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A COHOMOLOGY VANISHING THEOREM AND LAPLACE

HYPERFUNCTIONS WITH HOLOMORPHIC PARAMETERS

Abstract. From 1987 onwards, the theory of Laplace hyperfunctions hasbeen developed
by H. Komatsu. Laplace hyperfunctions are represented as a class of holomorphic functions
of exponential type. The aim of this paper is to give the vanishing theorem of cohomology
groups on a pseudoconvex open subset for holomorphic functions with exponential growth at
infinity. As an application of the theorem, we construct the sheaf of Laplace hyperfunctions
and that with holomorphic parameters, and we also study several properties of these sheaves.
This is a short summary of our paper [1].

1. Introduction

The theory of Laplace hyperfunctions has been developed by H. Komatsu (in [3]–[8]) to
give a rigid framework of operational calculus for functions without growth conditions
at infinity.

Let us briefly recall the definition of Laplace hyperfunctions with support in
[a, ∞] (a∈ Rt{+∞}) and that of their Laplace transforms (see [3]–[8]). LetD2 be
the radial compactificationCtS1 of the complex plane whose topology is defined in
the usual way (see the next section). LetOexp

C
be the sheaf of holomorphic functions of

exponential type, that is, ifV is an open set inD2, thenOexp
C

(V) denotes the space of
all holomorphic functionsF(z) onV∩C such that for any compact setK in V there are
positive constantsH andC for which we have

|F(z)|5CeH|z|, z∈ K ∩C.

Then the spaceBexp
[a,∞] of Laplace hyperfunctions with support in[a, ∞] is defined as the

quotient space

(1) Bexp
[a,∞] :=

Oexp
C

(D2 \ [a, ∞])

Oexp
C

(D2)
.

Let f (x) be a hyperfunction with support in[a, ∞] with its defining functionF(z) ∈
O

exp
C

(D2\ [a,∞]). Then the Laplace transform̂f (λ) of f (x) is defined by the integral

f̂ (λ) :=
∫

C
e−λzF(z)dz,

where the pathC of integration is composed of a ray fromeiα∞ (−π/2< α < 0) to a
pointc< a and a ray fromc to eiβ∞ (0< β < π/2).

As we have seen, the Laplace hyperfunctions are defined by global sections of
holomorphic functions of exponential type. Therefore it isan important problem to
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localize the notion of Laplace hyperfunctions and to construct the sheaf of Laplace
hyperfunctions whose global sections with support in[a, ∞] give ones introduced by
H. Komatsu. In this paper, we construct the sheaf of Laplace hyperfunctions and that
with holomorphic parameters by establishing the vanishingtheorem of cohomology
groups on a pseudoconvex open subset for holomorphic functions with exponential
growth at infinity. The vanishing theorem established here not only plays an important
role in the construction of the sheaf of Laplace hyperfunctions but also has independent
interest as Example 2 shows. For the details and the proof of the theorems in this paper,
see N. Honda and K. Umeta [1]

Acknowledgement. To conclude the introduction, the authors would like to express
their sincere gratitude to Professor Hikosaburo Komatsu for the valuable lectures and
advice in Hokkaido University.

2. The vanishing theorem for holomorphic functions of exponential type

We need to introduce several notions before stating our vanishing theorem. Letn∈ N,
let m be a non-negative integer and letD2n be theradial compactificationof Cn, that
is, the setD2n is the disjoint union ofCn and the real (2n−1)-dimensional unit sphere
S2n−1 ⊂ R2n.

Let X := Cn+m andX̂ be the partial radial compactificationD2n×Cm of Cn+m.
We denote byX∞ the closed subset̂X \X in X̂, and we denote by

p1 : X̂ = D2n×Cm → D2n (resp.p2 : X̂ = D2n×Cm → Cm)

the canonical projection to the first (resp. second) space. Afamily of fundamental
neighborhoods of(z0, w0) ∈ X ⊂ X̂ consists of

(2) Bε(z0,w0) := {(z,w) ∈ X; |z− z0|< ε, |w−w0|< ε}

for ε > 0, and that of(z0, w0) ∈ X∞ consists of a product of an open cone and an open
ball

(3) Gr(Γ, w0) :=

({
z∈ C

n; |z|> r,
z
|z| ∈ Γ

}
∪ Γ
)
×
{

w ∈ C
m; |w−w0| <

1
r

}
,

wherer > 0 andΓ runs through open neighborhoods ofz0 in S2n−1.

We denote byOX the sheaf of holomorphic functions onX.

DEFINITION 1. LetΩ be an open subset in̂X. The setOexp
X (Ω) of holomorphic

functions of exponential type onΩ consists of holomorphic functions f(z,w) on Ω∩X
which satisfy, for any compact set K inΩ,

(4) | f (z,w)| ≤CKeHK |z|, ((z,w) ∈ K ∩X),

with some positive constants CK and HK . We denote byOexp
X the associated sheaf on̂X

of the presheaf{Oexp
X (Ω)}Ω.
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Let A be a subset in̂X. We define the set clos1
∞(A) ⊂ X∞ as follows. A point

(z, w) ∈ X∞ belongs to clos1∞(A) if and only if there exist points{(zk, wk)}k∈N in A∩X
that satisfy

(zk, wk)→ (z, w) in X̂ and
|zk+1|
|zk|

→ 1 (k→ ∞).

Set
N1

∞(A) := X∞ \ clos1∞(X \A).

DEFINITION 2. Let U be an open subset in̂X. We say that U is regular at∞ if
N1

∞(U) =U ∩X∞ is satisfied.

EXAMPLE 1. We give some examples of open subsets which are regular at∞.

• Let U be the open setGr(Γ,0)∪Ũ , whereŨ is a bounded open subset inX and
the coneGr(Γ, 0) is defined by (3) withr > 0 andΓ an open subset inS2n−1.
ThenU is regular at∞. In particular,D2 andD2 \ [a,+∞] (a ∈ [−∞,∞)) are
regular at∞.

• For the setU := D
2 \ {1,2,3,4, . . . ,+∞} we haveN1

∞(U) = S1 \ {+∞}, and
henceU is regular at∞. However,U :=D2\{1,2,4,8,16, . . .,+∞} is not regu-
lar because ofN1

∞(U) = S1.

For a subsetA in X, we denote by dist(p,A) the distance between a pointp and
A, i.e.,

dist(p, A) := inf
q∈A

|p−q|.

For convenience, set dist(p, A) =+∞ if A is empty. We also define, forq= (z,w) ∈ X,

distD2n(q, A) := dist
(
q, A∩ p−1

2 (p2(q))
)
= inf

(ζ,w)∈A
|z− ζ|.

Let Ω be an open subset in̂X. We set

(5)

ψ(p) := min

{
1
2
,

distD2n(p, X \Ω)

1+ |z|

}
, (p= (z,w) ∈ X),

Ωε :=

{
p= (z,w) ∈ Ω∩X; dist(p, X \Ω)> ε, |w|< 1

ε

}
, (ε > 0).

Now we give the main theorem.

THEOREM 1. Assume the following two conditions:

1. Ω∩X is pseudoconvex in X andΩ is regular at∞.

2. At a point inΩ∩X sufficiently close to z= ∞ the functionψ(z,w) is continuous
and uniformly continuous with respect to the variables w, that is, for anyε > 0,
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there existδε > 0 and Rε > 0 for which ψ(z,w) is continuous on the open set
Ωε,Rε := Ωε ∩{|z|> Rε} and satisfies

∣∣ψ(z, w)−ψ(z, w′)
∣∣< ε,

(
(z, w), (z, w′) ∈ Ωε,Rε , |w−w′|< δε

)
.

Then we have

(6) Hk(Ω, O
exp
X ) = 0, (k 6= 0).

As condition 2. in the theorem is automatically satisfied fora product of open
sets, we have the following corollary.

COROLLARY 1. Let U (resp. W) be an open subset inD2n (resp.Cn). If U ∩Cn

and W are pseudoconvex inCn andCm respectively and if U is regular at∞ in D2n,
then(6) holds forΩ :=U ×W.

Note that, in the later section, we will see that, ifn= 1, the vanishing theorem
still holds for an open subset of product type without the regularity condition at∞.
However, ifn is greater than one, one cannot expect the vanishing theoremanymore
without the regularity condition at∞ as the following example shows.

EXAMPLE 2. Assumen= 2 andm= 0, i.e.,X = C
2
(z1,z2)

andX̂ = D
4. Set

U :=
{
(z1, z2) ∈ X; |arg(z1)|<

π
4
, |z2|< |z1|

}
,

Ω :=
(
U
)◦ \ {p∞} ⊂ X̂,

where p∞ denotes the point(1,0,0,0) in S3 ⊂ D4. The open subsetΩ ∩X = U is
pseudoconvex inX, while Ω is not regular at∞. Then we haveH1(Ω, Oexp

X ) 6= 0.

3. Laplace hyperfunctions with holomorphic parameters

By Theorem 1, we can construct cohomologically the sheafB
exp
R

of Laplace hyperfunc-
tions and the sheafBOexp

N of Laplace hyperfunctions with holomorphic parameters.

Let N = R×Cm(m≥ 0), and letN = R×Cm be the closure ofN insideX̂ =
D2×Cm. Then we have the following theorem.

THEOREM 2. The closed setN is purely1-codimensional with respect to the
sheafOexp

X , i.e.,

H
k

N (Oexp
X ) = 0, (k 6= 1).

HereH k
N
(Oexp

X ) is the k-th derived sheaf ofOexp
X with support inN.

As a particular case, we have the following corollary.
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COROLLARY 2. R is purely 1-codimensional with respect to the sheafO
exp
C

,
that is,

H
k
R
(O

exp
C

) = 0 (k 6= 1).

DEFINITION 3. The sheafBO
exp
N of Laplace hyperfunctions of one variable

with holomorphic parameters is defined by

BO
exp
N := H

1
N (O

exp
X ) ⊗

ZN

ωN,

whereZN denotes the constant sheaf onN having stalkZ andωN denotes the orienta-
tion sheafH 1

N
(ZX̂) onN.

The global sections of the sheafBO
exp
N can be written in terms of cohomology

groups by Theorem 2. For an open setΩ ⊂R and a pseudoconvex open subsetT ⊂Cm,
by taking a complex neighborhoodV of Ω in D2, we have

BO
exp
N (Ω×T) = H1

Ω×T(V ×T,Oexp
X ) =

Oexp
X ((V \Ω)×T)

Oexp
X (V ×T)

.

Note that the above representation does not depend on a choice of the complex neigh-
borhoodV.

DEFINITION 4. We define the sheafBexp
R

of Laplace hyperfunctions of one vari-
able onR by

B
exp
R

:= H
1
R
(O

exp
C

) ⊗
Z
R

ω
R
,

whereZ
R

denotes the constant sheaf onR having stalkZ andω
R

denotes the orienta-
tion sheafH 1

R
(ZX̂) onR.

The restriction ofBexp
R

to R is isomorphic to the sheafBR of ordinary hyper-
functions because ofOexp

C
|C = OC. By Corollary 2 we have

Γ[a,∞](R, B
exp
R

) =
Oexp
C

(D2\ [a, ∞])

Oexp
C

(D2)
.

Hence the setBexp
[a,∞] defined by H. Komatsu coincides withΓ[a,∞](R, B

exp
R

) in our frame-
work.

4. Several properties ofBOexp
N

We can also show the vanishing theorem on an open subset whichis not necessarily
regular at∞ if n= 1. This fact is deeply related to the flabbiness ofBOexp

N .
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THEOREM 3. Let U be an open subset inD2, and W a pseudoconvex open
subset inCm. Then we have

Hk(U ×W, O
exp
X ) = 0, (k 6= 0).

The setsN, N andX̂ are the same as those in the previous section. Now we state
the theorems for the flabbiness and the unique continuation property ofBOexp

N .

THEOREM 4. LetΩ1 andΩ2 be open subsets inR with Ω1 ⊂ Ω2, and let W be
a pseudoconvex open subset inCm. Then the restriction

BOexp
N (Ω2×W)→ BOexp

N (Ω1×W)

is surjective.

COROLLARY 3 ([3]). The sheafBexp
R

of Laplace hyperfunctions is flabby.

The following theorem shows that the sheafBOexp
N has a unique continuation

property with respect to holomorphic parameters.

THEOREM 5. Let W1 and W2 be non-empty connected open subsets inCm with
W1 ⊂W2 andΩ an open subset inR. Then the restriction

BO
exp
N (Ω×W2)−→ BO

exp
N (Ω×W1)

is injective.
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