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THE INDEX BUNDLE FOR FREDHOLM MORPHISMS

Abstract. We extend the index bundle construction for families of lirthFredholm oper-
ators to morphisms between Banach bundles.

1. Introduction
In the sixties Atiyah and Janich constructed independenthap
Q) ind : [X, 8% (H)] — K(X),

which assigns to every homotopy class of families of boun@extiholm operators
acting on the separable Hilbert spadea virtual bundle (cf. [1, App. A]). This so-
calledindex bundleshares several formal properties with the ordinary Fredhotex
and, moreover, (1) turned out to be an isomorphism that isadaws known as the
Atiyah—Jénich theorem. The proof of this result shows thectess of the sequence
of semi-groups

ind

2) 1— [X,GL(H)] & [X, F (H)] 5 K(X) = 1,

which implies the assertion sin@L_(H) is contractible according to Kuiper’s theorem.
Later the construction of the index bundle was extendedndlifes of Fred-

holm operators acting on a general Banach spgaesd the exactness of the corre-

sponding sequence (2) was shown under additional assumspiitE (see [6, §2] for

a survey). Sinc&L(E) has been proved to be contractible for a wide class of Ba-

nach spacesz.% (E) represents thK-theory functor for many common sequence and

function spaces.

The aim of this paper is to generalise the index bundle coctstm from fam-
ilies of Fredholm operators acting on a fixed Banach spaceadh®elm morphisms
L: & — % between Banach bundles over a compact base sfadere some techni-
cal difficulties arise which are mainly caused by the targeidbe.7. We solve these
problems by using deep results from the theory of Banachlbsmwhich are based on
the fact that every infinite dimensional Banach bundle aslenitowhere vanishing con-
tinuous section. Besides the elementary properties ofralex bundle ind € K(X),
we also show the exactness at the element in the middle ofraspmmding sequence
like (2) and discuss an application.

*The author was supported by the research training group MM8aematical Structures in Modern
Quantum Physics” of the German Research Foundation (DF&Gppithe VIGONI program of the German
Academic Exchange Service (DAAD)
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The paper is structured as follows: In the first section walteome well known
generalities on Banach bundles and use them to recall tsicd index bundle con-
struction for families of Fredholm operators acting on adiBanach space. After-
wards we treat more advanced theory about Banach bundle® wieegive complete
and detailed proofs although the results are well knownhénsiecond section we use
these preliminaries in order to prove two quite technicabtiems that lead eventually
to the definition of the index bundle for Fredholm morphisimsthe third section we
discuss its elementary properties and show that we obtaircitissical definition if
& = .7 = X x E for some Banach spa¢e In the fourth section we consider the cor-
responding sequence (2). Finally, in the fifth section we gitr application to families
of boundary value problems of first order ordinary diffefalperators.

Since all constructions hold for real and complex Banachdlag) we writeK
for the underlying scalars. However, in order to simplifytat@®n, we denote bi((X)
the complex and red-theory of the compact topological spa¥e Accordingly, the
reader should keep in mind that one has to substKi¥) by KO(X) if real Banach
bundles are considered. Finally, we wr@V ) for the trivial vector bundle with fibre
V overX.

2. Some generalities on Banach bundles and their morphisms

2.1. Elementary properties and the index bundle

In the following we denote the total spaces of Banach bunlgyesalligraphic letters
asé#’, .# and their model spaces by the corresponding latin leBefswithout further
reference. We denote ¥’ (£,.%) the space of all morphisms and abbreviate notation
by # (&) := % (&,&) as usual.

We now recall some well known results which will be used in tbkkowing
sections without further reference. Detailed proofs carfooed for example in [5].
We begin with the close relation between projections andognlles. Recall that a
subbundleZ of a Banach bundlé is called direct if each fibre#, is a complemented
subspace of the corresponding filzhe

PrROPOSITION]. Let& be a Banach bundle and let®.# (&) be an idempo-
tent morphism. Then
imP)={ue&:Pu=u}Cé

is a direct subbundle of.
Conversely, if the base space is paracompactand & is a direct subbundle of’,
then there exists an idempotent morphism B’ (&£’) such that# = im(P).

Moreover, the following perfect analogy with subspacesarfi@h spaces holds.

PROPOSITIONZ2. Let & be a Banach bundle over a paracompact base space
and let.#,¥¢ be subbundles of’. Thené& = .# ¢ ¢ if and only if there exists an
idempotent morphism E .# (&) such thaim(P) = .# andker(P) = ¥.
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COROLLARY 1. Let& be a Banach bundle over a paracompact base anéflet
be a direct subbundle. Thefi is complemented, that is, there exists a direct subbundle
4 C &, such that

E=2F Y.

Finally, we need that kernels and images of bundle morphngive rise to
subbundles of the corresponding target and domain bundles.

LEMMA 1. Let&,.# be Banach bundles over the paracompact base X and let
L e .Z(&,.7) be a morphism.

(i) If the kernelskerL,, A € X, form a direct subbundle of and each | has a
complemented image, then the spdogk, form a direct subbundle of.

(i) If the imagesimL, form a direct subbundle of* and each | has a comple-
mented kernel, then the spadesL, form a direct subbundle ef.

We now briefly sketch the classical construction of the inBerdle. Ac-
cordingly, letE be a Banach space, I&t be a compact topological space and let
L: X — A% (E) be a family of bounded Fredholm operators which we assume to
be continuous with respect to the norm topology#& (E). The main observation
for defining the index bundle is that there exists a closedpateE; C E of finite
codimension such that kex NE; = {0} for all A € X (cf. [6, Lemma 2.1]). Then the
restrictionsL, |g, to E; define a bundle monomorphism @f(E;) into ©(E). Since
each inlL,, |g, is complemented, ith |xxg, defines a subbundle @(E) according
to Lemma 1. Consequently, by Proposition 1 we can find a fawiilprojections
P: X — Z(E) such that inP, =imL, |g,, A € X. Now the index bundle ot is
defined by

indL = [0(E/E1)] — [im(I — P)] € K(X).

Its well definedness and main properties can easily be warkebly the reader but will
also follow from our results in Sections 3 and 4.

2.2. Sections and finite dimensional subbundles

In this section we consider finite dimensional subbundlegfafite dimensional Ba-
nach bundles, where results can be obtained that are in thadkrast to the case
of finite dimensional bundles. The reason for the appearahuaexpected phenom-
ena is given by the deep theorem that every infinite dimeasiBanach spack is
homeomorphic té \ {0}.

Our main reference here is [6], however, we use a slightfedifit presentation
and give more details at points that will become importanti®in the construction of
the index bundle below.
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THEOREM 1. Let p: & — X be an infinite dimensional Banach bundle over
the paracompact base X and Ig, ..., dm} be pointwise linear independent sections
of & over an open set W X. Then for every closed B U there exist pointwise
linear independent sectiony,...,3m} of the whole bundle such thatd; [p= &,
i=1,....m.

Proof. At first we consider the special case= 1. Let {Ui}ken be a locally finite
countable cover oX by trivialising neighbourhoods which exists for any fibrentdie
over a paracompact base according to [4, 5.9]. We d&fine U andVy = Uy,N(X\ D),

k € N, and obtain a locally finite countable open coq®k}renujoy Of X such that
VkND = @, ke N. Moreover, we choose for eakle N a trivialisationgy : p‘l(Vk) —

Vi x E of &.

We now construct the required section by induction and sthawhenever we
have a nowhere vanishing secti@non

Whi= [J W neNu{o},
o<k<n

we can find a nowhere vanishing sectini onW,.1 such thad,1 |p= s |p. Since
onWy = U we have by assumption a nowhere vanishing section thatidesevith
itself overD, this shows the existence of the desired section on ¥4ch ¢ N. We
will explain below why our construction actually yields antmuous section on all of
X.

SinceE \ {0} is homeomorphic t&, there exists a linear structufé-,~} onE \
{0} that is compatible with the given topology on this space.nat 3, be constructed
overW,. We take a partition of unitfnin,N2n} subordinated to the open covering
{Wh,Vni1} of W11 and define

Sria(N) = 0p i (MM 0nsa(Ba(A)) FNza(A)u), A € Vaea,

for someu € E\ {0}. Then

3n(A), A& Vhia
oni1(A) =
1) { /n+l()‘)a A€Vhi

is a nowhere vanishing continuous section dl%kr1. Moreoverdn.1 coincides with
81 onD sinceVkND = @ forall k € N.

By the local finiteness ofVi}ken, the construction is such that for aiy € X
there exists amp € N and a neighbourhood,, of Ag such thatU,, NV, = @ for
all n > ng. Accordingly, 3, |UA0: dng |UAo for all n > ng. Hence any poinhg has a
neighbourhood on which the constructionsa$ finished after a finite number of steps
and so we indeed obtain a nowhere vanishing continuousgecti

Now we turn to the casen > 1. By the special case already proven we can
extendd; to a nowhere vanishing secti@a of &. Thend; defines a one dimensional
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subbundleZ; of &. Moreover, the section§y,...,dm} build a subbundle o re-
stricted toU. Now we choose an open subgitc X such thaD c Uy cU; c U. It

is not hard to construct a projectidhe £ (&) having the one dimensional subbundle
71 of & as image and such that the remaining secttons ., 5, are in its kernel over
U;. Hence we obtain a splittingl = .%1 ® % such tha®; is a section of the one dimen-
sional bundle#; ands,, ..., dnm, are sections ovés; of the infinite dimensional Banach
bundle%;. Now we can apply the first part of our proofd as a section o#; over
Us. Iterating this construction we obtain the desired sestﬁ@n .. ,Sm X—=& O

We note a couple of immediate, but important consequences.

COROLLARY 2. Let p: & — X be a Banach bundle over a paracompact base
such thatdimE = . Then

(i) There exists a nowhere vanishing sectiorfof
(ii) Forany ne N, & contains an n-dimensional trivial subbundle.

(iii) If X is compact and.% is a finite dimensional vector bundle over X, thén
contains a subbundle isomorphic.t6.

(iv) If X is compact and is a finite dimensional subbundle &f then there exists
a further finite dimensional subbundi&’ of & such that# ¢ %' is a trivial
subbundle o¥'.

(v) Let U cC X be open and¥ a finite dimensional, trivial subbundle &f over
U. Then for any closed subset®U there exists a finite dimensional trivial
subbundle o¥’ that coincides withZ over D.

COROLLARY 3. Let# be an infinite dimensional Banach bundle over the para-
compact base X, let & X be an open subset and &%,.%, be subbundles of |y
such that®’ |y = %1 @ %2, where.%1 is finite dimensional and trivial. Then for each
closed set O U there is a decompositiafi = &1 & &2, whereé? is finite dimensional
and trivial, such that#} |p= % |p, i=1,2.

Proof. Let U; C X be an open subset such thatc U; c U; C U. By the last part
of Corollary 2 there is a finite dimensional trivial subbuadi which coincides with
Z1 onU;. We choose a partition of unityn,n2} corresponding to the open cover
{U1,X\ D} of X. Furthermore, leP € .# (&) be a projection on the subbundfg and
Q€ Z(& [g;) a projection on#y |g; = #1 |g; parallel to.#; [g;. Then the morphism
nN1Q+ n2P is a projection ont@ and its kernel gives a subbundfg such that?’ =

&1 @ &. Moreover, &, coincides with#, overD by construction. [l

We denote in the following byt: X x [0,1] — X the projection onto the first
component and by

lo: X—=Xx{0}CXx][0,1], 17:X—=Xx{1}CXx]0,1]

the canonical inclusions.
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DEFINITION 1. Two subbundles?y and.%#; of a Banach bundl&’ are said to
be homotopic if there exists a subbundieof 1t*& such that

VF=F, i=01

REMARK 1. As in the case of finite fibre dimensions one can show thatthom
topic bundles over a paracompact base space are isomorphic.

Now we can state a further corollary of Theorem 1.

COROLLARY 4. Two trivial finite dimensional subbundles of the same dimen-
sion of an infinite dimensional Banach bundle over a paracachpase are homotopic.

Proof. We denote by : X x [0,3) — X andTe : X x (£,1] — X the projections on
the first component. 181 and.%; are two trivial finite dimensional bundles ov¥r
we obtain a finite dimensional trivial bundle ovér ([0, 3)U (2, 1]) by 1.7, UT.Z>.
SettingD = X x ({0} U{1}), the claim follows from the last part of corollary 2. O

The next goal is to improve this result and to obtain somerésténg conse-
guences that will become important in the construction efittdex bundle below.

PrROPOSITION3. Let& be an infinite dimensional Banach bundle over the com-
pact base X and le%y,.%1 be two isomorphic finite dimensional subbundles. THgn
and.#1 are homotopic.

Proof. Since.%y and.%#; are isomorphic, we can find a finite dimensional bundfe
over X such that%y @ .# and.Z1 @ .# are trivial vector bundles of some dimension
n € N. Now, by using Theorem 1, we can embed these bundlesiiretnd obtain that
Zp and.#; are contained in trivial subbundlég and¥; of £, respectively, which are
of the same finite dimensiom Then%, and¥; are homotopic by Corollary 4 and,
moreover, sinc&p and¥; are trivial, the corresponding subbundfeof 1t°&’ is trivial

as well. Now we use a complement4fin 1*&” and part (ii) of Corollary 2 in order to
extend? to a ?h-dimensional trivial subbundl€ of *&’. Since we can embe#y and
Z1 into O(K"), there exist continuous mags, f1 : X — Gx(K"), k = dim.%;, such
that f*w(K") = %, i = 0,1 (cf. [3, 3.5.3]). Then we obtain from [3, 3.6.2] and the
assumption that?y and.%#; are isomorphic thato fp andj o f; are homotopic, where

j 1 G(K") — Gy(K?") denotes the canonical inclusion. Now it is easily seen.fhat
and.#1 are homotopic by a subbundle @f O

COROLLARY 5. Let& be an infinite dimensional Banach bundle over the com-
pact base X and let#y,.%#1 be two isomorphic finite dimensional subbundles. Then
any complements oy and.%1 are homotopic as well and in particular isomorphic.

Proof. Let % and.#; denote complements t&o and.#1, respectively. By Proposi-
tion 3, %y and %1 are homotopic. It is easy to construct an idempokeat.Z (1t &)
having the homotopy betweefi; and.#; as image and such that} and.Z] are in



The index bundle for Fredholm morphisms 305

the kernel ofP overX x {0} UX x {1}. Then the image of — P gives a homotopy of
the complements. O

COROLLARY 6. Let & be a trivial infinite dimensional Banach bundle over
the compact base X and Ie€ be a trivial finite dimensional subbundle. Then any
complement to7 is trivial as well.

Proof. Let¢ : & — X x E be a global trivialisation o0& and letF C E be a subspace
having the same finite dimension thah Then the counterimage &funder¢ defines
a trivial subbundleZ’ of &. Moreover, by taking any complementary subspade iof

E we obtain in the same way a trivial subbundleffvhich is complementary t&7’.
Now .# and.Z#' are homotopic by Corollary 4 and so any subbundle compleamgnt
to .7 is trivial by Corollary 5. O

3. The construction of the index bundle

If & and.%# are Banach bundles ovEr we denote by (&, %), k € Z, the space of all
morphisms betwee& and.# that are bounded Fredholm operators of inléx each
fibre and by§(&£,.%#) the union of all these spaces. As in the foregoing section ie w
use the convention to denote the model spaceésafd.# by E andF, respectively.

Now we begin the construction of the index bundle and requitke following
that the base spaceeof the Banach bundle$§ and.# is compact. Let € §(&,.%#) be
a Fredholm morphism and assume ttfat- .% is a finite dimensional subbundle that
is transversal to irfL) in the sense that

3) im(Ly)+ 7 =%, forallAeX.

We choose a fibrewise projectiéhe £ (%) such that infP) = ¥ and obtain a direct
subbundle inl — P) of .. By the property (3) of/, the composition

&5 75 imi-p)

is a surjective bundle morphism and hence its kernel giwestd a direct subbundle
E(L,¥) of £. Note that the total space BfL, ") is given by

U {ue & Liuer}
AeX

and its fibres are of dimension

4) dimE(L,7), =ind(L)) +dim¥;, AeX.
We want to define the index bundle of the morphisioy

(5) [E(L,7)]—[7] e K(X)

but we have to make sure before that finite dimensional bsridlas in (3) indeed
exist and that the element (5) is independent of their choice
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THEOREM 2. Let L€ F(&,.%) be a Fredholm morphism acting between the
Banach bundleg’ and.# over the compact base space X. Then there exists a finite
dimensional trivial subbundl¢” c .% such that(3) holds over X.

Proof. We assume in a first step th&g is trivialised by a global trivialisatio.

Let Ao € X and letU,, C X be an open neighbourhood »§ such that£” is
trivial on Uy, by means of a trivialisatiop. Let

L=pryofoLo¢p :Uy, xE—F

denote the corresponding family of bounded Fredholm opesatith respect to these
trivialisations. Since.,, is Fredholm, there exist,; C F, dimVy; < c, andW C E
closed such that i) © Vi, = F and ke(L,,) ® W, = E. Now consider

Ay Way x Vo, — F, Av(w,v) = Dyw+ v

Because ofy, € GL(Wh, x Vi, F) and the continuity oA : Uy; — £ (W, x Vi, F),
there exists a neighbourhotl{, C U, of Ag such thatA, € GL(W, x W,,,F) and
hence

im(Ly) +V, =F forall A €U,

By compactness we can now covemy a finite number of neighbourhooﬁbgi, i=
1,...,n, such that for eachthere exists a finite dimensional subsp¥gesuch that

im(pryoyoly) +Vy, =F forallAe Uy, i=1...,n
Finally,V :=V; + ... 4V, defines a finite dimensional subspacé&duch that
im(pryoyy oly) +V =F forallA € X.

Theny~1(X x V) is a finite dimensional trivial subbundle & such that (3) holds on
all of X and the assertion is proved in the special case#hé trivial.

We now turn to the general case. lLb,ﬁ k=1,...,N, be afinite open covering
of X such that# is trivial over eactU?. Moreover, we choose open set§ i = 1,2,

k=1,...,N, such thaUlL+l C Ul‘<, i=0,1, and{Ukz} is still an open covering oX.
Considet?. Since# is trivial on the compactsubspald_é, we obtain from the
special case in which we proved the assertion already teet th a finite dimensional
trivial subbundle?”’ of .# over Ul1 such that (3) holds. We choose a complement
#'toV' in F |u_1' By Corollary 3 there exist bundle& and#; over X such that
1

F =1 ® W, 71 is finite dimensional, trivial and

7/1|@=7//| 7/1|@=W/ |@-

U2’
Ul
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Note that¥; is a trivial bundle over all oK satisfying (3) orlJ2. Moreover, sinceZ
is trivial on U_kl k=1,...N, we obtain by Corollary 6 that the bund# is trivial on
all U_kl as well.

Next we considet? and letP € #(.#) denote a projection ont#;. Consider

Pol : & — #4 which is again a Fredholm morphism. Sirég is trivial onU_21 we can
argue as ow? above and obtain a decompositi# = ¥ @ #> such that (3) holds

for PoL and ¥ onUZ. Moreover,¥ is trivial on X and #5 is trivial on eachU},
k=1,...,N. Finally, note that¥; ® ¥> is a subbundle of# which is transversal to
imL overUZuUz.

Continuing this process we eventually arrive at a finite digienal trivial sub-

N N
bundle? = @ ¥ of % overX such that (3) holds overall o = U Uk2. O
i=1 k=1

We leave it to the reader to check that for compact spacasd continuous
mapsf : Y — X, the pullback bundld* ¥ is transversal to the image of the pullback
morphismf*L: f*& — f*.% and we have

(6) [E(FL £ = [f77] = (B, 7)] - [7]) € K(X).

Now we can prove that the element (5) moreover does not depertde particular
choice of a finite dimensional subbundle.&fwhich is transversal to in.

THEOREM 3. Let L€ F(&,.%) be a Fredholm morphism acting between the
Banach bundleg’ and.# over the compact base space X/f#" C .# are two finite
dimensional subbundles that are transversal to the imadeinthe sense of3), then

[E(L )] =[V]=[ELP)] - [7] e KX).

Proof. There are four steps.

Step 1. We consider the case thét C % is a subbundle. TheB(L,?") C E(L,#)
is a subbundle as well and hence we can find a complement bEtle/ )+ such
thatE(L,#) = E(L,7)®E(L,?)*. SinceL L,y is injective by the definition of
E(L,7), we conclude that(E(L, 7)) C # is a subbundle and the restriction lof
defines a bundle isomorphisimg . E(L, %) — L(E(L,7)"). Moreover, from
the definition ofE(L,?") and (4) it is readily seen that ® L(E(L,?)*) = # and
hence we obtain

[E(LvW)] - [W] [E(qui/) D E(L’ %)l] - [7/@ L(E(L’ GI/)L)]

Step 2. In the second step of the proof we now turn to the general aageansider
two finite dimensional bundleg’, # as in the assertion. Our aim is to use the special
case we already proved above in order to show that we can assithrout loss of
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generality that” and# are trivial and of the same dimension. In order to do so, note
at first that¥” and# are contained in trivial finite dimensional subbundles#®fy
Corollary 2. Hence by the special case proved above, we cameaswithout loss of
generality that? and? are trivial. If now dimy?” = dim#, we are done. If, however,
they are not of the same dimension, say dirx dim%’, we choose a subbundlg’
of & which is complementary t¢” in &. According to Corollary 2, we now can find
a (dim# — dim¥’)-dimensional trivial subbundle o#Z and the direct sum of this
bundle and?” yields a trivial subbundle of of the same dimension th&#'. By using
the first step of our proof once again, we finally obtain thauffices to prove the
assertion of the theorem under the additional assumptetrvtrand#?” are trivial and
of the same dimension.

Step 3. By Corollary 4,7 and# are homotopic and hence there exists a finite
dimensional subbundle# of .7 such thatj.# = 7 andi{.# = %'. Moreover,
A is trivial since its restriction tX x {0} is trivial. Consider the bundle morphism
'L : T8 — 1T°.%. Our next aim is to extend# to a larger bundle oveX x | which

is transversal to iffrtL) overX x I.

ConsidePr‘L : & — .#', whereP : *.% — .4’ denotes a projection onto a
complement#’ of .# in % . Pr‘L is a Fredholm morphism and by theorem 2, we
can find a finite dimensional subbundlg” of .#’ which is transversal to iffPTtL :
& — #") overX x |I. Taking the direct sum of#” and.# we finally obtain a
finite dimensional subbundle @f.# that is transversal to i(m'L : TT°'& — 1°.%#) and
contains# as a subbundle.

Step 4. Using thati§ =17 : K(X x I) = K(X), (6) and once again the first step of our
proof, we now finally obtain
[EL)) -V =[ElL (A oa") oA &a")
= [E(orcLag( A ©.A"))] oA & .4")]
W(EML,Z&.a") - ®.a")
G(E(L, o u"))— [ #")
[EQiL (A o A")] = (A S ")
= EL (s e.a") - i(A>A")
=[EL7)]-[7].

O

Because of the Theorems 2 and 3 we now can finally define th& mdelle as
follows:

DEFINITION 2. LetLe F(&, %) be a Fredholm morphism acting between the
Banach bundleg’ and.# over the compact base X. We call the element
ind(L) = [E(L,?)] —[¥] € K(X)

the index bundle of L, wheré& C .7 is any finite dimensional subbundle such t{@jt
holds.
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4. Main properties

In this section we discuss the main properties of the indexdlgufor Fredholm mor-
phisms between Banach bundles. Since most of them are irateedtinsequences of
the definition, we leave almost all proofs to the reader.

If not otherwise stated, we assume throughout ¥h& a compact topological
space¢’,.# are Banach bundles ov&randL € §(&,.%#) is a Fredholm morphism.

LEMMA 2 (Normalisation).Let L € §o(&',.%) be a bundle isomorphism. Then
ind(L) = 0 € K(X).
LeEMMA 3 (Naturality). Let f: Y — X be continuous, where Y is compact. Then
ind(f*L) = f*ind(L) € K(Y).

Note that we obtain as immediate consequence of the forgdeinma that
ind(f*L) =ind(g"L) e K(Y)if f~g:Y — X.

LEmMMA 4 (Homotopy Invariance Property)et & and.# be Banach bundles
over Xx | and let Le §(&,.%#) be a Fredholm morphism. Then

ind(isL) = ind(iL) € K(X).

COROLLARY 7 (Invariance under Compact Perturbationisgt K € (&£, .%#)
be a compact operator in every fibre. Then

ind(L 4+ K) =ind(L) € K(X).

LEMMA 5 (Direct Sum Property)Let M € §(&,.%) be a further Fredholm
morphism between Banach bund&snd.# over X. Then

ind(L& M) =ind(L) +ind(M) € K(X).

Although the proof of the following important property isalquite elementary,
we include it for the convenience of the reader.

LeEmMA 6 (Logarithmic Property) Let¥ be a Banach bundle over X and let
M € §(#,¥) be a further Fredholm morphism. Then

ind(MoL) = ind(M) +ind(L) € K(X).

Proof. Let# C ¢ be afinite dimensional subbundle which is transversal {®/wilL ).
Then# is transversal to ifM) as well and hencE(M, %) is defined. Our first aim
is to show thaE (M, #) is transversal to irfL).

In order to do so, leti € .%, for someA € X. ThenM,u € 4%, and hence we
can findwp € im(M,L,) andw; € #; such thatMyu = wp +w;. Now we choose
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Up € im(L,) such thaM,up =wp and seti; = u—up € #,. ThenMu; =w; € #; and
henceu = up -+ u; whereup € im(L,) anduy € My 1(#4). Thusim(Ly) + M, }(#43) =
Zx, A € X, which proves thaE (M, %) is transversal to irfL).

Next we observe that

EMoL,#)y ={ue & :MLyue #4} = {ue & :Lyue M, (#3)}
={ue & LW\UcEM,#),} =E(LLEM,#)), AEX,

and henc&(MolL,#) = E(L,E(M,#")). We finally obtain

indMoL) =[E(MoL,#)] - [#]
=[E(L.E(M,7))] - [E(M,#7)] + [EM,#)] - [#]
= ind(L) +ind(M).

O

The following reduction property is in particular not awdile in this general
form in the classical definition of the index bundle for faiedl of operators acting
between fixed Banach spaces. Note thais not assumed to be of finite dimension
here.

LEMMA 7. Let ¥ be a direct subbundle off which is transversal tam(L)
in the sense of3) and such that ;1(”//)\) is a complemented subspace&ffor all
A € X. Then EL, ) is a direct subbundle of, L := L lg(L,») defines an element of
S(E(L,¥),¥)and

indL = indL € K(X).

Proof. Itis clear thaE(L,#") can be defined as before under the given assumptions on
¥. Moreover, sincé&(L,¥) is a direct subbundle of and ¥ is a direct subbundle
of .7, the restriction oL is a bundle morphism. Hence in order to show the second
assertion we just have to prove tlids a Fredholm operator in each fibre which follows
immediately from ke, ) = ker(L,) and im(L,) = im(Ly) N % for all A € X.

To prove the final assertion, [#t" C ¥ be a finite dimensional subbundle which
is transversal to the image @f Then¥ is transversal to the image afas well.
Moreover, since” C ¥, we deduce thaE(L, #) = E(L, #) and the restrictions df
andL to this bundle coincide. Hence

indL = [E(L, 7)) — [#] = [E(L,#)] - [#] = indL.
O

Finally, we want to show that in the cage= % = O(E), our definition of
ind(L) is just the classical one as described in Section 2.

LetL: X — A% (E) be a norm continuous family of bounded Fredholm opera-
tors. LetE; C E be a finite codimensional closed subspace such thas keE; = {0}
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for all A € X and set# = im(l — P) C ©(E), whereP denotes a projection onto the
subbundle iniL |x xg, ) of ©(E). Then the index bundle in the classical sense is defined

by

[O(E/E1)] = [#] € K(X).
Note that by construction
(7) im(Ly [,) & 73 = Ex

which implies that infL, ) + #; = E,, A € X. Hence we can us#” in order to build
the index bundle according to our definition 2 and obtain

indL = [E(L,#)] — [#] € K(X).
Now, sinceE(L,#") C ©(E) by definition, we have a well defined map
F:E(L,#)—0O(E/E1), (Au)— (A[u)

and in order to show that both definitions of the index bundiaade we want to prove
thatF is a bundle isomorphism.

Note at first thaf is obviously continuous and hence it suffices to show that
eachFR,, A € X, is bijective. IfF,(u) = [u] = 0, thenu € E; becauseE; is closed.
HencelLu € im(L), |g,) and sinceLyu € #, by definition ofE(L,#), we infer that
Lyu=0 by (7). But using thati € E; once again, we conclude that 0 and hencé&,
is injective. Moreover, we have

dim#; = dimcoke(L,, |g,) = —ind(L,, |g,) = dimE/E; —indL,

and comparing this equality with (4) yields the assertion.

5. The kernel ofind

As already mentioned in the introduction, the Atiyah—JBrileeorem states that the
index map (1) is an isomorphism for separable Hilbert sphtesd it is proved by
using the exactness of (2) and Kuiper’s theorem. In the cBBaumach spaceE, the
groupGL(E) needs no longer be contractible. Moreover, to the best kexiyd of the
author it is unknown if the index map is surjective in genettdbwever, at least the
sequence
1 [X,GL(E)] % [X, 87 (E)] ™ K(X)

is still exact (cf. [6, Theorem 2.1]), that is, the kernel loétindex map is given by the
set of all families which can be deformed to a family of inilelg operators.

The aim of this section is to show that this result also hotstd=fedholm mor-
phisms between Banach bundles, which is a consequencefolltiving proposition.
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PrROPOSITION4. Let X be a compact topological space, #&t.% be Banach
bundles over X and let& §(&,.#) be a Fredholm morphism. Thamd(L) =0 < K(X)
if and only if there exist a bundle isomorphismeMGL(&’,.% ) and a fibrewise compact
morphism Ke .Z(&,.%) such that L= M + K.

Proof. Note first that ind. = 0 if M andK exist because of Lemma 2 and Corollary 7.
Before we treat the remaining assertion we want to show thdeithe assump-
tion ind(L) = 0 we can find a finite dimensional trivial subbundtec .# which is
transversal to the image bfsuch that the bundIg(L, ¥') is trivial.
Let ¥ C .# be any trivial finite dimensional subbundle transversahwimage
of L. Since ind. = [E(L, ¥)] — [#] = 0 € K(X) we can find a trivial vector bundlg”
overX such that

(8) EL VeV =VaW

and henc&(L,¥) @ # is a trivial bundle. Now we choose a trivial subbundiec .#
such that

dimy’ =dim», N ={0}, A eX,
and consider the bundiE(L, 7 & ¥"). LetE(L,?)* denote a complement &L, ¥)

iNnE(L,¥ ®¥"')and letPy : ¥ & ¥’ — ¥ &Y' be the projection ont¢’ along?'.
Then the bundle map

Py/'L |E(L.“//)i: E(L, qf/)L — 4///

is an isomorphism. Indeed, i, ,L,u = 0 for someu € E(L, ”//)Al, we inferLyu € 7,
which impliesu € E(L, ), and hences = 0. Moreover, since difga(L,? @& ¥') =
dim¥ +dim7’ and dinE(L,?) = dim¥ by (4) we deduce that difd(L,? )+ =
dimy”’.

We conclude

E(L,Ve¥)=E(LY)OE(L YY) 2E(L, V)0V ZEL, Y)W,
where the last isomorphism exists beca#sés trivial and of the same dimension than
¥'. HenceE(L,? @ ¥”) is a trivial bundle by (8).

Now we begin the proof of the remaining assertion. etC .% be a finite
dimensional trivial subbundle which is transversal to thmage ofL and such that
E(L,¥) is a trivial bundle. Since difa(L,”?’) = dim¥ by (4), we can find an iso-
morphisma: E(L,7?) — 7. LetP € £ (&) andQ € .Z(.#) be projections such that

imP, = E(L, 7)) and imQ, = ¥, , A € X. Then we can define a bundle morphism
KeZ(&,%)by

Kh=axoP,—QioLy, A€X,
which consists of finite rank operators. Now we consider

Ly +Ky = (7, —Q)Ly + a\ Py
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which is a Fredholm morphism of index 0.Ufu+ Kyu = 0 for someu € &), we infer
(I — Qy)Lyu = aPyu= 0 becauseyP,u € ¥4 andQ, is a projection ontd%,. Now
from (I — Q) )Lu= 0 we obtairLyu € #; while a,P,u= 0 givesP,u= 0 because,, is
an isomorphism. But, sind®, is a projection ontd (L, ¥), = L;l(%), we conclude
from Lyu € ¥ thatP,u= uand so finallyu = 0.

Hence each,), + K, is an injective Fredholm operator of index 0 and so an
isomorphism. O

We now immediately obtain the following important corollar

CoROLLARY 8. indL = 0 € K(X) if and only if L is homotopic to a bundle
isomorphism. That is, there exists a bundle morphismm’ — 1°.# such thaigH =
L andiiH is invertible.

6. An application

Letne N, let7 ¢ ©(K?") be am-dimensional subbundle of th@dlimensional prod-
uct bundle over the compact topological spxcand let 1< p < «. We consider the
family of unbounded operators @ (I, K") defined by

Lgu=u, 2(Lp,)={uecWHP(I,K") : (x,u(0),u(l)) € %]}.

We leave it as an exercise for the reader to show that kggcls an unbounded Fred-
holm operator of (numerical) index 0 drP(I,K"). Let us point out that boundary
value problems of the type we consider here have been sttati@edong time (cf. [2]
for a review).

In the following we not only considénv®P(1, K") as a subspace &f(I,K")
but also as a Banach space in its own right with respect to $hallSobolev norm.
Now the aim of this section is to prove the following assertio

PrROPOSITIONS. There exists a continuous family of compact operators
K:X = 2WYPI K", LP(1,K")
such that Ig, + Ky is invertible for all xe X, if and only if# is stably trivial.

We letP ¢ .#(0(K?")) denote a projection ontd and observe at first that we
have a surjective bundle map

OWP(ILK™) —im(1—P),  (x,u) ~ (I —P)(x,u(0),u(1)).

Hence the kerneD of this morphism is a direct subbundle ®WP(I,K")) whose
total space consists of the set of all domain@ g, ), x € X. Moreover, the familyLg
defines a Fredholm morphisit ® — O(LP(1,K")).

Next we show that a family of compact operators as in the isseof our
proposition exists if and only if ind = 0 € K(X). We assume at first that the family of
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compact operatot$ exists. Then we obtain by restriction a bundle morphism
K:®D — O(LP(I,KM)

which is compact in every fibre and such that Ky maps®yx = Z(Lg,) to LP(1,K")
bijectively. Hence indl = 0 by Lemma 2 and Corollary 7. If, on the other hand,
the index bundle of is trivial, then by Proposition 4 there exists a bundle méswh
K:®D — O(LP(I,K")) which is compactin every fibre and such thatK is an isomor-
phism. Now we exten& to @(WLP(I,K")) trivially and obtain a family of compact
operatorK : X — Z(WLP(I,K"),LP(I,K)).

Our final aim is to compute id The spacé.P(l,K") can be decomposed as
direct sum of then-dimensional spacé, of constant functions and

Yo = {ye LP(I,K™) : /Oly(s)ds: O}.

If ve Yo, thenu(t) := fé v(s)ds t €1, defines an element 6f(Lg, ) such thatg u=v.
Hencel g, (Z(Lg,)) D Y2 and we conclude

imLg, +Y1 =LP(I,LK"), xeX.
Since the total space &(L,0(Y;)) is given by

{(x,w) eX xWEP(ILK") :we 2(Lg,),W € Y1}
= {(x,w) € X x WLP(I,K") :w € 2(Lg,),W = const}
={(x,w) € X x WEP(ILK") : w(t) = (1—t)a+th, (x,a,b) € %]},

we see thaE (L, O(Y;)) is isomorphic to¥". Now we finally infer
indL = [7] — [O(K")] € K(X),

which is trivial if and only if ¥ is stably trivial because of the assumption difm=n.
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