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EQUIVALENCE OF SEQUENTIAL DEFINITIONS
OF THE CONVOLUTION OF DISTRIBUTIONS

Abstract. The equivalence of various sequential definitions of thevelution of distribu-
tions is proved. The list of known equivalent definitionsxsemded by adding definitions in
terms of upper unit-sequences.

1. Introduction

The convolution of distributions (tempered distributipms closely connected with
the spaceﬂ)ﬁ1 of integrable distributions, the dual of the spaBg General defini-
tions of the convolution inD’ (in §’), given in different ways in terms of integra-
bility of certain distributions by various authors (C. Ch#ey [1], L. Schwartz [10],
R. Shiraishi [11]), appeared to be equivalent (see [11])telthe list of equivalent
definitions was gradually extended, for example by addingpua sequential defini-
tions (see V.S. Vladimirov [12, pp. 102—105], P. Dierolf¥digt [2], A. Kamifski [4]).
Sequential approaches are interesting, because theyleatltral generalizations con-
nected with suitable restrictions of the considered clse$sequences (see [4]; for an-
other type of generalizations see [13]). A similar situatcmncerns ultradistributions
and tempered ultradistributions: various equivalent d@fims of the convolution, in-
cluding sequential ones, are related to integrability afate ultradistributions (see
[9, 5, 6]).

In sequential definitions of convolvable and integrableritigtions and ultra-
distributions, an essential role is played by specific easd sequences (calleohit-
sequencgf smooth functions of bounded support approximating thestant func-
tion 1. In this paper (see also [7]), we study another typspiied by papers of B.
Fisher, see e.g. [3]) of approximation of the function 1 bgdfic classes of sequences
(calledupper unit-sequencgef smooth functions with supports bounded only from
below. In the next section, we give definitions of the clag3exf unit-sequences and
I" of upper unit-sequences as well as the claBkasdl’, narrower tharil andr.

Using these classes, we give in section 4 several sequedefiaitions of the
convolution in®’ and prove Theorem 3, the main result of the paper, that aherht
are equivalent to the classical definitions mentioned above

In the proof of Theorem 3 we apply the results and methods fidm?2, 4, 8]
(see section 3) as well as Lemma 1 proved in [7]. Note that ateopart of Theorem 3
for tempered distributions is also true.
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2. Preliminaries

The sets of all positive integers, non-negative integexalsrare denoted by, N,

R and their Cartesian powers for a fixede N by N9, N4, RY, respectively. Ele-
ments ofRY and Ng are denoted by Latin and their coordinates by the correspond
ing Greek letters. Our multi-dimensional notation is mpstlandard. In particular,
for x=(§41,...,&d),y=(N1,...,Nd) € RY anda € R, the symbolsx <y, x < a and

o < x mean that the respective inequalitig@s< n;, & < a anda < &; hold for all

i =1,...,d. A similar notation concerns strict inequalities. Fo& (ay,...,aq) € RY

we set[a,®) := [01,®) X ... x [dg,®). If @y = (An1,...,0nq) € RI for ne N, we
write ap — —oo (ap — ) asn — o, whenevem,j — — (dpj — ©) asn — o for
everyi = 1,...,d. Moreover, leta* := a*1+-+d for a € R andk = (K,...,Kq) € N

We will consider, beside the usual support, sdppalso theunitary support
s'(¢) := {xe RY: ¢(x) = 1}, of a functionp onRY.

To mark that a sét ¢ RY is compact we will writek — RY. We use the standard
notation:L*, ¢, ‘E, Bo, B, Dx (K C RY), D, 7, P/, for known spaces of functions
and distributions ofRY and (f,¢) for the value off € 2’ ond € D, or we use the
more precise notatior:™(RY),..., D(RY), 2'(RY), D/, (RY) and (f,$)q to indicate
the dimensiord. Fork € No, K = RY and a smooth (i.eC*) function ¢ on RY, we
define

G (¢) 1= maxmax|dV (x)|,  a(9) == max o]l

0<i<k xeK 0<i<k

where|| - || denotes the supremum norm; evidentlyk (¢) < ak(¢).

Recall that the set$y; B; and Dk (K = RY) consist of all smooth functionis
such thatd M (x)| — 0 as|x| — oo for i € Ng; qk(¢) < o for k € No; and supgh C K,
respectively. Moreover, we hae= C* and?D = Uy -rda Dk in the sense of equalities
of sets. The sets under consideration are endowed with fodaigies defined by the
respective families of seminorm&, and B by the family{qx: k € No}; E by the
family {ogkk : k € No,K = RY}; and Dk by the family{gxk : k € No} (for K = RY).
The spaceD is endowed with the inductive limit topology of the spadas. Clearly,

1) k(D) < 20k()ak(W), 0.y € B, ke No.

DEFINITION 1. By unit-sequence we mean a sequence of functigrs D,
convergenttd in £, such thasug,cy || o o< o fork e Ng, i.e.

(2) SUPOK(Th) =: M < o, ke Nd.

neN

By special unit-sequence we mean such a unit-sequigmgethat for every bounded
K c RY there is an g € N such thatr,(x) = 1 for x e K, n> ny.
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DEFINITION 2. A set EC RY is called bounded from below if E [a, ) for
some a= RY. By upper unit-sequence we mean a sequéngk of smooth functions,
with supports bounded from below, convergent ia Z (i.e., there are a € RY with
an —>d—oo so thatsuppry C [an, ®) for n € N) such thasup,.y || ri |l < o0 for every
ke NGg, i.e.

(3) supgk(rn) =: Ng <o, ke NJ.

neN

By special upper unit-sequence we mean an upper unit-seqyen} such that if
E c RY is bounded from below, then there is aneN so that $(r,) D E forn>ng
(i.e. there are a,b, € RY, a, < by, (n € N), with @ — —oo, and an index n so that
[@n,%0) D supprn O st(rp) D [bn, ) for n > ny).

The classes of allnit-sequencespecial unit-sequencaspper unit-sequences
andspecial upper unit-sequencetfunctions defined oY will be denoted, respec-
tively, by I, M, I andl” or by Mgy, Mg, g andl'y to mark the dimension drd.

For arbitrary{m,} € M, {rn} €T, Y € B andk € Ng, we have

(4) supok(Th) < 2Myai(W); Supa(r) < 2*Niai(W).

neN neN

Given a clas®)y of sequences of functions consider the property:

(x) ClassY satisfies the implication{pn},{on} € ¥ = {tn} € &, where
the sequence is definedty_1 := pn andto, :=0n forne N,

Clearly, the above defined classes, I andT™ satisfy condition(x).

DEeFINITION 3. A distribution f is called extendible for a functiap € B if
{(f, M)} is a Cauchy sequence for evem,} € M. The mapping§: DU (Y) —C
(where() denotes the singleton set), uniquely defined for such alalisimn by

(%) (fy, ) = lim (f, ), weDUW),
—00
for an arbitrary {T,} € 1, is called the extension of f for the functign

If fis extendible for ap € B, then the limit in (5) does not depend on the choice
of the sequencém,} from N, because the cla$$ satisfies (). Consequently, the left
side of (5) is well defined fotw = . Moreover,(fy, ¢) = limj_«(f,M¢) = (f,¢) for
all ¢ € D and{m,} € M, due to the continuity of on D, i.e. fy|p = f.

DEFINITION 4. A distribution f is called extendible for a sequengg} € I'
if is extendible for ali,. The mapping ¥: D° — C, where?D® := DU{rn: n€ N},
uniquely defined for such a distribution by formula (5) fore D°, i.e. (f°,ry) :=
limj_e(f, ) for n € N, is called the extension of f for the sequefice}.
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DEFINITION 5. A distribution f is called extendible to the spadef it is ex-
tendible for everyp € B. The mapping : B — C, uniquely defined for such a distri-
bution by means of formula (5) for evatye B and{m,} € I, i.e. by

(6) (f.g):=lim(f.mw),  wes,

is called the extension of f to the spaBe

3. Integrable distributions

Integrable distributions, elements of the topologicalldBgaof B, were described by
P. Dierolf and J. Voigt in [2] by several equivalent conditso To formulate below the
extension of their result, proved in [7] and used in the pafdfheorem 3 in section 4,
we apply for4 C B andK C R the notation:2X := {¢ € 4: suppp NK = 0}.

THEOREML1. Let f € ', The following conditions are equivalent:

(a1) there are an le Ng and a C> 0 such that

() [(f.e)<Ca(9), ¢eD;

(A1) f is extendible taB and its extensiorf given on3 by (6) is an element
of B, i.e. there are an E Np and a C> 0 such that

(8) (fw)<Ca), wes

(a2) there exists such ard Ng that for everye > O there is a KT RY such that

9 [(f.0) <eai(9), ¢eD

(A2) fisextendible taB and its extensiorf given on3 by (6) is an element of
B with the property: there exists such ag INg that for everye > 0 there is a K& RY
for which the inequality holds:

(10) (fw) <eqy), weBs

(a3) there are an k Np, aC> 0and a K= RY so that (7) holds for alp € DK;

(Ag) f is extendible taB and its extensiorf given onB by (6) is an element
of B’ with the property: there are and¢ No, a C> 0 and a KC RY so that (8) holds
for all ¢ € BX;

(b) {(f,mn)} is a Cauchy sequence for eveg} € I;
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(B) f is extendible for every sequenfe,} € I and {(f°,rn)} is a Cauchy
sequence, where® is the extension of f for the sequercg};

(b) {(f,™)} is a Cauchy sequence for evem,} € TT;

(B) f is extendible for every sequene} € T and {(f°,rn)} is a Cauchy
sequence, where® is the extension of f for the sequercg}.

If any of the above conditions holds, then

(11) (f,1) = lim (f, 1) = lim (f°,ry),

n—o0 n—o0

forall {my} e Mand{rn} €T.

4. Convolution of distributions

Let f,g e 2'(RY). If the following condition introduced by C. Chevalley in]{1
©) (f+0)(§+Ww) € LY(RY) forall ¢, p € D(RY),

is assumed, there is a uniqﬁg g € 7/, the Chevalley convolution of, g such that
(159)+0.0)a = fra(F+9)X)(@*W)(dx . we DRY).
L. Schwartz considered in [10] the condition:
(S (f®9)¢” € D, (R*) for all ¢ € D(RY),
whered” (x,y) := ¢ (x+y) for x,y € RY, and R. Shiraishi in [11] the conditions:

(S1)

f(§x9) € D/, (RY) for all ¢ € D(RY);
() (fx

(G
fxd)ge D/, (RY) for all ¢ € D(RY),
where the symbalh for a givenh € 2/(R%) means the distribution oR® defined by
(h, ) := (h, ) and(x) := Y(—x) for all p € D(RY) andx € RY.

Assuming(S), (S1), (&), they defined the convolutiorfst g, f ¥ g, f ¥ o

(20,000 == ((f20)9>, 1ag)aa, ¢ € D(RY);
(1 29,0)0 = (F(§+0), Lo, b € DRY);
(FF9,0)0 == ((@+)9, La)a, 6 € D(RY),

respectively, wheregdland g are the constant functions equal to 1RhandR%.
R. Shiraishi proved in [11] the following theorem:
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THEOREM?2. Let f,g e 2'(RY). Conditions(C), (S), (S1) and(S;) are equiv-
alent. If any of the conditions holds, then<cg =f fg =f 2 g="f ? g.

Due to Theorem 2, we may use foyg € 2'(RY) the common notation
(12) frg=fSg=fig—frg—"2g,

whenever one of conditior(€), (9), (S1) and(S) is satisfied.
V.S. Vladimirov gave in [12] forf,g € 2/(RY) the following sequential defini-
tion of the convolution, denoted here lﬁy\;ﬁ/ g

(13) (f%9,0)a = lim (f©9,T00")20, b € DRY),

whenever the limit in (13) exists for aflm,} € Mg or, in other words, whenever

V) {(fegmd ) ylee  forall {m} e My andp € D(RY),

where¢ denotes the class of all numerical Cauchy sequences. Zlearldition(V)
implies that the limit in (13) does not depend fm,} € Myg.

P. Dierolf and J. Voigt proved in [2] fof,g € 2/ (RY) that Vladimirov’s condi-

tion (V) and its extension in the following form:

V) {{(f®gmd*)y}ce  forall {m} Ny andd € D(RY)

are equivalent to condition€), (S), (S1), () and the convolutiorf M g defined for
any {m,} from the classe§l,q andMyy by common formula (13), coincides with the
convolutionf x g given by (12).

A. Kaminski considered in [4], in connection with J. Mikaski’s irregular op-
erations, the following conditions fdr,g € 2/(RY):

(K)  {((f)*(Tng),¢)a} €€ forall {m},{Th} € Mg andd € D(RY);
(K1) {{(mf)*g,d)q} €€ forall {m,} € Ny and$ € D(RY);
(K2)  {(f* (), d)gt € € for all {T,} € Ng andd € D(RY)

as well as their variantK), (K1), (Kz2), in which the clas§lq is replaced byly. He
defined the convolutions s g, f < g andf ¥ g by the following formulas:

(F %0, 0)a = lim (M)« (Tog),0)a, (T}, {7} € Mo, 6 € D(RY);
(59, 0)g = lim (m)+g.0)s,  {T} Mg, 6 € D(RY);

(% 9,0)g 1= lim (F+(mg),0)a,  {T} €My, 0 € D(RY)
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under conditiongK), (K1), (Kz), respectively, and by the above formulas restricted
to the clasd14 under conditiongK), (K;), (K2), respectively. It was shown in [4],
due to the results from [11] and [2], that conditiai), (K1), (K2), (K), (K1), (K2)

are equivalent to condition) and(V) (and to those mentioned previously) and the
corresponding convolutions coincide.

Consider now forf,g € 2'(RY), in connection with the class€sandl” of upper
unit-sequences and special upper unit-sequences, tbeiiod conditions:

() {(f®grmd2)g}ec  forall {rh} € Mg andd € D(RY);
(F)  {{(rnf)*(Fa@),0)q} €€ forall {rn},{fn} € M4 andp € D(RY)

together with their variant$=y ) and(F ), in which the classeS,g andr 4 are replaced
by I'>q andl 4, respectively. Define the convolutiorhS*FV gandf F»'f g by the formulas
£ = lim (f A r D(RY);
< * g7¢>2d _nl_r;rl)< ®g7rn¢ >2da {rn}e 2d, ¢E ( ),
Fi . ~ ~
<f * ga ¢>d = rl1l—r;rlo <(rnf) * (rng)v¢>dv {rn}a{rn} € rda ¢ S @(Rd)a

under conditiongF,) and(Fx), respectively, and by the same formulas but restricted
to the classeByy andl g, under conditiongFy ) and(Fx ), respectively.

The following theorem is true:

THEOREM 3. Let f,g € D/(RY). Each of the conditiongV), (V), (K), (K),
(K1), (K1), (K2), (K2), (Rv), (Fv), (F«) and(Fk) is equivalent to any of the conditions
listed in Theorem 2. If any of the conditions is satisfiednthe

(14) frg=fyg—fhg=ftg=f Pg=f~g=f%g.
In the proof of Theorem 3, the following lemma plays an impattrole:
LEMMA 1. Let he 2/(R%). Assume that
supph C K2 :={(x,y) e R®: x+ye K}
for some KC RY and there is a scalan such that
(15) lim(h, M@ ra)2d = O

for all {ri},{r2} € Tq. Then for arbitrary special unit-sequencés’},{r¢} € My
there exists an increasing sequercg} of positive integers such that

(16) JL@(h,T%n®Tlﬁn>2d =a.

The proof of Lemma 1 is not trivial and requires an inductiongtruction. Its
full presentation is beyond the scope of this article. Wewshocomplete proof of
Lemma 1 with all its nuances in a separate publication (spe [7
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Proof of Theorem 3We present the proof of all implications necessary to catethe
formulated equivalence.

(9= (R); (9= (V). Fix¢ec DRY),denoteh:= (f ®g)¢p*> and assume condi-
tion (S), which means that € 7, (R%). By Theorem 1, it follows that

Am<h;rn>2d = Am<h7m>2d = (h, 124) 24

for {Th} € Myg and{rn} € I'2q, i.e. (R/) and(V) hold. Alsof'_:»\fg = f\ig =f fg.
(R) = (Fv); ()= (Fk); (V)= (V); (Ki)= (Kj)(i=1,2). Theimplications
are obvious, because of the inclusi®ns I" andlT c M between the considered classes
of (upper) unit-sequences.

(Fv) = (Fx); (Fv)= (Fk); (V)= (K); (V)= (K). Clearly, the equalities
(A7) ((raf)*(r79).0)a = (raf) @ (79),0")2a = ( © Q)9 rn@ )20

hold for alln € N and{ri},{r2} € 4. Similarly, the equalities

(18)  ((mf)*(189).0)a = (Thf) © (159),0")20 = ((f © 99", TH O T) g

hold for alln € N and for all{t¢}, {T¢} € M.

If {ri} and{r3} are arbitrary sequences ity (respectively, in4), then the
sequencegrt ®r2} is in g (respectively, inM,q). Hence, by (17), conditioR, )
(respectively(fv)) implies condition(Fx) (respectively(F)). Moreover, f '-:\k/ g=

f * g. Similarly, if {T:} and{1} are inMq (respectively, iMy), then the sequence
{mt ® 1@} is in My (respectively, iM,4) and, due to (18), condmo(\/) (respectively,

(V)) implies condition(K) (respectively(K)). Moreover,f *g —fh g.

(Fk) = (K).  Fix ¢ € D(RY) and denotéh := (f @ g)o. Assume that condition
(fK) holds, i.e. there is a numbarsuch that (15) holds for aliri}, {rz} €Tg. Fix

{m}, {18} € My and let{T}} and {73} be arbitrary subsequences{ofn} and{1g¢}.
By Lemma 1, there exist subsequen¢®s } and{Tt } of {Ti,} and{TR}, respectively,
such that (16) holds. Then

(19) lim(h, L@ 8)2g =

n—>oo

for our arbitrarily fixed sequenceSt}, {T2} € My, i.e. condition(K) is satisfied.
Moreover,f i g=f K g (for the classe§ andm).

(K)=(K) (i=1,2); (K)=(Ki) (i=1,2). Fix¢ e DRY) andleth:=(f29)o".
Assume that conditio(K) (respectively(K)) is satisfied, i.e. equality (19) is true for

somea and for all{r¢t} and {m2} in My (respectively, inMq). For arbitrarily fixed
sequence$t} and{r2} in My (respectively, iM1y), the assumption implies

(20) im (@ T2 = o
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with the double limit on the left side. If not, there would stxangg > 0 and increasing
sequenceépn}, {dn} of indices such thath, e, © 15 )24 —a| > g0 forn € N. But the

sequence$n})n} and{nﬁn} are also iy (respectively, iMly), so the last inequality
contradicts our assumption concerning (19) and proves (20)

Sinced” (T4 ® 14) and¢” (19 ® T&,) are inD(R??) for n,me N, we have

lim (h @G 2d = (f 0,07 (M ®1a))2a = (M) %9, ¢)a, NEN

Mmoo

and
lim (0T @ 8)aa = (F©0,0° (La@ ))aa = (F+ (1F9).0)0,  MEN.
Hence, by (20),

lim (TR f) 9,0)a = lim lim (h, TG & 600 = & = lim (f x (15,9), §)a-

n—oo

The implications and the equalitiés g = f < g= f ¥ g are proved.
(Ki)=(S) (i=1,2). ForallneN, we have

(05 %9,0)a = (F(§+0),)a and (f«(8g,¢)a = ((f+$)g, ),
so conditiongK;) and(K3) imply (S1) and(S,), respectively, by Theorem 1.

Since, by Theorem 2, conditionS), (S;) and(S;) are equivalent, the proof of
the equivalence of all conditions and of all equalities id)(& thus completed. O
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