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AN IMPULSIVE DIFFERENTIAL EQUATION
IN AN INFINITE DIMENSIONAL FOCK SPACE

Abstract. A scale of infinite dimensional Fock spaces, ΓpB = ∪s≥1Γp,sB , is introduced
together with some of their fundamental properties. Each space,Γp,sBm ,s ≥ 1 is a Frechet
space described in [18, 23, 19]. An impulsive differential equation involving a generalized
Laplacian [20] is then introduced where at the points, ti,1 ≤ i < ∞ belonging to R receives
an impulse. Due to the generalization of this paper, the impulse takes its values in the infi-
nite dimensional Fock space, ΓpB = ∪s≥1Γp,sB. The components of the vector in the space,
Γp,sBm ,s ≥ 1 are tempered distributions thus generalizing the classical Fock space having
components in Lp(Rn). An explicit algorithm computing the solution to the problem is given
together with a uniqueness technique. The existence technique is in the spirit of an opera-
tional calculus.

1. Introduction

A system of impulsive differential equations [1, 2, 13] within the framework of a Eu-
clidean space, Rn, can be described by the following system,

(1) ż(t) = A(t)z(t)+ f (t), t $= ti,

where t ∈ R,z(t) : R→ Rn,A(t) : R→ Rn×Rn, f : R→ Rn together with the impulsive
conditions,

(2) Δz(ti) = z(t+i )− z(t−i ) = bi, i=±1,±2, ...

Moreover, {bi}∞i=±1 is a sequence of n-dimensional constants. To illustrate these no-
tions we included the following fundamental example [2]:

(3) ẋ(t) = 1+[x(t)]2, t $=
kπ
4
,k = 1,2, ...

and

(4) Δx(tk) = x(t+x )− x(t−x )+1 whenever tk =
kπ
4

together with x(0)=0. Equations (3) and (4) are fundamental examples corresponding
to conditions (1) and (2). The solution to (3) and (4) is easily seen to be

(5) x(t) =
{

tan(t), 0< t < 1
4π

tan(t− kπ
4 ), t ∈ ( kπ4 ,

(k+1)π
4 )

183
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where x(t) is periodic with period = π
4 . The graph of the solution is illustrated in Figure

1.
We note the classical corresponding differential equation (3) without the im-

pulse condition (4) has the solution, x(t) = tan(t) with an interval of existence, (0, π2 )
since limt→ π

2
x(t)→ ∞.

This paper generalizes conditions (1) and (2) whereby condition (1) contains a
generalized Laplacian [20] and condition (2) becomes Δu(ti) = Ii(u(ti)) where u(ti) ∈
Γp,sB for some s≥ 1 and Ii : (u̇→ Γp,sB)→ (u̇→ Γp,s

′B), where s> s′ > 1 .

2. The scale of infinite dimensional fock spaces ΓpB = ∪s≥1Γp,sB

For each s ≥ 1 the space, Γp,sB{(p > 1,B = {Bi}∞i=0,Bi > Bj, j > i)} , is called an
infinite dimensional Fock space. The p and Bi, i≥ 0 are all real numbers. These spaces
are topological spaces of real-valued functionals on S′(R3n;R), the space of real-valued
tempered distributions. The set of functionals belonging to the space Γp,sB are all
C∞(S′(R3n;R)). We also require if Φ ∈ Γp,sB, then

(6) Φ(x) =
∞

∑
q=0

aq[x, ....x] =
∞

∑
q=0

aqxq

where a0 ∈ R and aq,q ≥ 1 are q-multilinear symmetric continuous functionals on
S′(R3n)× ...×S′(R3n)→ R. We identify for each Φ ∈ Γp,sB the associated state vector,
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(7) Φ⇐⇒

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0
a1
.
.
aq
.
.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

.

Each multilinear functional, aq,q≥ 1 , has an infinite dimensional domain space. The
functionals having representation given in expression (7) are members of our infinite
dimensional Fock space. We equip our infinite dimensional Fock space with the fol-
lowing sequence of norms:

(8) |||Φ|||sBm = supq
||aq||mq!

1
p

(sBm)q
< ∞ m= 0,1, ...

where

(9) ||aq||m = sup
||x||−m

|aqxq| m= 0,1, ..., x ∈ S′(R3n)

and

(10) ||x||−m = sup
||φ||m

|< x,φ> | m= 0,1, ..., φ ∈ S(R3n)

and

(11) ||φ||m = sup
σ1+...+σn≤m

(τ1,...τn)∈R3n

[(1+ |τ1|2)...(1+ |τn|2)]m|φσ1,...,σn(τ1, ...,τn)|

where

(12) φ(0,...,σi,...0)(τ1, ...,τn) =
∂σi

∂τσii
φ 1≤ i≤ n.

The functions φ, are rapid descent test functions and the functionals, x, are tem-
pered distributions described in Constantinescu [6] and Zemanian [27]. The set of
entire functionals belonging to the space, Γp,sB, equipped with the natural topology
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induced by the sequence of norms, (8) is a Frechet space. We then consider 1≤ s≤ s′
where clearly Γp,sB ⊂ Γp,s

′B . Also the canonical injection, Js′s : Γp,sB → Γp,s
′B , is

continuous.
The multilinear symmetric functional,aq,q ≥ 1, will have a square summing

property analogous to classical Fock space sum ability in the following sense.

PROPOSITION 1. The sequence of multilinear symmetric functionals,{aq}∞q=1,
a0 ∈ R, described in expression (7) is square summing in each norm, Σ∞q=0||aq||2m < ∞,
m= 0,1,2, ....

Proof. We selectΦ∈Γp,sB, whereΦ(x) =∑∞
q=0 aqxq. We consider a norm, |||Φ|||sBm =

supq
||aq||mq!

1
p

(sBm)q < Cm < ∞ implying ||aq||m < Cm(sBm)q

q!
1
p

for every q. From these state-

ments and returning to square summing notion, we obtain

∞

∑
q=0

||aq||2m =
∞

∑
q=0

||aq||2mq!
1
q (sBm)q

(sBm)q(q!)
1
p

≤ |||Φ|||sBm
∞

∑
q=0

||aq||m(sBm)q

q!
1
p

≤ |||Φ|||sBmCm
∞

∑
q=0

(
(sBm)q

q
1
p

)2 ≤ ∞.

We remark the kernel representation for each of the multilinear symmetric
functional, aq,q ≥ 1, has the form of a rapid descent test function, φq,q ≥ 1. This
representation then gives the association,

(13) Φ⇐⇒

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ0
φ1
.
.
φq
.
.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

where φ0= a0 and φq(x1, ...,xq)= aq(δ(t1−x1), ...,δ(tq−xq)),q≥ 1. The δ(ti−xi),1≤
i≤ q are translates of the Dirac delta functional. Details regarding the topological prop-
erties of this association can be found in reference [24]. We conclude this section by
indicating the vector given in expression (13) also enjoys the so-called square summing
property.

3. Infinite dimensional laplacian operator

We briefly review cylinder functionals developed by K.O. Friedrichs and H.N. Shapiro
[10]. Cylinder functionals have p-variables where each variable takes its value from a
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set of functions containing the classical piecewise constant functions. The p variable
functions can be written as

(14) φ(t)↔ {φ1, ...,φp},

where each t ∈ R3. A cylinder functional can be written as

(15) fp(φ(t))↔ fp(φ1(t), ...,φp(t)),

where the subscript p denotes the number of components within its representation.
More specifically, when the quantum theory of fields is introduced in Chapter II

[10] each t varies in a “cell” contained within R3 . We consider φγ(t) = 0,1 ≤ γ ≤ p,
if t does not belong to any n-cell. We then define as in Friedrich and Shapiro [10]
δ fp(φ(t)) = 0.

If t ∈ γth cell as in Friedrich and Shapiro [10], we set

δ
δφ(t)dt

fp(φ(t)) =
1
Δγ

∂
∂φγ

fp(φ1(t), ...,φp(t)).

The Δγ is the “volume” of the γth cell. Schiff [17] requires the “volume of the
cell” to tend to zero. Then Schiff enjoys the presence of the Dirac Delta functional.
Friedrich and Shapiro [10] select the following quadratic functional,

f2[φ] =
∫ ∫

b(x′,x′′)φ(x′)φ(x′′)dx′dx′′,

and its generalized Laplacian becomes

L f2[t] = 2
∫
b(x,x)dx.

To avoid computational difficulties we select a φ(t, t ′) ∈ S(R2), the space of R2
rapid descent test functions. We then define h as

(16) < h,φ>≡ 2
∫
φ(x,x)dx,

proving h to be a tempered distribution. In applications the independent variable, x, are
from R3.

PROPOSITION 2. The functional, h, defined in expression (16) is a tempered
distribution.

Proof. The linearity of h is obvious and we prove the continuity by proving bounded-
ness of h. We select any rapid descent test function, φ(t, t ′)φ and compute the following
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|< h,φ(t, t ′)> |= 2|
∫
φ(t, t)dt|= 2|

∫
φ(t, t)(1+ t2)4

(1+ t2)4
dt|

≤ 2 sup
|σ|<2
t∈R

|(1+ t2)4φ(σ)(t, t)|π< 2π||φ(t1, t2)||2,(17)

If we select a special Φ ∈ Γp,sBwhere its Fock representation (7) is given as

(18) Φ⇐⇒

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a0
a1
.
.
aq
.
.

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

and apply two generalized differentiations, then

(19) D2hΦ↔

∣∣∣∣∣∣∣∣∣∣

2a2[h,h]
0
.
.
0

∣∣∣∣∣∣∣∣∣∣

.

Selecting, h= δ(t− t ′)and implementing an integral operator on (19) results in

(20) ΔΦ↔

∣∣∣∣∣∣∣∣∣∣

2
∫
a2[δ(t− t ′),δ(t− t ′)]dt

0
.
.
.

∣∣∣∣∣∣∣∣∣∣

.

Noting that a2[δ(t − t ′),δ(t − t ′)] = φ(t, t) is a member of S(R2) as shown in
Schmeelk [2], we have an analogy to expression (3.3). Our Laplacian is mathematically
developed in Schmeelk [20] but here we have its Fock representation. If Φ ∈ Γp,sB

where Φ has its representation given in expression (18), then its generalized Laplacian
becomes

(21)

∣∣∣∣∣∣∣∣∣∣∣∣

2
∫
a2[δ(t− t ′),δ(t− t ′)]dt

2×3
∫
a3[δ(t− t ′),δ(t− t ′), ]dt

.

.

.
(q+1)(q+2)

∫
aq+2[δ(t− t ′),δ(t− t ′), ., ., .]dt

∣∣∣∣∣∣∣∣∣∣∣∣

.
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We observe each aq is a multilinear symmetric functional so for convenience we
insert the pair of translated Dirac delta functionals in the first two arguments. We can
now develop an infinite dimensional impulsive differential equation within this setting.

4. Impulsive differential equation solutions in ΓpB = ∪s≥1Γp,sB

Let u(t) : (α,β)→ ΓpB, t $= ti where (α,β) is an interval in R. Moreover for t $= ti the
vector, u(t) ∈ Γp,sB, and thus must satisfy

(22) sup
q

t∈(α,β)

||aq(t)||mq!
1
p

(sBm)q
<Mm < ∞, m= 1,2, ...

For t = tiwe have the impulse component,

(23) Δu(ti) = u(t+0i )−u(t−0i ) = ũ(ti), i= 1,2, ...

The vectors, u(t+0i ) and u(t−0i ) together with the vector, ũ(ti), all must satisfy condition
(22).

We now introduce the transformation,

(24) Ii : ((α,β)→ Γp,sB)→ ((α,β)→ Γp,s
′B)

where Ii(u(ti)) ≡ Δ(u(ti)), i = 1,2, .... The functional, u(t) ∈ Γp,sB, t $= ti is said to be
strongly continuous if and only if whenever, ε > 0∃m ∈ N+ (positive reals) then there
∃δε,t ′,m > 0 such that whenever

(25) |t− t ′|< δε,t ′,m ⇒ |||u(t)−u(t ′)|||sBm < ε.

Strongly differentiable has a somewhat similar requirement whereby

(26) |||
u(t ′)−u(t)

t ′ − t
−v(t ′)|||sBm < ε

whenever 0 < |t − t ′|,δε,t ′,m and v(t ′) ∈ Γp,sB. The impulsive differential equation in
Γp,sB is now defined as

(27)
∂
∂t
u(t)(x) =−P(Δ2)u(t,x), t $= ti

where u(t) ∈ ((α,β)→ Γp,sB), x ∈ S′(R3n) and P(Δ2) is an infinite dimensional Lapla-
cian polynomial operator of order nwhere P(Δ2) = dn(Δ2)+dn−1(Δ2)+ ...+d0, where
di ∈ (R),(0≤ i≤ n). The impulsive conditions are given by

(28)
u(t+0i ) = u(ti)+Δ(u(ti)) = u(ti)+ Ii(u(ti)),
∂
∂t u(t

+0
i ) = ∂

∂t u(ti)+Δ ∂
∂t u(ti)+ Ii( ∂∂t u(ti)),

∂l−1

∂tl−1 u(t
+0
i ) = ∂l−1

∂tl−1 u(ti)+Δ( ∂
l−1

∂tl−1 u(ti)) =
∂l−1

∂tl−1 u(ti)+ Ii( ∂
l−1

∂tl−1 u(ti))
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We also require for t = t+00 ∈ R the conditions,

(29)

u(t)(•)|t=t+00 ∈ Γp,sB

.

.
∂l−1

∂tl−1 u(t)(•)|t=t+00 ∈ Γp,sB

are also satisfied. We now define the following sets in R.

(30) {Gk = t ∈ R : tk−1 < t < tk ,k ∈ N}

(31) {Dk = t ∈ R : tk−1 < t ≤ tk ,k ∈ N}

(32) {Fk = t ∈ R : tk−1 ≤ t < tk ,k ∈ N}

We then view equation (27) in operational form,

(33) [
∂
∂t

+P(Δ2)]u(t)(x) = 0

and introduce the standard integral operator,

(34) (Qtt ′)(u(τ)(x)) =
∫ t

t ′
u(τ)(x)dτ

for t, t ′ ∈ Gk. Applying the operator (34) to equation (33) will formally give us

(35) 0I−0Qtt ′P1(Δ
2)+(Qtt ′)

2P2(Δ2)+ ...+(Qtt ′)
iPi(Δ2)11

We now develop the mathematical formulation for the inverse operator given in (34)
and its generalization given in (35).

5. Inverse operators

We introduce the usual inverse to ( ddt )
λ, λ a positive integer, on the space,C0((α,β);Γp,sB).

The operator, (Qtt0)
λ, is defined as (Qtt0)

λu(τ)(x) =
∫ t
t0

(t−τ)λ−1
(λ−1)! u(τ)(x)dτ where [t0, t]⊂

(α,β)⊂ R.
This section requires the use of multinomial coefficients, specialized Euclidean

n-space points, specialized factorials and Euclidean n space summands. To enhance
the readability of this section and in particular theorem 1, we introduce the following
compact notation:
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|i|= i1+ ...+ i ,
( |i|i ) = (i1+ ...+ ii)!(i1!i2!× ...× ii!)−1,
n• i= n1i1+ ...+niii,
2n• i= 2n1i1+ ...+2niii,
l • i= 1ii+2i2+ ...+ lii,
n• i ↑= n1i1!n2i2...niii!,
l • i ↑= 1i1!2i2...lii!,
∑∞
|i|=0 = ∑∞

|i1|=0∑
∞
|i2|=0 ...∑

∞
|il |=0

∑n|i|=0 = ∑n|i1|=0∑
n
|i2|=0 ...∑

n
|il |=0

THEOREM 1. Given: (i) a continuous u(t)∈C0((α,β);Γp,sB),(α,β⊂ R); (ii) a
real valued scalar function, B(ξ) = ∑∞

|i|=0 bi(ξ)
i, with real coefficients, bi, and nonzero

radius of convergence of p; (iii) a polynomial transformation of the form, P(Qtt0Δ
2) =

∑iλ=1(Q
t
t0)

λPλ(Δ2), where Pλ,(1≤ λ≤ l)are real valued polynomials of degree, nλ,(1≤
λ ≤ l) and where we formally replace the independent real variable with the infinite
dimensional Laplacian operator of section 3, ie. Pλ(Δ2) = ∑

nλ
i=0 d

λ
i (Δ

2)i , dλi ∈ R, 0≤
i≤ nλ,1≤ λ≤ l ; (iv) that p satisfies 1< p< 1

1−µΔ if µΔ $= 1 and p<∞ if µΔ = 1 where
we define the order of P(Qtt0Δ

2) to be µΔ = min1≤λ≤i( λ
2nλ

) .

Then the series B(Qtt0Δ
2) = ∑∞

i=0 bi(Pλ(Qtt0Δ
2))i, obtained by substituting

P(Qtt0Δ
2) for ξ into B(ξ) and formally expanding into a series of (Qtt0Δ

2) monomials
is applied to u(t). This process gives another v(t) ∈ Γp,s

′B continuous for t ∈ [t0, t] ⊂
(α,β) where s′ ≥ (l+1)s.

Proof. Use the multinomial expansion and formally obtain

(36)
B(P(Qtt0Δ

2)) = ∑∞
i=0 bi(P(Qtt0Δ

2))i = ∑∞
i=0 bi∑|i|(

|bi|
i )(Q

t
t0)

l•iPi11 ...P
il
l

= ∑∞
|i|=0 b|i|(

|i|
i )(Q

t
t0)

i•iPil1 ...P
il
l

= ∑∞
|i|=0 b|i|(

|i|
i (Q

t
t0)

l•il[dn•i(Δ2)n•i+dn•i−1(Δ2)n•i−1+ ...+d0].

Setting Kλ = max(1, |dλn |+ ...+ |dλ0 |), 1≤ λl , it is clear that the d j coefficients
in (5.3) are majorized with |d j| ≤ Ki1

1 K
i2
2 ...K

ii
i ≡ K|i|. The hypothesis, u(t) ∈ Γp,sB,

implies sup t ∈ (α,β)
q

||aq(t)||mq!
1
p (sBm)−q <Mm < ∞.

This leads us to ||aq+ j(t)||m ≤ Mm(q+ j)!
1
p (sBm)−q− j for all t in(α,β), j =

1,2, ... . Selecting s′ ≥ (l+1)s, we consider the following partial sums:

(37) Bn(P(Qtt0Δ
2)) =

n

∑
|i|=0

b|i|(
|i|
i
)(Qtt0)

l•i× [dn•i(Δ2)n•i+dn•i−1(Δ2)n•i−1+ ...+d0].
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This then gives us
(38)

|||Bn(P(Qtt0Δ
2))u(t)|||s′B ≤ supq∑n|i| b|i|(

|i|
i )(Q

t
t0)

l•i•
[|dn•i|(q+2n• i)!q!−1||

∫
Rn ..

∫
Rn aq+2n•i[•,δτ1 ,δτ2 , ...,δτn−1 ]dτ1 ...d2n−1||m+ ...

...+dv1 ]q!(s′Bm)−q

Introducing (1+τ21)
2...(1+τ2n•l)

2 into the numerator and denominator of the integrand
in series (38) majorizes (38) with

Mmsupq
n

∑
|i|=0

bi(
|i|
i
)
|t− t0|l•i

(l • i)!
×[K|i|(q+2n•i)!−1

(sBm)q+2n•i

(q+2n• i)!
1
p
+...+k|i|]•q!

1
p (s′Bm)−q.

Note the following inequalities:

(39) 2n• i< 2•2n•i,(
|i|
i
)< l|i|, |b|i||< kρ−|i|,(q+2n• i)!≤ q!(2n• i) ↑ (l+1)q+2n•i,

and

(40) ((l • i)!)−1 ≤ ((l • i) ↑)−1.

Using inequalities (39) and (40) in the majorized form of expression (38), we
obtain

(41)

2K′Mmsupq∑n|i|=0ρ
−|i| • l|i|× (t−t0)l•i

(l•i)↑ ×

2n•iK|i|(2n• i) ↑ •(l • i)q+2n•i× (sBm)q+2n•i

(q+2n•i)!
1
p
× q!

1
p

(s′bm)q ≤

2K′Mmsupq
(s(l+1))q

(s′)q ∑n|i|=0(
K1l
e )il ...(Klle )il • |t− t0|l•i(2• (l+1)2(sB2m)n1i...

•2• (l+1)2(sB2m)nl il )•
((2n•i)↑)1−

1
p

l•i↑
.

Employing inequality,

(42)
nn

en
≤ n!≤ nn

in expression (41), we obtain

(43)
2K′Mmsupq

(s(l+1))q
(s′)q ∑n|i|=0(

K1le
p )i1 ...(Kilep )il . |t− t0|l•i(2• (l+1)2(sBm)2(2n1)2n1i1 ...

2• (l+1)2(sBm)2(2ni)2nl il )•
(i2n1i11 ...i2nl ill )

1− 1p

i−i11 ...i−i1l

.

Since hypothesis (iv) in the order, µΔ imples 1−µΔ+ ε= 1
p for ε> 0, we have

nλ(1− 1
p )≤ 1−nλ. Implementing this observation in expression (43) we have
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(44)
2K′Mmsupq

(s(l+1))q
(s′)q ∑n|i|=0(

K1le
p )i1 ...(Kllep )il |t− t0|l•i(2• (l+1)2(sBm)2(2n1)2n1i1 ....2•

(l+1)2(sBm)2(2nl)2nl il )• 1
[i−2n1i11 ...i2n1il ]

.

We let n→ ∞ in expression (44). Consequently each series converges by the root test.
If we select s′ ≥ (l+ 1)s, is bounded. As a result when ε > 0,n ∈ N+, there exists
an N ∈ N+, such that |||Bn(P(Qtt0Δ

2))−Bm(P(Qtt0Δ
2))|||s′Bm < ε for all ε > 0,n,m >

N.

Therefore we have a Cauchy sequence in a Frechet space, Γp,s′B. It is clear
that any rearrangement of the series converges to the same limit, v(t) ∈ Γp,s

′B. The
continuity of v(t) follows for our infinite dimensional Laplacian operator in much the
same manner as it did for the operator Dh in reference [13].

6. Impulsive differential equation solutions in ΓPB

We generalize the impulsive differential equation, (1) , to be

(45)
∂iu(t)(x)

∂ti
=

∂i−1

∂ti−1
P1(Δ2)u(t)(x)+ ...+Pi(Δ2)u(t)(x)

The Δ2 in expression (45) is the infinite dimensional Laplacian operator developed in
section III.

The Pλ(Δ2),1≤ λ≤ l are polynomials having the independent variable formally
replaced with the infinite dimensional Laplacian operator. We equip the solution of
equation (45) to satisfy the initial impulsive state conditions, (29) and (30) where both
the initial and impulsive conditions are in Γp,sB. A direct computation reveals the solu-
tion to be v(t) = u(t+0 )(x)+[I−Qtt0P1(Δ

2)+ ...+Qtt0Pl(Δ
2)]u(t)(x)+∑tt0<tk<t Ik(u(tk))

for t ∈ J+ as in reference [13]. Similarly for t ∈ J−.
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