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CAUCHY TYPE PROBLEMS FOR A CLASS OF
INTEGRAL EQUATIONS OF VOLTERRA TYPE

Abstract.We examine 2-dimensional integral equations of Volterra type with two singular
interior lines corresponding to x = a and y = b. The non-homogeneous integral equation that
we can consider involves functions A(x), B(y), C(x,y). Given certain inequalities for A(a)
and B(b), it always has solutions on suitable domains that contain arbitrary functions of one
variable. With other hypotheses, the equation has a unique solution in some domain.

1. Introduction and preliminaries

Consider the rectangle
D():{a() <x<ay, by <y<b1},

and the straight lines
' ={ap <x<a,y=>},
I ={a<x<ay, y=b},
I's={x=a, bp <y< b},
In={x=a, b<y<b},

where ag < a<ay, by <b<b.
In the domain D = Dy \ {Ty UT, U3 UT4}, we consider the 2-dimensional
integral equation

YA u b B(s)u(x,s
)

’ o—slP
o dr bC(t,s)u(t,s)
ds —
L T = )

where A(x),B(y),C(x,y) are given functions in Dy, f(x,y) € C(D), and both o and
are positive constants.

The solution of many problems having a significance in applications can be
figured out by the help of integral equations in explicit form. For that reason, this
article is dedicated to this area.

For the equation (1), we find the solution of a second-order hyperbolic equation
with two super-singular lines in the domain D; = {a < x < ap, by <y < b} and for
types of functions, approaching infinity on singular lines.

Problems concerning 2-dimensional Volterra-type integral equations

X u(t,y) bu(x,s) X dt bou(t,s) B
u(x,y)Jr?»/a (t—a)“dtiﬂ/y (b—S)Bds+6/0 (t—a)o‘é (b_s)ﬁdsff()@)’)
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with two boundary singular and super-singular lines in the domain D,, are investigated
in[l,2,4].

Integral equations of type (1) with boundary singular and super-singular lines,
and cases

a=1,p>1; a>1,p=1; a<l, p>1
are investigated in [3, 5].

References [6, 7] are dedicated to the problem of finding continuous solutions
of second-order hyperbolic equation with two boundary singular or super-singular lines
I’y and I'; corresponding to the study of integral equations (1) in the domain D, with
a>landp>1.

Finally, 8, 9] deal with the integral equation

+/x Ki ( xty, y)dt_/” Ko(x,yss)ulx,s) |
y

—a)* (b—s)B
dt bK3(x,yit,s)ult,s)
+/a (tfa)aﬂ (b—s)P ds = f(x,y),

in the domain D; in the cases o = 1, § = 1 where

A:=Ki(a,b; a), u:=Ky(a,b;b), &:=K3(a,b;a,b)=—Mu.
Fora > 1,p> 1 we set

A(t) =Ki(a,b;t), B(s)=Ka(a,b;s), C(t,5)=Kz(a,b;t,s)

and require C (¢,s) := C(t,s) + A(¢)B(s) not to be identically zero.

In this paper, we find the solution of the 2-dimensional Volterra type linear
integral equation with interior singularities for exponents o = 1 and = 1 in the kernels
in (1), when C(x,y) # A(x)B().

In this case we shall prove that, when the coefficients of the integral equation
are related in a determined way, the homogeneous integral equation (1) has infinitely
many linear independent solutions given conditions on A(a), B(b). For other values of
these quantities, the homogeneous integral equation (1) has non-zero solution in some
of the domains D).

These solutions are found by resolving known integral equations of Volterra
type with weak singularity lines.

In the domain Dy, if we fix lines x = a and y = b, the domain Dy is divided into
four domains as

Dy :{ao <x<a, by <y<b}7
Dy={a<x<ay, bp <y<b},
Dy={ay<x<a, b<y<b},
Dy={a<x<ay, b<y<b}.

If (x,y) € Dy, then we integrate over s and ¢ that satisfy ap < x <t < a and
by <y < s < b. The left-hand side of (1) takes the form:

@ A(t)u(t,y) b B(s)u(x,s) a dt [bC(t,s)ult,s)
u(x,y)—/x —a; dt—/y — s ds—/x a—t/y P ds.
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Similarly, if (x,y) € D2, D3, D4 then the left-hand side of (1) becomes respectively

= [ [ P [ [
u(x,y)/ d / Ss)i“ / /thsub(, s
xy+/ fyd / ss)u / /thsulg

In this way, the study of these four integral equations in the respective domains Dy, D>,
D3, Dy is investigated in [1, 2].

9

2. A first theorem

Our first result is the following statement that deals with the case in which A(a) < 0
and B(b) > 0.

THEOREM 1. Given (1), suppose that A(x) and B(y) define continuous func-
tions on I'y U, and T'3 UTy respectively, and that they satisfy the Holder condition,
A(a) <0 and B(b) > 0. Suppose that C(x,y) defines a continuous function on Dy and
that

Ci(x,y) =C(x,y) +A(x)B(y)

is continuous on Dy and not identically zero. Suppose that C\(x,y) vanishes on Ty, Ty,
I3, Ty, with

Ci(x,y) =O[la—x['|b—y[*] as x—a+0,y—b+0,e>0

Moreover, suppose that f(x,y) is a continuous function on Dy that satisfies f(a,b) =0
and has the following asymptotic behavior:

o[(x—a)®] as x—a+o, where 8 > |A(a)l,

(5.y) o[(a—x)f] as x—a-—o,
fixy) = o[(b—y)"'] as y—b—o, where y; > B(b),
o[(y—0b)f] as y —b+o.

Then (1) always admits a solution with u € C(Dy) and u(x,y) — 0 as (x,y) — T for
Jj=1,2,3,4, and its general solution contains four arbitrary functions each of one
variable.

We claim that the solution is given by means of following formulas:
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amxVi@
) el -

u(x,y) = exp[—w, ! (y)](b—y)*") [cm (x) + / <

o D 00| 4K () explowy ) 0]
(a0 ) [T (e 320, 01 0), £ 1)) s

X y

when (x,y) € Dy,
u(x,y) = exp[—w, " (x)](x —a) A () +exp[—w; (b — )" ga (x)

B /:exp[*wjl (w1 (1) (x — a>A(a)A£tZ,(P2 (1) dt}

t—a t
oy | i () el () w0 a) 1 (b - )
X b
< [ / T1a(x.y: £,5)Ealpa () a1 (5), £(1,5)) ds.
when (x,y) € D3,

u(x,y) = exp[—wy ' (x) —wy ' (n))(@— ) (y - b)~EP)
a oy
X [Ka,;f(f(x,y))—/x df/b Ci3(x,y:t,8)Es[f(t,5)]ds| .
when (x,y) € D3,

u(x,y) = expl—wy ! ()] (x = @) Ao (y) + K5 (F(x,y)

—explwi! () i ()] — @) Ay ) )
det/h Tya(x,y;t,8)Eq[pa(s), f(,5)]ds.

(x,y) € Dy.
In these formulas,

Ky (fy). Koy (Fy), Ko (Fy) Ky (),
Er[oi(x), f(x,p)],  E2lo2(x), w1 (), fe))]s - Eslf(e,y)], Eafwa(y), f(x,y)]
are all known integral operators, and
Tuleyitys), Ti(xyits), Tiloyins), Tu(xnyts)

are all resolvents of known integral equation of Volterra type with weak singularity

lines,
v () = /:f%i(a)‘”v w ! (x) = /}Ca%:f(t)dt,
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' B(s) — b —B(s
or= [POEO i[OS,

@j(x), Y;(y), j = 1,2 are continuous functions on 'y, T'> and on T'3, T4 sat-
isfying @;(x) = 0 as x = a and ;(y) — 0 as y — b, and such that their behavior is
governed by the following asymptotic formulas:

@1 (x) = o[(a—x)*] as x—a—o,

P2(x) =o[(x—a)®] as x—~a+o, where & > |A(a)|,
W) =ol(b—y)B] as y—b—o, where 13> B(b),
Wa(y) =ol(y—b)] as y—b+to,

3. Three more theorems

We now state three theorems analogous to the first, corresponding to the other possible
signs of A(a) and B(b).

THEOREM 2. In equation (1), let A(x) € C(T'1UT%), B(y) € C(I'3 UTy) for the
points x = a, y = b they satisfy the Helder’s condition, A(a) > 0,B(b) <0, C(x,y) €
C(Do), Ci(x,y) = C(x,y) +A(x)B(y) # 0, Ci(x,y) € C(Do) and Cy(x,y) = 0 with fol-
lowing asymptotic behavior on the boundaries ', 'y, '3, s :

Ci(x,y)=olla—x[*lb—y|¥] as x—ato,y—bto

Moreover, let f(x,y) € C(Dy), f(a,b) = 0 with following asymptotic behavior:

o[(a—x)%] as x—a—o, 8> A(a)
) ollx—a)f] as x —a+o,
TED=N o=y as v,
o[(y—b)"3] as y—=b+o. y3>|B(D)|.

The non-homogeneous integral equation (1) in the class C(Dy), approaching zero in
I'; j=1,2,3,4, is always solvable and its general solution contains four arbitrary
Sfunctions with one variable.

The solutions are in fact given by means of following formulas:

u(x,y) = exp[—w, ' ()](a— )" (y) + K, (f(x,9))
—exp[—w, ' —w, ' (v)](a —X)A(“)(lz—y)B(b)
x/xadt/y o1 (x,y;2,8)Es[W (s), f(£,5)]ds.
(x,y) € Dy 3)
u(x,y) =K, (f(x,) —exp[-ws ' (x) = w, ' ()] (x — ) A9 (b—y)P)
y / dt /y  Fon ey £.5)Eolf(1.5)] ds.
(x,y) € D2
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u(x,y) = exp[—w, ' (y)](a —x) @y

20y
+expl-wy ' (My—b)~ |:CP1 )+ exp o (2)]x

a—x A(a) B
X () %CPI (t)d[:| +Ka"};+(f(x’y)) —eXp[W;1 ()C) _W}:l(y)} o

a—t
x (a—x)2@ (y — b)~BE) [%dt [FTos(x,y;1,8)E7]@1 (), 2 (s), f(t,5)] ds.

(x3) € D o 6
() =expbw; 00 -0) 20 - [ (20
< explf! () (0] 2L ql0) ]

() el () 0] a) O (b )P
x / dt /,, Dou(x,y3t,8)Esga (1), f(2,5)] ds.
(x,y) € D4

Here,
Ky (fey), Koy (F), Ko (Fny), K5 (f(ey)
and
Es[p1(y), f(x.3)],  Eo[f(x.3)],  Eqlp2(x),2(y), f(x,3)],  Es[pa2(x), f(x,)]
are known integral operators, and
Doi(x,ystys), Too(xyitss), Tas(x,yits), Taa(x,yit,s)

are resolvents of known integral equation of Volterra type with weak singularity lines,
@;(x),W;(v), j= 1,2 are arbitrary continuous functions for the boundaries T'1, T, T'3, T'y.
Moreover, at x — a,y — b, @;(x) and \j(y) approach zero and their behavior is de-
termined by the following asymptotic formulas

P1(x) =o[(a—x)*] as x—~a—o, 8 >A(a)
@ (x) =o[(x—a)¥] as x—a-+o,
Yi(y) =ol(b—=y)] asy—=b-o,
Y2(y) =ol(y—b)"] as y—=b+o. y4>|B(D)|.

THEOREM 3. Let in equation (1) A(x) € C(I'1 UT»), B(y) € C(I'3 UTy) for the
points x = a, y = b they satisfy the Helder’s condition, A(a) > 0,B(b) >0, C(x,y) €
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C(Dy), C1(x,y) = C(x,y) + A(x)B(y) # 0, C1(x,y) € C(Dy) and Ci(x,y) = o with fol-
lowing asymptotic behavior on boundaries I'1, T, '3, Ty :

Ci(x,y) =olla—x|*|b—y|*] at x =+ a+0, y = b+0.
Moreover, let f(x,y) € C(Dy), f(a,b) =0 with

flxy) =ol(a— )65] ds > A(a) atx — a—o,
f(x,y) =o[(x—a)f], at x = a+o,
Jxy) =ol(b—y)"], vs>B(b)at y = b—o,
flx,y)=o[(y—b)F], aty = b+o.

Then the non homogeneous integral equation (1) in the class C(Dy), approaching zero
inl; j=1,2,3,4, is always solvable and its general solution contains four arbitrary
functions of one variable.

The solution is given by means of the following formulas:

u(x,y) = (a—x)" expl—w, " ()1 ()

a

expl—wy ()b =)™ |1 (0)+ [ explwg (1) —w; |

y <ax>A(a>2(_t)lcp1(t)dt *

a—t
K (F(3)) —explowg ! () =, 0)](a= A b=y
a b
< [t [Py, Bon ()01 (5). 0.9) ds.

when (x,y) € Dy, . Ala)
u(x,y) = expl-w;, ()] (b —y)"" {%@ - (L—Z)

]A(tc)lcpg(t)dt}

x expl-w (1))

K, (f(x’y>2,_ exp[—wy ! (x) —w, ' ()] (x—a) AW (b — y)P®)

x / dt /y Tia(x,y: 1,5)Erolga(t), £(2,5)] ds.
when (x,y) € Dy,
u(x,y) = exp[—w, ' (x))(a —x)" s (y)
K, (F () —exp[—w, ' (x) =w, ' ()] (a = x)M W (y —b) )

x [Car [Tyt 9)Euleas), £(e,9)]ds

X b
when (x,y) € D3,
u(x,y) = K3 (f(x,3) —expl=ws " —wy ' ()] (x—a) 4 (y—b) 51
X / dt/b T3a(x,y;t,8)E34(x, v;t,8)E[f(t,s)] ds.

(x,y) € Da.
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Here

Koy (Fy), Koy (Fay), Kt (fxy), K5 (f(x)

and

Eo[@1(x),y1(y), f(x;9)],  Erole1(x), f(x,9)],  En[y2(y), (f(x,9)],  Enlf(x,)]

are known integral operators, and
F31(~x7y;tas)7 I‘32(x7y;fa5)7 F33(x7y;t7s)7 F34(xay;t7s)

are resolvents of known integral equation of Volterra type with weak singularity lines,
@j(x),W;(y), j=1,2, are arbitrary contivous function for the boundaries T'1, >, T'3, T'y.
Moreover, at x — a, y — b, @ j(x) and\p j(y) approach zero and their behavior is deter-
mined by the following asymptotic formula

@1(x) =o[(a—x)%] as x—~a—o, 8 >A(a),
@ (x)=o[(x—a)!] as x—a-+o,
Yi(y) =ol(b—y)*] as y—=b—o, vs>B(b),
Ya(y) =o[(y=b)7] as y—=b+o

THEOREM 4. Let in equation (1) A(x) € C(I'1 UT»), B(y) € C(I'3 UTy) for the
points x = a, y = b they satisfy the Helder’s condition, A(a) <0, B(b) <0, C(x,y) €
C(Dy), Ci(x,y) = C(x,y) + A(x)B(y) # 0, C1(x,y) € C(Dg) and C(x,y) = 0 with fol-
lowing asymptotic behavior on boundaries I'1, 2, '3,y :

Ci(x,y) =olla—x[*|b—y[]] as x—atoy—b+to

Moreover, let f(x,y) € C(Dy), f(a,b) = 0 with following asymptotic behavior:

Fx,y) =o[(a—x)] as x—a—o,
fx,y)=ol(x—a)”] as x—a+o, & >|A(a)l,
flxy)=o[(b—y)] asy—b—o,
flxy)=oly=0)"] as y—b+o. y;>[B(b)

Then the non-homogeneous integral equation (1) in the class C(Dy), approaching zero
inl; for j=1,2,3,4,is always solvable and its general solution contain four arbitrary
functions of one variable.

The solution is given by means of following formulas:
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ulx,y) =K, bf( y)) —exp[—w, ' (x) —wg' (1)](a—x)A@) (b — y)B®)
x / di /y Ta (5,3, 9)Ens[f(,9)] s, (x,y) € Dy
u(x,y) = eXP[*WH(X)](X a) Ay, (y)
+K,; (f —exp[—wj ' (x) —wg' ()] (x — a) A (b —y)B®)
/dt/ Cap (x,y3t,8)Era[1(s), f(t,5)|ds, (x,y) € D2

ala—x Aa)
() =explw 010 -5) 0 (o) (42

a—t
xexplwy ' (t)—wy ' (x )]%cpl(t)dt
K,y (06, )) —expl-wy ! (x) = wi ()] (@ =) (v = b)) (5)
X/df/r43(x»y§t,S)E15[CP1(t),f(tvs)]ds, (x,y) € D3

b
u(x,y) = exp[—wj' ()] (x —a) A pa(y)

X

renplowf 01007 2 [aa(o) - [“expbe () - 0]
2 \A@
X(;g) %sz( )df}
R () —explw (1) =i )]s )9 =)
X y

x a/dt b/ Laa (5,330, Erelpa(t),w2(s), £(1,9)]ds,  (x,3) € Dy,

Here,
Koy (Foy), Koy (Fy)), K (Fy), K (f(xy)
and
Ex[f(x.y)],  Eulpi(v),f(xy)],  Eislei(x), f(x,y)],  Eis[o2(x), wa(y), f(x,y)]
are known integral operators, and
Car(x,yit,s), Ta(xyitys), Taz(xyitys), Taa(xyit,s)

are resolvents of known integral equations of Volterra type with weak singularity lines,
@;(x), ¥;(y), j = 1,2 are arbitrary contiuous functions for the boundaries T'\, ', I's
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and Ty. Moreover, atx — a, y — b, @;j(x) and ;(y) approach zero and their behavior
is determined by the following asymptotic formulas

@1 (x) = of(a—x)7]
92(x) = o[(x—a)"]
Y1 (y) =o[(b—y)f]
Yo (y) = o[(y—b)*]

4. Four problems

as x —>a—o,

as x —»a+o, 8> |A(a)l,
as y—b—o,
as y—b+o. y3>|B(D)|

PROBLEMS Find a solution of the integral equation (1), belonging to the class C(Dy)
and approaching zero on I'; for j = 1,2,3,4, such that it satisfies one of the following
conditions. These respect in order the inequalities (A(a),B(b)) of Theorems 1,2,3 4.

(b—y) P Pu(x, ‘ = fi(x) for x €Ty,
y—b—o
(b—y) B Pu(x,y ’ = fo(x) for x € Iy,
y—b—o
Py: A(a) <0, B(b) >0 (x—a)*@u(x,y) i g1(y) for y €T;,
(x—a)*Wu(x, =g2(y) for y €Ty,
xX—a-+o
(b= "), =0.
X—d—o
(y—b)BOlu( 7)’)‘ = fi(x) for x Ty,
y—b+o
(y—b)EOu(x, = fo(x) for x € I'y,
y—b+o
Pr: Ala)>0,B(b) <0 ( (a—x)*Wulxy)|  =gi(y) for yeTs,
(a —x)_A(a)M(xay) a g2(y) for y €Ty,
0 =B (x|, ., =0.
xX—a-+o
(b—y) BOu(x,y) = fi(x) for x €Ty,
y—b—o
(b—y) P Pu(x,y) = fa(x) for x €Ty,
y—b—o
Py: Ala)>0,B(b)>0 ( (a—x)*Wulxy)| — =gi(y) for yeTs,
(a —x)fA(a)u(xJ) = go(y) for y €Ty,
X—a—o
(b—y) *Pux.y)|, ., , =0.

x—a+o
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Ps: Aa) <0, B(b) <0

5. Unique solutions

y

y
X

X

~ o~ o~ o~ o~

y

—b)BOy(x,y) = fi(x) for x €Ty,
y—b+o
—b)B®)y(x,y) = fr(x) for x € Ty,
y—b+o
—aulxy)| | =giy) for yETs,
—a"ulxy)| | =ga(y) for yETy,
— b)B(b)u(x,y) ysbto = 0.
X—a—o

161

THEOREM 5. Consier the integral equation (1) and suppose that A(x), B(y),
C(x,y), f(x,y) satisfy the hypotheses of Theorem 1. If

1) fi(x) €C(T1), f2(x) € C(T2), g1(y) € C(T3), g2(y) € C(T4).
2) fila) =0, fo(a) =0, g1(b) =0, g2(b) =0, with asymptotic behavior

filx) =o[(a—x
H(x)=ol(x—a
gi1(x) =o[(b—y
g x)=o[(y—b

as x—a—o,

as x —a—o, 8 > |A(a)|,
as y—b—o, 1, > B(D),
as y—b+o.

then problem P| has a unique solution and it can be written in the form (2), in the case

in which

when y € I's,
when y € Ty,
A(t
—)tfl (t)dt, when x €T,
a—
(t) _
2 (1) dt, when x € T, ¢ =0.

THEOREM 6. Suppose that A(x), B(y), C(x,y), f(x,y) satisfy the hypotheses of

Theorem 2. If

fi(x) = o[(a—x)
f2(x) = o[(x—a)
g1(x) = o[(b—y)
82(x) =o[(y—b)

g1(y) € C(T3), g2(y) € C(T4),
0, g2(b) =0, with asymptotic behavior

as x —a—o, 84 > A(a),
as x—a—o,
as y—b—o,
as y —b+o. 14 > |B(D)|.
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then problem P> has a unique solution and it can be written in the form (3), in the case
when

Yi(y) =g1(y) when y € T3,
Y2(y) = 82(y) when y € Ty,

@1 (x) = fi(x) f/xaﬂfl(t)dt, when x €Ty,

—1
TA(1)

a
@2(x) :cz+f2(x)+/ —=fo(t)dt, when x €Ty, ¢, =0.

THEOREM 7. Suppose that A(x), B(y), C(x,y), f(x,y) satisfy the hypotheses of
Theorem 3. If

1) fi(x) €C(T), fa(x) € C(T2),
2) fila) =0, fa(a) =0, gi1(b) =

81 ( ) € C(r3)7 gQ(y) € C(r4)7
0, g2(b) = 0 with asymptotic behavior

fix) =o[(a—x)%] as x—a—o, d >A(a),
H(x)=o[(x—a)] as x—a—o,
gi(x) =o[(b—y)*] as y—=b—o, ys>B(b),
g2(x) =o[(y=b)*] as y—=b+o.

then problem Pz has a unique solution and it can be written in the form (4) in the case
when

Yi(y) =g1(y) when y € T3,
Y2 (y) = g2(y) when y € Ty,
o10) = fi (x)f/ %fl ()di,  when x€ T,
(X)) =c3+ fo(x)+ xt Etifg(t) dt, when x €Ty, c3=0.

THEOREM 8. Let the integral equation (1) A(x), B(y), C(x,y), f(x,y) satisfy
the hypotheses of Theorem 4. If

1) filx) €C(I'1), fa(x) € C(I2), gi(y) € C(I'3), ga(y) € C(T'a),
2) fi(a) =0, fa(a) =0, g1(b) =0, g2(b) = 0, with asymptotic behavior

filx)=olla—x)] as x—a—o,
L) =o[(x—a)®] as x—a—o, d>]|A(a)l,
gi1(x) =o[(b—y)] as y—b—o,
g2(x) =o[(y—0)%] as y—b+o. y3>I[B(D)|.

then problem Py has a unique solution and it can be written in the form (5) in the case
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when
Yi(y) =810y when y € T's,
Y2(y) = g2(¥) when y € T4,
“A(1)
o1(x) ZC4+f1(x)—/ 2L fifeyde, when xeT,
. a—
_ [A() -
@2(x) = fo(x)+ t—afZ(t)dt when x €'z, c4=0.
a
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