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SYSTEMS OF ALLEN-CAHN EQUATIONS

Abstract. We consider a class of semilinear elliptic system of the form
) —Au(x,y) + VW (u(x,y)) =0, (x.y) €R?,

where W : R? — R is a double well non negative symmetric potential. We show, via varia-
tional methods, that if the set of solutions to the one dimensional system —¢(x) + VW (g(x)) =
0, x € R, which connect the two minima of W as x — + has a discrete structure, then (1)
has infinitely many layered solutions with prescribed energy.

1. Introduction

We consider semilinear elliptic system of the form
) —Au(x,y) + VW (u(x,y)) =0, (x,y) €R?,
where W € C?(R?,R) satisfies

(Wy) there exist a+ € R? such that W(a+) =0, W (&) > 0 for every E € R?\ {a+} and
D?W (ay.) are definite positive;
(W2) liminfW'(E)-& > 0;
+o0

€]
(W3) W(—x1,x2) = W(x1,x2) forall (x1,x2) € R?;

The system (2) is the rescaled stationary system associated to the reaction-
diffusion system

3) du(t,x,y) — szAu(t,x,y) + VW (u(t,x,y)) =0, (x,y)€eQC R%, >0

which describes two phase physical systems or grain boundaries in alloys. As € —
0", solutions to (3) tends almost everywhere to global minima of W and sharp phase
interfaces appear (see e.g. [10], [18] and [21]). Then, the expansion of such solutions
in a point on the interface presents, as first term, the system (2). From this point of
view, two layered transition solutions correspond to solutions u of (2) satisfying the
asympotic conditions
(C)) lirj? u(x,y) = ay uniformly with respect to y € R.
x—r+oo
S. Alama, L. Bronsard and C. Gui in [1] studied the existence of solutions to
(2) which satisfy the asymptotic condition (4) for x — 4o while as y — o tends to
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two different one dimensional trajectories, precisely, solutions to the one dimensional
associated problem

&) - _
,Erfmq(t) =a..

{—é(X) +VW(g(x)) =0, xeR

which are furthermore minima of the action
V(o) = [ 31aP +Wig)as

over the class of trajectories connecting a+ as x — £. Such solutions are found
under conditions (W;) and (W3), requiring a fast growth at infinity and assuming that
there exist a finite number k > 2 of geometrically distinct one dimensional minimal
heteroclinic connections. In [20] M. Schatzman proves the same result, considering
a non symmetric potential, assuming that there exists two geometrically distinct one
dimensional heteroclinic connections which are supposed to be non degenerate, i.e.
the kernel of the corresponding linearized operators are one dimensional.

If u is scalar valued, much is known about the corresponding heteroclinic prob-
lem (2)-(4). In this scalar setting, E. De Giorgi in [15] has conjectured that any entire
bounded solution of —Au+ u? — u = 0 with d,,u(x) >0 in R" for n < 8 is in fact one-
dimensional, i.e., modulo space roto-traslations, it coincides with the unique solution
of the one dimensional heteroclinic problem

© {—éi(X) +q(x)’ —q(x) =0, x€R,

q(0) =0 and xLleq(x) =1,

The conjecture has been proved for n = 2 by N. Ghoussoub and C. Gui in [14] and
then by L. Ambrosio and X. Cabre in [7] for n = 3 (see also [2]), even for more general
double well potentials W. A further step in the proof of the De Giorgi conjecture has
been done by O. Savin in [19] where, for n < 8, the same one dimensional structure
is proved for solutions u such that 9, u(x) > 0 on R" and limy, 1+ u(x) = £1 for
all (x2,x3,...,x,) € R*~! (see [8], [9] and [13] for related problems). That result is
completed in [11] where the existence of entire solutions without any one dimensional
symmetry which are increasing and asymptotic to £1 with respect to the first variable
is proved in dimension n > 8.

Here we want to discuss some results obtained in [3] for the problem (2)-(4),
where, using a global variational procedure, it is proved that if the minimal set of one
dimensional heteroclinic connections satisfies a suitable discreteness assumption then
there exist infinitely many solutions to the problem with prescribed energy, which can
be classified as homoclinic, heteroclinic or periodic solutions.
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2. Statement of the main Theorem and outline of the proof

To explain precisely the result and to give an idea of the procedure, let us begin con-
sidering the problem already considered in [1] and [20]. So let us define

L= {g—z € H'(R)*| g(x)1 = —q(—x)1, q(x)> = g(—x)2},

where g(x) = (g(x)1,q(x)2) and z9 € C*(R,R?) is fixed in such a way that zo(x); =
—20(—x)1, 20(x)2 = 20(—x)2 and zo(x) = @ for x > 1, be the space of one dimensional
symmetric trajectories connecting a4 as x — +oo. Setting m = infr V(g), let

M ={qeT|V(g) =m}

be the minimal set of one dimensional symmetric heteroclinic connections. As it is
well known, M is compact, not empty and consists of solutions to (5) in T".

Assuming that M satisfies the discreteness assumption
(*) M=MTUM™ with dist,a (M, M~) >0,

we will look for bidimensional solution u with prescribed different asymptotes as y —
+o0 and precisely

@) dist,2 (u(-,y), M*) — 0 as y — oo,

Note that condition () (as the discreteness assumption made in [1] and [20]) does not
hold in the scalar case, where the minimal set of one dimensional symmetric solutions
M is in fact constituted by the unique heteroclinic solution of (6).

Under assumption (*), bidimensional solutions satisfying (7) can be obtained
using a global variational approach (instead of the approximating procedure used in [1]
and [20]), considering a renormalized action functional over a suitable space.

As in [16] and [17] for Hamiltonian ODE systems and in [4] for scalar Allen-
Cahn equations, we consider the renormalized action functional

9l = [ 410,0.3) o+ (V (ul-19) = m) dy
which is well defined on the space
H = {ucH. . (R*R?) |u(-,y) €T forae.ycR}.

Note that ¢ is weakly lower semicontinuous on # and for every u € #, since
V(u(-,y)) > mforae.y € R, there results ¢p(u) > 0 while ¢p(q) =0 forall g € M.

We are interested on solutions which satisfies the right asymptotic conditions as
y — %. Such solutions can be reached as minima of ¢ over the class

Hy={uecH| limjitnfdisth(u(~,y),Mi) =0}.
y—rake
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In fact, for all u € #, for all y; < y, we have
2 2 2
ey =32l < G =30) [ o) B dy
Y1

and in particular, if ¢(u) < +oo then the map y € R — u(-,y) € T is continuous with
respect to the L?(IR)? metric. Moreover, if u € # and y; < y,, then

” 1/2
o) > (2 [ vt -m dy) (1) =32 2.

1

and in particular, if V (u(-,y)) > m+v for all y € (y,y2) and some v > 0, then
Q1) = gy o) —uloy2)l72 + vz =yi) 2 V2vluCv) —u(2)] -

By the previous estimates, if u € #,, we have control on the transition time
from M~ to M and so concentration in the y variable. Indeed it can be proved

LEMMA 1. There exists v € (0,m) such that if u € H,, ¢(u) < +o and for
some yo € R, V(u(-,y0)) < m+v then, either

(i) diSth(u(’vy)vM_) < dofOF ally <yo; or
(i) disty2 (u(-,y), Mt) < dy for all y > yo,
where do := Ldist;, (M, M ™).

Lemma 1, together with the symmetry in the x variable, allows to get compact-
ness of minimizing sequences in #,. Indeed, setting y := inf,, ¢ we have

LEMMA 2. Let (u,) C H,, be such that ¢(u,) — u as n — % and such that
dist;2 (un(-,0), M) = dy for all n € N. Then, there exists u € H such that, up to a
subsequence,

(i) un—u— 0 asn— o weakly in H. (R*)?,

(ii) there exists Ly > 0 such thar dist;2(u(-,y), M) < dy for all y < —Ly, and
dist;2 (u(-,y), M ™) < dp for all y > Ly.

By the invariance with respect to the y-translation of ¢ and the definition of
Hn, we have that there exists a minimizing sequence (u,,) which verifies the condition
dist; 2 (un(+,0), M) = dp for all n € N. Then, by Lemma 2, such sequence weakly
converge in H} (R?)? to a function u € # such that

. . . + _
yglllmdlsth(u( ), M*)=0.

Then, u € #,, and since ¢ is weakly semicontinuous we can conclude that ¢(u) = p,
proving the existence of at least one bidimensional solution to (2) in #,,, as already
proved in the Theorem by Alama Bronsard and Gui but here in a slightly more general
setting
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THEOREM 1. If (W1)-(W3) and () hold, then there exists u € C*(R?,R?) solu-
tion to (2) such that u(x,y) — ax as x — £ uniformly with respect to. y € R and

. . £\
yll)rilwdlstHl (u(-,y), M) =0.

Now, note that if u € H solves the system (2) then
Ou(x,y) = —7u(x,y) + VW (u(x,y))
Vi(u(-,y))

In other words u defines a trajectory y € R — u(-,y) € I solution to the infinite dimen-
sional Lagrangian system

2
;iyzuc,w —V/(u(-y))

which has as equilibria the one dimensional solutions ¢ € M. From such point of
view, bidimensional solutions in #, are heteroclinic type solutions connecting M+ as
y — Foo.

Note that the energy is conserved, indeed if u € H solves (2) on R x (y;,y2)
then

EJ(y) = 310972 =V ()

is constant on (y;,y2). In particular, for the heteroclinic type solution u € H,, given in
Theorem 1 we have that E,,(y) = —m for every y € R and that it connects in I" the two
component My as y — +oo.

Now, note that if we take ¢ € (m,m+\) with A > 0 small enough, by (x) we get
(x¢) {geT|V(g) <c} =" UVt withdist,2 (V. ,V.") > 0.

A natural problem, which generalizes the above one, is to look for a solution u € H
to (2) with energy E,(y) = —c for every y € R which connects in T the sets V= as
y — +oo.

Insuchacase V(u(-,y)) = —E.,(y)+ 5[ dyu(-,) ||i2 > ¢ forevery y € R and so solutions
with energy —c can be sought as minima of the new renormalized functional

9clu) = [ 31ouC )|+ (V(aC) —e) dy
on the space
He={uec H| ligjiﬁnfdisth(u(-,y)7 VE)=0and V(u(-,y)) > cforae.y € R}.
y )

Note that if u € #; then V (u(-,y)) > c for a.e. y € R and so the functional ¢, is well
defined on # with values in [0, +o0].

The functional @, enjoys most of the properties of the functional ¢ and the
above concentration-compacteness results work even in this setting. In particular a
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suitable y-translated minimizing sequences of . in . weakly converge in Hllo . (R?)?
to a function u. € #. However, differently to the case considered above, we do not
know if the limit point u, satisfies the constraint V (u.(-,y)) > ¢ for a.e. y € R and that
hence u, € . and @ (uc) = pc := infy; .. Anyhow we can prove that such condition
holds true on the interval (s,,z.) where s, and 7, are defined as

se = sup{y € R/dist;2 (uc(+,y), V") < dp and V (u.(-,y)) < c}
and
Ie= ll'lf{y > SC/V(MC('ay)) S C},

where we agree that s, = —o whenever V (u.(-,y)) > ¢ for every y € R such that
dist;2 (uc(+,y), V") < dp and that t, = +o0 whenever V (u.(+,y)) > ¢ for all y > s, (note
that this is the case that occurs if ¢ = m). Indeed we have

LEMMA 3. For every [y1,y2] C (s, tc) there results infyepy, )V (uc(+,y)) > c.
Moreover,

(i) lim+disthu(-7y), V") = lim dist;2u(-,y), V.*) =0;

y—rSe y—to

(ii) limiEfV(uc(-,y)) = liminf V(u.(-,y)) =¢;

y—Se¢ y—=e
(iii) Qe (5,10 () = [ SoyuC )12+ (V(u(-,y)) —c) dy = pe.

In particular, by Lemmas 3 and the definition of s, and 7., we derive that if s, € R then
uc(-,sc) € V- and if . € R then u.(-,7.) € V.". On the other hand, if s, = —o then
dist;2 (ue(+,y), Vo) — 0 as y — —oo while if 7. = 4o then dist;2 (uc(-,y), VH) — 0 as

y — 4. Using this properties, by Lemma 3, we get
/2 VuVh+VW (uc)hdxdy =0 forall h € CF (R x (sc,1c))>
R

and so that that u, is a weak solution to (2) in R X (s,,#.). Then, it is standard to show
that u, is in fact a classical solution to (2) on R X (s,,7.). Moreover, by Lemma 3, the
minimality property of u. can be used to prove that

E(y) = 5ll0yuc(9) |72 =V (ue(-,y)) = —¢ forally € (se.tc)
and hence, by Lemma 3-(ii), that u, verifies the weak Neumann condition

liminf ||dyuc(-,y)||;2 = liminf ||dyu.(-,y)|| ;2 = 0.
y—sd c

Ic

In particular, if s.,7. € R, we can recover from u., by reflection, a brake orbit type
entire solution. Precisely, setting T, = 7, — s, let

velx,y) = uc(x,y+sc) ifxeRandy€|[0,7;)
Wy = uc(x, 2. +T,—y) ifxeRandy € [T,2T,]



Periodic and Heteroclinic type solutions for systems of Allen-Cahn equations 7

and
Ve(x,y) = ve(x,y+2kT,)  forevery (x,y) € R?, k € Z.

Then we have
PROPOSITION 1. If s.,t. € R, then the function v. € C*(R*,R?) is a solution

of problem (2)-(4). Moreover, dyv(-,0) = dyvc(-,T.) =0, v.(-,0) € V" and v (-, T;) €
Ve

On the other hand, if s, = —% (resp. 7. = +), we can prove that the a-limit
(resp. w-limit) of u, is constituted by critical points of V at level c.
Hence, if s, = —o0 and f. = 4+, then u, is an entire solution to (2) such that

ygrilw disty (ue(-,y), K5) =0

where X = {g € V*|V'(g9) =0and V(q) = c}. That is, v, = u, is an entire solution
to (2) of heteroclinic type. Note that this is the case if ¢ = m.

Finally, if s, = —o and 7. € R or 5, € R and ¢, = +, from u, we can construct, again
by reflection, an homoclinic type solution. Precisely, if s, = — and 7, € R, let us
consider the function

ve(y) = u(x,y) ifxeRandy <t
o uc(x,2t,—y) ifxeRandy >t

while if 5. € R and ¢, = +o, let

ve((r,y) = uc(x,y) ifxeRandy > s,
R uc(x,2sc—y) ifxeRandy<s,

Then we have

PROPOSITION 2. If s, = —© and t. € R (or if s € R and t, = +») then v, €
C%(R?,R?) is a solution of problem (2). Moreover, v.(-,t.) € V.*, dyve(- 1) =0 (resp.
ve(+,8¢) € Voo, dyve(-,5c) = 0) and there exists qo € K, (resp. qo € K.) such that
liminf,_, 1 [ve — qOHHl =0.

Collecting Propositions 1 and 2, we obtain our main result

THEOREM 2. For every ¢ € (m,m+ \) with A > 0 small enough, there exists
ve € C2(R%,R?) solution to (2)-(4) such that E,,(y) = —c for all y € R. Moreover

(i) ifte = 4o then disty (ve(-,y), KI) = 0asy — +,
(ii) if sc = —oo then disty (ve(+,y), K7) =+ 0asy — —o,

(iti) if tc € R or sc € R then, respectively, v.(-,t.) € V.t and dyvc(-,t,) =0, or
ve(:y8e) € {Vc_ and 6),1/(.(-750) =0.
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In particular if ¢ is a regular value for V thent., s, € R and there exists T, > 0 such that
ve(x,y 4 2T;) = ve(x,y) for all (x,y) € R?, dyve(-,0) = dyve (-, T.) =0, ve(-,0) € Vi
andv.(-,T,) € V..

Note that the Theorem guarantees the existence of a brake orbit type solution
at level ¢ whenever ¢ € (m,m+ \) is a regular value of V. As a consequence of the
Sard Smale Theorem and the local compactness properties of V, it can be proved that
the set of regular values of V is open and dense in [m,m+ A] (see Lemma 2.9 in [6]).
Then, Theorem 2 provides in fact the existence of an uncountable set of geometrically
distinct two dimensional solutions of (2) of brake orbit type.

The variational procedure that we use was already introduced and used in the
framework of scalar non autonomous Allen-Cahn equations in [12] and [S] where the
existence of infinitely many bidimensional solutions is given. Energy prescribed brake
orbit type solution were introduced and found in [6] for the same kind of non au-
tonomous scalar equations.
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