Rend. Sem. Mat. Univ. Politec. Torino
Vol. 70, 4 (2012), 405 —421

B. S. Choudhury, K. Das and S. K. Bhandari*

CIRIC TYPE FIXED POINT RESULTS IN 2-MENGER SPACES

Abstract. In this paper we establish two common fixed point results in 2-Menger spaces.
Our results are established without any continuity assumption on the functions. In one of our
theorems we have used the Hadzic type z-norm. In another theorem we have used a control
function. Two illustrative examples are also given. The idea of the theorems is borrowed
from a recent result of Ciric.

1. Introduction

The foundation of metric fixed point theory was laid by S. Banach [3] in 1922 in his
celebrated contraction mapping principle. There are lots of results which generalize
the Banach contraction mapping principle. One such generalization was attempted by
Khan, Swaleh and Sessa in [22]. They introduced a new category of contraction in
metric spaces. “Altering distance function" is a control function which alters the dis-
tance between two points in a metric space. This concept was further generalized in a
number of works. There are several number of works in fixed point theory involving
altering distance function in metric spaces, some of these may be noted in [28, 32] and
[33].

The concept of metric spaces has been extended in various ways. Gihler [15]
extended the concept of metric spaces to 2-metric spaces in which a positive real num-
ber is assigned to every three elements of the spaces. There are lots of fixed point
results in 2-metric spaces in the literature. Some of the fixed point results in 2-metric
spaces may be obtained in [20, 21, 23,27, 29, 30, 31, 36].

In 1942 K. Menger [24] introduced the idea of probabilistic metric spaces as
a generalization of metric spaces. In these spaces the distance between two points
is probabilistic or statistical. The distribution function plays the role of metric in the
spaces. Sehgal and Bharucha-Reid established the first fixed point result in probabilis-
tic metric spaces in [35] in 1972. The contraction proved by Sehgal and Bharucha-Reid
is known as Sehgal contraction or B-contraction. Subsequently, fixed point theory in
probabilistic metric spaces has developed in an extensive way. A comprehensive sur-
vey of this development up to 2001 is described by Hadzic and Pap in [19]. Some more
recent references may be seen in [4,5, 11, 13, 14] and [26].

Probabilistic 2-metric spaces are probabilistic generalization of 2-metric spaces.
Recently many authors established the fixed point results on these types of spaces. Ref-
erences [2, 6,9, 17, 18] and [39] are some of the fixed point results in probabilistic
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2-metric spaces.

In the below we give some definitions which are used to prove our main results.

DEFINITION 1. 2-metric space [15, 16]

Let X be a non empty set. A real valued function d on X x X x X is said to be a 2-metric
on X if

(i) given distinct elements x,y € X, there exists an element z of X such that

d(x,y,z) #0,

(ii) d(x,y,z) = 0 when at least two of x,y,z are equal,

(iii) d(x,y,z) = d(x,z,y) = d(y,z,x) for all x,y,z € X and

(iv) d(x,y,z) < d(x,y,w) +d(x,w,z) +d(w,y,2) for all x,y,z,w € X.
When d is a 2-metric on X, the ordered pair (X,d) is called a 2-metric space.

DEFINITION 2. [19,34] Amapping F : R — R" is called a distribution function

if it is non-decreasing and left continuous with inlg F(t) =0 and supF(t) = 1, where
e teR
R is the set of real numbers and R denotes the set of non-negative real numbers.

DEFINITION 3. Probabilistic metric space [19, 34]

A probabilistic metric space (briefly, PM-space) is an ordered pair (X ,F), where X is a
non empty set and F is a mapping from X x X into the set of all distribution functions.
The function F is assumed to satisfy the following conditions for all x,y,z € X,

(i) Fx,y(o) =0,

(ii) Fyy(t)=1forallt >0 ifand only ifx =y,

(iii) Fy y(t) = Fyx(t) for allt >0,

(iv) if Fey(t1) =1 and F,;(t2) = 1 then Fy . (t1 +12) = 1 for all t;,t, > 0.

A particular type of probabilistic metric space is Menger space in which the
triangular inequality is proved with the help of a 7-norm.

Shi, Ren and Wang [37] introduced the following definition of n-th order ¢-
norm.

DEFINITION 4. n-th order t-norm [37]
A mapping T : TI}_,[0,1] — [0, 1] is called a n-th order t-norm if the following condi-
tions are satisfied :
(i) T(0,0,....,0) =0, T(a,1,1,....,1) =aforall a € [0,1],
(ii) T(a1,a2,,a3,....,an) =T (az,a1,as,....,a,) =T (az,a3,ay,.....a,)
=...=T(ay,as,a4,....,ay,ay),
(iii) a; > b, i=1,2,3,....n implies T(ay,az,as,....,a,)>T(b1,by,b3,....,by,),
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(iv) T(T(a1,az2,a3,....,a,),b2,b3,...by)
= T(al,T(ag,a37....,an,b2)7b3,...7b,,)
= T(a17a27T(a3aa4~-~-;an7b27b3)ab4>"'7bVl)

When n = 2, we have a binary ¢-norm, which is commonly known as #-norm.

In our main results we use the 3rd-order minimum #-norm which first appeared
in the work of C. Shih-sen and Huang Nan-Jing [38]. D. Mihet [25] showed that every
3-rd order 7-norm is actually of the form T2, where T is a -norm and T2(x,y,z) =
T(T(x,y),z), hence, the definition of a 2-Menger space coincides with that in Golet
[17]. Shi, Ren and Wang [37] extended the 3-rd order #-norm to n-th order #-norm.

DEFINITION 5. Hadzic type t-norm [19]
A t-norm A is said to be Hadzic type t-norm if the family {AP} pen of its iterates, de-
fined for each s € (0,1) as
A%(s) =1, APT1(s) = A(AP(s),s) for all integer p >0,
is equi-continuous at s = 1, that is, given k. > 0 there exits (\) € (0, 1) such that
1>s5>n(\) = AP(s) > 1 —\for all integer p > 0.

DEFINITION 6. Menger space [19, 34]
A Menger space is a triplet (X,F,A), where X is a non empty set, F is a function
defined on X x X to the set of all distribution functions and A is a t-norm, such that the
following are satisfied:

(i) F.y(0) =0 forall x,y € X,
(ii)  Fey(s)=1foralls>0ifand only ifx =y,
(iii)  Fey(s) = Fyx(s) forallx,y € X, s > 0 and
(iv)  Fey(u+v) > A(F(u),F.y(v)) for allu,v > 0 and x,y,z € X.
Wen-Zhi Zeng [41] introduced the concept of probabilistic 2-metric spaces.
DEFINITION 7. probabilistic 2-metric space [41]
A probabilistic 2-metric space is an order pair (X,F) where X is an arbitrary set and

F is a mapping from X x X x X into the set of all distribution functions such that the
following conditions are satisfied:

(i) Fiy:(t)=0fort <0 andforall x,y,z € X,

(ii) Fyy (1) =1 for allt > 0 iff at least two of x,y,z are equal,
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(iii) for distinct points x,y € X there exists a point z € X such that Fy, (1) # 1
fort >0,

(iv) Fry:(t) = Frzy(t) = F; ). (1) for all x,y,z € X and t > 0,

(v) Feyw(ti) =1, Fy (t2) = 1 and F,,-(t3) = 1 then Fyy(t1 + 1o +13) = 1, for
all x,y,z,w € X and t,t,t3 > 0.

A special case of the above definition is the following.

DEFINITION 8. 2-Menger space [38]
Let X be a nonempty set. A triplet (X,F,A) is said to be a 2-Menger space if F is a
mapping from X x X x X into the set of all distribution functions satisfying the following
conditions:

(i) Fx,y,z(o) =0,
(ii) Fyy:(t) =1 forallt >0 if and only if at least two of x,y,z € X are equal,

(iii) for distinct points x,y € X there exists a point z € X such that Fy (1) # 1
fort >0,

(iv) Fry (1) = Fozy(t) = Fy(1), for allx,y,z € X and t >0,
(V) Fx,y,z(t) Z A(Fx,y,w (t1>7Fx,w,z (t2)>Fw,y.z (t3))

where t1,ty,t3 >0, t1 +tr +13 =1, x,y,2,w € X and A is the 3rd order t norm.

DEFINITION 9. [I8] A sequence {x,} in a 2-Menger space (X,F,A)is said to
be converge to a limit x if given € > 0,0 <A < 1 there exists a positive integer Ng
such that

Fo xa(e) >1—M\ (1.1)
for all n> Ng, and for everya € X.

DEFINITION 10. [18] A sequence {x,} in a 2-Menger space (X,F,A)is said
to be a Cauchy sequence in X if given € > 0,0 <A < 1 there exists a positive integer
N, such that

Fypa(e) > 11 (12)
for all m,n > Ng, and for every a € X.

DEFINITION 11. [18] A 2-Menger space (X, F,A) is said to be complete if every
Cauchy sequence is convergent in X .

Recently Choudhury and Das extended the concept of “altering distance func-
tion” in the context of Menger spaces in [4]. They have introduced the following ®-
function for this purpose. The definition of ®-function is as follows:

DEFINITION 12. ®-function [4]
Afunction ¢:R— RT is said to be a ®-function if it satisfies the following conditions:
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(i) $(r) =0 ifand only if t =0,
(ii) §(¢) is strictly monotone increasing and ¢(t) — © as t — o,
(iii) ¢ is left continuous in (0, ),

(iv) ¢ is continuous at 0.

With the help of above ®-function Choudhury and Das [4] introduced a new
type of contraction in Menger spaces which is known as ¢-contraction. The idea of
control function has opened new possibilities of proving more fixed point results in
Menger spaces. This concept has also applied to a coincidence point problems. Some
recent results using ®-function are noted in [5, 7, 8, 10, 11, 14] and [26].

We will make use of the following function in our theorems.

DEFINITION 13. W-function
A function : [0,1] x [0,1] x [0, 1] — [0,1] is said to be a W-function if

(i) \p-is monotone increasing in each variable and continuous,
(ii) P(x,x,x) > xforall 0 <x <1,

An example of \-function is given below:
(o, yz) = LR

In this paper we actually establish two Ciric type fixed point results in 2-Menger
spaces. We are motivated by the recent result of Ciric [12]. These results generalized
some existing results in literature. Our results are also supported by examples.

2. Main Results

THEOREM 1. Let (X,F,A) be a complete 2-Menger space with a Hadzic type t-
norm A such that whenever x, — x and y, =y, for alla € X and Fy,, y, a(t) = Fyy4(t).
Let S,T : X — X be two self mappings on X which satisfy the following inequality:

Fserya(t) +q(1 — max{Fxry.a(t), Fysxa(t)})
Zw(Fx,y,a(é)va,Sx,a(%)aFy,Ty,a(%)) (2.1)
forall x,y,acX,t >0, where 0 <k <1, q >0 and is a V-function. Then S and T
have a common fixed point in X . The fixed point is unique if g=0.

Proof. Let xo € X be arbitrary. We define a sequence {x,},,_, in X as follows:
Xon 11 = Sx2p, X242 = Tx2p41 foralln > 0. (22)
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Putting x = xp,,,y = X241 in (2.1), for all a € X and ¢ > 0, we have
FSXvaTXZrH»l ,a (t) + q(l - maX{FXZmTXZVHrl a (t) ) Fx2n+l ,Sxop,a (t)})
Z w (Fx2n7x2n+l a ( % ) ? szn,szma ( i ) ) Fx2n+1 T xon41,a ( % )) ’
that is,
Fx2n+1 X2n+42,d4 (t) + q(l - maX{FXZ[n X2n4-2,4 (t) ’ Fx21;+1 X2n+1,4 (t)}) ;
> w(FXZnsXZnJrl 7“<E>’Fx2n7x2n+l ,a(E)vaznﬂ J%ﬂﬂ(%)) .
Now, forallae X, >0andn >0,
maX{FXmezwz,a (), Frypi1oni1.a (1)} = maX{Fx2n7x2n+27a(t)7 1} =1.
Therefore, for all a € X, ¢ > 0 and n > 0, we have
Fx2n+] Xon42,4 (t) 2 w (Fx2n X2n4-1,4 ( % ) ? Fx2n X2n4-1,4 ( % ) ’ FXZ/H—I X2n4-2,4 ( % )) . (2 3)
We now claim that foralla € X, ¢ >0and n > 0,
Feyy i mina(f) 2 Fopyiay1a(F)- (2.4)
If possible, let for some a € X, s > 0and n > 0,

Fx2n+1 A2n+2,4 ( i ) < Fx2n A2n+1,4 ( i ) :

Then, from (2.3), using the properties of ), we have
Fx2n+1 Xop42,d (s) > (FX2n Xopp 1, ( % ) Fry, Xopp 1, ( % ) ) Fx2n+l X2n42,a ( % ))

2 w (Fx2n+] sx2n+2~? ( %) ’ Fx2n+] X2n+2,4 ( % ) ’ }352/1-%—] X2n4-2,4 ( % ))
> F,

2> I

2n+1:%2042,0\ |
20t 1:X2042,0 (s),
which is a contradiction.

Therefore (2.4) holds for alla € X, >0 and n > 0.
Using (2.4) in (2.3), and by the properties of y, foralla € X, ¢ > 0 and n > 0, we have
F,

X2n+1:X2n+42,4 (t) 2 w(szn A2n41 ﬁa(%)’FXZH X2n4-1 7“(%)’Fx2n+l 7x2n+270(£))
2 lp(FXZVLvXZrH»l70(%)’Fx2n7x2n+l7“(%)’Fx2n7x2n+l7a(£))'
We now claim that 0 < F,, », ., «(%) < 1forallz > 0.
If not, then Fy,, x,,, () =1 forallz > 0.
In that case we have
Fx2n+1,x2n+2,(l(t) > w(lv 17 1) =1,
that is,
Frypii voninna(t) = 1 forall n > 0.
Similarly, for all @ € X, ¢ > 0 and n > 0, we can prove that
szn=X2n+1.,tl(t) > W(l’ 1, l) =1,
that is,
Frypions1.a(t) = 1 forall n > 0.
Combining the above two cases, for all a € X, ¢ > 0 and n > 0, we have
Fryxpir.a(t) =1foralln>0.
If0 < Fry, x5,,1.a(5) < 1forallz >0, then
FX2n+1 ,X2n+2,a(t) Z w(szmxzwrl ea(%)’FXZnJZnH 7“(i)7Fx2n+| 7X2n+2711(%))
Al ) Fronnina(f) Foynna(z))

> Fx2nax2n+lya(E)' (25)
Similarly, for alla € X, > 0 and n > 1, we can prove that
FxZn X2n41,4 (t) > Fx2n—1 X2n,d ( % ) . (2 6)
Combining (2.5) and (2.6), foralla € X,n > 1 and ¢t > 0, we get
FxnvxiHrlva(t) > Fxnfl;xma(i)’ (27)

By repeated applications of this inequality, for alla € X,¢ > 0 and n > 1, we obtain
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Foy it 1.a(t) > Fag o) (2.8)
Taking limit as n — o on both sides, for all ¢ € X and ¢ > 0, we have
JLH;FX'HUX”"I([) =1. 2.9)

Again, by repeated applications of (2.7), it follows that foralla € X, >0 and n > 0
andeachi> 1,
Fx,,+,',xn+,-+1 »a ([) > Fxmxn+1 ,a(%) . (210)
We next prove that {x, } is a Cauchy sequence (Definition 10), that is, we prove
that for arbitrary € >0 and 0 < A < 1, there exists N(e,A) such that for all a € X,
Fy y,a(e) >1—MNforalln,m > N(e,\).
Without loss of generality we can assume that m > n.

Now,
=ik >e(l—k)(1+k+E+.....c... + k),
Then, by the monotone increasing property of /', and for all a € X, we have
Fryooma(€) = Foyonae(1—k)(1+k+k2+ ... +kmrh)),

that is,
Fy va(g) > A(Fx"_’xn%u(e(l _k))aA(Fx,,+1,xn+2,a(Ek(1 —k)),A(eee ,
A(Fxmfgvxmfl7G(Ekm_n_2(1 7k))7Fxm713xm7a(£km_n_1(1 7k))) """ ))) (21 1)
Putting r = (1 — k)ek' in (2.10), for al] a € X, we get
inz+i7xn+i+l~,a((1 _k)ekl) > Fxnﬁxnﬁ»laa((l _k)s)
Then, by (2.11), for all @ € X, we have
Fy, va(€) > A(Fx,l,x,,+],a(€(1 —k)),A(Fxn7x,1+|7a(s(l —k)), A ,
A(Fxn,xn+1.,a(5(1 *k))ann,xnﬂ,a(E(l —k)))-eee )))s

Fopxpa(€) > A ME o o(e(1-k)). 2.12)
Since the #-norm A is a Hadzic type #-norm, the family {A”} of its iterates is equi-
continuous at the point s = 1, that is, there exists n(A) € (0, 1) such that for all m > n,
A=) (5) > 1 —\ whenever n(A) <s < 1. (2.13)
Since, Fy, x, a(t) = 1 ast — 0 and 0 < k < 1, there exists an positive integer N(g,\)
such that forall a € X,
Fopy.a(B225) > m(0) for all n > N(e, A). (2.14)
From (2.14) and (2.10), with n =0,i =n and t = (1 — k)e, for all a € X, we get
Foyxpira(e(1—k)) > mew(%) >n(\) forall n > N(g,\).
Then, from (2.13) with s = Fy, ., «(e(1 —k)), we have
A (F, vy ya(e(1=K))) 2 1=
It then follows from (2.12) that for all a € X,
Fy, yna(8) >1—Nforallm,n> N(e,\).
Thus {x,} is a Cauchy sequence.
Since X is complete, there is some z € X such that r}gr;o X, = Z.

Then,

that is,

lim S)C2n = lim Xon+1 =2 and lim szn_;,_l = lim Xon4+2 = 2. (215)
n—o n—® n—o n—o

Now, we prove that 7z = z.
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Putting x = x,, y = z in the inequality (2.1), for all @ € X and r > 0, we have

Fsuy,.r2.a(t) + (1 = max{Fy, 12.4(t), Fz.50,.a(1)})

> IP( xzmla(ltg) szn,szn,a(i)aFz,Tz,a(i))- (216)

Taking limit as n — o in (2.16) for all @ € X and r > 0, we have

Fz,Taa(I) + ‘I(l - maX{Fz Tz,.a (t) ) Fz.,z,u(t)})

>1P( zza( ) Fz,z,a(i)an,Tz,a(i))v (2.17)

(since by our assumption for all a € X, x, — x,y, — y implies F, y, « — Fxy.4)
that is,

Fsza( ) w(l LF; Tza( ))
We claim that F; 7, 4( k) =1, if not, then we have

Fz,Tz,a( )_w(l 1 FTza( ))>Fsza(E) (2.18)

(by the properties of )
By repeated applications of (2.18), for all @ € X and ¢t > 0, we obtain

Fz,Tz,a (t) > Fz,Tz.a ( ]!7 ) .
Taking limit as n — % on both sides, for all > 0,

. t

Fz,Tz,a(t) > J%F%,Tz,a(kj) =1,
which implies

Fz,Tz,a(t) =1.
Thus z =Tz.
Similarly we can prove that Sz = z.
Now, we prove the uniqueness of the fixed point for the case where ¢ = 0. Let z and w
be two distinct common fixed points of S and 7. Then, we have 0 < F,,4(¢) < 1 for
somea € X andt > 0.
Then, by the inequality (2.1), for alla € X and > 0, we get

FSz,TW,a( ) > w( Z, wa( ) Fz,Sz,a(i)vo,Tw,a(i)L
that is,

Frwa(t) 2 IP( zwa(7) Frza(p) Fuwa(1))

W(Foa(2) 1 1)
> F..a(%) (by the properties of 1)
> F, oyt ), which is a contradiction.

Hencez=w

Taking § = T in the Theorem 1 we get the following Corollary.

COROLLARY 1. Let (X,F,A) be a complete 2-Menger space with a Hadzic type
t-norm A such that whenever x,, — x and y, — y, foralla € X and F, , 4(t) = Fyy4(t).
Let T : X — X be a self mapping on X which satisfies the following inequality:

Fratya(t) +q(1 —max{Ferya(1), Fyrxa(t)})
> Y(Fryalg)s Frrra(z), FBrya(g))
forall x,y,acX,t >0, where 0 <k <1,q>0and is a ¥Y-function. Then T has a
fixed point in X. The fixed point is unique if g=0.
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Now we give the following example to support the above Corollary 1.

EXAMPLE 1. Let X = {a,,7,0}, the t-norm A is a 3rd order minimum t-norm
and F be defined as

0, if <0,
Fopy(t) =Fups(t) =q 0.40, if 0<1<7,
1, it 1>7,
0, if <0,
Foys(t) =Fpys(t) =4 0.95, if 0<r<1,
1 if t>1,

Then (X,F,A) is a complete 2-Menger space. If we define 7 : X — X as follows:
To=v,TP =09,Ty=y,Td =1 then the mappings T satisfies all the conditions of the
Corollary 1 where Y(x,y,z) = w and v is the unique fixed point of 7 in X for
qg=0.

In our next theorem we use the control function ¢ (Definition 12) in the inequal-
ity (2.1) with ¢ = 0. Here we also use the minimum 7-norm. We prove our next theorem
by different arguments from the first theorem.

THEOREM 2. Let (X,F,A) be a complete 2-Menger space with the 3rd order
minimum t-norm A. Let S,T : X — X be two self mappings on X which satisfy the
Jfollowing inequality:

Foea(0(1)) = W(Feya(0(1)), Frseal(2)) Fuya0(2)))  (2.19)
Sforall x,y,ac X,t>0where 0 <c <1, ¢isaD-function and\ is a P-function. Then
S and T have a unique common fixed point in X .

Proof. Let xo € X be arbitrary. We define a sequence {x,},_, in X as follows:
Xon41 = Sx2u, Xont2 = Tx2p41 forall n > 0. (2.20)

Putting x = x2,,,y = x2,41 in (2.19), for all t > 0, n > 0 and for all a € X, we
have
FSXvaTx2n+I ,a(q)(t)) > w(memnH ,a(¢(£))vFX2n.SX2n-,a(¢(%))anzn+| T X241 a((l)(%)))’
that is,
Fx2n+17x2n+27a (q)(t)) 2 w(Fx2n7x2n+l7a(¢(%))7Fx2n-,x2n+l-,a (q)(% )’

Fx2n+l X2n4-2,d (q)(% )) .

221



414 B. S. Choudhury, K. Das and S. K. Bhandari

We now claim that forallz >0,n>0anda € X,

F12n+1712n+2ya(¢( )) > szn X2n+1,4 (q)(%)) (222)
If possible, let for some s >0,n>0and a € X,

Fopit xni2a(9(2)) < Fryygina(9(2))-
Then, from (2.21), using the properties of 9, we have fors >0,n >0 anda € X,

Frpir 2.0 (@(5)) 2 W(Fry,41.0(9(2))s Frsy s a(0(2))s Fregyt xanina(9(2)))
> w( X2n+1:X2n+2 “(¢(S))’Fx2n+lvx2n+2~,a (q)(%))?FxZnJrlax2n+27u(¢(%)))

> Fx2n+l X2n+42,d (z
2 Fopi om0 (0(s)),

which is a contradiction.

Therefore (2.22) holds forallr >0,n>0and a € X.

Using (2.22) in (2.21) and by the properties of 1, for all > 0,n > 0 and a € X, we
have

Fx2n+17x2n+27a(¢( )) > w( X2n:X2n+1 a(q)(%)) Fx2n X2n+15 a(q)(%)) Fx2n+lvx2n+27 (¢(%)))
> w( X2nX2n+1 a(¢(é))7Fx2n«x2n+laa q)(% ’Fx2n~,x2n+laa %)))
> Fryyx1.0(0(2))- (2.23)

Similarly, for all# > 0,n > 0 and a € X, we can prove that

Fopypir.a(0(t) > Fry, 7in,a(¢(§))- (2.24)
Combining (2.23) and (2.24),foralln > 1, >0 and a € X, we get

Fyti1.a(0(1)) > i,y 0 (0(2))-
By repeated applications of this inequality, for all# > 0,7 > 1 and a € X, we have

Fxn=xn+|7“(¢(t)) >Fx0,x|,a(¢(ﬁ))- (2.25)
Taking limit as n — % on both sides of (2.25), for all # > 0 and a € X, we obtain
hm Fxn+l Xny a(q)(t)) =1 (226)

Again, by Virtue of a property of ¢, given s > 0 we can find 7 > 0 such that s > ¢().
Thus the above limit implies that for all s >0 and a € X,
hm Fx,, dnprals) =1, 2.27)

We next prove that {x,,} is a Cauchy sequence. If possible, let {x,} be not a Cauchy
sequence. Then, there exist € >0 and 0 < A < 1 for which we can find some a € X and
subsequences {x,,(t) } and {x, } of {x,} with n(k) > m(k) > k such that

F iy sugya(8) < 1= (2.28)
We take n(k) corresponding to m(k) to be the smallest integer satisfying (2.28) so that

Fxm(k)’xn(k)—lva(s) >1-A (2.29)
If ¢; < ¢, then we have

iy gy a(81) < Fry 3,00.0(€)

We conclude that it is possible to construct {x,,) } and {x, } with n(k) > m(k) > k
and satisfying (2.28), (2.29) whenever ¢ is replaced by a smaller positive value. As ¢ is
continuous at 0 and strictly monotone increasing with ¢(0) = 0, it is possible to obtain
g > 0 such that ¢(g7) < €.

Then, by the above argument, it is possible to obtain an increasing sequence of
integers {m(k)} and {n(k)} with n(k) > m(k) > k such that
Fxm(k)vxn(m-,a(q’(EZ)) <1—-A (2.30)
and
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Fxm(k)vxn(k)—lva(¢(82)) >1-A (2.31)
Now, we get the following possible cases:

Case-I: m(k) is odd and n(k) is even for an infinite number of values of k. Then,
there exist {m(l)} C {m(k)} and {n(1)} C {n(k)} with n(l) > m(l) > [ such that
Fyy sy a((2)) < 1—4 (2.32)
and
Fxm(/pxn(z)fl,a(q)(ﬁz)) >1—A. (2.33)
Then,
xm<,) = Sxm(l),l and xn(,) = Txn(l)fl .
By (2.32), we have
T=A>Fo ) x,0.a(0(€2))
- FSxm ),I,Tx,l(l),l,a(q)(s ))

2
hat > w(FXm(l)—lvxn(l)—lva(q)(%z))VFxm(l)—l7sxm(1)—17a(¢(%2))’Fxn(l)—l»Txn(l)—l-ra(q)(%z)))’
that 1s,

I—n> w< Xm(1)—1"*n(1)— 1va(q)(%))7Fxm(l)—17xm(l)va(¢(€?2))’Fxn(l)—l’xn(l)va(q)(%)))' (2'34)
Since ¢ is strictly increasing and 0 < ¢ < 1, we can choose Mi,m2 > 0 such that

O(2) = d(e2) +M1 +ma2.

Therefore,
Fxm<,),1,x,,<l)7l,a(¢(%2)) > A(FX m(l)—1Xn(l)— (Tll) F (1) — m(l),a(nZ);
Fxm(l)ﬁxn( -1 ,a(¢(82))) (2.35)
Again, by (2.27) we have for sufficiently large / and by the property of ¢,
Fxm(l)—l Xn(1) =1 m(1) M) >1-x (2.36)
and
Frpiyo1tmya(M2) = 1= (2.37)
Using (2.33), (2.36) and (2.37) in (2.35), we have
Fxm(’)*l’x"(’)*l’a (q)(g?z)) = A(F‘xm(l)—lﬂxn( —1:%m(1) (n1)7FX (=1"%m 1),61(7]2)5
Fxm( ),xn(,)_],a(¢(52)))
>A1=NM1I=N1—1)
=1-A (2.38)
Again, by (2.27) we have for sufficiently large /,
Fxm(l)—] ,Xm([w(q)(s?z)) >1-A (2.39)
and
Fxn(l)flvxn(l)-,a(q)(%)) >1-A (2.40)

Using (2.38), (2.39) and (2.40) in (2.34) for e, > 0,0 < ¢ < 1, for some a € X
and by the property of 1, we have

1=A> ‘P( )= 1%n(1)— 1,a(q)(s?z))=Fxm(l)fl»Xma)aa(q)(%z))’F"n<l)—1”‘n<l>*“(¢(%2)))
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>P(l—A1=N1—=A)>1—A,
which is a contradiction.

Case-II: m(k) is even and n(k) is odd for an infinite number of values of k. Then
there exist {m(!)} C {m(k)} and {n(l)} C {n(k)} such that (2.32) and (2.33) hold.
This case is similar to Case-I and we can get a contradiction.

Case-III: m(k) and n(k) both are even for an infinite number of values of k.
Then there exist {m(l)} C {m(k)} and {n(l)} C {n(k)} with n(l) > m(l) > [ such that
(2.32) and (2.33) hold.
As 0 < ¢ < 1 we can choose €3 < €; such that %3 > g5. Therefore, by the property of
¢ we can take ¢(=2) > ¢(e2). Also by the property of ¢ we can choose s1,s2 > 0 such
that ¢(e2) = d(e3) + 51+ 52.
Now, by (2.32), we have

1= 0> Py a(0(22))

2 AEs ) 0y 51 (S0 Fry 5y 0.0 (2)s Fr v, a(9(€3)))- (24D

Now, by the inequality (2.19), we have

F;C’"(’)'H"X'l(/)’a(q)( )) >w( Xm(1) Xn(l)— 1»“( (8?3)) 1)Xm(1) +|,a(¢(g?3))7Fx,l([)_1,xn([),a(q)(%))).
> W( ra(d(e )) St 1a(@(2)),
a1 iy (D02 ))) (2.42)
By (2.27), we have for sufficiently large /,
Fxm(l)'xnl(l)+lsa (¢(€8?3)) Z l _}\” (2.43)
Fop 1oa(0(F)) 2 1= (2.44)

Using (2.33),(2.43), (2.44) in (2.42) for a € X, we have

FXm(I)Jrl?xn(l)’a((p( )) 2 w( Xm(1) *n(l)— 1,a(¢(82))aFxm(l).xnl(l)+1,a(¢(8?3)17
Fxn(l)flvxn(l)va(q)(%)))
>yl —AT—A1—A)>1—A (2.45)
Again, by (2.27), we have for sufficiently large /,
Fxn1(1)=xn(/)~xn1(1)+l (S]) Z 1—n (246)
and
nyera(s2) 2 1T—=M (2.47)

Now, using (2. 45? (2 46),(2.47) in (2.41), we have

l_)\'>F I)an)a(q)(‘e’z))
> A(l ML= 1 —
which is a contradiction.

) ) }\'):1 }\‘3

Case-IV: m(k) and n(k) both are odd for an infinite number of values of k. Then
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there exist {m(l)} C {m(k)} and {n(l)} C {n(k)} such that (2.32) and (2.33) hold.
This case is similar to Case-III and we can get a contradiction.

Combining all the above four cases we conclude that {x, } is a Cauchy sequence.

Since X is complete, there is some z € X such that lim x, = z.
n—o

Then,
lim SXQ,, = lim Xon+1 =2 and lim TX2,1+1 = lim Xon+4+2 = 2. (248)
n—x n—o n—oo n—o0
Now, we claim that Tz = z.
Let us choose cg,cy such that 0 < ¢ < c¢g <cy < 1. (2.49)

Now, for allt > 0, a € X, we have
F10a(9(t) > A(F, 12,50, (9(2) — d(cot) — d(c12)), F $xy.a(9(c0t)) 5
Fszn,Tz,a(q)(clt)))' (2.50)

As A is continuous, taking liminf as n — o on both sides of the above inequality,
forallt > 0,a € X, we have

Fer2a(0(1)) > AQImInt Fo - 5o, (9(1) = ¢(cor) = 0(e10)), imint Fe s, o (6(cor)),
liminf Fy,, 72.4(9(c17)))

= A(l, 1vli,{gglfFSszTzﬁa(¢(Clt)))' (251)
(by (2.48))
Now, for all # > 0,n > 0, a € X and using the inequality (2.19), we have
FSxZWTz,a(q)(Clt)) > w(FX2,,7z,a(¢(cht))7sz,l,SxZnﬁa(q)(CTlt))vFz,Tz.,a(q)(cht)))- (2.52)
Taking liminf as n — o on both sides of (2.52), we have for all > 0,a € X,
L. . cit .. cit
h’glo?fFszn,Tz,a(q)(Clt)) > w(h}lglngmez,a ((I)(T)),lllgr_l)glmemstma((])(?)),
cit
szz,a(‘b(?)))’
that is,
.. cit cit
hy{glngSmn,Tz,a(q)(clt)) >(1, 17Fz,Tz.,a(¢(7))) > Fz.,Tz,a(q)(?))’
(by (2.48))
that is,
.. t
llrll’gl;lstxzmTzﬁa((b(Cll)) > FzﬁTZ,a(q)(E)). (2.53)
1

(since 1 is monotone increasing)
We now take é = p. Then, by (2.49),0 < p < 1. Hence we get from (2.53) that for all
t>0,aeX
.. t
hrfgglfFSmmTz,a (¢(c12)) > Fsz,a(q)(;)) (2.54)
Combining (2.51) and (2.54) for all > 0,a € X we get

Forza(®(t) > Forza(90(5)). (0<p< 1)
By repeated applications of this inequality, for all # > 0, a € X, we obtain

Fz,Tz,a(q)(t)) > Fz,Tz,a(q)(an))- (2-55)
Taking limit as n — o on both sides of (2.55), for all > 0,a € X we get
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t
Fz,Tz,a(q)(t)) 2 r}i_{{.lon,Tz-a (q)(ﬁ)) =1
Therefore by a property of ¢ we get,z =T77z.
Similarly, we can prove that z = Sz.
Thus z is a common fixed point of S and 7'.

Now we prove the uniqueness of the common fixed point. Let z and w be
two distinct common fixed points of S and 7. Then the properties of ¢ imply 0 <
F.ya(9(r)) < 1 for somet > 0. Let a € X be any element different from z and w.
Then, by the inequality (2.19) fort > 0,a € X we get

Foe,rwa(9(1)) = W( zwa(d)(f)),Fz,sZ,a(d)(%)) Forwa(9(£)))s
that is,

Fra(0(2)) = w( zwa((b(%)) Foza(0(5)), Fua(9(£)))
=Y(Fwa(9(£)), 1,1)
>( zwa(¢( )) F (q)(c))an,W,a(q)(%))) [ since 1 > Fz,w.,a(q)(é)) > 0]

> Fepa(0(1))
> F, y.q(¢(7)), which is a contradiction.
Hence z = w is the unique common fixed point of S and 7.

Next we give the following example to validate our result.

EXAMPLE 2. Let X = {a,f,7,0}, the t-norm A is a 3rd order minimum t-norm
and F be defined as

0, if 1<0,
Fopy(t) =Fops(t) =< 0.40, if 0<r<4,

1, it 1> 4,

0, it <0,
Fa,y,é([) = Fﬁ,y,ﬁ(t) =

1 if t>0.

3

Then (X,F,A) is a complete 2-Menger space. If we define S,7 : X — X as follows:
So=98,p=v,S5y=v,89=08and Ta=098,TP =y, Ty =1,Td =y then the mappings S
and T satisfy all the conditions of the Theorem 2 where ¢(7) =17,y (x,y,z) = w
and vy is the unique common fixed point of Sand T.

This example also satisfies Theorem 1 for g = 0.

Remark:In the present paper we establish two Ciric type fixed points results in
2-Menger spaces. The idea of the theorems are borrowed from a recent result of Ciric
[12]. In recent times many authors established many fixed point results on Ciric con-
tractions in Menger spaces. Some of the results may be noted as [1, 40]. These results
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are Ciric type generalized contractions. In both of these results the authors use a single
valued function. But in our present paper we use two functions. In our main results we

use P-function defined as y(x,y,z) = w Our present results also extend some
of our results proved in [10].

Acknowledgement : We are grateful to learned referees for their valuable suggestions.
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