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THE CALABI-YAU EQUATION FOR T 2-BUNDLES OVER TZ:
THE NON-LAGRANGIAN CASE

Abstract. In the spirit of [8, 2], we study the Calabi-Yau equation BAbundles over
T2 endowed with an invariant non-Lagrangian almost-Kahlercstire showing that fof 2-
invariant initial data it reduces to a Monge—Ampere equmtiaving a unique solution. In
this way we prove that for every total spadé of an orientablel 2-bundle ovefT? endowed
with an invariant almost-Kahler structure the Calabi-Yaalfem has a solution for every
normalizedT 2-invariant volume form.

1. Introduction

Let (M?",J,Q) be a 2-dimensional compact Kéhler manifold with associated demp
structurel and symplectic fornf. In view of a celebrated Yau'’s theorem [12] for every
volume formo on M?" satisfying

n__
(l) /MZnQ o MZnO

there exists a unique Kahler for@in the same de Rham cohomology clas$xénd
such that

(2) Q"=o0.

Equation (2) still makes sense in thienost-Kahleccontext wherd is merely an almost-
complex structure anf remains closed. The almost complex structiiie still or-
thogonal relative to a Riemannian metgiéor which Q(X,Y) =g(JX,Y), and

(3) Q=0+da

is again assumed to be a positive-defiriitel)-form relative toJ. In this context the
equations (1), (2) and (3) constitute tialabi—Yau problemwhich in the last years has
been intensively studied in four dimensions (see [1, 9, &n2]the references therein).

In [1] Donaldson introduced the Calabi—Yau problem for adtaldéhler mani-
folds showing that equation (2) has unique solution in disi@mfour and that it is re-
lated to some other central problems in symplectic geomktri@] Tosatti, Weinkove
and Yau gave a sufficient condition for the existence of gmhuto the Calabi—Yau
equation in terms of the Chern connection. This conditids fa case of the Kodaria—
Thurston surface, which is a 4-dimensional nilmanifold, a compact quotient of the
nilpotent Lie group Nif x R by a lattice, where N#l denotes the 3-dimensional real
Heisenberg group.

The Kodaira—Thurston surface is a typical example of a catrglenost-Kahler
4-dimensional manifold which does not admit any Kahlerdtice. More precisely, it
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is the total space of a princip@P-bundle over a toru¥? (in our notation from now
on, T2 denotes the 2-torus of the fibre, whil# is the base 2-torus) and it has an
invariant almost-Kahler structure whose symplectic fomnighes along the fibres of
the T2-fibration, where by invariant structure we mean a struciodeiced by a left-
invariant one on Nil x R. The almost-Kahler structures on a total space of a fibration
whose symplectic form vanishes along the fibres are usuallgdlagrangian since

the fibers are Lagrangian submanifolds.

In [8] Tosatti and Weinkove studied the Calabi-Yau equatiorthe Kodaira—
Thurston surface endowed with an invariant Lagrangian atri@hler structure, es-
tablishing the existence of a solution for evar-invariant normalized volume form
o. Then in [2], the previous result obtained by Tosatti andikeve was simplified
and extended to othér?-bundles over &? endowed with an invariant Lagrangian
almost-Kahler structure.

We recall that in view of [10] every orientable?-bundle over &2 is a infra-
solvmanifold, i.e. a smooth quotiefih G covered by a solvmanifolfi\G, compact
guotient by a co-compact discrete subgroup of one of theviatig four Lie groups

R4 Nil®xR, Nil* SofxR.

These Lie groups are all diffeomorphick. The Lie groups Nil, Nil* are nilpotent
and Sof is a particular solvable (non nilpotent) Lie group.

In particular, if the total spacM* of an orientableT 2-bundle over &2 is a
solvmanifold, then it must be the compact quotient of onéhefabove Lie groups.
It is well known that all the orientabl&?-bundles ovell? admit symplectic structures
(see [3]). The notion of invariant almost-Kahler structorakes sense for orientable
T2-bundles ovefl?, meaning one induced from a left-invariant structureG@which
is invariant by the discrete subgrolip

As a main result of [2], it was shown thatM* = I'\G is an orientablel 2-
bundle over &2 with G = Nil® x R or Nil#, and ifM* admits an invariant Lagrangian
almost-Kahler structurgQ, J), then for every normalized volume foron= € Q? with
F € C*(T?), the corresponding Calabi—Yau problem has a unique salutio

The Lagrangian condition may or may not apply in the casé ef Nil® x R,
but is automatic wheiM* is modelled on the 3-step nilpotent Lie groupNiln the
case ofG = Sof x R every invariant almost-Kahler df\G is non-Lagrangian.

The aim of this paper is to extend the main result in [2] toriba-Lagrangian
cases, i.e. to som&2-fibrations modelled on Nilx R and to all theT2-fibrations
modelled on Sdix R.

Our main result is the following

THEOREM1. Let M* =T'\G be an orientable #-bundle over @-torusT? with
G = Nil® x R or Sof x R, and suppose that fladmits an invariant non-Lagrangian
almost-Kahler structur¢Q, J). Then for every normalized volume foors= " Q? with
F € C*(T?), the corresponding Calabi—Yau problem has a unique saiutio
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The proof of this theorem consists in showing that the Caléil problem can
be reduced to a single elliptic Monge—Ampeére equation whiecha solution.

The trick of reducing the problem to a Monge—Ampeére equatiag the core of
[2], but the class of equations which appear in the presgpempdiffers from the ones
considered in [2].

As a consequence, we show that for every total spétef an orientablél 2-
bundle over &2 endowed with an invariant almost-Kahler struct(@:J) the Calabi—
Yau problem has a solution for every normaliZEginvariant volume form.

The paper is organized as follows. In Section 2 we recall thesdication of
T2-bundles ovefl? and we briefly describe the main result of [2]. Sections 3 and 4
contain the proof of Theorem 1 where the cas&ef Nil® x R andG = Sof x R are
treated separately. In each of the two cases we can redugedhiem to a Monge—
Ampére equation for which we show the existence of a solution

Last but not least, we would like to thank the referee for lsisful and valuable
remarks.

2. The Calabi-Yau equation onT2-bundles overT?

OrientableT?-bundles over &' were classified by Fukuhara and Sakamoto in [7]
and it was shown by Ue in [10, 11] that all these manifolds afeaisolvmanifolds.

A compact manifoldM is called aninfra-solvmanifoldif it admits a finite covering
T M — M, whereM = "\ G is the compact quotient of a solvable Lie graBpoy a
lattice[". Alternatively,M can be written as a quotiekt = '\ G, wherel" is a discrete
group containing a latticE of G such thaf "\l is finite. In the case thdt is a lattice,

M is simply called ssolvmanifold

It turns out that in the classification df-bundles ovefl?, the solvable Lie
groupG must be one of the following four patterns

(4) R*, NilI® xR, Nil*, SofxR,

while the classification of the possililés determines eight families. For the Lie groups
Nil® x R, Nil*, SoP x R we have the following description:

(1) Nil® is the 3-dimensional Heisenberg group of matrices

[eNeN
O R X
P< N

and Nif x R is a 2-step nilpotent Lie group which can be regardefasvith
the product

(X0,Y0,20,t0) (X%, Y, Zt) = (X0 + X, Yo+V, Z0+ Z+Xoy, to+1).
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(2) Nil* =R x R3is the 3-step nilpotent Lie group of real matrices

t2

[cNeNeN o
OOk

NI
= N< X

t
1
0

(3) Sof=R x ¢ R? is a unimodular 2-step solvable Lie group witft) = (

o @
CD,LO
~

and Sof x R can be regarded & with the product

(X0,Y0,20,t0) (X, Y, 2,t) = (X0 + €°X, yo+ € 0y, 0+ 7 to+1).

The diffeomorphism classes of (the total spaceTdBbundles ovefl? can be
summarized in Geiges’ eight families [3, Table 1], which barexplicitly described in
terms of the generators of the discrete grouphe monodromy matrices along the two
curves generating; (T?), as well as the Euler class for the correspondifgbundle.

In the case ofs = Nil® x R one has two inequivalent fibrations

Ty @ M*—TE,
e : M= Th

induced from the coordinate mappings

(X5y5z5t) }_> (X5y)7
(X¥,zt) — (,t).

If I" is not a lattice ofG, we have thaf contains a latticé of G such that the quotient
M\l is a finite group. Therefore there exists a covering rpap \G — N\ G which
preserves th&2-bundle structure oveF?.

We recall that aralmost-Kahler structureon a manifoldM is a pair(Q,J),
whereQ is a symplectic form and is a endomorphism of the tangent bundleMo
satisfyingJ? = —| and

QIX,IY)=Q(X,Y), Q(Z,32)>0

for every tangent vector field$,Y,Z on M with Z nowhere vanishing. Every almost-
Ké&bhler structure induces the Riemannian meg(,Y) = Q(X,JY).

In this paper (as in [2]) we consider on the total spliée= I\ G of T2-bundles
over T? invariant almost-Kahler structures, that is ones indugedfleft-invariant
structures orG which are invariant by the discrete grolpand we study for these
almost-Kahler manifolds the Calabi—Yau problem. In paiticevery invariant almost-
Kahler structure orM* = I'\G induces an invariant almost-K&hler structure on the
solvmanifoldi™\ G.
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The caseG = R* (which corresponds to two of the Geiges’ families) is not
interesting from our point of view, since in this case evewyariant almost-Kéahler
structure is Kahler and Yau’s theorem can be applied. Foother cases we have to
distinguish the Lagrangian case from the non-Lagrangian ¢hM* is modelled on
G = Nil* or on G = Nil® x R with bundle structure given by the projectiog, then
every invariant almost-Kéhler is LagrangianMf is modelled on Nit x R with bundle
structure given by the projectiom, then it admits Lagrangian and non-Lagrangian
almost-Kahler structures as well. In the c&@e- Sof x R, every invariant almost-
Kahler structure is non-Lagrangian.

Let nowM* =T \ G be an orientabld@2-bundle ovelT? and denote by the
Lie algebra ofG. Then every basiée‘) of the dual spacg® induces a global frame
of 1-forms onM*. Furthermore we fix an invariant almost-K&hler struct(@J) on
M*. Leto = € Q? be a volume form and Ié& be a smooth map on the baBéof M*

satisfying
/ (F-—1)=0.
T2

Then in this case the Calabi—Yau problem reads as

{(Q+da)2=eFQZ,

®) J(da) = da,

onM#* whose components with respect to the cofrdehpare defined on the tori&.
Thus the Calabi—Yau problem reduces to a system of parfiareintial equations on
the basdl?.

Although the system (5) depends on the choic&0fQ, J) and the structure of
T2-fibration, for all the cases we can proceed in the followiraywfirst we parametrize
(Q,J) using a suitable invariant coframe it in order to simplify the formulation of
(5) as far as possible, and then we perform a suitable ch&ngeiables transforming
the system (5) in a Monge-Ampére equation on the fi&se

The Lagrangian cases have been considered in [2], where litden proved that
there is a unique solution. In the next two sections we witisider the non-Lagrangian
cases for the manifolds modelled on il R and Sof x R.

3. Manifolds modelled onNil® x R: the non-Lagrangian case

In this section we study the Calabi—Yau problemTdtbundles ovefl? modelled on
Nil® x R and equipped with an invariant non-Lagrangian almost-g&structure.

The structure of ?-bundle over &2 is then induced by the projectiag; onto
the torusTZ,. The total spac#!* of the T?-fibration has the global invariant coframe

et=dy, &€=dx, e=dt, e =dz—xdy
which satisfies the structure equations

(6) det =de =de’ =0, det = e'?.
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LEMMA 1. Let M* be the total space of an oriented-bundle over &-torus
T2 modelled orNil® x R and induced by the projectiam, onto the torusT.
Let (Q,J) be an invariant almost-Kahler structure on“Mvith induced Riemannian
metric g. Then there exists an orthonormal invariant cofegrf ) for which

(7) Q=42
and
(8) fle (e, g, f2) =0, g, g 4 >0

Proof. We can certainly find an orthonormal invariant cofra(rié) for which (7) is
valid andf?! ¢ (e!). Sincef* = J(f1), we still have freedom to rotat&?® in the plane
orthogonal to{ 1, f4). After a suitable rotation we obtag(e?, f?) = 0. If necessary,
we may invert the direction of> and f3 to meet the conditiog(e®, f3)g(e?, f4) > 0,
without reversingf 22, O

3.1. The Calabi-Yau equation orM*

Consider orM* an invariant non-Lagrangian almost-Kéhler struct(®eJ) with in-
duced Riemannian metrig. Leto = € Q? be a volume form wherE = F(y,t) is a
smooth map on the base satisfying

) / (& —1)=0.
T2

Consider the Calabi—Yau equation
(Q+da?=o,
J(da) =da

whereais a 1-form onM* whose components with respect to the b@éi}sdepend on
(y,t) only. Let(f') be a coframe as in Lemma 1 and set

Gj=g(é,f));
then we have ' o
e =Gjfl.
In particular we have
(10) et = Gift
and
(11) Gi#0, G;=Gi=G}=0.

LetH = G~ be the inverse matrix ¢ = (Gij). Then

fioHie.



The Calabi-Yau equation 287

From (10) and (11), we have
Hi = (G #0,

and
(12) H} =H}=Hi=0.
Thanks to the structure equations (6), we have
df' =Hjde = Hjde® = Hje'? = H,G} (G512 + G313+ G5 14).
The condition thatQ, J) be non-Lagrangian implies that
G;#0.

Moreover, sinc&s3 = g(€?, f2) = 0, we have

(13) e =G}l + B+ G3f4,
where

(14) GiG3 >0,
thanks to (8).

Differentiating (13) we get

G3d 3+ G3d 4 = (G3H2 + G3H)e? =0,
that is,
(15) GHZ+GiH; =0.
Furthermore, the symplectic conditid®@ = 0 gives

df#2=0,
ie.,
0=HZGHG3 2+ G B+ G2 A 13 —HIGI 2 A (G312 + G313+ G2 14)
= G1(H;G5+ GIH}G3) f12°— GIHIG] 13+ GIHFG] 124,

It follows that
(16) HIGS +H;GE=0,  HiGi=HJGi=0.
From (15) and (16) we have

(17) G3GiHs = G3(G3HZ + G3HZ) =0,
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and, sincéd} = 0, andHZ, H? andHZ cannot vanish all together, from (12), (16), (17),
we obtain that

Gi=0.

Write
a=afK

and compute
da=(Glapy + GIG2HLa + Giap:) f12 + (Glagy + GIG3HKay + Glag; — Glary) f 12
— Giapt 2+ (Glauy + Giaar — Giany) 14— Glap 123+ (Glau; — Giagy) F34.
Hencedais of type(1,1) with respect tal if and only if
Glapy + GIG3(HZap + H3ag + Hias) + Glapy = —G3au + Giaay,
Glagy + G1G3(Hfay + Hjas + Hias) + Glag: — Glawr = —Gayy
and in this casdareduces to

da= (—Gas; + Glagy) f1? — Glap 13— Gjap, 24

+ (Glayy + Glas; — Glary) 24 — Glap f23 + (Glaus — Giagy) 3%

The Calabi-Yau equation now reads as
= (14 Glaay + Glay; — Gianr) (1 — Glapt) — G3Gj (az1)? — (—Glaus + Giasy)?

and the Calabi—Yau problem is equivalent to the followingtsyn of partial differential
equations:

Glapy + GiG3(HZap + Hlas + Hias) + Gla; + Glau; — Glagt =0,
Glagy+ GiG5(Hiaz + HZasg + Hias) + Glagt — G3ay; + Glapt =0,
(1+ Glasy + Gias; — Gjay) (1 — Glazy)

— G3G3(azt)? — (—Glaus + Glagy)® = €.

(18)

In the system (18) the paramet®$ has a special role. We will study separately the
caseG3 = 0 andG} # 0.

3.2. The casés =0

This case is quite trivial since conditi@} = 0 impliesdt € (f1, f4) and 4= dyAdt.
Therefore ing = 0 the corresponding Calabi—Yau equation has the explikitisn

=(F —1) 4412,
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3.3. The Case3 #0

Under this assumption we consider the transformation
a1 = —Giu — Gi(HFG3 + HiG3)u,
ap = —Giu — H{GIGau,
ag = —H{GIG3u,
ay = Giuy + Giu.

A long but straightforward computation shows that the fivgd £quations of system
(18) are identically satisfied, while the third one becomes

(19)  (Uyy—+Brat + Cu1) (Uit + Boolk + Co2) — (Uyt + B1ok + C12)? = E1 + Ez€,

where
5., CBGHHE  CAGiGIHY | ClGRH:
GiG3 GiG3 Gi
o, CIGHE GRo{ L cichi
G§ G} G}
1 G3 2 G3
Cu= T2t 1(21)32+ 121 3
(G1)?  (G1)4(G3)*  (G1)°G3
G3 1
C12 = — 1 y C22 = T3
Gi(G3)? (G3)?
G3G3
Ei=——14_ E=(GG>2
(GD?(G3)*

In particular we have
B11B22— (B12)> =0
and
C11Co2 — (C12)? = E1 + Ea.

4. Manifolds modelled onSoP x R

In this section we study the Calabi—Yau equation for thd ggacesvl* of T?-bundles
over torusT? modelled on Sdl x R.

Since the Lie group Sdk R can be seen d&* equipped with the product
(X0,¥0,20,t0) (X, ¥,21) = (X0 +X, Yo+, 20+€2Z to+€71),
M# inherits the global invariant coframe

(20) el=dx =~ €=dy e =edz et = e Xdt,
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satisfying the following structure equations
(21) det=def=0, dé=¢e'3 det=-e"

Moreover, invariant almost-Kahler structure bif should be parametrized as
claimed in the following lemma proved in [2]:

LEMMA 2. Let (Q,J) be an invariant almost-Kahler structure on the total
space M of a T?-bundle over a torus'?> modelled onSof x R. Let g be the in-
duced Riemannian metric. Then there exists an orthonorioalad coframe( f') for
which

Q= fl24 34
and

(22) fleel), fic(ed), fie(e e,
with

(23) g(et, 1) > 0.

Notice that in this case every invariant almost-Kahlerdtrte is non-Lagrangian.

4.1. The Calabi-Yau equation orM*

Let (Q,J) be an invariant almost-Kahler structure b, () be a coframe as in the
previous lemma and = € Q? be a volume form wherE = F (x,y) € C*(T?) satisfies
the condition

/(J—nzo
T2
Then we consider the Calabi—Yau equation
(24) (Q+da)?=o,
where
: k
a= ) «f",
2

is a 1-form whose componerdg are functions on the base.
Let g be the Riemannian metric induced &y,J) and set

Gy =gl 1)
Then
(25) e':G'J-fJ
and
fi=Hiel,

whereH = G is the inverse matrix o6 = (G‘j). In particular this implies that

G = H?G3+ HjG3 = H3G} + HiG} = 0.
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From (22) we have that
=Hiet, f2=HZe+HZe+HZe", f3=HJe, f*=Hie’+HIe
Then, making use of (21) and (25), we obtain

dft =0, df? = GHH2G3 — H2G3) 13— GlHZG; 14,
df®= G1f13 df* = Gi(H3G3 — HiG3) 13— GIf .

Let
a=aifl+af?+agfd+asf?
be aT 2-invariant form onM*.

We have

(Glagx G3a1y+Gl(H G3 - H2G})ax + Glag + Gi(H3G3 — Hg‘eé)a4)fl3

(G a4x— G2ay, — GHH2Gla, - }a4)f14

f24 f34,

+(Ghagy — Glany) 123+ (Ghauy — Gjany) 24 + (Giauy — Gjaay)

Hencedais J-invariant if and only if its components satisfy

Glagy — G3a1y + Gi(HZG3 — HiG3)a + Glag+G}(H5G3 — H G4)a4
= Gza4,y G432.y7
Glayx — G3a1y — GiHZGja, — Glas = G3apy — G3asy,

and equation (24) becomes

(1+ Gragx— Ghawy)(1+ Giasy — Gjasy)
(Gza4y GzzlaZ,y)z - (G%aB,y - G%E‘Z.y)2 =€

Therefore the Calabi—Yau problem reduces to the followirsgesn of partial differen-
tial equations

Glagx — G3a1y + Gi(H3G3 — HiG3)ap + Glae+Gl(H 3G —HJG}ay
= G25\4.y G4aZ,ya
(26) { Glasx— Gjary— GiHZGja, — Gias = G3azy — Gaay,
(1+ Giapx— G3ary)(1+ Giasy — Gjasy)
— (Ghaay — Gjagy)® — (Ghasy — Giagy)* = €.
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4.2. Reduction of(26)to a single equation

Considem € C?(T?) such that

27) /Tzu:o,

and let
~ H{G(uy(x,y) = uy(x,0)) +2HFG3(u(x.y) — u(x,0))
(G52 +(G7)?
GiHZ

1
_ m </oy(uxx(x,t) —u(x,t)) dt—y/O (Ux(X,t) —u(x,t)) dt>,

aa(X,y) = _m (/()X(/Olu(s,t)dt) ds— /Ol(ux(x,t) —u(0,1)) dt>,

_ H3G3ux(xy) + HIGuy(x,y) — H5(G§ — 2GFHIG3)u(x,y)
(G52 +(G)?

_ % </(jx(/()1u($t)dt) ds— /Ol(ux(x,t) —u(0.1) dt),

_ HZGiux(x,y) — HIG3uy(xy) + HZGju(x.y)
(G52 + (G2

_ % </()x(/()1u($t)dt) ds— /Ol(ux(x,t) —u(0.1) dt).

Thanks to condition (27) we have that the functi@sto as are periodic. A long
computation shows that the first two equations of systemdgé)dentically satisfied,
while the third one becomes

a (Xa y) =

az (Xa y) =

au(xy) =

(28)  (Uxx+ B11uy+Cy1+ Du)(uyy+ Baouy + Co2) — (Uxy+ Blzuy)z =E1+ EzeF7

where
5, _ 2HIG3C3(GE+ C3H{GY)
(G3)2+(G2)2 ’
o, (G~ (G 263CAH{cS
(G3)2+(G3)? ’
o, 2GIHECHG} — Girfal
(G3)2+ (G))? ’

Cu=H}((G)?+(G)?+(G)?),  Cn=Gh,
D=-1 E=(G)? E=(G3?+ (>
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In particular we have
B11Bz2— (Br2)® = -1

and
C11Co2— (C12)? = E1 + Ea.
5. The Monge—Ampére equation

Both equations (19) and (28) are generalized Monge-Ampuratens of the follow-
ing type:

(29) Aq1[UlAza[u] — (Agolu])? = E1 + Ez €,
where

A]_]_[U] = Uyx+ B11Uy +Cy1+ Du,
A12[U] = Uyy+ B1auy +Cio,
Azo[u] = Uy + Baouy + Coo,

with Byj, Gij, D, E;j real numbers such that

(30) Ci11+Co2>0, D <0,

(31) E1 > O, E> > 07

(32) B11B22— (B12)® =D

and

(33) C11Co2— (C12)? = E1 + Eo.
Moreover

(34) F eC*(T?),

and it satisfies the condition
(35) / (F—1)=0.
TZ

In Theorem 4 we shall prove that equation (29) has a solut@antying toC*(T?),
and satisfying the condition

(36) /Tzu:o.
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Forallne N, 0< € < 1, consider the semi-norms
- ign-i
[ulen = max sup (85~ u(x.)|
(xy)eR
0%y Ju(x+ h,y + k) — 3oy Tu(x
|u|cn,a = max sup sup | xOy ( ,2y Z)E/ZX y ( aY)‘7
OIS y)eR? (hKer2\{(0.0)} (h?+k?)

and the norms

ullen = max|ula, — ullne = max{|jullen, [Ulene -

LEMMA 3. Under the hypothesg81), for all u € C?(T?) satisfying(29) we
have that

All[u] >0,
37) { Azz[u] > 0.

Proof. Equation (29) implies tha#1[u]Az;[u] > E;. ThenAqi[u] and Axz[u] never
vanish and have the same sign. At a point whereaches its minimum value, we have
uy = 0 anduyy < 0. Then

Aolul = Uy +C2>0

and bothA;1[u] andAg,[u] must be positive everywhere. O

LEMMA 4. Consider a function & C?(T?) satisfying equatio29). Under the
hypothese&30) and (31) we have that

(38) Du(x,y) >Ci1,  V(xy) € R?

Proof. Consider a point wherBu attains its minimum value. Sind® < 0, this cor-
responds to a point wherereaches its maximum value. Then we haye= 0 and
Uxx < 0 and from (37) we have

C11+Du > uyx+C11+Du >0,

which implies
Du 2 Clla

at the maximum and therefore everywhere. O
We need Lemma 6.3 of [2]:
LEMMA 5. Consider we C?(T) and two real numbers and such that
(39) W (t) +aw(t) > B, vt eR.
Then we have
(40) W ()] <2Blef?,  vieRr.
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THEOREM2. Assume hypothesg0)and(33)are satisfied. Then all solutions
of (29) satisfy the following estimate:

[ullcz < 2(|Bua| + 1) |Boa| €222 4+ C11+ Coa.
Proof. From (37) we obtain that
Uyy + Baouy > —Coo,

hence from Lemma 5 we obtain that
(41) |uy| < 2|Bgy| €%22.
From (37), (38) and (41), we obtain

Uyx > —2|B11Bpy| €222 — C11 — Cpp,
hence from Lemma 5 we obtain
(42) |uy| < 2[B11B22| €222+ Cp1+ Coa.

Now consider a poinfxo, Yo) € [0,1] x [0, 1] whereu vanishes. Then we have

u(x,y) :/Olux((l—t)x+txo,(1—t)y+tyo) dt(x—Xo)
+/Oluy((1—t)x+txo,(1—t)y+ty0))dt(y—yo),
which, together with periodicity, implies
|Ulco < 2|ufca
This estimate, together (41) and (42), implies
u[co < 2(|B1a| + 1) [Bze| %22 + C11 + Cpo. g

Lett € [0,1] and set
(43)
G = {U € CZ(TZ) | A]_]_[U]Azz[u] — (Alz[u])z =E1+ (1—T)E2+TE2€F, sz u= 0}.

THEOREM3. Assume hypothesé30)to (34) are satisfied. Then

S: cC?Y2(T?),  vie[0,1],

and

sup sup |uf|cz1/2 < .
0<t<1ue6y
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Proof. Thanks to Lemma 3 and hypothesis (31) the equation
Aq1[UlAza[u] — (Agz[u])? = E1 + (1—1)Ez + TE2€"
is uniformly elliptic and we can apply Theorem 2 of [5]. O
COROLLARY 1. Under the same hypotheses of Theorem 3 we have that
S C C*(T?)
forall0< 1< 1.
Proof. This follows from Theorems 1 and 3 of [6]. O

THEOREM4. Under the hypothes€80)to (35), we have that for alt € [0, 1]
the equation

All[u]Azz[u] — (Alz[u])z =E1+ (1 — T) Ey+ TEzeF
has a solution in €(T?) satisfying conditior{36).
In particular, fort = 1 we obtain that equatio(29)is solvable.

Proof. In view of Corollary 1, it is sufficient to prove the existenaka C2-solution.
Hence we have to prove thét (T?) # @ for all t € [0,1]. If T = 0, thanks to (33) we
have that G= Go. Then we may set

p=sup{oc[0,1] | & # 2, V1€ [0,0]}

We must show thaB, # @ and thap = 1.

Consider a sequenag € [0,p] converging top and such tha&,, # &. Let
un € Gy, for all n. By Theorem 3, the sequen@a) is bounded irC%%/2(T?), hence,
by the Ascoli-Arzela theorem, it contains a subsequéngethat converges i€?(T?)
to a functionv, which is a solution belonging t6,,.

Now we show thap = 1. Assume by contradictiom< 1 and Ieth’l/z(’JI‘Z) be
the space of functionse C%1/2(T?) satisfying 2 u = 0. Consider the map

T:C?

Y2(12) x [0,1] — C2Y*(T?),
defined as

T(u,1) = All[u]Azz[U] — (Alz[u])z —EBE-(1-1E— TEzeF.

/ T(u,7) =0,
T2
thanks to (32), (33) and (35).
We know that there existse &, C Cf’l/z(’ﬂ‘z) such thafT (v,p) = 0. We have

Observe that

T'[v,p] (W, 0) = Lw,



The Calabi-Yau equation 297

with
L:C>Y2(12) - c2Y3(12)

given by

Lw= (Azz[v] + sz) Wiy — 2(A12[V] + Clz) Wyy + (All[V] + Cll) Wyy
(44) + (Bll(Azz[V] + Ca2) — 2B12(A12[V] + C12) + B22(A11[V] + C11) ) Wy
+D (Azz[u] + C22)W.

Now from Lemma 3 and hypotheses (31) the matrices

[/-\n[v] /-\12[V]} {Cn C12:|
A2Vl AV’ Ci2 C22

are positive, so their sum is positive too, and the opetatsmuniformly elliptic. Since

D (Azz[u] + A22[V]) < 0, we may apply the strong maximum principle ([4], Theorem
3.5) and obtain thatw = 0 implies thatw is constant, that isv = 0, by condition
(36). Ellipticity and classical Schauder estimates ([4editem 6.2]) show that is
onto. Since. is one-to-one, it must be an isomorphism. Then, by the intgdliaction
theorem, there exists> 0 such thats;(T?) # @ for p < 1 < p+ ¢, contradicting the
definition ofp. O
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