Nelson) For anyA € & and f € .% we have

O\VK(.’y)’ f)K = )\(f)

This allows us to show the stated result.

COROLLARY 2. The positive definite function K is the unique reproducing ke
nel of the Hilbert space”.

Proof. On the one hand, fak € ., x € RY, we find
SK(,y)=K(,x)e.#  forallxeRY
on the other hand, letting= 3, € .# in the Madych—Nelson theorem, we obtain

(K(-,x), )k = f(x)  forall f €.# and allx € RY.

Another useful consequence of the Madych—Nelson theoresfisliows.
COROLLARY 3. Every function fe .Z is continuous oiRY, i.e.,.7 c € (RY).
Proof. Recall that we assume continuity fiic Then, by
£ — £ = (K% — KCy) Dl < Il K0 —KCy)lik
and

1K (%) — K(,y) &
(K (), K (%)= 20K (%), K )k (K (Y), K ()i
= K(xX) —2K(xy)+K(y,y)

any f € .# is a continuous function. O
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4. Optimality of the reconstruction scheme

In this section, we discuss some approximation propertfigeoproposed scattered
data reconstruction method. To this end, we prove a sequdraollaries from the
Madych—Nelson theorem to show that the kernel-based Laggriaterpolation scheme
is optimalin three different senses.

4.1. Variational property
The first optimality result relies on the Pythagoras theqiteegne stated as follows.

COROLLARY 4. For X = {X,...,%} C RY, let s€ .% denote the unique in-
terpolant to fe .7 satisfying g = fx. Then, the Pythagoras theorem

2 2 2
[Ifllic = [Isllic + [T —sllic

holds.

Proof. Recall thas € %« can be represented as- AYK(-,y), with a functionah € .
supported orX, i.e., suppA) = X. Moreover, by the Madych—Nelson theorem we find

(s,9)k =0 forallge .Z with A(g) =0,
i.e.,sis orthogonal to the kernel of € .Z. But this implies
(s, f—s)k =0,
sincefyx — sx = 0 and supp\) = X. Therefore, we have
IFIB =11t —s+sIZ =If —s|Z +2(f —s 9 +IsIZ = If —s|Z +IsIZ
which completes our proof. O

The result of Corollary 4 immediately yields the followingnational property
of the interpolation scheme.

COROLLARY 5. For X ={x1,...,Xn} C R%and fx € R, the interpolant s .%
satisfying g = fx is the unique minimizer of the energy functiofjal|x among all
interpolants from# to the data %, i.e.,

Isllk <|lgllk  forallg e.Z with gx = fx.

Now we are in a position where we can compute the native space n
|x f K
(Dl = sup XDl
fezviop N fllx

of the interpolation operatdik : % — %, which returns on any argumehte .7 its
unique interpolans € .% satisfyingsx = fx.
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THEOREM7. For X = {x1,...,X,} C RY, the norm||Ix ||k of the interpolation
operator k : % — Y isone, i.e.,

Mx [k = 1.
Proof. The variational property in Corollary 5 implies
[Ix(F)llk < [Iflk  forall f € Z,

and sol|lx|lk < 1. Due to the projection property(s) = s, for all s€ %, equality is
attained by ang € .%%, i.e.,

IMx(s)|lk = |Isllk forall f € %,
and therefordflx ||k = 1. O
The above result allows us to conclude that Lagrange ink&tipa with respect
to the native space norin || is well-conditioned.
4.2. Orthogonality and best approximation

Our next result shows that the proposed interpolation sehervides, on inpufy,
the uniquebest approximatioto f according to the following definition.

DEFINITION 4. A function § € .%% is said to be thebest approximationo
f € & from.# with respect td| - ||k, if and only if

Is"— fllk < |Is— fllk forallse \ {s'}.
Now we can show the following properties of the interpolatszcheme.

COROLLARY 6. Let X= {x1,...,Xn} C RY and f e .Z. Then, the interpolant
s" € i satisfying § = fx is

(a) the unique orthogonal projection ofd .# onto %x;
(b) the unique best approximation tosf.# from %« with respect td| - | k.
Proof. We first show property (a), i.esf — f L %%, which is equivalent to
(K(,xj),s"=f)k =0 forall1< j<n,
or, by using the Madych—Nelson theorem, equivalent to
s'(xj) = (K(-,%j),8 )k = (K(-,Xj), f)x = f(xj) forall1<j<n,

i.e., sy = fx, as covered by our assumption &ne .7
To prove (b), les € %. Then(s" —s,s" — f)x =0, due to (a), and so

Is—fllk = lls—s +s"— fllg = [Is—s"[[g +IIs"— flI&-



Scattered data approximation by positive definite kernels 233

But this already implies

Is'—tlk <lls—fllk  for s#£s.

4.3. Norm minimality of the pointwise error functional

Our next optimality result is concerning pointwise errofireates. To this end, we
regard, for any fixea € RY, the pointwise error

(13) ex(f) = f(x) —s(x)

betweenf € .# and the interpolarg € .%x, satisfyingsx = fx.

Due to the Lagrange representatiorsai (5) the error functionady in (13) is
given as

(14) Ex=8&—L(X)"dx €.  wheredy = (8y,...,5,)" .
Moreover, by the Madych—Nelson theorem, we obtain the ssration
(15) &x(f) = (gK(-y), f)x  for fe.Z,

which in turn allows us to bound the pointwise eregff) as follows.

COROLLARY 7. Let se %k satisfy s = fx. Then, the pointwise erragy(f)
satisfies the estimate

(16) [£00 —s(X¥)| = [ex(F)[ < l[exllic - [ ],
where the norm of the error functional can be represented as
llexllk = 1= £0) TAxE(x) = 1= [[€(X) [,
so that
(17) 0< ||l&xllk <1 forallx e RY.
The error bound in (16) is sharp, where equality is attainedthe function
fx =eK(.,y) € Z.

Proof. The pointwise error bound fdey(f)| in (16) follows directly from the repre-
sentation (15) in combination with the Cauchy—Schwarz iradity.

The norm of the error functiona) can be computed by

lexllz = (ex 8Kk = (8 — £(X) T 8x, 8 — £(X)T8x )k
= 1-20(X)"RX) + £(x) TAxL(X) = 1 — £(x) T Ax£(X),
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where we have used (4) akdx,x) = ®(0) = 1. The bound o]k in (17) follows
then from the positive definitenessAgt.

To show sharpness for (16), consider the functige: 4K (-, y), for which, by
the Madych—Nelson theorem, equality is attained:

lex(f)| = (&K (-, Y), fk | = (fx, fx)k = (&x, &)k = llexlk - || fxllk-
O
Now let us finally turn to the pointwise optimality of the imp@lation scheme.

To this end, we consider, for fixede RY, the variation of the coefficients= ¢(x) for
thequasi interpolants

n
s=("Tfx = > 4if(xg)  for £= (01,...,00)" €R",
=1
to show the norm minimality of the error functiorelin (14). This immediately leads

us to the unconstrained optimization problem
1—2("TR(X) + £T Axf — min
LeRN

whose unique solution is given by the solution of the systgih= R(x).

COROLLARY 8. For any xe RY, the error functionaky = &x(s) in (14) is the
unigue norm minimizer among all error functionals of therfior

e () =5 (Tox .7 for £ € R",

lexllk < ek forall £ € R with Al # R(X).

5. Stability of the reconstruction scheme

The discussion of this section is devoted to the stabilitthefLagrange interpolation
scheme. To this end, we first provide some basic Riesz dtabgiimates, before we
analyze the conditioning of the interpolation problem.

5.1. Riesz bases and basic stability estimates

In this section, we follow along the lines of basic waveledlgsis, where, for the sake
of stability, the construction of Riesz bases is of vital ortance. It is rather straight-
forward to show that, for any point s& = {x,...,x,} C RY, the basis functions
% = {K(-,Xj)}]_, are aRiesz basisf .7, so that the stability estimate

2

<BJ¢||3 forallc=(cy,...,cn)" €R"
K

(18) Al <

n
Z CJK(7XJ)
=1

is satisfied withRiesz constan8 < A < B < .
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To be more precise about this, we provide the following teear

THEOREMS8. For X ={X1,...,%n} C RY, the functions? = {K(-, %)) rj‘zl area
Riesz basis ok, i.e., the Riesz stability estimate (18) holds, where tesRtonstants
in (18) are given by the smallest eigenvalue-A,in(Ax) and the largest eigenvalue
B = omax(Ax) of the matrix A.

Proof. Recall the linear bijection operat@: R" — .%« from Proposition 2, where
IG(0)||& = |[cl|lz, =c"Axc  forallce R"
which implies (18) with optimal constans= omin(Ax) andB = omax(Ax). O

Next we recall that any Riesz bas# has a unique dual Riesz bas# sat-
isfying a biorthonormality relation, where the Riesz camss of % are given by the
reciprocal values of the Riesz constants #8r In our particular situation, the dual
Riesz basis of# in Theorem 8 is given by the Lagrange basis of the interpmati
scheme.

THEOREMO. For X = {x1,...,%} C RY, the Lagrange functions? = {6}
ar:a the unique dual Riesz basis@f= {K(-,xj)}]_,, satisfying the biorthonormality
relation

(19) (K(5Xj), bk = djk forall 1< j,k<n.

Moreover, the stability estimate

n 2

> fx)4

1
(20) Z|fxlZ <
B =

1
< K||fx||§ forall fx € R"

K

holds with Riesz constarlis< 1/B < 1/A < o, where A= opmin(Ax) and B= omax(Ax).

Proof. The biorthonormality (19) follows from the Madych—Nelsdrebrem,
(K(-%)), l)k = k(X)) = djk forall1< j,k<n.

Moreover, the stability estimate in (20) is due the represém

2
= || x| 1 = fR A tx for all fx € R",
K X

n

> fx)e

=1

in combination with the bounds

omin(AH [ fx |12 < A x < omax(AY) [ fx|2 forall fx € R,
so that (20) holds with

1/B = 0k(Ax) = Omin(AY)  and YA =0k (Ax) = Omax(AY).

min
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The above result implies the following dual stability estieto (18).
COROLLARY 9. For X = {x1,...,%} C RY, the stability estimate
Alslk <lsxI3<Bs|k ~ forallse .7
holds with A= omin(Ax) and B= omax(Ax)-

Proof. Letting f = s€ % in the stability estimate (20), we obtain

n 2

> s(xj)e;

1
< Csx||3 forall f e %,
=1 A

1
Slisxll3 < [lsil =
B

K

with A = apmin(Ax) andB = omax(Ax ), Of, in other words,
1 * 2 2 1 * 2
glGGlz<slk < zIG ()2 forall f e,
whereG* : % — R", s sx, is the dual operator d& in (9), see Proposition 3. O

REMARK 4. Due to the duality of the Riesz basi = {K(-,xj)}{_; and the
Riesz basis? = {£j}j=1 in F, anyf € 7% can uniquely be represented with respect
to 2 and% as

5

n
f=3 (f,K(,x)kl = Z(f,fj)KK(-,Xj) forall f € .
=1 =1

We can immediately see this by the two relatiohsk (-,x; ) )k = f(x;) and

(f.05)k = ef Ay x = (gj,¢) = forall 1< j <n.

5.2. Absolute condition number and Lebesgue constant

In this section we discuss, for some compact donf@ia RY, the conditioning of
the interpolation problem with respect to thg-topology of the continuous functions
% (Q). To this end, let for any finite sé& = {xi,...,X,} C Q of interpolation points,
Ix : €(Q) — F denote the interpolation operator, which returns on anyiraent
f € €(Q) its unique interpolant € .# satisfyingsx = fx.

Recall that thebsolute condition numberf the interpolation problem is given
by the smallest numbet, = K« x satisfying

1% FllLw(@) < Koo [ fllL,q forall f €% (Q).

Thereforek., is the operator normjlx||. of Ix with respect to the norrt- [|,q) on
% (Q), 1.e.,Ke = ||Ix]|o. Now, the operator normflx ||, and so the absolute condition
numberk, can be computed as follows.
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THEOREM10. For X = {X1,...,X} C Q, the norm||Ix||. of the interpolation
operator k : €(Q) — -« is given by the Lebesgue constant

(22) N i= maxz [4;(x)| = maxHE( )]|1-

Proof. For anyf € €(Q), lets=Ix(f) € % C €(Q) denote the unique interpolant
to f on X satisfyingfx = sx. Using the Lagrange representatiorsaf (5), we obtain
the estimate

Mx(F)llLw(@) = lISllLa(@) maxz 1 TF )] < e ([l

and therefordflx || < A

In order to see thd}lx ||« > A, SUppose that the maximum Af, in (21) is at-
tained a* € Q. Moreover, leg € ¢'(Q) be a function satisfying(x;) = sign(¢;(x*)),
forall 1< j<n, and||g||,_m(Q) =1. Then,

n n
1% (9)llLa(e) = (Ix(9))(X7) = > £(xX)g(x)) = Z X)| =Moo
=1 =1
and so[|1x(9)|L.(q) = A, which implies||Ix|[» > A«. Altogether,Ix[le =Aw. O
Now let us compute an upper bound for the Lebesgue conAtant

THEOREM11. For X = {Xy,...,%n} C Q, the Lebesgue constafit, is bounded

above by
n
< gly/a,-‘jl,

where g;' > 0is the j-th diagonal element of the matrix A for 1< j <n

Proof. Suppose that the maximum Af, in (21) is attained at* € Q. Then, by using
Example 4 and Proposition 4, we obtain

n

n n n 1
No=Y [6i(x)| = z Be (B < 3 15e - Wl = 3 ik = 3 /3"
=1 =1 =1 =1 =1

REMARK 5. Note that by
1= 18 (¢1)] < 18 llk - 1€l = 1]k = /25" for 1< j<n

we havea > 1, forall 1< j < n, which implies

n
< Zl,/aj‘jlg Zaj = tracdAy}) < Nn-omadAY).
i= i=
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To compute a lower bound féx.,, we use the estimate
163 > Omax(Ax)L)T AxE(X) = omin(Ax LX) T AxE(X)
= Omin(AXHRX)TARX) = omin (A IR(X)]13,
which, in combination with|£(x)||1 > ||4(X)]|2, yields

A = max|[£(x) 11 > max|[£(x)||2 > omin(Ax ) max|R(x) 12 > omin(Ax ™),
XeQ XeQ XeQ

where we used
max||R(X)[|2 = max [[R(xj)[2 > 1.
XeQ 1<j<n

We conclude this section as follows.

THEOREM12. For X = {Xy,...,%n} C Q, the Lebesgue constafit, is bounded
below by
/\oo 2 Gmm(A)_(l) == Cr;jéx(AX)
O

We finally remark that the bounds in Remark 5 and Theorem 1Zather
coarse. But the purpose of our basic discussion is to réiateange of the Lebesgue
constant\ to the spectrum of the matrik.

6. Penalized least squares approximation

This section is devoted tpenalized least squares approximatitL.SA), an alterna-
tive approach for scattered data fitting other than Lagrémgepolation. PLSA makes
sense especially in situations where the given data is oonged with noise, or, when
the given data is very large. We first prove the well-poseslioéshe PLSA problem,
before we characterize its solution. Then, we turn to thesisieity of PLSA, and,
moreover, we prove the convergence of the PLSA solutiondattution of the classi-
cal least squares approximatiqh SA) problem. For a more general account to PLSA
problems, we refer to [10].

6.1. Problem formulation and characterization of the soluton

To explain PLSA, let a finite point set = {x1,...,xn} C RY be given. Moreover,
suppose tha¥ = {yi,...,¥n} is @ subset oKX, Y C X, whose sizdY| = n is much
smaller than the siz&X| = N of X, i.e.,n < N. Then, our aim is to reconstruct an
unknown functionf € .% from its valuesfx € RN by solving the following problem of
penalized least squares approximation

Problem (Py). On given function value$x € RN and fora > 0, findsy € .4 satisfy-
ing

1 2 2 _ ; 1 2 2
@ - sl ralsl = min( G093+ alslk ).
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Before we discuss the well-posedness of prob|Bg), let us first provide some
comments. Note that the first term in the cost functional (22)

Ex(f,s) = —H(f—sxnz_ Z|f )2 for se. K

is the usuaimean square errobetweenf ands on X. Moreover, theenergy functional
Js)=|s|z  for se A

in (22) measures themoothnessf s. Therefore, theenalty parametet > 0 in (22)
serves to balance between the smoothness of the sobgtimd its mean square error
to f onX.

In fact, note that forx = 0, the corresponding optimization probléf) coin-
cides with the classical problem of linel@ast squares approximatiqihSA) [4, 14].
In contrast, for larger, the smoothing ternd(s) will dominate over the mean square
errorEx (f,s). In particular, fora — oo, the solutionsy in (22) tends to zero.

Now let us show that the proble(Ry) has a unique solution. To this end, we
first rewrite the mean square error as

1
(23) Ex(f.5) = I fx—Axycl3  for se.%,

where
N
Axy = (KX Y1) 1ckenicj<n ERT

and wherec = (cy,...,Cq)" € R" are the coefficients of
n

(24) s= ZCJK(-,yj)eyy.
=1

The representation dx (f,s) in (23), in combination with the representation
J(s) = cT Ayc of the energy functional, allows us to rewrite the cost fiorl in (22)
as

(25) Ex(f,s)+aJ(s) = %H fx —Axycl3+acTAyc  for se.%.

Now we see that the proble(Ry) is well-posed.

THEOREM13. For anya > 0, the penalized least squares approximation prob-
lem(Py) has a unigue solution,s= . of the form (24), where the coefficients€R"
of g are given by the unique solution of the normal equations

1 1
(26) NAI(,YAX,Y +aAy | Cq = NA;.Y fx.
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Proof. Requiring a vanishing gradient of the cost functional in)(2Bis immediately
leads us to the normal equations (26), whose coefficientixriatfor anya > 0, posi-
tive definite. Therefore, proble(#y) has a unigue solution. O

An alternative characterization for the unique solutignto the optimization
problem (22) relies on classical approximation theory.

THEOREM 14. For anya > 0, the solution § = sq(f) € .4 of problem(Py)
can be characterized by the conditions

1

@7) N

((f —sa)x,x) = a(Sa,S)k forall s e .%4.

Proof. We introduce a semi-inner prodyet-]q on.# x .% by

~ 1 ~ . ~
[(f,g),(f,g)]u:=N<fx,fx>+a(g,g)|< for f,g,f,§e 7,

which yields the semi-norr- ||« on.% x .F by
2 _ 1.2 2 7z
I 9)lla = Itz +allglli for f,ge 7.

Note that problentPy) is equivalent to finding dest approximationise .%4
satisfying

I(f,0) — (s5 s)llG = (f.0)— (s 9)]l5-

inf ||
se. A
Resorting to standard approximation theory in Euclideatsp, and since4

is a Hilbert space with respect [9-]q, the unique best approximatish € .4 can be
characterized by the orthogonality relations

[(f,0) — (s5:Sy):(S,5)]a =0 forallse A4,
which are equivalent to the conditions in (27) 8jr= sq. O
Note that the characterizations in Theorems 13 and 14 argadgot. Indeed,

with replacings € . in (27) by the basis function§(-,y«) € A, for 1 < k < n, the
conditions in (27) can be rewritten as

(89  Slf-sox RO =al@ KWk foralll<k<n

where
R (yie) = (K(x1, YK, -, KO, Vi) = € Ak y-
Assuming (24) for the form ofy, with coefficientscy € R", we have

(Su)x = AxyCq € RN,



Scattered data approximation by positive definite kernels 241

and so we can derive the normal equations from (28): On théhand, the left hand
side in (28) can be rewritten as

SUT S0 RO = 5 (R0~ R (Al
= L (e Aky e ALy Axvca).
On the other hand, the right hand side in (28) can be rewrisen
a(sa, K (- Yk) )k = asu(Yk) = agf AyCq,

where we used the identitgy, K(-, ¥k) )k = Sa(Yk) from the Madych—Nelson theorem.

6.2. Stability, sensitivity, error bounds, and convergene

Let us turn to the stability of penalized least squares appration. To this end, we
bound the minimizesy of the cost functional in (22) as follows.

THEOREM 15. For anya > 0, the solution § = s¢(f) € A of problem(Py)
satisfies the stability estimate

1
(8= Oxl3+allsallk < (1+a)]F-

Proof. Letss € A denote the (unique) interpolant foatY satisfying(s; — f)y = 0.
Recall||st ||k < || f|lk from Corollary 5. Then,

1 1N
Nl Dxd+alslk = G5 s =0 +alsalk
1 N
<N Ist (%) — f (%) [>+al|st | &
=1
1
<N lexll - 1111 + ol Il
xeX\Y
_ 1 2 2
= (N > ||8x||K+G> Il Il
xexX\Y
N—n

N
A/~

+a) 1112 < (1o £,

where we have used the pointwise error estimate (16) frons&ution 4.3 and the
uniform bound||ex||k < 1in (17). O

Next we analyze the sensitivity of proble(R,) under the variation of the
smoothing parameter > 0. To this end, we first observe that the solutigre sy (f)
of problem(Py) coincides with that for the target functiag, i.e.,sx(S0) = su(f).



242 A. Iske

LEMMA 1. For anya > 0, the solution g = sy(f) of problem(Py) satisfies
(a) the Pythagoras theorem,

I(f = sa)x |15 = [I1(f —so)x 13+ II(s0— s)x 3,

(b) the best approximation property,

1 . 1
il oI+ alsal = min (S e- sl +alsiZ ).

i.e., %i(S0) = Su(f).

Proof. Recall that the solutios(f) to (Py) is characterized by the conditions (27) in
Theorem 14, where far = 0 we obtain the characterization

(29) %((f—so)x,sx>:0 forallse A .

This implies, for anys € .4, the relation

I(f=9x]3 = (f—so+50—9x,(f—So+—9)x)
= ||(f —so)x|I3+2((f —s0)x, (S0 — 9x) + |(S0— 9)x I3
= [I(f —so)x[I5+ [(so—9)xlI3,

and so in particular, with letting= s, (a) is proven.

As regards property (b), we subtract (29) from (27) to obkgin

1
(30) N<(SO_SU)X7SX>=G(SQ,S)K forallse A
the characterization (27) for the solutisf(s) of (Py) from Theorem 14. O

Next we aim to analyze the convergence{af }q for a N\, 0. To this end, we
first prove a stability estimate fag and an error bound fag — .

THEOREM16. Let f €.Z anda > 0. Then, the solutionss= sq(f) of problem
(Py) and the solutiong= () of problem(Py) satisfy

(a) the stability estimate
Isallk < [Isollk;
(b) the error bound

1
NH(S«: —s0)x 13 < a|sol[&-
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Proof. Lettings= 55— & in (30), we obtain

(31) (S0~ So)x 13+ | sul& = at(Sa, S0k

|
N
Using the Cauchy—Schwarz inequality, this yields

1

NH(So—sa)xHEHIISuHﬁ < af[sallk - [[soll;
which immediately implies properties (a) and (b). O
Let us finally show the convergencesfto s for a ™\, 0.

THEOREM 17. For a Y\, 0, the solution g of problem(Py) converges to the
solution $ of problem(Py) at the following asymptotic convergence rates.

(a) Convergence in the native space norm,
ISa —sollg =O(a)  for a0,
(b) convergence of the mean square error,
1 2
Nl (& —so)xllz=0(c)  for a™\0.
Proof. To prove (a), first note that

[sllx :==sx[l2  for se &

is a norm on%,. To see the definiteness pf |x on .4, note that||s]|x = 0 implies
sx = 0, in particularsy = 0, sinceY C X, in which cases= 0.

Moreover, since# has finite dimension, the nornfjs||x and|| - ||k are equiv-
alent on%, so that there exists a const&ht- O satisfying

Isllk < C|sl|x forallse A.
This, in combination with part (b) of Theorem 16, implies peaty (a) by

IS« — Sollk < C?||(sa — S0)x /13 < C*Na|so[R -
To prove (b), we first recall (31) to obtain
171 2 2
(S So)k = o | /(S0 = Su)xlI2 + [ sulic for a>0.
This in turn implies the identity

2
(32) 50 = sollk = l1soll& — llsullc — 51150 — )3
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by

Isall& — 2(sa,50)k + [Isoll

Isa —soll

21
Isalli + lIsoll = = |55 1(50 = Su)x[13+ tllsul[&

2
2 2 % (e 2
lIsollic = l1sallic = g Il (S0 = sa)xl2:

To conclude our proof, note that, by property (a), the leftchside in (32) tends
to zero asx N\ 0, and so does the right hand side in (32) tend to zero. By #islity
estimate in Theorem 16 (a), we find

0<[|sollk —[|sallk < llSa —Sollk — 0 for a0,

so that||sq ||k — [|Sollk for a \, 0. Therefore,

2
l@-s)xI3—0 for a0

which completes our proof for (b). O

7. Conclusions and final remarks

In this paper, we have introduced the reader to selectedtaspekernel-based scat-
tered data approximation. To this end, we have explaineid pasciples of multivari-
ate Lagrange interpolation by positive definite kernelsisTicludes the construction
and characterization of their associated native repradla@rnel Hilbert spaces, along
with a discussion concerning the optimality and the stbdf the recovery method.
Moreover, we have explained the solution of penalized Isgetires approximation
problems, where we have placed special emphasis on thétgtabd the convergence
of the proposed kernel-based approximation method.

For the sake of simplicity, and in order to keep the presemtatithin rea-
sonable page limits, we have restricted ourselves to appeiion methods byos-
itive definite kernels For a comprehensive discussion on scattered data appaeoxim
tion by conditionally positive definitéradial) kernels and their applications to mesh-
free approximation methods, we refer the interested retméne research mono-
graphs [6, 8, 13, 23].

Further directions for possible extensions and genetalizsiare concerning
kernel-based approximation from scatteHetmite—Birkhoff dat§l2, 24] (rather than
from plain Lagrange data), reconstruction methods forareetlued functions (rather
than for scalar-valued functions) via matrix-valued késii£9], as well as kernel-based
multiscale methodf®, 13], to mention but a few. For a general account to (pead)
least squares approximation problems, we refer the readér 10, 14].
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