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MATHEMATICAL STUDY OF THE SMALL OSCILLATIONS
OF A FLOATING BODY IN A BOUNDED TANK CONTAINING
AN ALMOST-HOMOGENEOUS LIQUID

Abstract. The authors study the small oscillations of a floating body in a bounded tank con-
taining an almost-homogeneous incompressible inviscid liquid (i.e. a liquid whose density
in equilibrium is practically a linear function of the height, which differs very little from a
constant). From suitable variational equation and using functional analysis, they obtain two
operatorial equations from which they can study the spectrum of the problem. They prove
that is composed by a discrete part and an essential part, which fills an interval. Finally,
using the weak formulation, the authors prove the existence and uniqueness theorem of the
evolution problem.

Notations
In equilibrium position:
Q: domain occupied by the liquid
S: wall of the tank wetted by the liquid

I": horizontal free line

2,2: parts of the boundary of the body that are into contact with the liquid and
the air respectively

T: submerged volume of the body

o: horizontal line limiting with X the domain t

iis, Air, fy: unit vectors normal to S, ', X , directed to the exterior of Q
fis,: unit vector normal to o, directed to the interior of the body

Gy: centre of inertia of the body

Gox, Goy: horizontal, vertical upwards fixed axes (unit vectors X ,y )
h: ordinate of " and o

g: acceleration of the gravity

myo: mass of the body

*Corresponding author
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po: constant pressure above the free line.

At the instant t: the centre of inertia of the body lies in G and the axes Goxy become
the axes GXY (unit vectors X,Y). We set: Go& =EX+1y; Gox,GX =0;E, n, 6 and
their derivates are considered as small

y =h+T(x,y,t): the equation of the moving free line I';, where T and its deriva-
tives are small

3 position of  at the instant ¢

3,: submerged part of the boundary of the body; its differs from 2, in two small
arcs %7, 2/ (on the figure, 3, =X — %/ —37)

2o¢: part of the boundary of the body into contact with the air

G (resp. T): position of o(resp.t) at the instant 7.

1. Introduction

Studying small oscillations of floating body in a reservoir of limited dimensions, con-
taining a homogeneous incompressible inviscid liquid, is a subject of a great interest in
engineering. For example, N. N. Moiseyev [6], [7], in his pioneering work, described
the rocking of a vessel in a canal look through methods of the functional analysis and
proved that it is a classical vibration problem. This is not the case of the boundless
fluid, where damped oscillatory motions appear.

The case of a heterogeneous liquid, that occurs, for example, in the case of the
lake water, where the density can increase with the depth, has not been studied yet.

The aim of this work is to study the problem in the particular case, introduced
by Capodanno [1], of an almost-homogeneous liquid whose density in equilibrium po-
sition is practically a linear function of the height, differing a little bit from a constant.

This hypothesis modifies significantly the spectrum of the problem.

From a variational equation of the problem, the authors obtain two operator
equations in a suitable Hilbert space, and they prove that the spectrum is comprised of
a countable set of positive real eigenvalues with an accumulation point of infinity, and
an essential spectrum which fills an interval and correspond physically to a domain of
resonance.

Finally, using the weak formulation, the authors prove the existence and unique-
ness theorem of the evolution problem.

2. Position of the problem

We are going to study the small oscillations of a floating body in a bounded reser-
voir containing a heterogeneous incompressible inviscid liquid, restricting ourselves
for simplicity to the planar problem.
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Figure 1: Model of the System.

For the rigour, since a position of the body which is deduced from the equi-
librium position by a translation parallel to Gox, is also an equilibrium position, we
supposed that the body is submitted also to a force —k?EX acting in G ( k> positive
constant).

We are going to study the small oscillations of the system body-liquid about its
equilibrium position, obviously in linear theory.

As usual, we are considering that the linearized velocities and accelerations are
"true" velocities and accelerations, in order to avoid writing needless formulas in the
following calculations.

3. Study of the equilibrium of the system

3.1- If po and Py are the density and the pressure of the liquid in the equilibrium posi-
tion, we have

— .
gradPy = —pogy ,

so that Py and pg are functions of y, with

dPqu(y) _
Setting
y
(1 R(y)=— /h po(w)gdw ,
we have

2) Py =R(y)+ po
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R(h)=0; R(y) = —po(y)g -

3.2- It is easy to verify that the equilibrium conditions for the body are

n = my

where

m= / po(y) dt
T
is the mass of the displaced liquid, and
XG, = 0 y

where G is the centre of buoyancy, according to the Archimede’s theorem.

4. Equation of the small oscillatiuons of the system

If P is the pressure of the liquid, we introduce the dynamic pressure p by
3) P=Py+p=R(y)+po+p

4.1- At first, applying the theorem of momentum to the body, we have

mo (E)?-F flf) = —mogy — K'E¥ + /2 Pris, d%; + g Ppoiz, dZo;
t 0t
and, consequently

my (E)‘C’—l—ny’) = —mggjf—kzgfc’—k/ipﬁidﬁ—&— - E”R(y)ﬁzldﬁt
sy,

Remark:

p has sense on Z;, not on 2. But, 3/, 3/ being of the first order, we may consider that
p is defined on 2 (See the reference [8] p 33, for an analogous remark) O,

Since R(h) = 0, the contribution of £, and ! is of the second order; so that we
must calculate, writing X instead X for simplicity

/ R(y)iisdS
b
We have, in linear theory

R(y) =RM~+6X+Y)=R(Y)+(n+0X)R(Y)+---

and then
/2 R(y)isdS — /E R(Y)iisdS — g /2 00(Y) (1 + 6X)isdS
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But, writing o and T instead of & and T and using the relation R(h) = 0 and Green’s
formula, we have

/ RYV)isds = [ R(Y)ido = / 00(Y)gdt- ¥ = mg¥
> Z+o T

On the other hand, we can write
-8 /2 po(Y)(n+6X)iizd=

=-g / po(Y)(M + 6X)iidw + po(h)g / (M+6X)dX -Y
Z+o o
Calculating the first integral in the right-hand side by means of the Green’s formula

and setting
/dX:G; /XdXzoxo,
(0] [0

g /2 00(¥) (1) + OX )7id

we find

— mgt® 45 [ [ob00) -+ 0x)dx (ot +6x)| ¥

The difference between the dynamic pressure Pis at a point of  at the instant 7 and the

dynamic pressure pjs at a point of  at the same instant 7 is of the second order (since
the dynamic pressure is of the first order).

Therefore, we can write, at the first order

/ipﬁnidZ:/Ep‘gnde,

Analogous remark can be made for the integrals on T and G, so that we obtain the lin-
earized equations:

@) mok = —K%E + /2 ps,dS

5)  mofi—g [ [P +-0x)dx— po(yotn +exo>] + [ prmaz

4.2- The theorem of moment of momentum gives, if /s is the moment of inertia of the
body about G and M a point of the boundary of the body:

, — —
10X x y = s GM x Piis,d%; + s GM x poﬁzO,dZQ, ,
t 01
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and consequently
160 = /2 p(Xnsy — Ynsy)d= + /2 R(M+0X +Y)(Xnsy — Yngx)d=
We can write for the second integral of the right-hand side
/E R +6X +Y)(Xnsy — Yngx)dS
= /2 R(Y)(Xnsy — Ynsy)dS — g /2 P0(Y) (1 +0X) (Xnsy — Ynsy)dS
At first, we have

/R(Y)(any —Ynzx)dz = R(Y)(Xnzy —Ynzx)d2 = /po(Y)ngr =0
z Z+o T

On the other hand, we write

[ Po(Y)(n+0X)(Xrnsy —Ynsy)

2/ po(Y)(T]-l-@X)(anY—Ynzx)dw—po(h)/(n—i—GX)Xdo
Z+o o

and we transform the first integral by the Green’s formula.
Finally, we obtain

/R(Y] + 06X + Y)(Xngy — Ynzx)dz
b
— & [ Ph(¥)X (n+0X))dv — mgyc, — po(h)g0(rnso + 0J)
T
where yg, is the ordinate of the centre of buoyancy and we have set
/ X%do = oJs
o
Consequently, we have the linearized equation

160 = —mgyc,0 — po(h)go(nxo +0Js) + g / po(y)x(M + 6x))dT
(6) K
—I—Lp(xngy — ynsy)d=

4.3- If p*(x,y,¢) is the density of the liquid and i(x,y,#) is the small displacement of a
particle of the liquid with respect to its equilibrium position, we have
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. s

@) p*u = —gradP —p*gy in Q ( Euler's equation)

(8) divii=0 in Q (incompressibility)
ap ks ; o .

9) o !XJ,(fixed) +div (p*u) =0 in Q ( continuity equation),

and the boudary conditions

(10) ii-7ijg =0
(11) i fijr = ¢
(12) iy = (g—eY))?+(n+éx)ﬂ i

Since we have B
gradP = —po(y)gy + gradp

the Euler’s equation takes the form

* 53 — * =
p“u = —gradp—[p* —po(y)] &Y

We set
p*(xvyvt) = pO()’) +§(.X,y7t) +e

P is the first order with respect to the amplitude of the oscillations and the dots indicate
terms of higher order.

The continuity equation is, at the first order
ap . -
a—? +div (po(y)ii) =0

or taking into account of (8):
e N
m +gradpo(y)-i=0

Integrating from the instant of the equilibrium and the instant ¢, we obtain the linearized
continuity equation

(13) p=—po(uy
and consequently the linearized Euler’s equation

= — —
(14) po(y)ii = —gradp + py () guyy
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5. The case of the almost-homogeneous liquid

5.1- Let be iy the maximal depth of the reservoir. in Q , we have
ly—h| <ho

We suppose that the density of the liquid in equilibrium position has the form

15) po(y) =p[1—B(y—"n)]+o(Bho) ,

where p and f are positive constants, f being sufficiently small so that (Bhg)? , (Bho)* -- -,
are negligible with respect to /.
In this case, the liquid is called almost-homogeneous in Q .

5.2- In the following we restrict ourselves to this case. Then, like in the Boussinesq
theory of the convective motions of a fluid [2]. we replace in the equation of motion

po(y) byp,  po(y) by —pp .

The linearized Euler’s equation (14) becomes

5 I — "
(16) U= —Bgradp—[ﬂguyy
and it is easy to see that the equations (5) and (6) become
(17) moi) = —(mof3 + po)gn — pgxood + /Epnzydz
(18) 160 = —pgoxon — K%0 —l—/zp(xngy — ynyy)dZ,

where we have set
K* = mogyG, +pgols+ pPetc Jr = / Xdv .
T

The positivity of the first coefficient will be justtified in the following.
In the almost-homogeneous case, the equations of motions are (4), (17), (18), (16).

The equation (8) and the bundary conditions give, after integration

(19) divii=0 in Q
(20) ii-fijg =0
@1 i-fir =¢

(22) i1y = Ensy +Mnsy + 0(xngy — ynsy)
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6. A variational equation of the problem

6.1- We introduce the space of kinematically displacements by means of arbitrary com-
plex numbers &,1, 0 and a smooth vectorial function i defined in Q, so that

(23) divii=0 inQ: s =0; dlyz = él’lzx +Nngy + é(xnzy — ynsy)

where we have set

Sy
1)

ﬁn|S =u-ng, Izn\E =u-ns.

We have, by virtue of (16)
= e —
/ pu-idQ = —/ gradp-ﬁdQ—pBg/ uyity dS2
Q Q Q
Using Green’s formula and (19), we have

— o _ -
/ gradp-ii dQ = /p|r un‘rdI‘+/p|g Uz dZ
Q r b
On I';, we must have P = pg and consequently
R(h+uyr )+ po+p = po,

from wich we deduce
P|r = P8Unr

Therefore, we obtain
/Q Pl - 7dQ+ /r P&y dT + /Zp F;an +Nnsy + é(xnzy —yngx)} dz

+p[3g/9uyﬁy dQ=0

Now, we multiply (4), (17), (18) by %, M, 6 repectively and we add to the precedent
equation. We obtain a formal variational equation of the problem

/Qpﬁ.ﬁdQ—i—mo (E%—knf]) +IGéé+/Fpgun‘rﬁn‘r dl"+p[3g/guyﬁy dQ

+a0(Eanae;%7ﬁ7é) 0

(24)

for all "admissible" i R é, n,  and with

a0 &M, 05E.1,0) = K*EE + (mB+ po)gni + K260 + pgoxo (nd+ 607 )

Reciprocally, we are proving that, from the equation (24), we can deduce the equations
of motion.
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We take _
€,1,0 arbitraryin C
0,

i smooth in , such that s = s = Ens. + sy + 0(xngy — yns,), but not

verifing div it = 0.
Then, introducing a multiplier A associated to the constraint div ii =0, we re-
place the equation (24) by

/Qpi’i'.ﬁdQero (EéJrnﬁ) +Igéé+/pgun‘rﬂn|r dFer[Sg/Quyﬁy dQ

+ao(&,m,0:E,1 +/MlvudQ 0

‘We have
/ div il dQ = / [aiv (1) - grad.-i] a2
Q Q

or using Grren’s formula
/Qwiv idQ= /I“)\‘Fﬁn‘rdr—i_/ﬁ)\‘z [énzx +Tingy + 0 (xnsy —yan):| ds
— / grad\-ii dQ
Q

Carrying in the variational equation, we obtain

— 5 N ~
/Q (p — gradh+ pﬁguy)_f) -1 dQ+ |:mo§ + k2§ + / }\‘2 nzxd2:| g
+ (m(m + mB + po)gﬂ + pgxp00 + / 7\.|2 nE}dZ)

+ [IGG +K?0+ pgroom + /2 Mz (xnsy —yngx)dZ} 0

-l-/r(pgun‘p +}\-|r)ﬁn‘rdr:0

We take 7 € [D(Q)}2 (so that fi,s =0, i,z =0), €,7,0 equal to zero(according to
i,z =0),and we have

/ (pi‘i’— gradh+ pﬁguyj)') 1dQ=0 Vi € [D(Q)]2
Q

and consequently

v —
pu — gradh+ pPgu,y =0 in[D'(Q)] 2

Turning to a smooth & and using the precedent result, since lyr ,%,ﬁ,é are arbitrary,
we see that the square brackets are equal to zero and that

pgun‘r +}\.‘[‘ =0.
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Setting A = —p [11], [7], we find the equations of motion.

6.2- We remark that the linear stability of the equilibrium of the system can take place
only if the quadratic form associated with ao(€,m,0;&,7,0), i..

K*€% + (mp + po)gn? + 2pgoxon0 + K262
is positive definite, then if
K*(mp + po)g > p*g* 0’3,
In particular; this inequality is satisfied if
K? > pgox(z)

or
mogyG, + pgo(Jo — 0x3) + ppge >0

Since (J5 — ox(z)) is positive by virtue of the Schwarz inequality, this conditions is sat-
isfied if Gy is sufficiently close to G.

7. Transformation of the variational equation of the problem
7.1- We introduce the spaces [4]:
Jo(Q) = {zz € [L2(Q)]7; divii = 0; w0 = 0}
Jos(@) = {ii € [12()]: divi=0; uys =0}
—
G(Q) = {ﬁ:gradp i peH(Q); / pdo :0}
0Q
— d
Ghs(Q) = {ﬁzgmdp; peH (Q):Ap=0; L[5 =0 / Pd“’zo}
on r+s
L, —
Gorix(Q) = {u =gradp; pe H'(Q) : pjp,y = 0}

and the orthogonal decompositions in [L? (Q)] z

[L2(Q)]" = h(Q) ® G(Q) = Jo(Q) ® Gy 5(R) © Gor5(RQ)
J()7S(Q) = Jo(Q) ¢ Gh,S(Q)

7.2- We seek i in Jy 5(2) and p in G(Q).
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We set
i=v+U; Vvel(Q), UeGiGs(Q)

The Euler’s equation (16) becomes

51—
+U = —B radp — pBg(vy+U,)y

<l:

If Py is the orthogonal projector from [L? (Q)] %in Jo(R), we have

(25) V= —BgPy (v,¥) — BgPo (Uy)

Setting
i=7+0,

we have, Jo(Q) and Gj, s(R2) being orthogonal
/pi‘i-ﬁdQ: p<'v*'~$+l7~l7>dsz
Q Q

Since v, 9o = 0, we have u,3q = U, 9o and the variational erquation (24) takes the
form

/ 0 ('ﬁ-hﬁ-ﬁ) dQ+mo (EE+iin) +Iaéé+pg/Un\rUnlr dr
(26) @ '

0B [ (1 +03) (7, +0,) 42+ o (€., 0:E7,) =0

But we have
Bg/gvyﬁy dQ = |3g/QP0 (W) -7dQ;

ps [ Uyv, a2 =ps | R (U5)-F a2
so that appears in (26)
/Q [+ BgPo (v,3) + BePo (Uy3)] -7 dQ = 0.
Therefore, we obtain the new variational equation

/ pU -U dQ+my (ééwm) +IGéé+pg/ Upr Uyr dT
(27) Q r

+pBg/Q<vy+Uy>z7y dQ +ap(E,m,0:E,7,0) =0
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7.3- We introduce the space

— — H ~
W = (U,E,m,0)" with U=grad ®, ®c H'(Q)= {qneHl(Q),
Ir'+2

d>du):O};
V= divU =0 in Q, Un\S =0, Un|I‘ ELz(r)a Un\Z :gan+nn2y+e(any7yn2x);
Em,0eC

equipped with the Hilbertian norm defined by
2
2 7 2 2 2 2 2 2 2
WG = [ (O] a@ [ |Unr [P+ 5P sl ey + Il syl sy + 101 o, =yl
and the space y completion of V for the norm associated with the scalar product

(W, W), = /pr]f/ dQ+mo (§é+nﬁ) +108.

7.4- Now, we introduce a few operators.

We set
BePo (vyy) = Anv; BePo (Uyy) = A1nW,

Ay and Ajy being bounded operators from Jy(Q) and y into Jo(R).
The equation (25) becomes

(28) VE+ANVHARW =0

and we have

Bg /Q vy dQ = (A1, 7)) © B /Q Uy, dQ = (AW, 7)1 0)

7.5- The operator A1 has a basic role in the problem. It was studied in [1]. It is self-
adjoint and its spectrum is identical to its essential spectrum, denoted by O (A11), and
it is the interval [0, Bg].

We sketch the proof. By a Weyl’s theorem [4], it is sufficient to prove that, for
every 0 < v < 1, there exists a sequence {V, } such that

HéAqu—WkH
T _>O Whei’l k‘) +O°
Vi
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t
We construct a sequence {V,,} such that V,, = (BA{;’—;’", 7%) with
Gum = €M) g(x,y), q(x,y) € D(Q) and equal to 1 in a circle |x — x,| < r contained
in Q.

We can prove that

Be ox2gy T ox3
and that
1 = o 2., .2
FAIIVnm 2+m2vnm—0(n +m )7

2 2
where % is uniformly bounded in .

For every € > 0, it is possible to find a rational number

=S

such that

ﬁ2

v < < V-+E.

72 + i’

Choosing m = kit ,n = kii , we can prove that the sequence {Vy; 1 } satisfies the Weyl’s
theorem.

7.6- On the other hand, we have

’/Q Bg v, Uy dQ’ <Pg ||Vy||L2(Q) HUHH(Q) <c Vllye W] %

(c positive constant),

so that we can write
/Q Bg vy Uy dQ = (A%, W)y
Ay being a bounded operator from Jy (L) into .

It is easy to see that Aj; and A are mutually adjoint.
In the same manner, we can write

/Q Bg Uy[jy dQ = (AQQW,W)X.
whereAj) is non negative self-adjoint bounded operator from 7 into .
7.7- Finally, the variational equation (27) takes the form

(29)
(W7W)X+/r P8 Un\r Un\l" dl'+a (§7nve;éaﬁa é) +p(A21V+A22W7W)X =0, YWev
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8. Operatorial equation of the problem

Let us recall that
. 2 2 2 2 2 2
ao(§m,0:8m,0) and [E]7 [[nxllj2(s) + MI” Insyll2 ) + 01 [lXnsy — ynsella )

define the squares of norms, which are equivalent to the classical norm of C3.

8.1- We set

(30) a(W,W) = pg /F Uyt Oyr dT +ao(E,m, 0:E,7,)

We prove that the hermitian sesquilinear form a(W, W) is continuous and coercive on
VxV.

It is sufficient to prove that a(W,W)!/? defines on V a norm that is equivalent to
the norm of V.

Obviously, we have, C| being a suitable positive constant
aW,W)<Ci W[ wweV.

We prove that there exists C; > 0 such that
W[y < Coa(W,W) VW €V,

or
12 2 2
[ /Q 0| ae+ /F |Uyr [P dT + [¢] ||nzx||iz<z>+|n2||nzy||iz<z)+|e|2||xnzy—ynzx||iz<z)]
2
<G [/Fpg\Unﬂ dF+ao(§,n,9;Em,6)}

By virtue of the equivalence of the norms mentioned above, it is sufficient to prove that
there exists C3z > 0 such that

_ 2 2
/Q ‘U‘ dQ < Cs VF’Unlr’ dr+/2|§”2x+7\”2y+9(x"2y_ynz"”zdz}
2
d2‘|

I
Ir=d¢el*(); =l —ecL*(2).

or
— 2 oo |? B
31) /‘grad@’ dQ < C; /—|r dF+/ s
Q r|on s | on

This inequality can be proved by using a method that is in [9].

We sketch the proof. We consider the Neumann problem

0P L]
AD=0 in Q;—\Szo, —
on on
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The Green’s formula gives its variational formulation
s . ~
(32) / grad®d - gradW¥ dQ :/6\% dI“+/a‘If|z s YWwed(Q)
Q r b

Choosing W = @, using a trace theorem and the equivalence in H'(Q) of ||®|| Q)

and ‘

gradq>H s W OPain G,

8.2- Now, we are going to prove that the embedding from V into 7, obviously dense
and continuous, is compact.

We still sketch the method indicated in [9].
— t
Let a sequence {W”} = (UP JEP P ,61’) € V that converges weakly in V to
- t
W — (U*,E*,n*,ﬁ*) eV coy.
Obviously, E7,m?, 07 converge strongly to £*,m*,0" in C.

Setting
L — L —
UP =grad®”, U" = grad®*,
we have
grad(® —®*) —0 weakly in [LZ(Q)]Z
P’ —d* -0 weakly in H'(Q),
so that
(@7 — ") —0 strongly in L*(T);
(@ — ")y —0 strongly in L*(Z).

On the other hand, with obvious notations, we have 6” — 8* (resp.e” — &¢*) — 0 weakly
in L?(T') (resp.L*(X)).

From (32), we deduce
A

so that

—
grad(®P — @)

de:/F(B”—é*)mh dr+/2(s”—s*)m\z ds,

/s

N 2
grad(® — ®*)| dQ—0

and finally
WP —W*||> — 0

i.e. the sequence {W”} converge strongly to W* in .
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8.3- The variational equation (29) takes the form

(33) (W7W)X —I—a(W,VV) + p(Azl\_l'—‘r A22W7W)X =0, YW eV

Let be A the unbounded operator of  associated with the form a(.,.) and the pair (V,).
The equation (33) is equivalent to the operatorial equation [5]:

(34) W 4 AW + p (A2 + ApW) =0, wWev

Then, we have obtained both operatorial equation (28) and (34) of the problem.
In order to eliminate the unbounded operatorA, we set classically

AW =wey

and we obtain the equations with bounded coefficients
(35) V+ANT+ARAT 2w =0

(36) A4 pA 24y T 4 [IX+A_1/2A22A‘1/2 w=0

Ve J(RQ); wE Y.

9. The spectrum of the problem

We will prove at the end of the paper the existence of the spectrum.

9.1- We seek the solutions that depend on the time according to the law e®; o real.

We obtain

(1)2172 A11\7+A12A71/2W
(37
w? A w = pA71/2A21\7+ (IX + pAil/zAzzAil/z) w

or, setting y = >

\_/’Z]AAll\_;—‘y-]AA]gAil/zW

(38)
AN = upA~ 2 Ay T 4 (1X + pA”/zAzzA*‘/Z) w

9.2- At first, we study the spectrum in the interval w” > Bg.
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Since ||A11|| = Bg. I — pA11 has a bounded inverse; setting R (4) = (I —uA11) "', we

obtain from (38)

V= ],tR(],t)Aleil/zW
and then

(0w = [1pA™ PAnR(G)ARA™ 4t (e +pA™ PAnA ™) =47 w=0

O(n) is a self-adjoint operatorial function, that is holomorphic in the domain |u| <
(Bg)~".We have
0(0) = —A~! compact; Q'(0) = I, + pA~1/245,A=1/2 strongly positive.

Therefore [4], for every €, 0 < & < (Bg) ! there is in ]0,€[ a countable set of
eigenvalues jy, which tend to zero when k — +o; the eigenelements {wk} form a
Riesz basis in a subspace of ¢, which has a finite defect.

Consecontly, for the problem, there is a countable set of real, positive eigenval-
ues oy = i ', which tend to infinity, when k — 4.

9.3- Now, we study the spectrum in the interval 0 < w? < Pg.

From (37), we deduce the equation
(et pA™ 2anpA™! 2 — 0?7 ) w = —pa™1 2457

If Bg is sufficiently small, the coefficient of w is a strongly positive, self-adjoint,
bounded operator; consequently, It has an inverse having the same properties and we
can write

~1
w=—p (IX A2 AnA Y2 - m2A—1) A245.
Substituting in the first equation (37), we obtain
(39) Anv—V (0?) ¥ = o, Veh(Q),

with
—1
V(@) = pAizA™ 2 (L + pA™ 2aga ™ 2 - 2a) A Ay

Vv (w2) is analytical function in [0,Bg] and, for each w?, V (mz) is a compact self-

1/2

adjoint operator, since A~'/< is compact from % into .

We are going to apply the method indicated in [4].
Setting
Z((Dz) ZA]l —V((,\)Z),

we obtain the equation

(40) (Z(0?) —0’Ly@)¥=0,  FEI(Q).
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Let 0)% € Oess(A11). By a classical Weyl’s theorem [4], [9], the operator Z (w%) verifies
Gesx[Z(w%)] = O‘ess(All) = [Ovﬁg]

For each w% € Opss [Z(w%)] there exists a "Weyl’s sequence" [4], [9], {17"} € Jo(RQ), that
depends on w? and w3, such that

7, — 0 weakly; ian\_inH > 0; (Z (w%) — w%IJO(Q)) P, — 0in Jy(Q).

Choosing u)% = co%, the corresponding Weyl’s sequence {5,1} depends on w% only and

verifies (Z (0?) — 0?l;,(q)) ¥n — 0 in Jo(Q), so that w? belongs to the spectrum of the
problem (40). w% being arbitrary in [0, Bg]; the spectrum of the problem in this interval
coincides with its essential spectrum [0, fg]

9.4-Conclusion

The spectrum of the problem is composed by an essential part, which fills the closed
interval [0,fg], and a discrete part that lies outside this interval and is comprised of a
countable set of positive real eingenvalues, whose accumulation point is the infinity.
Physically, the interval [0, 3g] is a domain of resonance.

10. Existence and uniqueness theorem

We use the equation (28) and (34) for unknown v, W.
We introduce the spaces

Vo=Jo(Q) &V,  Hy=Jo(Q) &y

The imbeding Vy C Hy is obviously dense and continous, but it is not compact, because
the identical operator 1;;(q) is not compact.

From the equation (28) and (34), we deduce

PV, P)sp(0) + (W, W)y +p(A11T+ARW, V) 1) + ((A+pA2)W +pAz 7, W), =0

Itroducing the operator C from Hy onto Hy defined by

Ply@) O

and setting
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we can write the last equation in the form
(41) (X, X))y, +a(X,X)=0 VX eV
with

a(X.X) = p [(A11¥+ AW, P) 4@ + (A1 + AW, W), | + (W, W)y

Since the operators are bounded, a(X X ) is continuous in ¥y x Vp and we have, using
the definition of the A;;:

a(X.X) = pps | Ivy+ Ui + W]
Let be A real positive; we have
A 2 -
(X, X) + MX [, = pg [ vy Uy 2 (17130 + IWIE) + W1
and then

a(X,X)+\||X|3, = min(1,2)|X |3,

so that a(.,.) is V- coercive with respect to Hy.

Therefore, we can apply a known theorem [3; pp 667-670]:
If we have the initial data

Xo= (00w evo;  Xo=((¥°,W°) € Hy
the problem (41) has one and only one solution X(.) suth that
X(t) € L*(0,T;Vo);  X(r) € L*(0,T; Vo)
where T is an arbitrary positive constant.

11. On the existence of the spectrum

The equation (35), (36) can take the form:

42) OX+BX =0,
Pl 0 PA11 pARA~?

0 A_1 pA—1/2A21 IX+pA_1/2A22A_1/2
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These operators are bounded and self-adjoint. Q is positive definite like A~
By direct calculations, we have

A

(BX.R)p, = /Q ve+Uy2dQ + (W3

From (BX,X)n,, we deduce v, + Uy, =0,W =0 or w =0.
W =0 is equivalent to U= 0,€=0,1n=0,0=0. Then we have v, = 0. Since

divy = 0, we have % = 0 in the sence of distributions; on the other hand, we have
Vn‘ s = 0.

We denote by IT the part of a parallel to Gox, which is interior to €. it is known
[10] that vy is an absolutely continuous function on IT which has almost everywhere a
classical derivate equal to zero. therefore, v, = constant on I1, from which we deduce,
by using the condition on S,V =0 a.e in Q.

Finally (BX,X )z, = 0 only for X = 0 and B is positive definite.
It is easy to see that

A A

(Q+B)X.R)u, = plIFI3 o + IWIE = C IR,

where C’ is a suitable positive constant, so that Q + B is strongly positive in Hy and
therefore has an inverse.
Seeking the solution of (42) that depend on time according to the law ¢*', we have

(43) (v’ 0+B)X =0, X € H,.

v =0and v = %1 are not eigenvalues, since B is positive definite and (Q + B) strongly
positive.
Writing the equation in the form

[V2(Q+B)+(1-v})B|X =0
and setting
(0+B)'?X=x;  A=(Q+B)*B(0+B)'?,

We obtain the equation

2
v

44 AK= —K
(44) -1
A being self-adjoint and positive definite, has a spectrum lying on the semi-axis real
positive.
V2
v2—1

The condition real posive is equivalent to

v2 real> 1 or< 0.
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The first case is impossible, because (v2Q + B) is strongly positive and then, (43) has
only the solution X .

Consequensly, we must have v = io, o real according to the calculations in the

in the paragraph 9.
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