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THE BESSEL WAVELET CONVOLUTION PRODUCT

Abstract. The convolution product associated with the Bessel wavedeisformation is
investigated. Certain norm inequalities for the convolutproduct are established.

1. Introduction
Cholewinski [1], Haimo [2], Hirschman Jr. [3] and othersditd the Hankel convolu-

tion for the following form of the Hankel transformation ofenctionf € L(1), where
| = (0,00) andLi(1) = {f: [’ |f(X)|do(X) < o, | = (0,0)}. Namely,

) ()0 = 709 = [ iutx f ) do(t)

where
. _1 1_
09 = 24721 (et 3)x2 M4 (X).

Here,Ju_% (x) is the Bessel function of ordgr— % and

t2
do(t) = ———dt.
2420 (it 3)

We say thatf € L5(1),1< p < o, if

[ fllpo= (/Om|f(X)|pd0(X))’l) < 0,

If f €LL(1)andh,f € L(1) then the inverse Hankel transform is given by
2 ) = (h )0 = /0 () (huf)(t) do (t).
If f €Li(l),gecLi(l) thenthe Hankel convolution is defined by

© (190 [ () )ay)do(y),

where the Hankel translatiay is given by
@ (6h)y) = fixy) = [ Dxy.2 (9 do(2),
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Dy 2= [ Tu0)ju(yt) ulz) do(t)
= 23 AP (e §PIM (] 0 Ay 2) A,

for u> 0, where/\(x,y,2) is the area of a triangle with sidesy,z if such a triangle
exists and zero otherwise.

Here we note thaD(x,y,z) is symmetric inx, y, z Applying (2) to (4) we get
the formula

| iu(@px v 2)do(@) = jutx) ).
Settingt = 0, we get .
/o D(x,y,z)do(z) = 1.
Therefore in view of (4),
(5) I %) l1o < [Ifll10-

Now, using (4) we can write (3) in the following form:
(49 = | | Dixy2)f(2gy)do(@)do(y)
Some important properties of the Hankel convolution thatratevant are:

1. If f,g e LL(1) then from [2],

(6) [f#9ll10 < [Ifll10ll9l10-

2. With the same assumptions,

(7) hu(F#9)(x) = (hu) () (hug) (%)-

3. Letf e L}(1) andg e L5(1), p> 1. Then(f#g) exists, is continuous and from
[7], we get the inequality

(8) If#9lpo < Ifll1ollgllpo-

4. Letf eLy(), geL(l), 1/p+1/qg= 1. Thenf#g exists, is continuous and
from [7] we have

(9) 1f#9]lw0 < || fllp.olldlq.o-
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5. Letf e L3(I)andg € L3(1), 1/r = 1/p+1/q— 1. Then(f#g) exists, is contin-
uous and from [7], we get the inequality:

(10) [ f#9llre < [ flipllgllq-

6. Letf € L8(1), g€ L(1) andh € Li(1). Then the weighted norm inequality

[ tota#n 90| < I lpelalashlio

1,1,1_
holdsfor5+a+; =2.

As indicated above, the proof of properties 1 to 5 are wellMkmoHence, we
next give the proof of 6.

Using Holder's inequality, we get

| (g9 dolx)

1 1
<||f #hllsg, —+-=1
[ f{lp.ollg#h]se p+ s

Therefore using (9) we have

1 1 1
<|f h S=4-1
< | fllpollgllaolhlsos s g1

| (g0 dol)

From [4], hy is isometric orL3(1), (h;*h,f) = f then Parseval's formula of the
Hankel transformation fof,g € LZ(1) is given by

(1) 10080000 = [ ()3 (hug) ) do(y).

Furthermore, this relation also holds fbyg € L(1), see [8].
Fory € LL(1), using translation given in (4) and dilatioD, f (x,y) = f (ax ay),
the Bessel wavelet [6] is defined by
tb °° tb
(12) 0(57) =Puam®) = [ W(@D(5.7.2)do2),

a'a a

The continuous Bessel wavelet transform [6] of a functioa L3 (1) with respect to
wavelety € Li(1) is defined by

(13) (Byf)(b,a) = a*zuflfowm(%, g) f(t)do(t), a>o.

By simple modification of (13), we can get

b
a

(Byf)(b,a) = (f#l]J)( ) a>0.
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From (3) and (4) the continuous Bessel wavelet transformfohation f € L(1) can
be written in the form:

(14) (Byf)(b,a) = /0oo Ju(bw) (hy ) (w) (huw) (aw) do (w).

Now, we state the Parseval formula of the Bessel wavelesfoam from [6, p. 245].

s [ [ Enbaeeog TR ey,

for f € L2(1) andg € LZ(1).
Now, we also state from [3, Theorem 2c, p. 312] and [3, corplix, p. 313]
which is useful for our approximation results:

THEOREM1. Suppose that
1 k(X)) >0, 0<x<oo,

2 /wkn(x) do(x)=1, n=0,123,...,

3. lim kn() o(x)=0 foreachd>0,

n—o0
4. @(x) € L(,(I),
5. @is continuous at Xo € [x— 0,x+ 9] andd > 0.
Then
lim (@#kn) (o) = @(Xo)-
COROLLARY 1. With the same assumptions gi{¥), if f(x) € LL(1) then
rI15n(>0|| f#kn,— f||, =0.

In this paper, motivated from [5, pp. 129-136] we define cdutvan product
for Bessel wavelet transform and study some of its propeertie

2. The Bessel wavelet convolution product

In this section, using properties (5), (11) and (12), we fallyndefine the convolution
product for the Bessel wavelet transformation by the retati

(16) By(f @g)(b,a) = (Byf)(b,a)(Byg)(b,a),

and investigate its boundedness and approximation piepefthis in turn implies that
the product of two Bessel wavelet transforms could be wawelasform under certain
conditions.
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THEOREM 2. Let f,g, € L}(I) and h(p)(w) # 0. Then the Bessel wavelet
convolution can be written in the form

(199)(@ = | (Taf) g o),
where(1zaf)(y) =[5 f(X)Da(X,y,2)do(X),

(17) Da(xy2) = [ () (@) () (@8) ju (X0 Y8 La(t, 5 2) do (1) (&),

and

(18) Lat£2) = [ 1082 do(y)
juwz)j

(19) / uhullJ paw W)

Proof. From (14) we have

(20) hu[(By ) (b,a)](w) = (huw)(aw) (h,f)(w).

Using (16) and (20) we get

hu[(Bw(f ®9))(b,a)l(w)
= hu[(Bw )(b,a)(Byg)(b,a)}(w)
= hlhyt ((haw) (@) () () iy () (@-) (hu@) ()] (W).

By property (7) of the Hankel convolution, we have

hu[(By(f ©@))(b,a)](w) = [(hud)(@-) (huf)(-)#(hub) (a-) (hug) ()] (W)

Therefore by (20), we get
21) () (aw)hy[(f @ g)](w) = [(huw) (@) (huf) () #(huw) (@) (hug) ()] (W).

This gives a relation between the Bessel wavelet transfinvolution and the Hankel
transform-convolution.

Let us set
Fa= (hy)(a-)(huf)(),
Ga = (hu)(a-)(hug) (")
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Then, by (3) and (4) we get
() (aw)hy (& g)](w)
= [ G Fan) o)
= [Tra( [ D(Wn,E)Ga(E)dG(E)) do(n)
— [ Fan)Ga()D(wn. &) do (&) do(n)
= [ FanGa) / iu(wy) ju(nY) ju(Ey) do(y) ) do(€) do(n)
= [7( [ Fmiunydom) ([ Ga®)iu(@) o) iutwy o)

= [ (W) (nGa) () ju(wy) do ).
Therefore by the inversion formula of the Hankel transfdiora(2), we have

(fog)@

B / huw / UFa)(y)(hHGa)(y)jp(WY)dc(y)) do(w)

® ju(wz)]
- /O (WG f, “yiam ulwy do(w)) da(y).
-/ w(huFa><y><huGa><y>Qa<y,z>do<y>7

whereQa(y, 2) is given by (19).
Then by the definition of the Hankel transformation (1),

(feg)@)

- /000/000 ju(yt) (hyw)(at) (hyf)(t)do(t)

([ ity () 28) (1) €) do(®) ) Qaly.2)do )

[ iy @ () @) (a0 (40 8)

([ @i Qa(2) do(y)) do(t) do )

[ it e ) @8) (1) 010 )Lt & 2 o) o).
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Therefore,
(f®0)@
- /OW/O (huw) (at) (hyW) ( aE /JuXt X)do (X ))

/ u(yE)g ))La(t.,2)do(t) do(?)

L 00000 ([ a8 ) ) () @8)
La(t,,2)do(t) do(€) ) do(x)do (y)

//f y)Da(X,y,2)do (X) do(y),

where

Day.2) = [ [ 5u0c) i) (1) (@0) () (8E)La(t, 5. 2) do (1) o).

If we define the generalized translation by
= (Tzaf)( / Da(x,y,2) f
then

(199@) = [ (zaf) )y do(y).

THEOREM3. Assume thait(])f|(hpw)(aw)| =By(a) > 0. Then

IDa(xy 2 < s Wi
Proof. From (17) we have
Da(xy,2)
= [ 58 () (a0 () @8 Lt €, 2 o 1) do E)
L 0 8 () @) ) e
([ 148 iut)Qa(n. 2 do(n) ) do(t) do @)
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L 0018 () ) () a8
() iwtnyincn) ([ 2 “‘WZ‘“”W o(w)) do(n) ) do(t) do (€)

(hy) (aw)

L (] i) @ dot))
(7 1) iu(n8) () (38 do @)) Qalzm) do)

Ll ) () ()0 52 () 28 (1) Qa2 ()

7 bl () )5 () @)
) (w2 () (@] o) o)
0 () )ty () 2] ) 2 () (@] o).

Now, setFa(t) = ju(xt)hyp(at) and assume tha&iﬁhpm)(aw)| = By(a) > 0.
Since|ju(z)| <1, [2, p. 336], we have

1 00
Dalxy2| < ooy [, (FatFa)(w)] do(w)
Using (6), we have

Da(x.%.2)| < z—=IFlligllFllie

2
o L O () @) do(v)

[ 1wl dow)]”

N

N

[

N

N

e [
O

In order to obtain Plancheral formula for the Bessel waviebatsform, we define the
space
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w2(|x|)={g(b,a):||gllwz //Ig 2d0a3u+1(a))%<oo}.

THEOREM4. Let f € LZ(1), p € LZ(1). Then
|(Byf)(b,a) [z = v/Cu I fll26-
Proof. Puttingf = gin (15), we prove the above theorem. O

THEOREM 5. Let f,g € L2( ) and lety € L2(1) be a Bessel wavelet which
satisfies G := [y’ |(huqJ)(aw)|2612u+1 > 0. Then

1f©0llze < [ fll26/l9l26l W20
Proof. Using Theorem 4 and (16)

VCylfodl,s
= Byt o0y
B (b 2By,

do(a)da(b)\ 2
([ [ 18ut0.2)8yg.22 L2300

From (14) and (9),we have
(23) IByg(b,a)| < [(g(a-)#W(-))(b/a)| < [[gll2o/|Wll20-
Applying (22) and (23) we get

do(a)do(b
VG108l < ol |0lzq ([ [ Byf(0.a)? 290 E

(22)

From Theorem 4, we obtain

VGt ©dlze <9ll2o W20 vCo [l fll20-

Hence,
[f@aloe <9l W26l fll2g-

3. Weighted Sobolev space

In this section we study certain properties of the Besseleleavconvolution on a
weighted Sobolev space defined below.



276 R. S. Pathak, S. K. Upadhyay and R. S. Pandey

DEFINITION 1. The Zemanian spacgkl),| = (0,), is the set of all infinitely
differentiable functiong on (0, ) such that

Yink(®) = sup <o

xe(0,0)

ml. _1d ko 1
XX ) X 2¢(x)

for all m,k € No. Then fe H(I) is defined by the following way:

(1.0) = [ 1090000 ge H().
DEFINITION 2. Let k'w) be an arbitrary weight function. Then a functidne

[Hu(l)]" is said to belong to the weighted Sobolev spaﬁg(ﬁ forpe R, 1< p < oo,
if it satisfies

24) [@lauae=( [} ko) wPdom)

where a> 0and® € L§(1).
In what follows we shall assume thdik = |(h,y)(aw)| for fixed a> 0.

THEOREMS. Let f € G|, (1) and ge Gf}, (1), p> 1. Then

If@9llppok < I fllLpokl9lppok

Proof. In view of (24) we have

It 8lauox=( [ Ikwh(teg)wPdom)

By (8) and (21) we have

If@allppox < IFaW)ll1poxCaW)llp ok
< [t @w) (huF) W[y
(25) () (@) (hu@) (W) [ -
From Definition 2, we get
(26) If @ allppox <[ fllipokllgllppok-

O

THEOREM7. Let f € G, (1) and ge G, (1), with 1 < p, g < « and 1/r =
1/p+1/q9—1. Then

(27) T @allrpwok < Il fllppokl9llgmok
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Proof. Using (10) and (24) we get (27). O
Approximation properties of the Bessel wavelet convolutioe given next.

THEOREM 8. Let Y a(w) = Yn(aw), n=0,1,2,... be the sequence of basic
wavelet functions such that

1. Yna(w) >0, O<w< oo,
2. /0 WYna(W)do(w) = 1,

3. Iim/ Wna(Ww)do(w) =0, foreache >0,
€

4. (huna)(W) € L5(1),
3. hﬂl[(huwn,a)(w)] = Pna(w).
Then
lim || (b) = (By, f)(b,8)[[10 = 0.
Proof. See [3, pp. 315-316]. O

THEOREM 9. Let ky(w) = (hy)(aw)(hugn)(w) for fixed a> 0,n € N, and
@(w) = (huw)(aw)(h,f)(w) satisfy:

1 k(w) >0, 0<w< o,

N

. /Owkn(w)dc(w) —1 w=0123..,

n—oo

3. lim X kn(w)do(w) =0, foreachd> 0,
4. @w) e Lg(1),
5. @is continuous at y and(h,y)(awp) # 0 for wp € [w—8,w+ 3], 8> 0.
Then
lim by o) (Wo) = () (o).

Proof. In view of relation (21) we have
(hud) (aw)hy(f @ gn) (W) = (@#kn) (W).
Now, using Theorem1.1,we have
lim (huW) (awo)hy(f @ gn)(Wo) = lim (@#tkn) (Wo)

)
(huw) (awo) (hyu ) (Wo).
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This implies that
lim hy(f ©gn)(Wo) = (huf)(Wo).

O

THEOREM 10. Let f, € LL(1), and k(w) be the same as Theorem 9, which
satisfies all the four properties of Theorem 8. Then

lim () (20) (yaf) (o) — () (o) B gn) (Wo) |, = ©.
Proof. Using (21), we have
lim [[(hu) (awo) (hu ) (Wo) — (hu) (awo) (T & gn) (Wo) |
= lim [ (hu)(avo) (B f) (wo)
~[(hu) (a-) (hu ) () #(huw) () (hugn) (a-)] (Wo) [,
= lim |[e(wo) — (@#kn) (o), ¢

Since f,Pa € LL(1), @(w) = (hyf)(huWa) = hu(f#Pa) € LL(1). Therefore using the
tools of [3, Corollary 2c, pp. 313-314], we have

lim [[(huw) (awo) (huf) (Wo) — (hu) (awo) (T © gn) (Wo) | 5 = 0.

References

[1] CHOLEwINSKI, F. M. A Hankel Convolution Complex Inversion Theorilem. Amer.
Math. Soc., Vol. 58, 1965.

[2] HAamMO, D. T. Integral equations associated with Hankel convotutiTrans. Amer. Math.
Soc. 1161965), 330-375.

[3] HIRSCHMAN JR, I. I. Variation diminishing Hankel transforml. Analyse Math. §1960-
1961), 307-336.

[4] KANJIN, Y. Atranslation theorem for the Hankel transformationtoaHardy spacelohoku
Math. J. 57(2005), 231-246.

[5] PATHAK, R. S.The Wavelet TransformAtlantis Press/World Scientific, 2009.

[6] PATHAK, R. S.,AND DixIT, M. M. Continuous and discrete Bessel wavelet transforins.
Comput. Appl. Math. 160.—-2 (2003), 241-250.

[7] PATHAK, R. S.,AND PANDEY, P. K. Sobolev type spaces associated with Bessel operator.
J. Math. Anal. Appl. 21%1997), 95-111.

[8] ZEMANIAN, A. H. Generalized Integral Transformationdnterscience Publishers, New
York, 1968.

AMS Classification: 42C40, 65T60, 44A35, 65R10



The Bessel wavelet convolution product

R.S. PATHAK

Centre for Interdisciplinary Mathematical Sciences
Banaras Hindu University

Varanasi — 221 005 INDIA

e-mail: rspathak08@gmail . com

S. K. UPADHYAY (corresponding author)
DST-CIMS and Department of Applied Mathematics
Institute of Technology, Banaras Hindu University
Varanasi — 221 005 INDIA

e-mail: sk_upadhyay2001@yahoo.com

R.S. PANDEY

Department of Applied Mathematics

Institute of Technology, Banaras Hindu University
Varanasi — 221 005 INDIA

Lavoro pervenuto in redazione il 24.11.2011 e, in forma dtéfm il 27.03.2012

279



