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A. Muhammad

CLASSES OF MULTIVALENT FUNCTIONS
INVOLVING THE LIU-OWA OPERATOR

Abstract. Using the Liu—-Owa operator we introduce a new class of naléivt analytic
functions defined in the unit di€€. We investigate an inclusion relationship and radius prob-
lem for the class of functions gi-valent bounded radius rotations which are defined here by
means of a certain integral operatbg_p.

1. Introduction

Let o7 (p) denote the class of functiori$z) normalized by
(1) {2 =22+ Y agpZ™P, peN={12..},
K=1

which are analytic angb-valent in the open unit disk = {z: |7 < 1}. A function
f € &/(p) is said to belong to the clag$p,p) of p-valently starlike functions of order
p (with 0 < p < p) if it satisfies, forz € E, the conditions

zf'(2) F2 4q_
(2) Re 1) >p and /Re{ Z)}dG_an.

The classS(p, p) was introduced by Goodman [2] and studied in [9] and otheepap
For functionsf;(z) € </ (p), given by

(3) i =2+ agpi2™, =12
k=1
we define the Hadamard product (or convolutionfgf) and f2(z) by
(4) (fixf2)(2) = 2P+ ayprawp2Z?P = (f2x f1)(2), z€E.
K=1

Let P (p) be the class of functiong(z) analytic inE with p(0) = 1 and
5) / ‘Rep ‘de< Kk z=re®,

wherek > 2 and 0< p < 1. This class was introduced by Padmanabhan et al. in [8]. We
note thatP(0) = P, see Pinchuk [10]P,( p) = P(p), the class of analytic functions
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with positive real part greater tharandP,(0) = P, the class of functions with positive
real part. From (5) we can easily deduce tpé&t) € P(p) if and only if there exist
p1(2), p2(2) € P(p) such that foz e E,

©) o2 = (5 +3) @~ (5~ 3)pela)

Motivated by Jung et al. [3], Liu and Owa [5] considered theedr operatoQg b
o (p) — </ (p) defined by

7) @N@=(PriEP )% 0/ (1-2)"

fora>0andp > -1, and

(8) (@ H@="1

fora=0andp > —1.
We note that iff € o7(p), then from (7) and (8) it follows that

Mptatp) & T(k+p)

Qg2 =2+ F(p+B) L l(k+a+p)

wheneven > 0 andB > —1. Using the above relation, it is easy to verify that
@  «AQ,F (@ =(p+a+B-1)(QF, )@ — (a+B—1)(Q§,F)(D-
For interested readers we refer to the work done by the aaitifgr, 1, 4].

Using the operato(og.p, we now define subclasses.of(p) as follows:

DEFINITION 1. Assume that > 0, 3 > —1 and pe N. We say that a function

f(z) € &/ (p) isinthe class Ra,B,p,p) if and if fo((z?

For k =2 we obtain B(p,p) = S(p, p) as defined by2).

eP(p)forze E,0<p<p.

DEFINITION 2. Let f € &/(p). Then fe R(a,B,p,p), if and only if (%.pf
belongs to R(p,p) for z€ E and pe N.

In the present paper, we investigate an inclusion relatipnand radius prob-

lem for the class of functions gi-valent multivalent functions by means of a certain
integral operatoQg pf (2).

2. Preliminary lemmas

In this section we recall some known results.
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LEMMA 1 ([6]). Letu=uj+iup, v=vi+ivs andW(u,v) be a complex-valued
function satisfying the conditions:

() W(u,v) is continuous in a domain @ C2,

(i) (1,0) € DandReY¥(1,0) > 0,

(i) ReW(iuz,vi) <0, whenevefiup,vi) € D and v < —3(1+ ud).
If h(z) = 1+ cyz+--- is a function analytic in E such thah(z),zH(z)) € D and
ReW(h(z),zH(z)) > O0for z€ E, thenReh(z) > 0in E.

LEMMA 2 ([12]). Let p be analytic function in E with(f) = 1andRep(z) >0
with z€ E. Then, for s> 0 and p# —1 (complex number),

szp(2) }
Re< p(z) + >0, for |Z] <rg,
where g is given by
(10) fo — IH+1] :
VA+ (R - 1)
(11) A = 2(s+1)%+|u>-1,

and this result is the best possible.

3. Main results

THEOREM1. Assume thai > 0,3 > —1and pe N. Let f € Re(a—1,B, p,0).
Then fe R¢(a,B, p,p), in E where

2p

P 2b+1)+ /(b1 12+ 8p

2Q8 ,1)(2)
——————=H(2)=(p—p)h(2) +p.
o = (Peh
Thenh(z) is analytic inE with h(0) = 1. Using the identity (9), and after some simple
computations, we obtain

(12) with b=a+p — 1.

Proof. Set

2Q ) (@ B zH'(2)
I CErE
= H(z)+HZ(HZ;(i)beH<(O), ze E, whereb=a+p-1
Let us define the functio,(z) by
1 2 b P
P2 = TpT 7 Trpa—zz PTOTPL
! kK 1
HD) = G+3){(P-Pm@+p}-(G-3){(P-Ph@+0}.
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We want to show thaH € B(p), wherep is given by (12) or equivalentlyy € P,
i =1,2. Now using the convolution technique [11], we have

Py(2) zH' (2)

He = = " aEn

= G+ {e-nn

Sk

Therefore it follows that for=1,2,

_ (P—p)zH(2)
(13) Re|(p—p)hi(2) +p+ (p—p)hi(z)+p+cx+B—1} >0, zeE.

We formulate the functionab(u,v) by choosingu = u; +iuz = hj(z) andv =vi +ivy
=zH(z) in (13). Thus

(p—pVv
(p—pu+p+a+p—1

W(u,v) = (p—pju+p+

It can be easily seen that the first two conditions of Lemmaelchrarly satisfied. We
verify only the third condition, as follows.

(P—pV1
(p—piuz+p+a+p—1

Re{W(iuz,v)} = p+Re

(p—p)(p+a+B—1)v1
(p—p)2ud+ (p+a+p—1)%

. 1(1+ud) . . :
By puttingv; < — ( er 2 in the above equation, we obtain

1(p—p)(pta+B-1(1+u))

Re{LIJ(ile,V)} < p 2 (p—p)ZU%—F(p—f-G—f-B—l)zj

and the right-hand side equals

(p+a+B—1)[2p(p+a+B—1) — (p—p)] + (p—p)[2p(P—p) — (p+a+p—1)]u
2[(p—p)?u5+ (p+a+p—1)?]

~ A+BU&
-

where

A = (p+a+B-1)[20*+[2a+B-1)+1]—p
B = (p—p)[20(p—p)—(p+a+B—1)
C = [(p-p?B+(p+a+p-1)4>0.
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We note RéW(iuz,v)} < 0 if and only if A< 0 andB < 0. FromA < 0, we obtain
p as given by (12) an® < 0 gives us 0< p < p. Now using Lemma 1 we see that

2(Q8 1) (2 L
Reh(z) > 0 for z€ E and hence RW > p, for z € E with p given by (12)
B.p
and the proof is complete. O

As a special case whgn=1, b=a+p —1 =0 andk = 2 we have a well
known result that every convex univalent function is skarlinivalent of orde%.

Now we take the converse case of Theorem 1.
THEOREM 2. Assume thatt > 0, 3 > —1 and pe N. Let f € R¢(a,B,p,p)

for ze E. Then fe R¢(a —1,B8,p,0) for |z < ro, where g is given by(10) with
_pta+p-1

p—p
Proof. Let

and s= o and the value ofgis the best possible.

2QE 1) (2
@, 0@

Using identity (9) and proceeding as in Theorem 1, we have

1 Z(ng;)lf)/(z) B ﬁZH’(z)
p—P{ (@5 N@ ‘p} ) {“(Z”m
= 1
= (;""%) [hl(z)‘f'hl(piz—:}_i;jﬁ_l] —(g—%) [hz(z)—k%] .

pta+p—1

=(p—p)H(@) +p, z€E, ReH(2)>0.

. . 1
Using Lemma 2, withu = (#£—1) ands= D p > 0, we see thaf ¢

Rk(a—1,B,p,0) for |zl < ro where
lu+1]

YA+ (a2 2 - 1))}
A = 2(s+1)°+|u?-1,

o =

and this radius is best possible.

As a special case, we note thapit=1,p+a+pB—-1=0,p=0andk=2, we
obtain

= 24+0-1=7
u = O) S:l)
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and
1

7+/48

This completes the proof of the theorem. O

r0=2—\/§=
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