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A. Muhammad

SOME DIFFERENTIAL SUBORDINATION
AND SUPERORDINATION PROPERTIES
OF SYMMETRIC FUNCTIONS

Abstract. In this paper, we study the interesting properties of défftial subordination and
superordination for the classes of symmetric functiondyginan the unit disc. We derive
sandwich results on the basis of this theory.

1. Introduction

Let H(E) denote the class of analytic functions in the open unit disc
E={zeC:|7 <1},
and letH [a, 1] denote the subclass of the functiohs H(E) of the form
f(z) =at+ajz+aZ+---, acC.

Also, let.«7 be the subclass of functions € H(E) of the form
f@) =2+ Y a.
k=2

If f andg are analytic inE, we say thatf is subordinate to gand we writef < g or
f(z) < 9(2), if there exists a Schwarz functiamin E such thatf (z) = g(w(2)).

Suppose that andk are two analytic functions i, and let
o(r,st;2): C3xE — C.

If h and¢(h(z),zH(z),22h’(2); z) are univalent functions ifE and if h satisfies the
second order superordination

(1) k(z) < ¢(h(2),zH(2),2N"(2); 2),

thenk is said to be a solution of the differential superordinaijbn A functionq in
H(E) is called asubordinantto (1) if q(z) < h(z) for all the functionsh satisfying
condition (1).

A univalent subordinarg that satisfies|(z) < ¢(z), for all subordinants of (1),
is said to be théest subordinant

Recently, Miller and Mocanu [7] obtained sufficient conalits on function,
g and¢ for which the following implication holds:

k(z) < o(h(2),zH(2),2h"(2);2) = q(2) <h(2).
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Using these results, the authors of [2] consider certaissela of first-order differential

superordinations (see also [4]), as well as superordingireserving integral operators

[3]. Aouf et al. [2, 1] obtained sufficient conditions for t@n normalized analytic

functionsf to satisfy

zf'(2)
f(2)

whereqs, gz are given univalent normalized functionsin Very recently, Shanmugam
et al. [13, 14] obtained the so-called sandwich results éstain classes of analytic
functions. We refer interested readers to the work done éwthhors of [2, 8, 9, 12].

In [11], Sakaguchi defined the class of starlike functionthwespect to sym-
metrical points as follows. Let € o/. Thenf is said to bestarlike with respect to
symmetrical points in B, and only if,

h(z) < < G2(2),

zf'(2)
f(2) - (-2
Obviously, this forms a subclass of close-to-convex fuomdj and its members are

therefore univalent. Moreover, this class includes theslaf convex functions and
odd starlike functions with respect to the origin, see [11].

Re >0, zeE.

2. Preliminary results

DEerFINITION 1 ([7]). Let 2 be the set of all functions f that are analytic and
injective onE\U (f), where

U(f)z{zeaE:Ler}f(z):m},

and are such that’f{) # 0for { € OE\U(f).

To establish our main results we need the following lemmas:

LEMMA 1 (Miller and Mocanu [6]).Let q be univalent in the unit disc,Eand
let 8 and¢ be analytic in a domain D containing §), with ¢(w) # 0 when we g(E).
Set @z) = zq(2)$(a(z)), h(z) = 8(q(2)) + Q(z) and suppose that

(i) Qs a starlike functionin E

(i) Re () >0forzeE.

Q2
If p is analytic in E with g0) = q(0), p(E) € D and
(@) 6(p(2) +2P(29(p(2) < 8(a(2)) + 2d (2)$(a(2)),

then [z) < q(z), and q is the best dominant ¢2).
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LEMMA 2 (Shanmugam et al. [14])Let u,y € C withy # 0, and let g be a
convex function in E with

Re(1+ Z(j;g) > max{O, — Re%}, zcE.

If p is analytic in E and
(3) up(2) +vzp(2) < ua(2) +vzd(2),
then @2) < q(2), and q is the best dominant ¢8).

LEMMA 3 (Bulboa@ [5]). Let g be a univalent function in the unit disc &d
let 8 and¢ be analytic in a domain D containing §). Suppose that

3 pe8(A2)
VRS
(i) h(z) = zd (29(q(2)) is starlike in E

If pe H[g(0),1] N2 with p(E) C D, 8(p(z) +zpP(2))¢(p(2)) is univalent in E and
(4) 6(a(2) +zd(2)¢(a(2) < 8(p(2) +28(2)6(p(2)),
then dz) < p(z), and q is the best subordinant ¢4).

> 0forzeE,

LEmMA 4 (Miller and Mocanu [7]).Let q be convex in E and Igte C, with
Rey > 0. If p € H[q(0),1] N2 and (z) +yzP(2) is univalentin E then

(5) 92 +vzd(2) < p(2) +yzp(2)
implies dz) < p(z), and q is the best subordinant ¢&).

. 1 . : : .
LEMMA 5 (Royster [10]). The function ¢gz) = A== is univalent in E if
and only if|2ab— 1| < 1 or |2ab+ 1] < 1.

3. Main results

THEOREML1. Letq be univalentin Ewith g(0) = 1, and suppose that

zd'(2) 1
(6) Re<1+ @ >>max{0,—ReX}, z€E,

wherex € C* = C\ {0}. If f € & satisfies the subordination

@ a0 (M0G0 (P < g,

then

and g is the best dominant ¢7).
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Proof. Set
fz-f(=2 _
22 - h(z)7
whereh(z) is analytic inE with h(0) = 1. A simple computation shows that
(1-2) (M) A (M) — h(z) + AzH(2),
2z 2
hence the subordination (7) is equivalent to
h(z) +AzH(z) < q(z) +Azd (2).

Combining this last relation together with Lemma 2 for specasey = A andp =1,

we obtain our result. O
. 1+Az. o
Takingq(z) = 1782 in Theorem 1, where-1 < B < A < 1, the condition (6)

reduces to

1-Bz 1
8 Re max{O,—Re—}, zcE.
®) 1+Bz ~ A
It is easy to verify that the function

1-¢
==—, <B,
Q=177 W

is convex inE, and sincep({) = ¢() for all || < |B|, it follows that¢(E) is a convex
domain symmetric with respect to the real axis, hence

. 1- |B|
feR : = )
9 m{ el+Bz ze } 178 >
Then, the inequality (8) is equivalent to
1_1/B-1
>0 =
Rey 2 Br1

hence we have the following result.

COROLLARY 1. Leth € C*, -1 < B< A< 1with

1 1-1B|
_ B P Qi i
max{o, Re}\ } S1708
If f € &, and
f(z)— (-2 f'(2)+ ' (-2 1+Az _ (A-B)z
(10) (1-») <722 +A 5 = 1+Bz+)\ (15827
then
f(z)— (-2 ~ 1+Az
2z 1+BZ
and 1Az is the best dominant dfL0).

1+Bz
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ExAMPLE 1. LetA € C* with Re(1/A) > 0. If f € o/, and

then
f(z2)— (-2 y 1+z
2z 1-7

andii; is the best dominant of (11).

THEOREM?2. Let q be univalentin Ewith q(0) =1and qz) #0forallzc E.
Lety,p € C* and vn € C, with v+n # 0. Let f € & and suppose that f and q satisfy
the following conditions:

vz(t' (29 + f'(=2) +n(f(2) - f(=2))

(12) vz £0, zeE,
and

zq'(z)  z4(2)
(13) Re<1+ 90 1@ > >0, zeE.

If

VAZ(F'(2) + 1(—2)) 402t (D) + T(-2) 2q(2
a4 ”V“[ VAT (2 1 F(2) (@) F(-2) ‘1] AR

then

{VZ(f’(Z)Jr f'(-2)+n(f(2 - f(—Z))} g
(V+n)z
and g is the best dominant ¢14). The power is the principal one.

< q(2),

Proof. We begin by setting

[VZ(f’(Z) +1'(=2) +n(f(2 - f(-2)
(v+n)z

(15) r:h(z), z€E,

whereh(z) is analytic inE with h(0) = 1. Differentiating (15) logarithmically with
respect t, we have

" [VZ(Z(f’(Z)Jr f'(=2)" +nz(f'(2+f'(-2) _ 1} _ZH@
VAt (2) + 1'(=2) +n(f(2) - f(-2)) h(z) -

To prove our result we use Lemma 2. Consider in this lemma

Bw) =1 and ¢(w):v1v,
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then@ is analytic inC and¢(w) # 0 is analytic inC*. Also, if we let

I C)

Q(2) =zd(2)$(a(2)) @

3

and

_ _ zq(2)
9(2) =8(a(2) +Q(2) = 1+v @

then, since&(0) = 0 andQ’(0) # O, the assumption (13) would yield th@tis a starlike
function inE. From (13) we have

Rezg(z) = Re(1+ 24 (@ — zq(z)) >0, zeE,

3

Q@) 9@ aqa@
and by using Lemma 2 we deduce that the subordination (14)gmp(z) < q(z), and
the functionq is the best dominant of (14). O

. . 1+Az. L
In particular, withv =0, n =y =1 andq(z) = 1+ in Theorem 2, it is easy

to see that the assumption (13) holds wheneverK A < B < 1, which leads to the
next result:

COROLLARY 2. Let—1 <A< B<1andu € C* Let f € ¥ and suppose that

f@9 - f(=2)
— #0forzeE. If
(A—B)z

2(f'(9 + f'(-2))
(1+A2(1+B2’

(16) ”“[ 02

—1} < 1+

then
<f(z)— f(—z))“ | 1tAz

2z 1+BZ

1+ Az
1+Bz

and is the best dominant dfL6). The power is the principal one.

. 1 . 1 _
Puttingv=0,n=1,y= a—bwnh a,beC*, p=a andq(z) = m in

Theorem 2, then combining this together with Lemma 5, we lia@eaext result.

COROLLARY 3. Let a b e C* such that|2ab— 1| < 1 or |2ab+ 1| < 1. Let
f € o/ and |etw £ 0forallzeE. If

1/z2('(9+1'(-2) 1+z
a7 ”b( (T~ T(-2) 1) =

f(2—f(—2)\? 1
( 2z ) = (1—2z)2ab’

then
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1 . . . -
and A== is the best dominant dfL7). The power is the principal one.

Puttingv=0,n =y =1 andq(z) = (1+ B2~ B/B, _1<B<A<1,B#0
in Theorem 2, and using Lemma 5, we have the next result.

COROLLARY 4. Let—1 < B <A< 1with B#£0, and suppose that

}H(A—B)‘gl ‘H(A—B)Fl

B-1 B+1

Let f € & such thatw #0forall z€ E, and letp € C*. If
z(f'(20+ t'(-2)) 1+[B+u(A—B)jz

(18) o ( -t )~ 118z

then

(f(z) —sz(—Z)>“ < (14 B2HA-BIB,

and(1+B2)WA-B)/B is the best dominant fL8). Here the power is the principal one.

iA
By takingv=0,n =1y =
y 19 , N Y abcosh

q(z) = Mm in Theorem 2, we obtain the following result.

with a,b € C*, |A| < /2, p = a and

COROLLARY 5. Leta be C*and|A| < /2, and suppose that

abe ™ cos\ — 1’ <1 or ’abe‘iA COSA + 1‘ <1

Let fe .« besuch thatw #0forallze E. If
e [(z2(f'(2+f'(-2) 1+z
(19) o bcos>\< f2—-f(-2) _1> S 17

then (H2)~ 1(-2)\° 1
Z) — —Z
< 2z ) = (1_2)2aber”‘cos>\’
1

and u—ﬁm is the best dominant dfL9). The power is the principal one.
THEOREM3. Let g be univalentin E with@) = 1. Letp,y € C*, lety,y € C*

and lets, Q, v,n € C with v+n # 0. Let f € & and suppose that f and q satisfy the
next two conditions:

(20) vz(t'(z) + 1'(=2) +n(f(2 — f(-2)
(V+n)z

#0, ze€E,
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and
(21) Re(1+z(;,f/((z?>>max{0,—Re€}, zcE.
If

V@ () tn(f@)— f(-2) ¥
o | V)2 &

vaz(t' (@) + 1'(-2) +n2f @D+ F(-2)
[“V“( VAT @ P (2)n(f@ - F(-2) 1)] e

and
(23) W(2) < 89(2) +vyzd(2)
then

{VZ(f’(ZH f'(=2)) +n(f(2) - f(—Z))} g
(V+n)z
and g is the best dominant ¢23). All the powers are the principal ones.

< q(2),

Proof. We begin by setting

vzt + ' (=2) +n(f@ - f(-2) "
(24) { vEn)z } =h(2).

Thenh(z) is analytic inE with h(0

)=
vAZ('(2) + 1'(~2))’
“( VAT (2)+ 1'(—2))

1. Logarithmic differentiation of (24) yields

nz(f'(2) + f'(-2)) _1) _ (@
n(f(2-f(-2) h(z) ’

and hence
vaz(f' @)+ '(-2) +nzf' @+ F'(-2) .\ _
e (e g STy L) =
Let us consider the functions:
B(w) =dw+ Q, d(w)=y, weC,
Q2 =2zq(2)¢(a(2)) =vzd(2), z€E,

and
9(2) = 6(q(2) +Q(2) = 8d(2) +vzd(2) z€E.
From the assumption (21), we see tlEis starlike inE and, that
z4(2) ( zd'( ))
R =R 1 0 E.
A "\ e ) S

Thus, applying Lemma 2, this completes the proof. O
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. 1+Az. .
Takingq(z) = 11 By in Theorem 3, where-1 < B < A < 1 and according to

(9) the condition (21) becomes

o 1-1B]
max O,—Re—} < —.
{ y 1+ B

Hence, for the special case= 1 =y, n = 0, we have the following result:

COROLLARY 6. Let—1<B <A< 1landletd € Cwith

1-B|
_ < .
max{o, Reé}\ 118
Let f € o and suppose that
l 1
MDD Lo pee

and lety € C*. If

/ 1(_ H / =
f'(2)+ ' (-2 541 Z(f'(2)+ f'( z))_1 L0
(25) 2 f(z)—f(—2
- 61+AZ z(A—B)
1+Bz (1+B2?’
then
f'(2) + f'(—2\" . 1+ Az
2 1+BZ
1+Az. . e
and is the best dominant q@5). All the powers are the principal ones.

14+Bz
. 14z, .
Takingy =n =1,v=0andq(z) = 13 in Theorem 3, we obtain:

COROLLARY 7. Let f € &7 be such thatw #0forallze E, and
letp e C*. If

(EE f<—z>]“ (212 4] g

(26) 2z f(z2— (-2
5 1+zJFQ+ 2z
1-z (1-2)2

then

f(2)— f(-2)]" L 14z

2z 1-7
1+z. : i

and —— is the best dominant ©6). All the powers are the principal ones.

1-z
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4. Superordination and sandwich results

THEOREM4. Let g be convexin E with(§) =1, letA € C* with ReA > 0. Let

f € o/ and suppose thaw € H[q(0),1]N 2. If the function

- (11D 4 (HELTE)

is univalent in the unit disc Eand

then ¢ ¢
q(z) = w,

and g is the best subordinant @27).

Proof. Set
f@—-f(=2 _
57— = h(@,
Thenh(z) is analytic inE with h(0) = 1. Taking logarithmic differentiation with respect
Z, we have

f'(2)+ f(—2) zH(2)
(8) Z(ua—u—a)‘ |

A simple computations show that

h(z) +AzH(2) = (1) (W) +a (M)

zeE.

2
and now, by using Lemma 5, we obtain the desired result. O
. 1+Az. .
Takingq(z) = 1782 in Theorem 4, where-1 < B < A< 1, we obtain the next

result.

COROLLARY 8. Let g be convex in E with(q) =1, letA € C* with Rex > 0.

Let f € &/ and suppose thw € H[g(0),1]N 2. If the function

- (L2102 o (122 1E)

is univalent in the unit disc Eand

1+Az A(A-B)z f(2)— f(-2 t'(2)+ /(-2
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then
1+Az - f(z2)— (-2
1+Bz 2z ’
1+Az. .
and 11 B2 is the best subordinant d29), where-1 < B< A< 1.

Using the same techniques as we used in Theorem 3, and thdyingpp
Lemma 3, we have the following theorem.

THEOREMS. Let g be convex in E with(q) = 1, suppose that, y € C*, and
lets, Q,v,n € Cwith v+n #0andRe(s/y) > 0.

Let f € & and suppose that f satisfies the following conditions:

v t'(2) + f'(=2) +n(f(2) - f(=2)

vz #0, ze€E,
and . , "
{vz(f (2)+f <—(i>>+ : ;Zu(z)— f(—z))} € HG(0). 11N 2.
If the functiony given by equatiori22) is univalent in E and
(30) 59(2) +yzd (2 +Q < W(2),
then

vz f'(2)+ '(—=2) +n(f(2) — f(—2) |
a2 < [ vz } ,

and q is the best subordinate (80) (all powers are the principal ones).

Observe that by combining Theorem 1 with Theorem 4 and Te@&evith
Theorem 5, respectively, we have the next two sandwich émesr

THEOREM®G. Let a1, 02 be two convex functions in E with@) = g2(0) = 1,
. f(z)— f(—
leth € C*withReA > 0. Let f € o and suppose th @ > (=2) € HJ[q(0),1]n2.

If the function
B f(z)— (-2 f'(2)+ /(-2
(1-2) <722 +A —
is univalent in the unit disc Eand

(@) +rzd(2) < (1—}\)<W)+)\ (W)
< G2 +r25(2),

(31)

then

w =< qz(z)7

and q and ¢ are, respectively, the best subordinate and the best darhafg31).
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THEOREM 7. Let qi, 0 be two convex functions in E with @) = g2(0) = 1,
letp,y € C*, andlets, Q, v,n € C with v+n # 0andRe(3/y) > 0. Let f € o7 satisfy
the following conditions:

[Vdf’(Z) +1(=2) +n(f(2 - 1(-2)
(v+n)z

};«éo, z€E,

and

[Vdf’(z) +f'(=2)+n(f(2 - f(=2)

(V+n)z
If the functiony given by(22)is univalentin E and

re H[q(0),1]N 2.

(32) 801(2) +vzeh(2) +Q < W(2) < 802(2) +yzch(2) +Q,
then o o . . "
0w < [VZ( (2)+ (—(?E;]Z( (2) — (—Z))} < o),

and g and @ are, respectively, the best subordinate and the best darhaig32) (all
the powers are the principal ones).
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