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THE CALABI–YAU EQUATION FOR T 2-BUNDLES OVER T2:

THE NON-LAGRANGIAN CASE

Abstract. In the spirit of [8, 2], we study the Calabi–Yau equation onT2-bundles over
T2 endowed with an invariant non-Lagrangian almost-Kähler structure showing that forT2-
invariant initial data it reduces to a Monge–Ampère equation having a unique solution. In
this way we prove that for every total spaceM4 of an orientableT2-bundle overT2 endowed
with an invariant almost-Kähler structure the Calabi–Yau problem has a solution for every
normalizedT2-invariant volume form.

1. Introduction

Let (M2n,J,Ω) be a 2n-dimensional compact Kähler manifold with associated complex
structureJ and symplectic formΩ. In view of a celebrated Yau’s theorem [12] for every
volume formσ onM2n satisfying

(1)
∫

M2n
Ωn =

∫
M2n

σ

there exists a unique Kähler form̃Ω in the same de Rham cohomology class ofΩ and
such that

(2) Ω̃n = σ .

Equation (2) still makes sense in thealmost-Kählercontext whenJ is merely an almost-
complex structure andΩ remains closed. The almost complex structureJ is still or-
thogonal relative to a Riemannian metricg for whichΩ(X,Y) = g(JX,Y), and

(3) Ω̃ = Ω+dα

is again assumed to be a positive-definite(1,1)-form relative toJ. In this context the
equations (1), (2) and (3) constitute theCalabi–Yau problem, which in the last years has
been intensively studied in four dimensions (see [1, 9, 8, 2]and the references therein).

In [1] Donaldson introduced the Calabi–Yau problem for almost-Kähler mani-
folds showing that equation (2) has unique solution in dimension four and that it is re-
lated to some other central problems in symplectic geometry. In [9] Tosatti, Weinkove
and Yau gave a sufficient condition for the existence of solution to the Calabi–Yau
equation in terms of the Chern connection. This condition fails in case of the Kodaria–
Thurston surface, which is a 4-dimensional nilmanifold, i.e. a compact quotient of the
nilpotent Lie group Nil3 ×R by a lattice, where Nil3 denotes the 3-dimensional real
Heisenberg group.

The Kodaira–Thurston surface is a typical example of a compact almost-Kähler
4-dimensional manifold which does not admit any Kähler structure. More precisely, it
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is the total space of a principalT2-bundle over a torusT2 (in our notation from now
on, T2 denotes the 2-torus of the fibre, whileT2 is the base 2-torus) and it has an
invariant almost-Kähler structure whose symplectic form vanishes along the fibres of
the T2-fibration, where by invariant structure we mean a structureinduced by a left-
invariant one on Nil3×R. The almost-Kähler structures on a total space of a fibration
whose symplectic form vanishes along the fibres are usually calledLagrangian, since
the fibers are Lagrangian submanifolds.

In [8] Tosatti and Weinkove studied the Calabi–Yau equationon the Kodaira–
Thurston surface endowed with an invariant Lagrangian almost-Kähler structure, es-
tablishing the existence of a solution for everyT2-invariant normalized volume form
σ. Then in [2], the previous result obtained by Tosatti and Weinkove was simplified
and extended to otherT2-bundles over aT2 endowed with an invariant Lagrangian
almost-Kähler structure.

We recall that in view of [10] every orientableT2-bundle over aT2 is a infra-
solvmanifold, i.e. a smooth quotientΓ\G covered by a solvmanifold̃Γ\G, compact
quotient by a co-compact discrete subgroup of one of the following four Lie groups

R
4, Nil3×R , Nil4 , Sol3×R .

These Lie groups are all diffeomorphic toR4. The Lie groups Nil3, Nil4 are nilpotent
and Sol3 is a particular solvable (non nilpotent) Lie group.

In particular, if the total spaceM4 of an orientableT2-bundle over aT2 is a
solvmanifold, then it must be the compact quotient of one of the above Lie groupsG.
It is well known that all the orientableT2-bundles overT2 admit symplectic structures
(see [3]). The notion of invariant almost-Kähler structuremakes sense for orientable
T2-bundles overT2, meaning one induced from a left-invariant structure onG which
is invariant by the discrete subgroupΓ.

As a main result of [2], it was shown that ifM4 = Γ\G is an orientableT2-
bundle over aT2 with G= Nil3×R or Nil4, and ifM4 admits an invariant Lagrangian
almost-Kähler structure(Ω,J), then for every normalized volume formσ = eFΩ2 with
F ∈C∞(T2), the corresponding Calabi–Yau problem has a unique solution.

The Lagrangian condition may or may not apply in the case ofG = Nil3×R,
but is automatic whenM4 is modelled on the 3-step nilpotent Lie group Nil4. In the
case ofG= Sol3×R every invariant almost-Kähler onΓ\G is non-Lagrangian.

The aim of this paper is to extend the main result in [2] to thenon-Lagrangian
cases, i.e. to someT2-fibrations modelled on Nil3 ×R and to all theT2-fibrations
modelled on Sol3×R.

Our main result is the following

THEOREM1. Let M4 = Γ\G be an orientable T2-bundle over a2-torusT2 with
G = Nil3×R or Sol3×R, and suppose that M4 admits an invariant non-Lagrangian
almost-Kähler structure(Ω,J). Then for every normalized volume formσ = eF Ω2 with
F ∈C∞(T2), the corresponding Calabi–Yau problem has a unique solution.
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The proof of this theorem consists in showing that the Calabi–Yau problem can
be reduced to a single elliptic Monge–Ampère equation whichhas a solution.

The trick of reducing the problem to a Monge–Ampère equationwas the core of
[2], but the class of equations which appear in the present paper differs from the ones
considered in [2].

As a consequence, we show that for every total spaceM4 of an orientableT2-
bundle over aT2 endowed with an invariant almost-Kähler structure(Ω,J) the Calabi–
Yau problem has a solution for every normalizedT2-invariant volume form.

The paper is organized as follows. In Section 2 we recall the classification of
T2-bundles overT2 and we briefly describe the main result of [2]. Sections 3 and 4
contain the proof of Theorem 1 where the case ofG= Nil3×R andG= Sol3×R are
treated separately. In each of the two cases we can reduce theproblem to a Monge–
Ampère equation for which we show the existence of a solution.

Last but not least, we would like to thank the referee for his useful and valuable
remarks.

2. The Calabi–Yau equation onT2-bundles overT2

OrientableT2-bundles over aT2 were classified by Fukuhara and Sakamoto in [7]
and it was shown by Ue in [10, 11] that all these manifolds are infra-solvmanifolds.
A compact manifoldM is called aninfra-solvmanifoldif it admits a finite covering
π : M̃ → M, whereM̃ = Γ̃\G is the compact quotient of a solvable Lie groupG by a
latticeΓ̃. Alternatively,M can be written as a quotientM = Γ\G, whereΓ is a discrete
group containing a latticẽΓ of G such that̃Γ\Γ is finite. In the case that̃Γ is a lattice,
M is simply called asolvmanifold.

It turns out that in the classification ofT2-bundles overT2, the solvable Lie
groupG must be one of the following four patterns

(4) R
4 , Nil3×R , Nil4 , Sol3×R ,

while the classification of the possibleΓ’s determines eight families. For the Lie groups
Nil3×R ,Nil4 ,Sol3×R we have the following description:

(1) Nil3 is the 3-dimensional Heisenberg group of matrices




1 x z
0 1 y
0 0 1




and Nil3×R is a 2-step nilpotent Lie group which can be regarded asR4 with
the product

(x0,y0,z0, t0)(x,y,z, t) = (x0+ x, y0+ y, z0+ z+ x0y, t0+ t) .
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(2) Nil4 = RnR3 is the 3-step nilpotent Lie group of real matrices



1 t 1
2t2 x

0 1 t y
0 0 1 z
0 0 0 1


 .

(3) Sol3=RnϕR
2 is a unimodular 2-step solvable Lie group withϕ(t)=

(
et 0
0 e−t

)

and Sol3×R can be regarded asR4 with the product

(x0,y0,z0, t0)(x,y,z, t) = (x0+et0x, y0+e−t0y, z0+ z, t0+ t).

The diffeomorphism classes of (the total space of)T2-bundles overT2 can be
summarized in Geiges’ eight families [3, Table 1], which canbe explicitly described in
terms of the generators of the discrete groupsΓ, the monodromy matrices along the two
curves generatingπ1(T

2), as well as the Euler class for the correspondingT2-bundle.

In the case ofG= Nil3×R one has two inequivalent fibrations

πxy : M4 → T2
xy,

πyt : M4 → T2
yt

induced from the coordinate mappings

(x,y,z, t) 7→ (x,y),

(x,y,z, t) 7→ (y, t).

If Γ is not a lattice ofG, we have thatΓ contains a latticẽΓ of G such that the quotient
Γ̃\Γ is a finite group. Therefore there exists a covering mapp: Γ̃\G → Γ\G which
preserves theT2-bundle structure overT2.

We recall that analmost-Kähler structureon a manifoldM is a pair(Ω,J),
whereΩ is a symplectic form andJ is a endomorphism of the tangent bundle toM
satisfyingJ2 =−I and

Ω(JX,JY) = Ω(X,Y) , Ω(Z,JZ) > 0

for every tangent vector fieldsX,Y,Z on M with Z nowhere vanishing. Every almost-
Kähler structure induces the Riemannian metricg(X,Y) = Ω(X,JY).

In this paper (as in [2]) we consider on the total spaceM4 = Γ\G of T2-bundles
over T2 invariant almost-Kähler structures, that is ones induced from left-invariant
structures onG which are invariant by the discrete groupΓ and we study for these
almost-Kähler manifolds the Calabi–Yau problem. In particular every invariant almost-
Kähler structure onM4 = Γ\G induces an invariant almost-Kähler structure on the
solvmanifoldΓ̃\G.
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The caseG = R4 (which corresponds to two of the Geiges’ families) is not
interesting from our point of view, since in this case every invariant almost-Kähler
structure is Kähler and Yau’s theorem can be applied. For theother cases we have to
distinguish the Lagrangian case from the non-Lagrangian one. If M4 is modelled on
G = Nil4 or onG = Nil3 ×R with bundle structure given by the projectionπxy, then
every invariant almost-Kähler is Lagrangian. IfM4 is modelled on Nil3×Rwith bundle
structure given by the projectionπyt then it admits Lagrangian and non-Lagrangian
almost-Kähler structures as well. In the caseG = Sol3 ×R, every invariant almost-
Kähler structure is non-Lagrangian.

Let now M4 = Γ \G be an orientableT2-bundle overT2 and denote byg the
Lie algebra ofG. Then every basis(ei) of the dual spaceg∗ induces a global frame
of 1-forms onM4. Furthermore we fix an invariant almost-Kähler structure(Ω,J) on
M4. Let σ = eF Ω2 be a volume form and letF be a smooth map on the baseT2 of M4

satisfying ∫
T2
(eF −1) = 0.

Then in this case the Calabi–Yau problem reads as

(5)

{
(Ω+da)2 = eF Ω2 ,

J(da) = da,

onM4 whose components with respect to the coframe(ei) are defined on the torusT2.
Thus the Calabi–Yau problem reduces to a system of partial differential equations on
the baseT2.

Although the system (5) depends on the choice ofG, (Ω,J) and the structure of
T2-fibration, for all the cases we can proceed in the following way: first we parametrize
(Ω,J) using a suitable invariant coframe onM4 in order to simplify the formulation of
(5) as far as possible, and then we perform a suitable change of variables transforming
the system (5) in a Monge-Ampère equation on the baseT2.

The Lagrangian cases have been considered in [2], where it has been proved that
there is a unique solution. In the next two sections we will consider the non-Lagrangian
cases for the manifolds modelled on Nil3×R and Sol3×R.

3. Manifolds modelled onNil3×R: the non-Lagrangian case

In this section we study the Calabi–Yau problem forT2-bundles overT2 modelled on
Nil3×R and equipped with an invariant non-Lagrangian almost-Kähler structure.

The structure ofT2-bundle over aT2 is then induced by the projectionπyt onto
the torusT2

yt. The total spaceM4 of theT2-fibration has the global invariant coframe

e1 = dy, e2 = dx, e3 = dt , e4 = dz− xdy

which satisfies the structure equations

(6) de1 = de2 = de3 = 0, de4 = e12.
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LEMMA 1. Let M4 be the total space of an oriented T2-bundle over a2-torus
T2 modelled onNil3×R and induced by the projectionπyt onto the torusT2

yt.
Let (Ω,J) be an invariant almost-Kähler structure on M4 with induced Riemannian
metric g. Then there exists an orthonormal invariant coframe ( f i) for which

(7) Ω = f 14+ f 23,

and

(8) f 1 ∈ 〈e1〉 , g(e3, f 2) = 0, g(e3, f 3)g(e3, f 4)> 0.

Proof. We can certainly find an orthonormal invariant coframe( f i) for which (7) is
valid and f 1 ∈ 〈e1〉. Since f 4 = J( f 1), we still have freedom to rotatef 23 in the plane
orthogonal to〈 f 1, f 4〉. After a suitable rotation we obtaing(e3, f 2) = 0. If necessary,
we may invert the direction off 2 and f 3 to meet the conditiong(e3, f 3)g(e3, f 4)> 0,
without reversingf 23.

3.1. The Calabi–Yau equation onM4

Consider onM4 an invariant non-Lagrangian almost-Kähler structure(Ω,J) with in-
duced Riemannian metricg. Let σ = eF Ω2 be a volume form whereF = F(y, t) is a
smooth map on the base satisfying

(9)
∫
T2
(eF −1) = 0.

Consider the Calabi–Yau equation
{

(Ω+da)2 = σ ,
J(da) = da,

wherea is a 1-form onM4 whose components with respect to the basis(ei) depend on
(y, t) only. Let( f i) be a coframe as in Lemma 1 and set

Gi
j = g(ei, f j );

then we have
ei = Gi

j f j .

In particular we have

(10) e1 = G1
1 f 1

and

(11) G1
1 6= 0, G1

2 = G1
3 = G1

4 = 0.

Let H = G−1 be the inverse matrix ofG= (Gi
j). Then

f i = H i
je

j .
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From (10) and (11), we have
H1

1 = (G1
1)

−1 6= 0,

and

(12) H1
2 = H1

3 = H1
4 = 0.

Thanks to the structure equations (6), we have

d f i = H i
jdej = H i

4de4 = H i
4e12 = H i

4G1
1(G

2
2 f 12+G2

3 f 13+G2
4 f 14).

The condition that(Ω,J) be non-Lagrangian implies that

G3
4 6= 0.

Moreover, sinceG3
2 = g(e3, f 2) = 0, we have

(13) e3 = G3
1 f 1+G3

3 f 3+G3
4 f 4,

where

(14) G3
3G3

4 > 0,

thanks to (8).

Differentiating (13) we get

G3
3d f3+G3

4d f4 = (G3
3H3

4 +G3
4H4

4)e
12 = 0,

that is,

(15) G3
3H3

4 +G3
4H4

4 = 0.

Furthermore, the symplectic conditiondΩ = 0 gives

d f23 = 0,

i.e.,

0= H2
4G1

1(G
2
2 f 12+G2

3 f 13+G2
4 f 14)∧ f 3−H3

4G1
1 f 2∧ (G2

2 f 12+G2
3 f 13+G2

4 f 14)

= G1
1(H

2
4G2

2+G1
1H3

4G2
3) f 123−G1

1H2
4G2

4 f 134+G1
1H3

4G2
4 f 124.

It follows that

(16) H2
4G2

2+H3
4G2

3 = 0, H2
4G2

4 = H3
4G2

4 = 0.

From (15) and (16) we have

(17) G2
4G3

4H4
4 = G2

4(G
3
3H3

4 +G3
4H4

4) = 0,
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and, sinceH1
4 = 0, andH2

4 , H3
4 andH4

4 cannot vanish all together, from (12), (16), (17),
we obtain that

G2
4 = 0.

Write

a= ak f k

and compute

da=(G1
1a2,y+G1

1G2
2Hk

4ak+G3
1a2,t) f 12+(G1

1a3,y+G1
1G

2
3Hk

4ak+G3
1a3,t −G3

3a1,t) f 13

−G3
4a2,t f 24+(G1

1a4,y+G3
1a4,t −G3

4a1,t) f 14−G3
3a2,t f 23+(G3

3a4,t −G3
4a3,t) f 34.

Henceda is of type(1,1) with respect toJ if and only if

{
G1

1a2,y+G1
1G2

2(H
2
4a2+H3

4a3+H4
4a4)+G3

1a2,t =−G3
3a4,t +G3

4a3,t ,

G1
1a3,y+G1

1G2
3(H

2
4a2+H3

4a3+H4
4a4)+G3

1a3,t −G3
3a1,t =−G3

3a2,t

and in this caseda reduces to

da= (−G3
3a4,t +G3

4a3,t) f 12−G3
3a2,t f 13−G3

4a2,t f 24

+(G1
1a4,y+G3

1a4,t −G3
4a1,t) f 14−G3

3a2,t f 23+(G3
3a4,t −G3

4a3,t) f 34.

The Calabi–Yau equation now reads as

eF = (1+G1
1a4,y+G3

1a4,t −G3
4a1,t)(1−G3

3a2,t)−G3
3G3

4(a2,t)
2− (−G3

3a4,t +G3
4a3,t)

2,

and the Calabi–Yau problem is equivalent to the following system of partial differential
equations:

(18)





G1
1a2,y+G1

1G2
2(H

2
4a2+H3

4a3+H4
4a4)+G3

1a2,t +G3
3a4,t −G3

4a3,t = 0,

G1
1a3,y+G1

1G2
3(H

2
4a2+H3

4a3+H4
4a4)+G3

1a3,t −G3
3a1,t +G3

3a2,t = 0,

(1+G1
1a4,y+G3

1a4,t −G3
4a1,t)(1−G3

3a2,t)

−G3
3G3

4(a2,t)
2− (−G3

3a4,t +G3
4a3,t)

2 = eF .

In the system (18) the parameterG3
3 has a special role. We will study separately the

casesG3
3 = 0 andG3

3 6= 0.

3.2. The caseG3
3 = 0

This case is quite trivial since conditionG3
3 = 0 impliesdt ∈ 〈 f 1, f 4〉 and f 14= dy∧dt.

Therefore ifG3
3 = 0 the corresponding Calabi–Yau equation has the explicit solution

Ω̃ = (eF −1) f 14+ f 23.
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3.3. The CaseG3
3 6= 0

Under this assumption we consider the transformation

a1 =−G3
3ut −G1

1(H
2
4G2

3+H4
4G2

2)u,

a2 =−G3
3ut −H4

4G1
1G2

2u,

a3 =−H4
4G1

1G2
3u,

a4 = G1
1uy+G3

1ut .

A long but straightforward computation shows that the first two equations of system
(18) are identically satisfied, while the third one becomes

(19) (uyy+B11ut +C11)(utt +B22ut +C22)− (uyt +B12ut +C12)
2 = E1+E2eF ,

where

B11 =
G2

2(G
3
1)

2H4
4

G1
1G3

3

−2
G2

3G
3
1G3

4H4
4

G1
1G3

3

+
G2

3G3
4H2

4

G1
1

,

B12 =−G2
2G3

1H4
4

G3
3

+
G2

3G3
4H4

4

G3
3

, B22 =
G1

1G2
2H4

4

G3
3

,

C11 =
1

(G1
1)

2
+

(G3
1)

2

(G1
1)

2(G3
3)

2
+

G3
4

(G1
1)

2G3
3

,

C12 =− G3
1

G1
1(G

3
3)

2
, C22 =

1

(G3
3)

2
,

E1 =
G3

3G3
4

(G1
1)

2(G3
3)

4
, E2 = (G1

1G3
3)

2.

In particular we have

B11B22− (B12)
2 = 0

and
C11C22− (C12)

2 = E1+E2.

4. Manifolds modelled onSol3×R

In this section we study the Calabi–Yau equation for the total spacesM4 of T2-bundles
over torusT2 modelled on Sol3×R.

Since the Lie group Sol3×R can be seen asR4 equipped with the product

(x0,y0,z0, t0)(x,y,z, t) = (x0+ x, y0+ y, z0+exz, t0+e−xt),

M4 inherits the global invariant coframe

(20) e1 = dx, e2 = dy, e3 = exdz, e4 = e−xdt,
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satisfying the following structure equations

(21) de1 = de2 = 0, de3 = e13, de4 =−e14.

Moreover, invariant almost-Kähler structure onM4 should be parametrized as
claimed in the following lemma proved in [2]:

LEMMA 2. Let (Ω,J) be an invariant almost-Kähler structure on the total
space M4 of a T2-bundle over a torusT2 modelled onSol3 ×R. Let g be the in-
duced Riemannian metric. Then there exists an orthonormal global coframe( f i) for
which

Ω = f 12+ f 34,

and

(22) f 1 ∈ 〈e1〉 , f 3 ∈ 〈e3〉 , f 4 ∈ 〈e3,e4〉,
with

(23) g(e1, f 1)> 0.

Notice that in this case every invariant almost-Kähler structure is non-Lagrangian.

4.1. The Calabi–Yau equation onM4

Let (Ω,J) be an invariant almost-Kähler structure onM4, ( f k) be a coframe as in the
previous lemma andσ = eF Ω2 be a volume form whereF = F(x,y) ∈C∞(T2) satisfies
the condition ∫

T2
(eF −1) = 0.

Then we consider the Calabi–Yau equation

(24) (Ω+da)2 = σ,

where

a=
4

∑
k=1

ak f k ,

is a 1-form whose componentsak are functions on the baseT2.

Let g be the Riemannian metric induced by(Ω,J) and set

Gi
j = g(ei, f j ).

Then

(25) ei = Gi
j f j

and
f i = H i

je
j ,

whereH = G−1 is the inverse matrix ofG= (Gi
j ). In particular this implies that

G3
4 = H2

4G2
2+H4

4G2
4 = H3

3G4
3+H4

3G4
4 = 0.
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From (22) we have that

f 1 = H1
1 e1 , f 2 = H2

2 e2+H2
3 e3+H2

4e4 , f 3 = H3
3 e3 , f 4 = H4

3 e3+H4
4 e4 .

Then, making use of (21) and (25), we obtain

d f1 = 0, d f2 = G1
1(H

2
3G3

3−H2
4G4

3) f 13−G1
1H2

4G4
4 f 14,

d f3 = G1
1 f 13, d f4 = G1

1(H
4
3G3

3−H4
4G4

3) f 13−G1
1 f 14.

Let

a= a1 f 1+a2 f 2+a3 f 3+a4 f 4

be aT2-invariant form onM4.

We have

da= (G1
1a2,x−G2

2a1,y) f 12

+
(

G1
1a3,x−G2

3a1,y+G1
1(H

2
3G3

3−H2
4G4

3)a2+G1
1a3+G1

1(H
4
3G3

3−H4
4G4

3)a4

)
f 13

+
(

G1
1a4,x−G2

4a1,y−G1
1H2

4G4
4a2−G1

1a4

)
f 14

+(G2
2a3,y−G2

3a2,y) f 23+(G2
2a4,y−G2

4a2,y) f 24+(G2
3a4,y−G2

4a3,y) f 34.

Henceda is J-invariant if and only if its components satisfy





G1
1a3,x−G2

3a1,y+G1
1(H

2
3G3

3−H2
4G4

3)a2+G1
1a3+G1

1(H
4
3G3

3−H4
4G4

3)a4

= G2
2a4,y−G2

4a2,y,

G1
1a4,x−G2

4a1,y−G1
1H

2
4G4

4a2−G1
1a4 = G2

3a2,y−G2
2a3,y,

and equation (24) becomes

(1+G1
1a2,x−G2

2a1,y)(1+G2
3a4,y−G2

4a3,y)

− (G2
2a4,y−G2

4a2,y)
2− (G2

2a3,y−G2
3a2,y)

2 = eF .

Therefore the Calabi–Yau problem reduces to the following system of partial differen-
tial equations

(26)





G1
1a3,x−G2

3a1,y+G1
1(H

2
3G3

3−H2
4G4

3)a2+G1
1a3+G1

1(H
4
3G3

3−H4
4G4

3)a4

= G2
2a4,y−G2

4a2,y,

G1
1a4,x−G2

4a1,y−G1
1H2

4G4
4a2−G1

1a4 = G2
3a2,y−G2

2a3,y,

(1+G1
1a2,x−G2

2a1,y)(1+G2
3a4,y−G2

4a3,y)

− (G2
2a4,y−G2

4a2,y)
2− (G2

2a3,y−G2
3a2,y)

2 = eF .
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4.2. Reduction of(26) to a single equation

Consideru∈C2(T2) such that

(27)
∫
T2

u= 0,

and let




a1(x,y) =−H1
1G2

2

(
uy(x,y)−uy(x,0)

)
+2H4

4G4
3

(
u(x,y)−u(x,0)

)

(G2
3)

2+(G2
4)

2

− G1
1H2

2

(G2
3)

2+(G2
4)

2

(∫ y

0

(
uxx(x, t)−u(x, t)

)
dt− y

∫ 1

0

(
uxx(x, t)−u(x, t)

)
dt

)
,

a2(x,y) =− 1

(G2
3)

2+(G2
4)

2

(∫ x

0

(∫ 1

0
u(s, t)dt

)
ds−

∫ 1

0

(
ux(x, t)−ux(0, t)

)
dt

)
,

a3(x,y) =−H2
2G2

3ux(x,y)+H1
1G2

4uy(x,y)−H2
2(G

2
3−2G2

4H
4
4G4

3)u(x,y)

(G2
3)

2+(G2
4)

2

− H2
2G2

3

(G2
3)

2+(G2
4)

2

(∫ x

0

(∫ 1

0
u(s, t)dt

)
ds−

∫ 1

0

(
ux(x, t)−ux(0, t)

)
dt

)
,

a4(x,y) =−H2
2G2

4ux(x,y)−H1
1G2

3uy(x,y)+H2
2G2

4u(x,y)

(G2
3)

2+(G2
4)

2

− H2
2G2

4

(G2
3)

2+(G2
4)

2

(∫ x

0

(∫ 1

0
u(s, t)dt

)
ds−

∫ 1

0

(
ux(x, t)−ux(0, t)

)
dt

)
.

Thanks to condition (27) we have that the functionsa1 to a4 are periodic. A long
computation shows that the first two equations of system (26)are identically satisfied,
while the third one becomes

(28) (uxx+B11uy+C11+Du)(uyy+B22uy+C22)− (uxy+B12uy)
2 = E1+E2eF ,

where

B11 =
2H1

1G2
2G2

3(G
2
4+G2

3H4
4G4

3)

(G2
3)

2+(G2
4)

2
,

B12 =
(G2

4)
2− (G2

3)
2+2G2

3G
2
4H4

4G4
3

(G2
3)

2+(G2
4)

2
,

B22 =−2G1
1H2

2G2
4(G

2
3−G2

4H
4
4G4

3)

(G2
3)

2+(G2
4)

2
,

C11 = H1
1

(
(G2

2)
2+(G2

3)
2+(G2

4)
2
)
, C22 = G1

1,

D =−1, E1 = (G2
2)

2, E2 = (G2
3)

2+(G2
4)

2.
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In particular we have
B11B22− (B12)

2 =−1

and
C11C22− (C12)

2 = E1+E2.

5. The Monge–Ampère equation

Both equations (19) and (28) are generalized Monge-Ampère equations of the follow-
ing type:

(29) A11[u]A22[u]−
(
A12[u]

)2
= E1+E2eF ,

where

A11[u] = uxx+B11uy+C11+Du,

A12[u] = uxy+B12uy+C12,

A22[u] = uyy+B22uy+C22,

with Bi j , Ci j , D, Ei real numbers such that

C11+C22> 0, D 6 0,(30)

E1 > 0, E2 > 0,(31)

B11B22− (B12)
2 = D(32)

and

(33) C11C22− (C12)
2 = E1+E2.

Moreover

(34) F ∈C∞(T2),

and it satisfies the condition

(35)
∫
T2
(eF −1) = 0.

In Theorem 4 we shall prove that equation (29) has a solution belonging toC∞(T2),
and satisfying the condition

(36)
∫
T2

u= 0.
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For all n∈ N, 0< ε < 1, consider the semi-norms

|u|Cn = max
06 j6n

sup
(x,y)∈R2

∣∣∂ j
x∂n− j

y u(x,y)
∣∣

|u|Cn,ε = max
06 j6n

sup
(x,y)∈R2

sup
(h,k)∈R2\{(0,0)}

∣∣∂ j
x∂n− j

y u(x+h,y+ k)− ∂ j
x∂n− j

y u(x,y)
∣∣

(h2+ k2)ε/2
,

and the norms

‖u‖Cn = max
06k6n

|u|Ck , ‖u‖Cn,ε = max
{
‖u‖Cn , |u|Cn,ε

}
.

LEMMA 3. Under the hypotheses(31), for all u ∈ C2(T2) satisfying(29) we
have that

(37)

{
A11[u]> 0,

A22[u]> 0.

Proof. Equation (29) implies thatA11[u]A22[u] > E1. ThenA11[u] and A22[u] never
vanish and have the same sign. At a point whereu reaches its minimum value, we have
uy = 0 anduyy 6 0. Then

A22[u] = uyy+C22> 0

and bothA11[u] andA22[u] must be positive everywhere.

LEMMA 4. Consider a function u∈C2(T2) satisfying equation(29). Under the
hypotheses(30)and (31)we have that

(38) Du(x,y)>C11, ∀(x,y) ∈R
2.

Proof. Consider a point whereDu attains its minimum value. SinceD 6 0, this cor-
responds to a point whereu reaches its maximum value. Then we haveuy = 0 and
uxx 6 0 and from (37) we have

C11+Du> uxx+C11+Du> 0,

which implies
Du>C11,

at the maximum and therefore everywhere.

We need Lemma 6.3 of [2]:

LEMMA 5. Consider w∈C2(T) and two real numbersα andβ such that

(39) w′′(t)+αw′(t)> β, ∀t ∈R.

Then we have

(40)
∣∣w′(t)

∣∣6 2|β|e2|α|, ∀t ∈ R.
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THEOREM2. Assume hypotheses(30)and(33)are satisfied. Then all solutions
of (29)satisfy the following estimate:

‖u‖C2 ≤ 2
(
|B11|+1

)
|B22|e2C22+C11+C22.

Proof. From (37) we obtain that

uyy+B22uy >−C22,

hence from Lemma 5 we obtain that

(41) |uy|6 2|B22|e2C22.

From (37), (38) and (41), we obtain

uxx >−2|B11B22|e2C22 −C11−C22,

hence from Lemma 5 we obtain

(42) |ux|6 2|B11B22|e2C22 +C11+C22.

Now consider a point(x0,y0) ∈ [0,1]× [0,1] whereu vanishes. Then we have

u(x,y) =
∫ 1

0
ux
(
(1− t)x+ tx0,(1− t)y+ ty0

)
dt(x− x0)

+

∫ 1

0
uy
(
(1− t)x+ tx0,(1− t)y+ ty0

))
dt (y− y0),

which, together with periodicity, implies

|u|C0 6 2|u|C1 .

This estimate, together (41) and (42), implies

|u|C0 6 2
(
|B11|+1

)
|B22|e2C22 +C11+C22.

Let τ ∈ [0,1] and set
(43)

Sτ =
{

u∈C2(T2) | A11[u]A22[u]−
(
A12[u]

)2
= E1+(1− τ)E2+ τE2eF ,

∫
T2 u= 0

}
.

THEOREM 3. Assume hypotheses(30) to (34)are satisfied. Then

Sτ ⊂C2,1/2(T2), ∀τ ∈ [0,1],

and
sup

0≤τ61
sup

u∈Sτ

‖u‖C2,1/2 < ∞.
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Proof. Thanks to Lemma 3 and hypothesis (31) the equation

A11[u]A22[u]−
(
A12[u]

)2
= E1+(1− τ)E2+ τE2eF

is uniformly elliptic and we can apply Theorem 2 of [5].

COROLLARY 1. Under the same hypotheses of Theorem 3 we have that

Sτ ⊂C∞(T2)

for all 06 τ 6 1.

Proof. This follows from Theorems 1 and 3 of [6].

THEOREM 4. Under the hypotheses(30) to (35), we have that for allτ ∈ [0,1]
the equation

A11[u]A22[u]−
(
A12[u]

)2
= E1+(1− τ)E2+ τE2eF

has a solution in C∞(T2) satisfying condition(36).

In particular, for τ = 1 we obtain that equation(29) is solvable.

Proof. In view of Corollary 1, it is sufficient to prove the existenceof a C2-solution.
Hence we have to prove thatSτ(T

2) 6= ∅ for all τ ∈ [0,1]. If τ = 0, thanks to (33) we
have that 0∈S0. Then we may set

ρ = sup
{

σ ∈ [0,1] |Sτ 6=∅, ∀τ ∈ [0,σ]
}

We must show thatSρ 6=∅ and thatρ = 1.

Consider a sequenceτn ∈ [0,ρ] converging toρ and such thatSτn 6= ∅. Let
un ∈Sτn for all n. By Theorem 3, the sequence(un) is bounded inC2,1/2(T2), hence,
by the Ascoli–Arzelà theorem, it contains a subsequence(vn) that converges inC2(T2)
to a functionv, which is a solution belonging toSρ.

Now we show thatρ = 1. Assume by contradictionρ < 1 and letCk,1/2
∗ (T2) be

the space of functionsu∈Ck,1/2(T2) satisfying
∫
T2 u= 0. Consider the map

T : C2,1/2
∗ (T2)× [0,1]→C0,1/2

∗ (T2),

defined as

T(u,τ) = A11[u]A22[u]−
(
A12[u]

)2−E1− (1− τ)E2− τE2eF .

Observe that ∫
T2

T(u,τ) = 0,

thanks to (32), (33) and (35).

We know that there existsv∈Sρ ⊂C2,1/2
∗ (T2) such thatT(v,ρ) = 0. We have

T ′[v,ρ](w,0) = Lw,
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with
L : C2,1/2

∗ (T2)→C0,1/2
∗ (T2)

given by

Lw=
(
A22[v]+C22

)
wxx−2

(
A12[v]+C12

)
wxy+

(
A11[v]+C11

)
wyy

+
(

B11
(
A22[v]+C22

)
−2B12

(
A12[v]+C12

)
+B22

(
A11[v]+C11

))
wy

+D
(
A22[u]+C22

)
w.

(44)

Now from Lemma 3 and hypotheses (31) the matrices
[
A11[v] A12[v]
A12[v] A22[v]

]
,

[
C11 C12

C12 C22

]

are positive, so their sum is positive too, and the operatorL is uniformly elliptic. Since
D
(
A22[u]+A22[v]

)
6 0, we may apply the strong maximum principle ([4], Theorem

3.5) and obtain thatLw = 0 implies thatw is constant, that isw = 0, by condition
(36). Ellipticity and classical Schauder estimates ([4, Theorem 6.2]) show thatL is
onto. SinceL is one-to-one, it must be an isomorphism. Then, by the implicit function
theorem, there existsε > 0 such thatSτ(T

2) 6= ∅ for ρ < τ < ρ+ ε, contradicting the
definition ofρ.
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