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Abstract. In the Paper, we study the uniqueness of meromorphic functions concerning some
general nonlinear differential polynomials sharing fixed point and infinity in which multiplic-
ity is not taken into account. The results of the paper improve and generalize some recent
results due to the present first author [Bull. Math. Anal. Appl., 2(2010), 106-118] and as
well as of J. Wang, W. LU and Y. Chen [Applied Math. E-Notes, 11(2011), 91-100].

1. Introduction, Definitions and Results

Let f and g be two nonconstant meromorphic functions defined in the open complex
plane C. We adopt the standard notations in the Nevanlinna theory of meromorphic
functions as explained in [5], [16] and [19]. For a nonconstant meromorphic function
f, we denote by T'(r, f) the Nevanlinna characteristic of f and by S(r, f) any quantity
satisfying S (r, f) = o{T (r, f)} as r — oo possibly outside a set of finite linear measure.

If for some a € CU {eo}, f and g have the same set of a-points with same mul-
tiplicities then we say that f and g share the value @ CM (counting multiplicities). If
we do not take the multiplicities into account, f and g are said to share the value a IM
(ignoring multiplicities). A finite value zg is said to be a fixed point of f(z) if f(z0) = z0-
For a positive integer m and a number y, let m* = y,m, where y,, =0if y=0and y,, = 1
if i # 0. Throughout this paper, we need the following definition.

- Nraif)
BO(a, f)=1-limsup ———,
r—oo  T(r, f)
where a is a value in the extended complex plane.

In 1959, W.K. Hayman (see [4], Corollary of Theorem 9) proved the following
theorem.

Theorem A. Let f be a transcendental meromorphic function and n(> 3) is an integer.
Then f"f’ =1 has infinitely many solutions.

Corresponding to which, C.C. Yang and X.H. Hua obtained the following result
in 1997.

*The first author is thankful to DRS-PURSE programme for financial assistance.
fCorresponding Author.
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Theorem B. [15] Let f and g be two nonconstant meromorphic functions, n > 11
be a positive integer. If f"f’ and g"g’ share 1 CM, then either f(z) = c1e%, g(z) =
cpe” %, where c1, c; and c are three constants satisfying (crc)"™¢? =—1or f =1tg for
a constant 7 such that 7! = 1.

Using the idea of sharing fixed points, M.L. Fang and H.L. Qiu proved the
following result in 2002.

Theorem C. [3] Let f and g be two nonconstant meromorphic functions, and let
n > 11 be a positive integer. If f"f’ —z and g"g’ —z share 0 CM, then either f(z) =
clecz2 ,8(2) = cze’czz, where ¢y, c; and c are three nonzero complex numbers satisfying
4(cic2)"™1c? = —1 or f = tg for a complex number # such that 7+ = 1.

For the last couple of years a handful number of astonishing results have been
obtained regarding the value sharing of nonlinear differential polynomials which are
mainly the k-th derivative of some linear expression of f and g (see. [2], [11]). In
2010, J.F. Xu, F. Lu and H.X. Yi proved the following results.

Theorem D. [13] Let f and g be two nonconstant meromorphic functions, and let n, k
be two positive integers with n > 3k +10. If (f)® and (g")® share z CM, f and g share
oo IM, then either f(z) = cleczz ,8(1) = cze_cZz , where ¢, ¢ and c are three constants
satisfying 4n’(c1c2)"c¢? = —1 or f = tg for a constant ¢ such that " = 1.

Theorem E. [13] Let f and g be two nonconstant meromorphic functions satisfying
O(o0, f) > %, and let n, k be two positive integers with n > 3k + 12. If (f"(f —1))® and
(g"(g = 1)) share z CM, f and g share co IM, then f = g.

Naturally one may ask the following question.
Question 1. What can be said if we do not consider the multiplicity into account in
Theorem D and Theorem E ?

Recently, J. Wang, W. Lu and Y. Chen proved the following theorems which
dealt with above question.

Theorem F. [12] Let f and g be two nonconstant meromorphic functions, and n, k, m
be three positive integers with n > 9k + 6m* + 13. Suppose (f"(uf™ + NP, (g"(ug™ +
A)® share 1 IM, where A, i are constants such that || +|u| # 0, and f, g share co IM.
@) IfAu#0,m>1and (n,n+m)=1,or while m = 1 and ®(co, f) > 2/n, then f = g;
(ii) if Au = 0, then either f = tg, where 7 is a constant satisfying 7"*" =1 or f = ;e
g= cze“'zz, where c;, ¢ and ¢ are three constants such that (—l)k/lz(clcz)”‘rm* [(n+
m*)c1?* =1 or (=¥ (1) [(n+m*)c)?* = 1.

Theorem G. [12] Let f, g be two transcendental meromorphic functions, and n, k, m
be three positive integers with n > 9% +4m + 15. If (f*(f — 1)")®, (g"(g — 1)) share
1 IM and f, g share co IM, then either f = gor f*(f—1)" =g"(g—-1)".

Recently, the present first author haved also worked on the above direction and
obtained the following result which improves as well as generalizes Theorems F and
G.
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Theorem H. [10] Let f and g be two transcendental meromorphic functions, and let
n, k and m be three positive integers such that n > 9k +4m + 13. Let P(z) = a,,z" +
... +ajz+ag, where aog(# 0), ay, ... , a,(# 0) are complex constants. Suppose that
L P()1P, [g"P(g)]® share z IM and f, g share co IM. Then either f(z) = 1g(z) for
a constant 7 such that 14 = 1, where d = (n+m,...n+m—i,..,n), am—; # 0 for some
i=0,1,2,...,mor f and g satisfy the algebraic equation R(f,g) =0, where

(1.1) R(f.8) = f"P(f)—g"P(g).

Now observing the above results the following question is inevitable.
Question 2. Is it possible in any way to further reduce the lower bound of 7 in Theorem
H?

In the paper, taking the possible answer of the above question into background
we will discuss all forms of the polynomial as mentioned in Theorem H and thus pro-
vide a compact result in this perspective. Indeed the following theorem which is the
main result of the paper justify our claim.

THEOREM 1. Let f and g be two transcendental meromorphic functions, and let
n, k and m be three positive integers such that n > 9%k +4m+ 11. Let P(z) = ;7™ + ... +
aiz+ag, where ag(#0), ay, ... , ay are complex constants. Suppose that [f”P(f)](k),
[¢"P(2)1V share 7z IM and f, g share co IM. Then the following statements are valid.
(i) When m =0, f(z) = cleczz, g(z) = ch‘CZZ, where ¢y, ¢y and c¢ are three constants
satisfying 4ag(clcg)”(nc)2 =—1or f =tg for a constant t such that " = 1.
(ii) When m =1, ©(oo, )+ O(co,g) > 4/n then f = g.
(iii) When m > 2, then either f = tg for a constant t such that t* = 1, where d = (n+
m,..n+m—i,...,n+ 1,n), an_; # 0 for some i =0,1,2,....m or f and g satisfy the
algebraic equation R(f,g) =0, where R(f,g) is given by (1.1).

CoroLLARY 1. Under the same condition of Theorem 1, we set P(z) = uz™ + 4,
where A and p are two constants such that |1+ |u| # 0 and m be a positive integer. If
n> 9k +4m* + 11, then the following statements are valid.

(i) Suppose Au #0. If m =1 and O(co, f) + O(co,g) > 4/n, then f =g. If m > 1 then
f =tg, where t is a constant satisfying t* = 1, d = (n+m,n).

(ii) When /1,21 =0, then eitéter f = tg, where t is a constant satisfying """ =1, or
f(z) = c1e%, g(z) = cre™*, where c1, ca and c are three constants satisfying 4(A +
WA (cre)™ ™ [(n+m*)el? = ~1.

COROLLARY 2. Under the same condition of Theorem 1, if P(z) = (z— 1)", then
the conclusion of Theorem 1 holds where R(f,g) is given by R(wi,w2) = wi(wi —1)" —
wi(wy —1)™.

Remark 1. Theorem 1 improves Theorem H by reducing the lower bound of n.

Remark 2. Corollary 1 and Corollary 2 improves Theorems F and G respec-
tively.
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We now explain following definitions and notations which are used in the paper.

DeriNiTION 1. [6] Let a € CU {co}. For a positive integer p we denote by
N(r,a; f |< p) the counting function of those a-points of f (counted with multiplic-
ities) whose multiplicities are not greater than p. By N(r,a;f |< p) we denote the
corresponding reduced counting function.

In an analogous manner we can define N(r,a; f |> p) and N(r,a; f |> p).

DeriniTION 2. [8] Let k be a positive integer or infinity. We denote by Ni(r,a; f)
the counting function of a-points of f, where an a-point of multiplicity m is counted m
times if m < k and k times if m > k. Then

Ni(r,a; f) = N(r,a;, f) + N(r,a; f |2 2) + ... + N(r,a; f |> k).

Clearly Ny(r,a; f) = N(r,a; f).

DeriniTiON 3. [7, 8] Let k be a nonnegative integer or infinity. For a € C U {oo}
we denote by Ei(a; f) the set of all a-points of f where an a-point of multiplicity m is
counted m times if m < k and k+1 times if m > k. If Ex(a; ) = Ex(a; g), we say that f, g
share the value a with weight k.

The definition implies that if f, g share a value a with weight k, then zo is an
a-point of f with multiplicity m(< k) if and only if it is an a-point of g with multiplicity
m(< k) and zg is an a-point of f with multiplicity m(> k) if and only if it is an a-point
of g with multiplicity n(> k), where m is not necessarily equal to n.

We write f, g share (a,k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a,k) then f, g share (a,p) for any integer p, 0 < p <k. Also
we note that f, g share a value a IM or CM if and only if f, g share (a,0) or (a,oo)
respectively.

DeriNiTION 4. [1] Let f and g be two nonconstant meromorphic functions such
that f and g share the value a IM for a € CU{co}. Let 79 be an a-point of f with
multiplicity p and also an a-point of g with multiplicity q. We denote by NL(r,a;f)
(N1(r,a;8)) the reduced counting function of those a-points of f and g, where p>q > 1

(g > p=1). Also we denote by N(El (r,a; f) the reduced counting function of those a-
points of f and g, where p=q > 1.

DeriNiTION 5. [7, 8] Let f and g be two nonconstant meromorphic functions
such that f and g share the value a IM. We denote by N .(r,a; f,g) the reduced counting
function of those a-points of f whose multiplicities differ from the multiplicities of the
corresponding a-points of g. Clearly N,(r,a; f,8) = N.(r,a;g, f) and N.(r,a; f,g) =
Np(r,a; f)+ Ni(r.a;g).
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2. Lemmas

Let F' and G be two nonconstant meromorphic functions defined in C. We denote by
H the function as follows:

H_(F_"_ 2F' )_(G”_ 2G’ )
“\Fr F-1 G G-1/

Lemma 1. [14] Let f be a nonconstant meromorphic function and let a,(z)(#
0), ay-1(z), ... , ao(z) be meromorphic functions such that T(r,a;(z)) = S(r, f) for i =
0,1,2,....,n. Then

T(r,anf" +an_1 [ + ...+ a1 f +ao) = nT(r, f)+S (1, f).

Lemma 2. [20] Let f be a nonconstant meromorphic function, and p, k be pos-
itive integers. Then

@.1) Np (r0: f®) < T (1, fO) = T(r, ) + Ny, 0: ) + S (. ),

22) Ny (r,0: £®) < EN(r,00: ) + N1, 0: ) + S (1, f).

Lemma 3. [5, 16] Let f be a transcendental meromorphic function, and let a;(z),
ax(2) be two distinct meromorphic functions such that T'(r,ai(z)) = S(r, f), i=1,2. Then

T(r, f) < N(r,00; f) + N(r,ar; f) + N(r,a; f) + S (1, f).

Lemma 4. [I8] Let f and g be two nonconstant meromorphic functions that
share 1 IM. Then

Ni(r. 11 f) SN0 f) + N(r.00: )+ 5 (1. f).
The similar result holds for g also.

Lemma 5. [10] Let F, G be two nonconstant meromorphic functions that share
1,00 IM and H £ 0. Then
(i) T(r,F) < No(r,0;F)+ N»(r,0;G) + 3N(V, oo} F) + ZN(r, 00;G)
+N.(r,00;F,G) + 2N(r,0; F) + N(r,0;G) + S (r, F) + S (1, G).
(ii) T(r,G) < Na(r,0; F) + Na(r,0;G) + 2N(r, 00; F) + 3N(r, 0, G)
+N.(r,00; F,G) + N(r,0; F) + 2N(r,0;G) + S (r, F) + S (1, G);

Lemma 6. [17] Suppose that f and g be two nonconstant meromorphic func-
tions. Let

(23) vz(Fl 5)—( ¢ 9’),

F-1 F)] \G-1 G

n (k) n (k)
where F = £ Pif)) ,G = & P(Zg)) , n(= 1), k(= 1), m(= 0) are positive integers and
P(z) be defined as in Theorem H. If F, G share oo IM and V =0, then F =G.
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Lemma 7. Suppose that f and g be two nonconstant meromorphic functions. Let
V be given by (2.3), F, G are defined as in Lemma 6 and 'V £0. If f, g share co IM and
F, G share 1 IM, then the poles of F and G are zeros of V and

(n+m—=3k=3)N(r,00;f[21) = (n+m—3k=3)N(r,00;g|>1)

S2k+m+INT(r, )H+T(r,}+S(r, ) +S(,8).
Proof. Since f, g share co IM, it follows that F', G share (o0, k) and so a pole of F with
multiplicity p(= k+ 1) is a pole of G with multiplicity g(> k + 1) and vice versa. It is

clear that F and G have no pole of multiplicity » where k < r < n+m+k. Now using
the Milloux theorem [5], p. 55, and Lemma 1, we obtain from the definition of V that

m(r,V)=S(r,f)+S(r,g).
Thus using Lemma 4 and (2.2) we get

(n+m+k=1)N(r,00;f[21) = (n+m+k—1)N(r,00;g[> 1)
(n+m+k—1)N(r,oo;F|Zn+m+k)
N(r,0;V)

T(r,V)+0(1)

N(r,00; V) +m(r,V)+ O(1)
N(@r,0;F)+N(r,0;G) + N.(r, 1, F,G)
+S(r, ) +8(r,8)

2N(r,0;F) +2N(r,0;G) + N(r,0; F)
+N(r,00;G)+ S (r, )+ S (r,8)

2Njes1 (1,0 f'P(f)) + (2k + DN(r, 003 f [2 1)
+2Ni41(r,0: 8" P(g)) + (2k + DN(r, 0038 > 1)
+S(r,)+S(r,g).

IAN N IN

IA

IA

IA

This gives
(n+m—3k=3)N(r,00; f |> 1)

(n+m—-3k=3)N(r,00,g > 1)
2k+m+ DT, )+ T +Sr f)+S,g).

IA

This completes the proof of the lemma. O

Lemma 8. [10] Let f and g be two transcendental meromorphic functions and
let n, k be two positive integers. Suppose that F, G are defined as in Lemma 6. If
there exist two nonzero constants ¢; and ¢y such that N(r,ci;F 1) = N(r,0;Gy) and
N(r,cz;Gl) = N(r,O;Fl), thenn <3k+m+3.

Lemma 9. [10] Let f and g be two transcendental meromorphic functions and
let n, k be two positive integers. Suppose that Fi = (f"P(f))® and G| = (g"P(g))®©
where P(2) be defined as in Theorem H. If there exist two nonzero constants dy and d;
such that N(r,d1;F1) = N(r,0;G1) and N(r,d»;G1) = N(r,0; F1), then n < 3k + m+ 3.
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Lemma 10. Let f and g be two nonconstant meromorphic functions such that
4
O(c0, f)+BO(00,g) > —,
n
where n(=> 3) is an integer. Then

f'(af+b)=g"(ag+b)

implies f = g, where a, b are two nonzero constants.
Proof. We omit the proof since it can be carried out in the line of Lemma 6 [9]. O

Lemma 11. Let f and g be two nonconstant meromorphic functions and n(> 2),
m(>2) be two distinct integers satisfying n+m > d +7. Then for two nonzero constants
a, b,

f"(af" +b) = g" (ag" +b)

implies f = tg, for some constant t, satisfying t* = 1, where d = (n+m,n).

Proof. Suppose F = f"(af™+b) and G = g"(ag™ +b). Let f # tg for a constant ¢
satisfying Y = 1. We put h = ‘g. Then 24 # 1. First suppose that / is constant. Also
F = G implies
b -1
gm:_g hn+m_1'

We note that the numerator and the denominator has d common factors namely & — vy,
k=0,1,2,....d -1, where v = exp(%8) . Since (h=vi)(h-v2)...(h—vp) #0, it
follows that g is a constant, which is impossible. So / is nonconstant. We observe
that since a nonconstant meromorphic function can not have more than two Picard
exceptional values /4 can take at least n+m—d—2 values among u; = exp (%), where
j=0,1,2,...,n+m~—1. Since f™ has no simple pole / —u; has no simple zero for at
least n+m—d -2 values of uj, for j=0,1,2,...,n+m~1 and for these values of j we
have O(uj;h) > %, which leads to a contradiction. This proves the lemma. O

3. Proof of the Theorem
Proof of Theorem 1. Let F and G be given as in Lemma 6. Then F, G are transcen-
dental meromorphic functions that share 1 and co IM. So

N.(r,00;F,G) < N(r,00; F |> n+m+k) = N(r,00, f [> 1).

If possible, we suppose that H # 0. Then F # G. So from Lemma 6 we have V # 0.
From Lemma 1 and (2.1) we obtain

Na(r,0:F) < Na(r0s;(f"P(O)P) +S (. f)
< T(n(F"PENP) =1+ m)T(r, )+ Nisa(r,0; f'P(F) +S (7, )
< T F) = (n+mT(, )+ Niaa(r, 05 f"P(f))

3.1 +O0{logr}+S(r, f).
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In a similar way we obtain

(32) Nyr,0;G)<T(T,G)—(m+m)T(r,g) + Ni2(r,0; 2" P(g)) + Oflogr} + S (r, ).
Again by (2.2) we have
(3.3) Ny (r,0; F) < kN(r,0; f) + Neao (1,0, f*P(f)) + S (1, f).

(34) No(1,0;G) < kN(r,00;8) + Nisa (r,0; 8" P(9)) + S (1, 8).
From (3.1) and (3.2) we get

(n+m{T(r,)+T(r,8)} < T(r,F)+T(r,G)+ Nia(r,0; f"P(f))
+Ni12(r,0; 8" P(g)) — Na(r,0; F) — N1 (r,0; G)
(3.5) +O{logr}+S(r, )+ S(r,g).

Then using Lemma 1, Lemma 5, (3.3) and (3.4) we obtain from (3.5)

Na(r,0; F) + No(r,0;G) + SN(r, 00; F) + 5N(r, 00, G)
+2N,(r,00; F,G) + 3N(r,0; F) + 3N(r,0; G)
+Nis2 (7,05 f"P(f)) + Ny (r,0; 8" P(g))
+O0{logr}+S(r,f)+S(r,g)

2Nj42(1,0; f" P(f)) + 2Nj42(r,0: 8" P(g))

+3Ng11 (1,05 f* P(f)) + 3Ni11(r,0; 8" P(g))

+(4k + 5)N(r, 00; f) + (4k + 5)N(r, 00 )
+2N,.(r,00; F,G) + O{logr} + S (r, f) + S (1, 8)
(5k+5m+ T (r, f)+T(r,g)} + (4k + 6)(N(r,00; f)
(3.6) +N(r,00;8)) + O{logr} + S (r, f) + S (1, 9).

(n+m\T(r, f)+T(r.8)}

IA

IA

IA

Since f and g are transcendental meromorphic functions, we have

3.7 logr = ofT(r, )}.

Using Lemma 2, Lemma 7 and (3.7) we obtain from (3.6)

12N(r,00; f |< 1)

2D 1+ T0)

n+m-3k-3
+S(r, f)+S(r,g).

(=9 —4m =TT (r,)+T(r.8)}

IA

IN

This gives

[(mn=9%—4m—-TY(n+m—-3k-3)-24k+m+ DT, f)+T(r,g)}
<SrNH+Sr,9,
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which leads to a contradiction as n > 9%k +4m+11.
‘We now assume that H = 0. That is

Fl/ 2F/ G/l 2Gl _0
F' F-1 G G-1])

Integrating both sides of the above equality twice we get

1 A
3. — - 4B
(3.8) Fo1 G617 %

where A(# 0) and B are constants. Suppose m > 1. We now discuss following three
cases separately.

Case 1. Let B+ 0 and A = B. Then from (3.8) we get

1 BG
F-1 G-1
If B=—1, then from (3.9) we obtain

(3.9)

FG=1,
ie.,
(3.10) (F"PUN P (g P)™® =22,

From our assumption it is clear that f # 0 and f # co. Let f(z) = %, where @ is a
nonconstant entire function. Then by induction we get

(3.11) (am "™ =1, ", ..., P

(3.12) (aofMHW =10, ...,a")e"™,

where t;(/,@”,...,a®) (i = 0,1,...,m) are differential polynomials in o, ", . . . ,a®.
Obviously

i@ a’,...a®)£0
fori=0,1,2,...,m, and
(PP #0.
From (3.11) and (3.12) we obtain

(3.13) N, 0;tm(’,@”,....a*)e™ @+ +1(a,a”,....,aR)) < N(,0;22) = S (1, f).
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Since « is an entire function, we obtain T'(r, a(/)) =S8(r,f) for j=1,2,...,k. Hence
T(rt)=S(,f)fori=0,1,2,...,m.
So from (3.13), Lemmas 1 and 3 we obtain

mT(r, f)

T tue™ +..+11Y)+ S, f)

N, 0;1,e™ + ...+ 116%) + N(r,0;1,,€™ + ... + 1% +10) + S (1, f)
N, 0; 1™ D 4+ 1)+S(r, f)

m-DT(r,f)+S@[),

which is a contradiction.

If B# -1, from (3.9), we have % = % and so N(r,

Nevanlinna’s second fundamental theorem, we get

IN A

IA

TIB;G) = N(r,O;F). Now from

Tr,G)

IA

— — 1 —
N(r,O;G)+N(r,m;G)+N(r,OO;G)+S(",G)

N(r,0:G) + N(r,0;F) + N(r,00;G) + S (r,G).

IA

Then using (2.1 and (2.2) we obtain
T(nG) < Net(n0: f"P(f)+ New1 (1,0:8" P()) + kN(r, 03 f) + T(r,G)
—(m+m)T(r,g) +N(r,00;8) + Oflogr} + S (7, 8).
Using (3.7) we obtain
m+m)T(r,g) < QCk+m+DT(r,f)+k+m+2)T(r,g)+S(1.8).

Thus we obtain

(n=3k=m=3)T(, )+ T(r,©)} < S, ) +S(r,0),
a contradiction as n > 9k +4m +11.

Case 2. Let B+ 0 and A # B. Then from (3.8) we get F = % and so

N(r, ng‘:l :G) = N(r,O; F). Proceeding as in Case 1 we obtain a contradiction.

Case 3. Let B=0and A # 0. Then from (3.8) we get F = “4=1 and G = AF - (A-1).

If A # 1, we have N(r, 251 F) = N(r,0;G) and N(r, 1 - A;G) = N(r,0; F). So by Lemma

8 we have n < 3k+m+ 3, a contradiction. Thus A = 1 and hence F = G. That is
[ PO® = 1g" P
Integrating we get
PO = [ P@I* ™ + et

where c;_1 is a constant. If ¢;_; # 0, from Lemma 9 we obtain n < 3k +m, a contradic-
tion. Hence cx—; = 0. Repeating k-times, we obtain

(3.14) J"P(f) = g"P(g).
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When m = 1 the theorem follows from Lemma 10. When m > 2 let h = % If his a
constant, by putting f = gh in (3.14) we get

ang" " (W = 1) + a1 " B 1)+ L+ aog (B = 1) =0,

which implies h? =1, where d = (n+m,..,n+m—i,...,n+1,n), a,_; # 0 for some i =
0,1,...,m. Thus f =tg for a constant ¢ such that “=1,d= (n+m,...n+m—1i,...,n+1,n),
ay—i # 0 forsomei=0,1,...,m.

If & is not a constant, then from (3.14) we can say that f and g satisfy the
algebraic equation R(f, g) =0, where R(f, g) is given by (1.1). So the theorem is proved
form>1.

For m = 0 we proceed as follows. Since f, g share co IM, from (3.10) it is clear
that f # oo and g # co. Suppose that zg is a zero of f of multiplicity p. Then zg must be
a zero of (ag f")® of multiplicity np —k. Since n > 9%k +4m+ 11 > k+2, it follows from
(3.10) that z is a zero of zZ of order at least 3, which is impossible. So f and g are two
nonconstant entire functions having no zero or poles. Then using the same argument
as in the proof of Theorem 1 (See. [13], p.15) we obtain f(z) = clecZz ,8() = cze_czz,
where ¢y, ¢; and c are three constants satisfying 4613(6102)”*"1(nc)2 = —1. On the other
hand following the same procedure as above we can see that only (3.14) holds good
and hence f = tg, where t" = 1. This completes the proof of the theorem. O

Proof of Corollary 1. Case i. Let Au # 0. For m = 1 we get the conclusion from The-
orem 1(ii). When m > 1, in view of Lemma 11 we can obtain the conclusion of the
corollary.

Caseii. Let Au =0.

Subcase(i) We first assume that A =0 and u # 0. Then by Theorem 1 (ii) we obtain
either f = tg, where " =1 or f(z) = clecZz ,8() = cze_czz , where ¢, ¢; and ¢ are
three constants satisfying 4u>(c1c2)""[(n +m)c]* = 1.

Subcase(ii) If A # 0 and ¢ = 0, then by similar as above subcase, either f = rg, where
" =1 or f and g must satisfy f(z) = clecZz ,8() = ch‘sz, where c1, ¢ and ¢ are three
constants satisfying 44%(c1c2)"(nc)? = —1.

Combining the two subcases Corollary 1(ii) follows. O

Proof of Corollary 2. Since in view of Theorem 1 the proof of the Corollary 2 is obvi-
ous, we omit the proof. O
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