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POSTULATION OF DISJOINT UNIONS OF LINES AND A
MULTIPLE POINT

Abstract. We study the postulation of a general union X C P3 of one m-point mP and ¢
disjoint lines. Following a paper and a conjecture by E. Carlini, M. V. Catalisano and A. V.
Geramita we solve the case m = 3 and discuss an approach to the general case.

1. Introduction

A scheme X C IP” is said to have maximal rank if for all integers ¢ > O the restric-
tion map H®(Opr (1)) — H(X,Ox(t)) is either injective or surjective, i.e. if either
RO(Ix(t)) =0 or h!(Ix(t)) = 0, i.e. if X imposes the *“ expected *” number of condi-
tions to the vector space of all homogeneous degree ¢ polynomials in r + 1 variables.
R. Hartshorne and A. Hirschowitz proved that for all # > 0 and r > 3 a general union
X C P" of ¢ general lines has maximal rank. E. Carlini, M. V. Catalisano and A. V.
Geramita considered several cases in which we allow unions of linear spaces with
certain multiplicities (for zero-dimensional subspaces these are general unions of fat
points) ([1], [2], [3]). We recall that for each P € P the m-point mP of P is the closed
subscheme of P with (Ip)™ as its ideal sheaf. In [3] they proved that for all r > 4,
m >0 and ¢ > 0 a general union of an m-point and ¢ disjoint lines has maximal rank.
In the case r = 3 they proved that there are some exceptional cases; in [3] the failure
of maximal rank for these cases is exactly described, i.e. all positive integers h°( Iy (t))
and k! (Ix(¢)) are computed ([3, Theorem 4.2, part (ii)]). They conjectured in [3] that
no other exceptional case arises and prove the conjecture in some cases. In particular
they proved their conjecture for m = 2. In this paper we prove their conjecture in the
case m = 3, i.e. we prove the following result.

THEOREM 1. Let X C P be a general union of one 3-point and t disjoint lines.
X has maximal rank if and only if either t =1 or t > 4.

For each fixed m > 4 we prove that there are only finitely many ¢ such that
we need to test if a general union in 3 of an m-point and 7 lines has maximal rank
(Proposition 1).

For all integers k > m > 0 define the integers ey and f,,x by the following
relations:

1) (k+ Demk =+ fns + <m;r2) = (k;r?'), 0< fux <k
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For all integers m > 0 and ¢ > 0 let Z(m,t) denote the set of all X C P> which
are the disjoint union of one m-point and ¢ lines.

We prove the following result.

PROPOSITION 1. Fix an integer m > 4 and assume that for each integer k such
that m+2 <k <m(m+1)(m+2)/2— 1 there are A € Z(m, ey ) with k' (I4(k)) = 0
and B € Z(m, ey + 1) with hi°(Ig(k)) = 0. Then for any integer t > m+ 1 a general
union of one m-point and t disjoint lines has maximal rank.

If £, x = 0 we may avoid the check of the existence of B.

PROPOSITION 2. Fix integerst >0 and k > m > 4. Let X C P? be a general
union of one m-point and t disjoint lines. If k =m+1 (mod 3), then set Q=
[(m+4)(m+3)/6] —m—2. If k =m+2 (mod 3), then set Oy = |(m+5)(m+
4)/6] —m—3.Ifk=m+3 (mod 3), then set Oy i := |(m+6)(m+5)/6] —2m—4.

(a) Ift < (k+3)(k+2)/6 — s, then h' (Ix(k)) = 0.
(b) Ift > (k+4)(k+1)/6, then h°(Ix (k)) = 0.

Part (b) is a trivial consequence of [5], but is it put here to see that, for any fixed
m,k with k > m, the set of all # not settled by either (a) or (b) is not very large and its
cardinality depends only on m. This part is true if instead of mP we take an arbitrary
zero-dimensional scheme and hence it works for several fat points.

For the proofs we use (as in [5] and [3]) a smooth quadric, but we also use a
degree 3 ruled surface (see section 3 for its description).

We work over an algebraically closed field K. As far as we understand none of
our quotations of [3] require the characteristic zero assumption made in [3]. However,
if someone uses computer algebra to check the conjecture made in [3] for some m
(maybe using Proposition 1 to reduce the computational effort), then it is required to
assume characteristic zero (working over Z seems to be too time-consuming for the
usual softwares).

2. Preliminaries

Let F C P? be any surface. Set ¢ := deg(F). For each closed subscheme Z C P3 let
Resp(Z) denote the residual scheme of Z with respect to F, i.e. the closed subscheme
of P? with I : Ir as its ideal sheaf. If Z is reduced, then Resp (Z) is the union of the
irreducible components of Z not contained in F'. Now assume Z = mP for some m > 0
and some P € P*. If P ¢ F, then Resp(mP) = mP. If P is a smooth point of F, then
Resp (mP) = (m— 1)P (with the convention OP = ). For any integer x > ¢ we have an
exact sequence

0— IResp(2) (x—1) = Iz(x) = Iznpr(x) = 0.

Hence
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© h0(Iz(x)) < B (Ijesy (z)(x —1)) + BO(F, Iz (x));
© W (Iz(x)) < A (Ijesp () (x— 1)) + A (F, Iznr (x)).

As in [1], [2, Lemma 3.3] and [3] we will call “ the Castelnuovo’s inequality ” any of
these two inequalities.

A sundial D C P3 is a scheme D = E U20, where E is a reducible conic and O
is the singular point of £ ([1]). A sundial is a flat limit of a family of unions of two
disjoint lines in P3 ([3, Example 2.1.1], [1, Lemma 2.5]).

We need the following obvious statement.

LEMMA 1. Let Q C P3 be a smooth quadric surface. Fix O € Q and points
Pi, P, € Q such that Py # Py, O ¢ {P\,P,} and none of the 3 lines spanned by two of
the points of { Py, P2, 0} is contained in Q. Set Z := {P,P,} U (20, Q), where (20,Q)
is the closed subscheme of Q with (Ip.g)?* as its ideal sheaf. Then there is a sundial
E C P3 such that QNE =Z.

Let Q C P3 be a smooth quadric surface. A fork of Q is a degree 4 zero-
dimensional scheme Z C Q, such that Z has 3 connected components and Z is con-
tained in a smooth conic D C Q, i.e. in a smooth element D € |Op(1,1)|. Any fork of
Q is obtained in the following way. Fix a smooth element D € |Op(1,1)| and 3 distinct
points Py, P>, P; of D. Let v C D be the tangent vector of D with P; as its support; then
Z:={P,P,}Uv is a fork. A smooth fork of Q is a union S C Q of 4 distinct points
contained in a smooth conic D C Q. Fix any smooth conic D C Q and any fork Z C D.
Since D is a smooth curve, Z is the flat limit of a family of smooth forks contained in D.
Take any two smooth conics D, D’ C Q such that D # D', Since f(DND’) < 2, we get
that a fork (resp. a smooth fork) Z is contained in a unique smooth conic D € |Op(1,1)|.
The curve D is the complete intersection of Q and a plane H. The plane H is the plane
spanned by Z. The existence of H shows that 4! (Iz(1)) > 0,i.e. k' (Q, Iz(1)) > 0. This
inequality gives us some technical problems, which we overcome using [5, Lemme 2.3]
and Lemma 3 below.

LEMMA 2. Let Q be a smooth quadric, let Z C Q be a fork and let S C Q be
a smooth fork. Then there are reducible conics B,B' C P? such that S = Q N B, the
singular point of B' is contained in Q and Z = QN B’ (scheme-theoretic intersection).

Proof. Let D C Q be the smooth conic containing Z and let H C P3 be the plane
spanned by Z (it is the plane spanned by D). Write Z = vU{P;,P,} with deg(v) = 2.
Let P3 € D be the support of v. Since D is a smooth conic, the 3 points Py, P>, P;
are not collinear. Let B* C H be the union of the line containing {Ps,P;} and the
line containing {P>,P3}. Since QNH = D and B'ND = Z (as schemes), we have
Z = QN B (as schemes). Let A C Q be the smooth conic containing S. Let N be the
plane spanned by A. Write S = {01,0,,03,04} and take as B the union of the line
containing {0}, 0, } and the line containing {03,04}. Since QNN = A and BNA =S,
we have S = QN B. U
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REMARK 1. Fix a smooth quadric Q and integers s > 0,7 > 0, (s,7) # (0,0).
Let Z C Q be a general union of ¢ forks and s smooth forks. By Lemma 2 there is a
disjoint union B C IP? of s+t reducible conics such that exactly ¢ of them have the
singular points contained in Q and Z = QN B. Conversely, let D be a general union of s
reducible conics and ¢ reducible conics with their singular points contained in Q. Then
QOND is a general union of ¢ forks and s smooth forks.

LEMMA 3. Fix integers a >0, b > 0, v > 0 and z > 0 such that 5v+ 3z <
(a+1)(b+1) and h'(Q, Iy (a,b)) = 0 for a general union W of v+ z 2-points of Q.
Let U C Q be a general union of v forks and z 2-points. Then h' (Q, Iy (a,b)) = 0.

Proof. Let M be the union of U and the v 2-points of U whose support are the unre-
duced connected components of the v forks in U. Let N C M be the union of the
v+ z 2-points contained in M. Since U C M and M is zero-dimensional, we have
h'(Q, Iy (a,b)) < h'(Q, In(a,b)). Since deg(M) =5v+3z< (a+1)(b+1),and M\ N
is general in Q, it is sufficient to prove that 2! (Iy(a,b)) =0 ([1, lemma 2.2]). The last
vanishing is true, because N is a general union of v+ z 2-points of Q. O

We usually apply Lemma 3 when b > a > 0 and b > v+ z— 1, because the very
easycasen=b,r=b—a,q’ =0,d =0 and t = v+ z of [5, Lemme 2.3] shows that
the hypothesis of Lemma 3 holds. Furthermore the case n = b, r =b—a, ¢’ =0 and
t =0 of [5, Lemme 2.3] gives the following result.

LEMMA 4. Fix integers b >a >0, v > 0 such that v<b+1 and 4v < (a+
1)(b+1). Let Z C Q be a general union of v forks. Then h'(Iz(a,b)) = 0.

3. The degree 3 ruled surface T

We describe the following degree 3 surface 7 C P3. We only need that T is an irre-
ducible surface of degree 3 and that it contains a one-dimensional irreducible family
F (T) of lines such that for each integer e > 2 a general S C ¥ (T) with #(S) = e con-
sists of e pairwise disjoint lines. We only use these properties of the surface T and
the reader may forget how it is constructed. For any projective automorphism g of P>,
g(T) is a surface with the same properties and we call degree 3 ruled surface any of
these projectively equivalent surfaces (and often denote with 7" any of these surfaces).

Let F be the Hirzebruch surface isomorphic to the ruled surface P(Op1 (1) ®
Op1) over P!([4, §V.2]). We have Pic(F;) = Z%? and we take as a basis of Pic(F}) a
fiber f of the ruling 1 of F; and the unique section / of n with negative self-intersection
(in [4, §V.2] the basis is f and H := h+ f). We have h-f =1, f2 =0 and h> =
—1. We have h°(Fy, O, (h+2f)) = 5 and O, (h+2f) is very ample. We call T’ C
P* the embedding of F; induced by the complete linear system |Op, (h+2f)|. Since
(h+2f) - (h+2f) = 3, we have deg(T’) = 3. Let O € P* be a general point. Let
lo : P*\ {0} — IP3 be the linear projection from O. Set T := £o(T"). Since O is
general, we have O ¢ T’ and £o|T" is birational onto its image. Hence T C P3 is an
irreducible degree 3 surface. Call |f| the ruling of 77 = Fy. Fix lines L,L’ € |f] such
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that L # L. Let F (T') be the set of all lines £o(L), L € |f]. We have £o(L)N Lo (L) # 0
if and only if O is contained in the hyperplane (LUL’) of P* spanned by L and L'.
Fix an integer ¢ > 2 and a finite set {L;}, 1 <i < e, of distinct elements of |f|. We
have £o(L;) N Lo(L;) # 0 for some i # j if and only if O € (L; UL;). Hence for each
integer e > 2 a general S C F (T') with £(S) = e consists of e pairwise disjoint lines.
Since h- (h+2f) =1, the curve h C T’ is a line. We call D/ its image in 7. D’ is a
line of P*. The surface T has a singular line, D", obtained in the following way. Take
E € |Op/(h+ f)|. The curve E C P4 is a plane conic. If O is contained in the plane
spanned by E, then £o(FE) is a line, £o(E) # D' and £o(E) is contained in the singular
locus of T. For a general O there is a unique E € |Op/(h+ f)| such that O is in the
plane spanned by E. The line D" is the line £o(E) and D" # D',

LEMMA 5. Fix integers t,e such that0 < e <t+ 1. Let F C P? be any union of
e pairwise disjoint lines. Then h' (Ir(t)) =0, i.e. K°(Ir(t)) = h°(Ops (t)) —e(t +1).

Proof. Tt is sufficient to do the case e = ¢+ 1. If = 1, then the lemma is true, because
two skew lines span P3. Hence we may assume ¢ > 2 and use induction on 7. Fix a
line L C F and take a plane H C IP? containing L. Since the elements of F are pairwise
disjoint, H contains no other line of F \ L. Hence F N H is the union of L and 7 distinct
points. It is easy to check that ' (H, Is(t — 1)) = 0 for any S C H such that #(S) =1¢.
Hence h' (H, Irnp (1)) = 0. The inductive assumption gives h' (I, (r — 1)) =0. Hence
the Castelnuovo’s inequality gives h! (Ir(¢)) = 0. O

The surface T contains two lines, D’ and D", such that each L € F (T) intersects
both D" and D”. Hence if T is the union of any # + 2 pairwise disjoint elements of F (T,
then h'(Ir(t+1)) > 0. Hence Lemma 5 is sharp and cannot be improved if we only
look at disjoint lines contained in 7.

LEMMA 6. Fix a degree 3 ruled surface T C 3. Fix integers t,e such that
0<e<t+1 and a union F C T of e general elements of F(T). Then we have
(T, 0r(t) = (5% — (§) and K(T,1p(1)) = KO(T,0r(r)) — (r + e, ie.
KT, I (1)) = 0.

Proof. Since h'(Ops(t —3)) = 0, the exact sequence
0— Ops(t—3) = Ops(t) = Or(t) — 0

gives h°(T, Or(t)) = (’23) — (%) (with the convention (5) =0 if t = 1,2). Hence it
is sufficient to prove that h%(T, Ir(t)) = h°(T, Or(t)) — (t + 1)e. Since h°(F, O (1)) =
(t+1)e, we have BO(T, I (t)) > h°(T, Or(t)) — (¢ + 1)e. So it is sufficient to prove that
RO(T, Ir (t)) < h°(T, Or(t)) — (t + 1)e. For this, let S C F be a set such that {(SNL) =
t+ 1 for each line L C F. Every degree ¢ surface containing S contains F. Lemma
5 gives I(Is(t)) = ('5’) — (t+1)e, ie. S gives (¢ + 1)e independent conditions to
H®(Op3(1)), then so to H(T, Oz (t)). Hence we get h(T, Is(t)) = h°(T, Or (t)) — (¢t +
1)e. Hence we get h0(T, Ir (1)) < hO(T, Or(t)) — (t +1)e. O
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For any closed subscheme Z C T, each ¢ € Z and each linear subspace V C
HO(T,0r(t)) set V(=Z) :=VNHYT, Iz(1)).

LEMMA 7. Fix an integer t > 0, the union F C T of t + 1 general elements of
F(T) and a linear subspace V.C H(T, Ir(t)). Let A C T be a general union of 3
collinear points. Then dim(V (—A)) = max{0,dim(V) — 3}.

Proof. For any P € P3 let £p : P*\ {P} — P? denote the linear projection from P. For
any P,P, € P3 such that P # P, let ({P;,P,}) denote the line spanned by P; and
P,. Since #(A) = 3, we have dim(V(—A)) > max{0,dim(V) — 3}. Since for general
points 0,0’ € T there is a point P € T \ {0,0'} such that P, 0 and o’ are collinear, we
have dim(V(—A)) < max{0,dim(V) —2}. Assume dim(V) > 3 and dim(V(—A)) =
dim(V') — 2. It means that for general points Py, P, € T the third point of ({P;,P2})NT
is in the base locus of V(—{P;, P, }). Fix P; and take a general P,. We get that V(—P;)
induces a rational map T --» P", r := dim(V') — 2, which factors through £p, and makes
V(—P1) a linear subspace of £, (H°(P?, Op2(t))). Since V C H'(T, Ir (1)), we have
V(=P1) C 6 (H(P*, Iy, (5(1))). Since F C T and Py € T are general, {p, (F) is a
union of 7+ 1 distinct lines. Hence H° (P2, I, (r)(t)) = 0. Therefore, V(—P;) =0, a
contradiction. O

4. The inductive set-up

For all integers k > m > 0 define the integers u,, x and v,, x by the following relations:

+2 k+3
@ (k+1)um,k—vm,k+(m3 ):( 3 ),Oévm,kék.

We have v, = 0 if and only if f,,x = 0; in this case we have e, = upx. If
Smx >0, then up i = ey +1 and vy = k+1— f,,x. The integers epx and fy are
the integers listed in [5], top of page 173, i.e. epx = (k+2)(k+3)/6 and fo . = O if
k=0,1 (mod 3),while egy = (k+1)(k+4)/6 and for = (k+1)/3if k=2 (mod 3).
Now assume m > 0. Since m > 0 if k > ('";rz) —1land k=0,1 (mod 3), then e, =
eof—1=(k+3)(k+2)/6—1and fop =k+1— (") Ifk>m(m+1)(m+2)/2—1
and k =2 (mod 3), then e, = eo and frup = (k+1)/3— ("37).

Fix a surface A C P and let O be a smooth point of A. Let (20,A) denote the
closed subscheme of A with (Ip 4)? as its ideal sheaf, i.e. the 2-point of A with O as its
support. We have (20,A)eq = {O}. Since we assumed that O is a smooth point of A,
(20,A) has degree 3.

For all integers k > m > 0 we consider the following assertions A(m, k), B(m,k)
and N (m,k):

A(m,k): There is (E,S,L) such that E = mPUA € Z(m,ep ), L is a line,
S C L #(S) = fmx and h® (Igus(k)) = 0.
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B(m,k): p g > 2v, i and there is (P,A,B,Q), where P € P3, Q is a smooth
quadric surface, A is a disjoint union of u,, x —2v,, « lines, B is a disjoint union of v,, x
reducible conics with their singular points contained in Q, P ¢ AUB and
KO (Lupuaus(k)) = 0.
N(m,k): There is E € Z(m, ey ) such that h'(Ig(k)) =0, ie. B(Ig(k)) =
fm.k‘
Obviously A(m, k) implies N(m,k).

LEMMA 8. Fix integers k > m > 0 and 0 <t < e, < s and take a general
E € Z(m,t) and a general F € Z(m,s). If A(m,k) is true, then h'(Ig(k)) = 0 and
KO (Ir(k)) = 0. If N(m,k) is true, then h'(Ig(k)) = 0.

Proof. Take (mPU A, S,L) satisfying A(m,k). Let B be the union of any 7 lines of A.
Since B is a union of some of the connected components of AU.S and Iz (Lnpuaus(k)) =
0, we have h'(I,pup(k)) = 0. By the semicontinuity theorem for cohomology ([4,
II1.12.8]) we have k' (Ig (k)) = 0. Since h°(Ly,puaus(k)) =0, we have h°( L,puaur (k) =
0. Since s > deg(AUL), we take a general union of mPUAUL and s — e, x — 1 lines
and then use the semicontinuity theorem for cohomology ([4, I11.12.8]).

Now assume that N(m, k) is true and take any solution mP1JA" of N(m,k). Let
B C A’ be any union of ¢ lines. We have ' (,pup(k)) < h' (I,pua (k) = 0. O

LEMMA 9. Fix integers k >m >0 and t > uy, . Take a general E € Z(m,t). If
B(m,k) is true, then hO(IE (k)) =0.

Proof. Take (P,A,B,Q) satisfying B(m, k). Let G C P be any disjoint union of # — u,
lines such that GN (AUB) = 0. Set Z := Upesing(p)20- Since h°(I,puaus(k)) =0, we
have h°(I,puausuzuc(k)) = 0. Since BUZ is a flat limit of a family of disjoint unions
of 2v,, x lines, the scheme AUGUBUZ is a flat limit of a family of ¢ disjoint lines. By
the semicontinuity theorem for cohomology ([4, T11.12.8]) we have #°(Iz(k)) =0. O

The following key result was proved in [3].

LEMMA 10. Forallm >0, A(m,m+1), N(m,m+1) and B(m,m+ 1) are true.
Proof. We have e, 1 = m~+2 and f; my1 = 0. Hence u mi-1 = emmt1, V1 = 0,
and A(m,m+1), N(m,m+1) and B(m,m+ 1) are equivalent. N(m,m+ 1) is true ([3,
part (c) of Theorem 4.2]). O]

Taking the difference of (1) (resp. (2)) and the same equation for the integer
K :=k+3 we get
k+6 k+3
(3) 3emp+ (k+4)(emp+3 — emp) + fink+3 — fnk = < 3 > - ( 3 );

k+6 k+3
4) 3um,k + (k+4) (um,k+3 - um,k) —Vmh+3 +Vmk = ( 3 ) - ( 3 )
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REMARK 2. Take E € Z(m,e,x) and any S C P2\ E such that §(S) = f,-
Since B(EUS, Ogus(k)) = (1) (use (1)), we have 1% (Igus(k)) = h' (Igus(k)). Hence
(E,S,L) satisfies A(m, k) if and only if S C L and h'(Ig_s(k)) = 0. Take (P,A,B,Q)
as in B(m, k), but without assuming that 4°( I,,p_aug(k)) = 0. By (2) we have h°(mPU
AUB, Opnpuau(k)) = (ngr ). Hence h%(I,puaup (k) = h' (Lnpuaus(k)).

LEMMA 11. Fixan integer k> m(m+1)(m+2)/2—1 suchthatk=2 (mod 3).
If A(m,k) is true, then A(m,k + 3) is true.

Proof. Notice that e, x = eg k., fnx = (k+1)/3— (m;rz) and k+4 = ey k43 — ey . Fix
a ruled degree 3 surface T. Fix (F,S,L) satisfying A(m,k) with F = mP L E. Without
loss of generality we may assume that P ¢ T, that E UL is a general union of e, x + 1
lines and that SNT = (. Since L is general, we have §(LNT) =3. Fix O € LNT and
set §' :=SU{0}. Let G C T be a general union of k+ 4 lines. By Lemma 6 we have
h\(T, 1(k+3)) = 0. We have h0(T, Ig(k+3)) = (“1%) — (*3%) — (k+4)> > 3-deg(E)
(use (3) and that f,, x13 — fiux = 1,because k =k+3 =2 (mod 3)). Since L is general,
we may take as O a general point of 7. Hence h'(T, IGU{O}(IH— 3)) = 0. Applying
deg(E) times Lemma 7 we get h' (T, Igugoyurnr)(k+3)) =0, where GU{O} U (F N
T)=(FUGUS')NT. Since Resy(FUGUS') = FUS and h'(Irus(k)) = 0, the
Castelnuovo’s inequality gives h!(Ir Uy (k+3)) = 0, that is (F UG,S',L) satisfies
A(m,k+3). O

LEMMA 12. Fix an integer k > (m3+2) — 1 suchthatk=0,1 (mod 3). IfA(m,k)
is true, then A(m,k+3) is true.

Proof. Since k=0,1 (mod 3), we have e,y =eor— 1, firng =k+1— ('";2) and k+
4 = ey, j+3 — em k. Fix aruled degree 3 surface T'. Take (F,S,L) satisfying A(m, k) with
F = mPUE. Without loss of generality we may assume that P ¢ T, that EUL is a
general union of e, x + 1 lines and that SNT = . Set §' :=SU(LNT). Let GC T
be a general union of k + 4 lines. By Lemma 6 we have h!'(T, Ig(k+3)) = 0. We
have h(T, Ig(k+3)) = (*1°) — (*1’) — (k+4)> =3 (deg(E) + 1) (use (3) and that
Smi+3 — fmk =3, because k =k+3 =0,1 (mod 3)). Since L is general, the set TN L
is a general union of 3 collinear points. Applying (deg(E) 4+ 1) times Lemma 7 we
get B (T, Igrryurnr)(k+3)) =0, where GU(LNT)U(FNT) = (FUGUS')NT.
Since Resy (FUGUS') = FUS and h! (Irys(k)) = 0, the Castelnuovo’s inequality gives
h'(Irogus (k+3)) =0, that is (F UG, S, L) satisfies A(m,k+3). O

LEMMA 13. Take m > 0 and k > m+ 1 such that k =1 (mod 3) and k >
(m3+2) — 1. If B(m,k) is true, then B(m,k+2) is true.

Proof. Notice that v, = vy 42 = (m;—Z) Take (P,A, B, Q) satisfying B(m, k). We may
assume that P ¢ Q and that (AUB) N Q is a general union of v,, ; forks and 2(u,, x —
2vx) general points of Q. Let G C Q be a general union of 4y, g2 — tm i = (k+5)(k+
4)/6—(k+3)(k+2)/6 = (2k+7)/3 lines of type (1,0), i.e. lines of the same ruling of
Q. We have Resp(mPUAUGUB) =mPUAUB and h'(1,puaup(k)) = 0. So to prove
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that (P, AUG, B, Q) satisfies B(m, k+2) it is sufficient to show h!(Q, Iimpuaucus)no(k+
2)) =0,ie. h'(Q, Igng((k—1)/3,k+2)) =0, (where BN Q is a general union of v, x
forks of Q), and then apply the Castelnuovo’s inequality. We have u,, x > 2vp, i (be-
cause B(m, k) is true), that is 4v,, ; < ((k+2)/3)(k+3). Apply Lemma 4. O

5. m=3

In this section we assume m = 3 and prove Theorem 1. Q always denotes a smooth
quadric.

REMARK 3. Wehaveez s =u34 =35, f340=v34=0;e35=7T,u35=8, f35=4,
v3s=25e36=10,u36 =11, f36 =4,v36=3;e37=13,u37 =14, f37=6,v37=2;
esg =17, u38 =18, f383 =2,v38 =7; e39 =uzg =21, f39 =v39 =0; €319 = 25,
uz.10 =26, f3.10 = 1,v3,10 = 10; €311 =29, u3 11 = 30, f3,11 = 6,v311 = 6; €312 = 34,
f312=3,u312=35,v312 =105 €3 14 =44,u314 =45, f3.14 = 10,v3 14 = 5; €3 17 = 62,
uz 17 =63, 317 =14, v317 =4; e320 = 83, u3 00 = 84, f320 = 18, v320 = 3; €323 =
107, uz 23 = 108, f323 = 22,v323 = 2; €326 = 134, u3 26 = 135, f326 =26, v326 = 1;
€329 = u329 = 165, f329 =329 =0.

LEMMA 14. Fix P € P3 and a general union A C P3 of 4 lines. Then h°( Iipus(4)) =
5. For a general F C P* with #(F) = 5 we have hi( Lpuaur(4)) =0,i=0,1.

Proof. Fix a general line L C P3. The case m =3 of Lemma 10 gives R (Bpuaur(4)) =
0, ie. hl(lgpuAuL(4)) = 0. Hence h1(13pu,4(4?) = 0, ie. hO(I3puA(4)) = 5. Therefore
for a general F C P? with §(F) = 5 we have h'( Lpuaur(4)) =0,i =0, 1. O

LEMMA 15. Fix P € P3 and a general disjoint union B C P? of 7 lines. Then
K0 (Ipup(5)) = 4, that is N(3,5) is true. For a general G C P° with #(G) = 4 we have
W (Lpusu(5)) =0,i=0,1.

Proof. Fix P,A,F as in Lemma 14. Write F = SUS’ with §(S) = 3 and let H be a plane
containing S. Since A and F are general, H is spanned by S, P ¢ H,S'NH =@ and HNA
is formed by 4 general points of H. Set Z := Upes20. Let D C H be the union of the 3
lines of H spanned by each subset of S with two elements. By the generality of ANH
we have AND = (). Take a general G’ C H with §(G’) =2 and set G:=S5' UG’ and B’ :=
AUDUZ. Notice that DUZ is a flat limit of a family of disjoint unions of 3 lines. Hence
B’ is a flat limit of a family of disjoint unions of 7 lines. By the semicontinuity theorem
for cohomology ([4, I11.12.8]) it is sufficient to prove that 4'( p gz G(5)) =0,i =0, 1.
We have Resy (3PUB'UG) =3PUAUSUS'. Hence &' (Ies, 3pupuc) (4)) =0,i=0, 1.
By the Castelnuovo’s inequality it is sufficient to prove that 4’ (H, Iizpupuc)nu(5)) =0,
i =0,1. The scheme (3PUB'UG)NH is the union of D and of the 6 general points
(ANH)UG' of H. Hence h'(H, I3pupuc)nn(5)) =0,i=0,1. O

LEMMA 16. Fix P € P3, a general disjoint union A C P3 of 13 lines, a general
line L C P3, a general S' C L such that 4(S') = 4 and a general S" C P3 such that
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#(S") = 2. Then hi( puaugus (7)) =0,i= 0,1, and hence N(3,7) is true.

Proof. Fix a smooth quadric Q. Take P, B, G as in Lemma 15. Write G = G| UG, with
#(G1) =2 and let L be the line spanned by G, . For general P, B, G we may assume that
P¢Q,GNQ=0and that (BUL)NQ is formed by 16 general points of Q. Let E C Q
be a general union of 6 lines of type (1,0). Set A:=BUE, S := G, U(LNQ) and
§” := G,. We have Resg(3PUAUS US”) =3PUBUG. Hence by the Castelnuovo’s
inequality it is sufficient to prove that h(Q, Iizpuausiusmyne(7)) = 0,i=0,1, ie. that
R(Q, I noyusno) (7)) = 0. ie. that h'(Q, I;noyusre)(1,7)) = 0,i=0,1. This is
true, because the 16 points (LN Q) U (BN Q) are general in Q. O

LEMMA 17. B(3,5) is true.

Proof. Since any 2 points of P are contained in a smooth quadric, it is sufficient to find
P € P3, a disjoint union A of 4 lines and the union D of 2 disjoint reducible conics with
1 ( Ipuaup(5)) = 0. By [3, part (e) of Theorem 4.2] we have h°( Lp_g(4)) = 1, where
E is a general union of 6 lines. Hence h°( Lpyguioy(4)) = 0 for a general O € P3. Let
H C P3 be a general plane containing P and O. Moving if necessary E we may assume
that E N H is formed by 6 general points of H. Fix P|,P, € ENH with P| # P,. Let D;,
i=1,2, be the line of H spanned by O and P;. Call L; the line of E containing P;. Hence
L;UD,; is a reducible conic whose singular point is different from O. As in [5, Example
2.1.17 or in [1, lemma 2.5] it is easy to check that 20U (L; UD;) U (L, UD;) is a flat
limit of a family of unions of two disjoint reducible conics. Hence by the semiconti-
nuity theorem for cohomology it is sufficient to prove that h°( puooun,up,uE(5)) =
0. We have Resy(3PU20UD|UD, UE) =2PUEU{0O}. Hence by the Castel-
nuovo’s inequality it is sufficient to prove h°(H, 13p,H)UD,UDLU(EN (L uLy)nH) (5)) = 0,
ie. n°(H, I3pH)U(E\(LiuLy)nw) (3)) = 0. Since (E'\ (L1 ULy)) NH is a general union of
4 points of H, we are done. O

LEMMA 18. B(3,7) is true.

Proof. Fix (P,A,B,Q) satisfying B(3,5), i.e. A is a disjoint union of 4 lines, B is
a disjoint union of 2 reducible conics with their singular points contained in Q and
h( Ipuaus(5)) = 0. Take a general smooth quadric Q'. We may assume P ¢ Q'. Let
E C Q' be a general union of 6 lines of type (1,0) and set A’ := AUE. Since Res (3PU
A'UB) = (3PUAUB), to prove that (P,A’, B, Q) satisfies B(3,7), by the Castelnuovo’s
inequality it is sufficient to prove h°(Q’, Ieuaus)ne’) (7)) = 0 ([1, lemma 2.2]), ie.
(Q, Iiau)ng (1,7)) = 0. Since (for any fixed B), AN Q' is a general union of 8
points of Q', it is sufficient to prove h°(Q’, Ipng/(1,7)) = 8, ie. h(Q/, Igrp (1,7)) =
(0, 0p(1,7)) —4(BNQ'), ie. h'(Q, Iz (1,7)) =0, where BN Q' is a general
union of 2 smooth forks of Q'. Since a fork is a degeneration of a family of smooth
forks, by the semicontinuity theorem for cohomology it is sufficient to prove that
h'(Q', Iy(1,7)) = 0, where W is a general union of 2 forks of Q’. Apply the case
(a,b,v) = (1,7,2) of Lemma 4. O
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LEMMA 19. A(3,9) and B(3,9) are true.

Proof. Since e39 =21, f30=0,u39=21,and v39 =0, A(3,9) and B(3,9) are equiv-
alent. Fix a smooth quadric Q, a general P € P2\ Q, a general union A of 10 disjoint
lines and a general union B of two reducible conics with their singular points contained
in Q. We have /' (Iipuaup(7)) =0, i=0,1 (Lemma 18). Let E C Q be a general
union of 7 lines of type (1,0). Set Z := Uoesing()20- The scheme BUZ is a disjoint
union of 2 sundials and so it is a flat limit of a family of disjoint unions of 4 lines.
Therefore AUBUZ is a flat limit of a family of disjoint unions of 14 lines. Hence by
the semicontinuity theorem and the Castelnuovo’s inequality it is sufficient to prove
R (Q, I znoyuBnoyuang)ue(9)) =0, i=0,1,ie. h'(Q, Iizno)uBno)uang)(2,9)) =0,
i=0,1. Since (ZNQ)U(BNQ) is a general union of two 2-points of Q and 4 points of
0,(ZNQ)U(BNQ)U(ANQ) is a general union of two 2-points of Q and 24 points of
Q. Therefore it is sufficient to prove A'(Q, Iy (2,9)) = 0, where W is a general union
of two 2-points of Q. Use either [5, Lemme 2.3] or [6], [7]. O

LEMMA 20. A(3,11) and B(3,11) are true.

Proof. Take (P,A,B, Q) satisfying B(3,9) (hence B = (). We may assume that P ¢ Q
and that AN Q is formed by 42 general points of Q. We first prove B(3,11). Let E C O
be a union of 9 lines of type (1,0) such that six of them each meets AN Q at one point.
Since AUE is a disjoint union of 18 lines and 6 reducible conics, to get B(3,11), by
the Castelnuovo’s inequality, it is sufficient to prove that 1°(Q, Ieuang)(11)) =0, ie.
"(Q, Iino\ane(2,11)) = 0. This is true, because ANQ\ ANE is a general union of
36 points of Q and h°(Q, 0p(2,11)) = 36.

Now we prove A(3,11). Let F C Q be a union of 8 lines of type (1,0) with
FNA=0. Take another line L C Q of type (1,0) with ANL =@ and fix S C L with
#(S) = 6. Since AUF is a disjoint union of 29 lines and AN Q is a general union of 42
points of O, to prove that (3PUAUF,S, L) satisfies A(3,11) it is sufficient to use the
Castelnuovo’s inequality and observe that h°(Q, I5(3,11)) = 42. O

LEMMA 21. B(3,6) and N(3,6) are true.

Proof. We first prove B(3,6). B(3,4) is true (Lemma 10). Take (P, A, B, Q) satisfying
B(3,4). We have B=0,3PUA € Z(3,5) and h°(Ipua(4)) = 0. We have u3 6 = 11 and
v36 = 3. We may assume that P ¢ Q and that AN Q is a general union of 10 points of
Q. Let F C Q be a disjoint union of 6 lines of type (1,0) on Q such that 3 of them each
meets AN Q at one point. The scheme G :=3PUAUF is the disjoint union of 3P, 6
lines and 3 reducible conics with their singular points contained in Q. Hence to prove
B(3,6) it is sufficient to prove that h°(Ig(6)) = 0. The scheme GN Q is the disjoint
union of F and 7 general points of Q. Hence h°(Q, Inp(6)) = 0. The Castelnuovo’s
inequality gives h°(I5(6)) = 0.

Now we prove N(3,6). We have e34 =53, f34 =0, e36 = 10 and f3 6 = 4. Fix
a smooth quadric Q C P3. Take (E,S, L) satisfying A(3,4) with § = () and E = 3PLIA.
We have h(15(4)) =0,i=0,1. For a general (E,S,L) we may assume P ¢ Q and
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that AN Q is a general union of 10 points of Q. Let F' C Q be a general union of 5
lines of type (1,0). To prove that h' (I (6)) = 0 and hence to prove N(3,6), by the
Castelnuovo’s inequality it is sufficient to notice that A'(Q, Isnp(1,6)) = 0 and hence

RN (Q, IguFyno(6)) = 0. O
LEMMA 22. A(3,8) is true.

Proof. Since f33 = 2 and any two distinct points of IP? are collinear, it is sufficient
to prove that h°(1z(8)) = 2 for a general E € Z(3,17). Take (P,A,B,Q) satisfying
B(3,6) (Lemma 21) with P ¢ Q, A a disjoint union of 5 lines and B a disjoint union
of 3 reducible conics with their singular points contained in Q. By the semicontinuity
theorem for cohomology ([4, I11.12.8]), we may deform A and B so that (AUB)NQ is
zero-dimensional and general, with the only restriction that each singular point of B is
contained in Q. Set Z := Upcging(p)20- Let G C O be a general union of 6 lines of type
(1,0). The scheme BUZ is a disjoint union of 3 sundials and so it is a flat limit of a
family of unions of 6 disjoint lines. Hence by the semicontinuity theorem it is sufficient
to prove h°( puaucupuz(8)) = 2. The scheme (3PUGUAUBUZ) N Q is the disjoint
union of G, the scheme ZNQ = Upcsing(p) (20, Q) (i.e. a general union of 3 2-points of
Q) and 16 general points of Q (Lemma 1). Since Resp(3PUAUGUBUZ) =3PUAUB
and h°( puaug(6)) = 0, by the Castelnuovo’s inequality it is sufficient to prove that
"(Q, Ipnz(2,8)) = 2. We have h°(Q, Ipnz(2,8)) = h°(Q, 0p(2,8)) — 9 ([5, Lemma
231,161, 17D O

LEMMA 23. B(3,8) is true.

Proof. Take (P,A, B, Q) satisfying B(3,6) (Lemma 21) with P ¢ Q, A a disjoint union of
5 lines and B a disjoint union of 3 reducible conics with their singular points contained
in Q. By the semicontinuity theorem for cohomology ([4, I11.12.8]), we may deform A
and B so that (AUB) N Q is zero-dimensional and general, with the only restriction that
each singular point of B is contained in Q. Let F C Q be a union of 7 different lines of
type (1,0) such that F N (BN Q) = 0 and 4 of them each meets one point of AN Q. Set
G :=3PUAUBUF. To prove B(3,8) it is sufficient to prove that 4'(I5(8)) = 0. The
scheme G N Q is the disjoint union of F', 3 general forks and 6 general points. Apply
the Castelnuovo’s inequality and the case (a,b,v) = (1,8,3) of Lemma 4. O

LEMMA 24. A(3,10) is true.

Proof. Since f319 = 1, it is sufficient to find E € Z(3,25) such that h°(1z(10)) = 1,
ie. h'(Ix(10)) = 0. Take (P,A,B, Q) satisfying B(3,8) (Lemma 23) with P ¢ Q, A
a disjoint union of 4 lines and B a disjoint union of 7 reducible conics with their
singular points contained in Q. Set Z := Upesing(3)20. By the semicontinuity the-
orem and Lemma 1 we may assume that (AUBUZ)NQ is a general union of 7
2-points of Q and 22 general points of Q. Let F C Q be the general union of 7
lines of type (1,0). Since 3PUAUBUZUF is a flat limit of a family of elements
of Z(3,25) and h'(LIpuaus(8)) = 0, by the semicontinuity theorem and the Castel-
nuovo’s inequality it is sufficient to prove that A'(Q, Tion(auBuz))ur(10)) = 0, ie.
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hY(Q, Ipn(aupuz)(3,10)) = 0, ie. h'(Q, Izn(3,10)) = 0, where ZNQ is a general
union of 7 2-points. Use [5, Lemme 2.3] or [6], [7]. O]

LEMMA 25. B(3,10) is true.

Proof. Take (P,A,B, Q) satisfying B(3,8) with P ¢ Q, A a disjoint union of 4 lines and
B a disjoint union of 7 reducible conics with their singular points contained in Q. By the
semicontinuity theorem for cohomology ([4, I11.12.8]), we may deform A and B so that
(AUB)NQ is zero-dimensional and general, with the only restriction that each singular
point of B is contained in Q. Let F C Q be a union of 8 different lines of type (1,0)
with the restriction that F N (BN Q) = 0 and 3 of them each meets AN Q at one point.
Set G:=3PUAUBUF. Since AN Q is general, G is the disjoint union of 3P, 6 lines
and 10 reducible conics with their singular points contained in Q. We have Resp(G) =
3PUAUB and h°( Ipuaug(8)) =0 (Lemma 23). Hence by the Castelnuovo’s inequality
it is sufficient to prove that 1°(Q, Ignp(10)) =0, i.e. K°(Q, Iz(2,10)) = 0, where Z =
Z1 U7y, 7 is a general union of 7 forks and Z; is a general union of 5 points. Hence
it is sufficient to prove that #°(Q, I, (2,10)) = 5. Apply Lemma 4 with (a,b,v) =
(2,10,7). O

LEMMA 26. A(3,12) and B(3,12) are true.

Proof. We have e3 12 =34, f3.12 =3, u3,12 =35 and v3 1o = 10. We first prove B(3,12).
Take (P,A,B, Q) satisfying B(3,10) with P ¢ Q, A a disjoint union of 6 lines and B a
disjoint union of 10 reducible conics with their singular points contained in Q. By
the semicontinuity theorem we may assume that (AUB) N Q is a general union of
10 forks and 12 points. Let F C Q be the union of 9 lines of type (1,0) such that
FN(AUB) =0. Set G:=3PUAUBUF. G is the disjoint union of 3P, B (ie.
10 reducible conics with their singular points contained in Q) and 15 disjoint lines.
Hence by the Castelnuovo’s inequality it is sufficient to prove 4°(Q, Ignp(12)) =0,
ie. h°(Q, Iiaup)no(3,12)) = 0. Since AN Q is general union of 12 points, it is suffi-
cient to prove that h°(Q, Ipnp(3,12)) = 12, where QN B is a general union of 10 forks
of Q. Apply Lemma 4 with (a,b,v) = (3,12,10).

Now we prove A(3,12). SetW := Uoesing()20- Hence BUW is a general union
of 10 sundials ([5, Example 2.2.1], [1, lemma 2.5], [2], [3]). Let F’ C Q be the union
of 8 general lines of type (1,0). Fix a general line L C Q of type (1,0) and a general
S C L such that £(S) = 3. Set G’ :=3PUAUBUW UF'US. Since BUW is a flat limit
of a family of unions of 20 disjoint lines ([5, Example 2.1.1],[1, lemma 2.5], [3, lemma
2.6]), the semicontinuity theorem for cohomology says that it is sufficient to prove
h'(I5(12)) = 0. We have Resg(G') =3PUAUB and h' (Lpuaup(10)) = 0 (Lemma
25). Hence by the Castelnuovo’s inequality it is sufficient to prove 4! (Q, Igno(12)) =
0.ie. K (Q, Iprouwno)uano)us(4:12)) = 0. ie. K1 (Q, Iwngyus(4,12)) = 0, where
(WNQ)US is a general union of 10 2-points of Q and S. Apply [5, Lemme 2.3]. O

LEMMA 27. B(3,13) and B(3,15) are true.
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Proof. We have uz 11 =30,v3,11 =6, u3 13 =40 and v3 13 = 10. First we prove B(3,13).
Take (P, A, B, Q) satisfying B(3,11) (Lemma 20) with P ¢ Q. Let F C Q be a union of
10 lines of type (1,0) such that 4 of them each meets AN Q at one point, and F N (BN
Q) =0. Set G:=3PUAUBUF. By the Castelnuovo’s inequality it is sufficient to
prove that h!(Q, Ignp(13)) =0, i.e. h'(Q, Ipno(3,13)) = 0, where BN Q is a general
union of 6 forks. Apply Lemma 4 with (a,b,v) = (3,13,6).

B(3,13) implies B(3,15) by the case m =3 and k = 13 of Lemma 13. O

LEMMA 28. B(3,14) and N(3,14) are true.

Proof. Recall that U3 12 = 35, V312 = 10, U3 14 = 45, V3,14 = 5, e3 14 = 44 and f3714 =
10. Take (P,A,B,Q) satisfying B(3,12) with P ¢ Q. First we prove N(3,14). Set
Z :=Uopcsing()20. By Lemma 1 and the semicontinuity theorem we may assume that
(AUBUZ)NQ is a general union of 10 2-points of Q and 50 points of Q. Let F C Q
be a general union of 9 lines of type (1,0) on Q. Since 3PUAUF UBUZ is a flat
limit of a family of elements of Z(3,44) and Resp(3PUAUF UBUZ) =3PUAUB,
to prove N(3,14) by the semicontinuity theorem and the Castelnuovo’s inequality it is
sufficient to prove A'(Q, Iionaupuz)ur (14)) = 0, ie. h'(Q, Ipn(aupuz)(5,14)) =0,
ie. h'(Q, Iznp(5,14)) = 0, which is true by [5, Lemme 2.3].

Now we prove B(3,14). Let G C Q be a general union of 10 lines of type (1,0).
Fix S C Sing(B) such that f(S) = 5 and set Z' := Upes20. Since 3PUAUGUBUZ’
is a flat limit of a family of disjoint unions of elements of Z(3,35) and 5 reducible
conics with their singular points contained in Q, by the semicontinuity theorem and
the Castelnuovo’s inequality, it is sufficient to prove that ' (Q, Lion(ausuzyuc(14)) =
0,ie. h'(Q, Ipn(ausuz)(4,14)) = 0. Since ANQ is general and deg(QN(AUBU
7)) =175, it is sufficient to prove h'(Q, In(puz)(4,14)) = 0. This is true, because
h'(Q, Ipn(puz)(4,14)) = 0 by [5, Lemme 2.3]. O

LEMMA 29. B(3,17) and N(3,17) are true.

Proof. Recall that e3 17 = 62, u3 17 = 63, and v3 17 = 4. Take (P,A,B, Q) satisfying
B(3,15) (Lemma 27) with P ¢ Q. First we prove N(3,17). Set Z := Upcsing(p)20-
By Lemma 1 and the semicontinuity theorem we may assume that (AUBUZ)NQ
is a general union of 10 2-points of Q and 82 points of Q. Let FF C O be a general
union of 11 lines of type (1,0) on Q. Since 3PUAUF UBUZ is a flat limit of a
family of elements of Z(3,62), to prove N(3,17), by the semicontinuity theorem and
the Castelnuovo’s inequality, it is sufficient to prove 2! (Q, Tion(auBuz))ur (17)) =0, ie.
h'(Q, Ipn(aupuz)(6,17)) =0, ie. h'(Q, Iznp(6,17)) = 0. This is true by [5, Lemme
2.3].

Now we prove B(3,17). Let G C Q be a general union of 12 lines of type (1,0).
Fix S C Sing(B) such that #(S) = 6 and set Z' := Upes20. Since 3PUAUGUBUZ
is a flat limit of a family of disjoint unions of elements of Z(3,55) and 4 reducible
conics whose singular points are contained in Q, by the semicontinuity theorem and
the Castelnuovo’s inequality, it is sufficient to prove that ' (Q, Lion(ausuzyuc(17)) =
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0,ie. h'(Q, Ipn(aubuz)(5,17)) = 0. Since ANQ is general and deg(Q N (AUBU
7')) = 108, it is sufficient to prove 4! (Q, Ipn(suz)(5,17)) = 0. This is true, because
h'(Q, Ipn(puz)(5,17)) = 0 by [5, Lemme 2.3]. O

LEMMA 30. B(3,16) and B(3,18) are true.

Proof. ‘We have Uz 16 = 57, V316 = 10, Uz 18 = 70 and V318 = 10.

First we prove B(3,16). Take (P,A, B, Q) satisfying B(3,14) (Lemma 28) with
P ¢ Q. Let F C Q be a general union of 12 lines of type (1,0) such that 5 of them
each meets AN Q at one point, and FN (BN Q) =0. Set G:=3PUAUBUF. By
the Castelnuovo’s inequality it is sufficient to prove that h!'(Q, Igno(16)) =0, i.e.
n'(Q, Ipno(4,16)) =0, where BN Q is a general union of 5 forks of Q. Apply Lemma
4 with (a,b,v) = (4,16,5).

B(3,18) follows from B(3, 16) by the case m = 3 and k = 16 of Lemma 13. [

LEMMA 31. B(3,20) and N(3,20) are true.

Proof. Recall that U3 18 = 70, V318 = 10, €320 = 83, U3z 20 = 84,f3720 =18 and V3,20 = 3.
Take (P,A,B,Q) satistfying B(3,18) (Lemma 30) with P ¢ Q. Set Z := Upcging(5)20-
By the semicontinuity theorem and Lemma 1 we may assume that (AUBUZ)NQis a
general union of 10 2-points of Q and 120 points of Q. Let F C Q be a general union of
13 lines of type (1,0) (hence F N ((AUB)NQ) =0). Let G C Q be a union of 14 lines
of type (1,0), exactly 3 of them each contains one point of ANQ, and GN(BNQ) =0.
To prove that the scheme 3PUAUBUZUF (resp. 3PUAUBUZUG) is a flat limit of
a family of solutions of N(3,20) (resp. B(3,20)), by the semicontinuity theorem and
the Castelnuovo’s inequality, it is sufficient to prove that 2! (Q, Izn0(7,20)) = 0 (resp.
h'(Q, Izn0(6,20)) = 0). Apply [5, Lemme 2.3] O

LEMMA 32. B(3,19) and B(3,21) are true.

Proof. Recall that u3 19 = 77, v3 .19 = 10, u3 21 = 92, and v3 51 = 10. Take (P,A,B,Q)
satisfying B(3,17) with P ¢ Q and add a disjoint union F C Q of 14 lines of type
(1,0), exactly 6 of them each contains one point of ANQ, and FN(BNQ) =0. To
prove B(3,19) it is sufficient to prove h!(Q, Bpuaurug(19)) = 0. Since Resg(3PU
AUF UB) =3PUAUB, by the Castelnuovo’s inequality it is sufficient to prove that
hN(Q, Iiaurup)no(19)) =0,ie. h'(Q, Igno(5,19)) = 0, where BN Q is a general union
of 4 forks of Q. Apply Lemma 4 with (a,b,v) = (5,19,4).

B(3,19) implies B(3,21) by the case m =3, k = 19 of Lemma 13. O

LEMMA 33. B(3,23) and N(3,23) are true.

Proof. Recall that e3 23 = 107, u3 23 = 108, f323 = 22 and v3 23 = 2. Take (P,A,B,Q)
satisfying B(3,21) (Lemma 32) with P ¢ Q. Set Z := Upcsing(p)20- Fix S C Sing(B)
with £(S) = 8 and set Z' := Upes20. By the semicontinuity theorem and Lemma 1 we
may assume that (AUBUZ) N Q is a general union of 10 2-points of Q and 164 points
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of Q. Let F C Q be a general union of 15 lines of type (1,0). Let G C Q be a general
union of 16 lines of type (1,0). To prove that the scheme 3PUAUBUZUF (resp.
3PUAUBUZ UG) is a flat limit of a family of solutions of N(3,23) (resp. B(3,23)),
by the semicontinuity theorem and the Castelnuovo’s inequality, it is sufficient to prove
that 1! (Q, Izn0(8,23)) = 0, where ZN Q is a general union of 10 2-points of Q (resp.
r'(Q, Iisroyuzne)(7,23)) = 0, where (BN Q) U (Z' N Q) is a general union of 2 forks
of O, 8 2-points of Q and 160 general points of Q). Apply [5, Lemme 2.3] (resp.
Lemma 3 with (a,b,v,z) = (7,23,2,8) and [5, Lemme 2.3]). O

LEMMA 34. B(3,22) and B(3,24) are true.

Proof. We have u3 2 = 100 and v3 2, = 10. First we prove B(3,22). Take (P,A,B,Q)
satisfying B(3,20) (Lemma 31) with P ¢ Q and (AUB) N Q a general union of 3 forks
and 156 points of Q. Let G C Q be a union of 16 lines of type (1,0), exactly 7 of them
each contains one point of ANQ and GN (BN Q) = 0. By the Castelnuovo’s inequality
it is sufficient to prove that h'(Q, Iaupug)no(22)) =0, ie. h'(Q,Izng(6,22)) = 0.
Use Lemma 4 with (a,b,v) = (6,22,3).

B(3,24) follows from B(3,22) by the case m = 3, k = 22 of Lemma 13. O

LEMMA 35. B(3,26) and N(3,26) are true.

P}"OOf. Recall that €326 = 134, Uz 26 = 135, f3,26 =26 and V326 = 1. Take (P,A,B,Q)
satisfying B(3,24) (Lemma 34) with P ¢ Q and (AUB) N Q a general union of 10 forks
and 194 points of Q. Set Z := Upesing(p)20. Let F C Q be a union of 17 lines of type
(1,0) and G C Q a union of 18 lines of type (1,0), exactly one of them containing
one point of AN Q. By the semicontinuity theorem and the Castelnuovo’s inequality
to prove N(3,26) (resp. B(3,26)) using 3PUAUBUZUF (resp. 3PUAUBUZUG)
it is sufficient to observe that h'(Q, Izn0(9,26)) = h'(Q, Izno(8,26)) = 0 ([S, Lemme
2.3]). O

LEMMA 36. B(3,25) and B(3,27) are true.

Proof. We have u3 »s = 126 and v3 55 = 10. First we prove B(3,25). Take (P,A,B,Q)
satisfying B(3,23) (Lemma 33) with P ¢ Q and (AUB)NQ a general union of 2
forks and 208 points of Q. Take a union G C Q of 18 lines of type (1,0), exactly
8 of them each contains one point of ANQ, and GN (BN Q) = 0. To prove that
3PUAUBUG solves B(3,25), by the Castelnuovo’s inequality it is sufficient to prove
that h'(Q, Iausuc)no(25)) =0, ie. h'(Q, Isno(7,25)) = 0. Apply Lemma 4 with
(a,b,v) =(7,25,2).

B(3,25) implies B(3,27) by the case m = 3 and k = 25 of Lemma 13. O

LEMMA 37. A(3,29) and B(3,29) are true.
Proof. Since f39 =0, we have v3 29 = 0 and so A(3,29) and B(3,29) are equivalent.

We have e3 29 = 165. Take (P, A, B, Q) satisfying B(3,27) (Lemma 36) with P ¢ Q and
(AUB)NQ a general union of 10 forks and 250 points of Q. Set Z := Upcsing()20-
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Let F C Q be a general union of 20 lines of type (1,0). To prove that the scheme
3PUAUBUZUF is aflat limit of solutions of A(3,29), by the semicontinuity theorem
and the Castelnuovo’s inequality, it is sufficient to prove that 4! (Q, Iz0(9,29)) = 0.
Apply [5, Lemme 2.3]. O

Proof of Theorem 1. The exceptional cases t = 2,3 are known ([3, part (ii) of Theorem
4.2]). The cases t = 1 and t = 5 are covered by [3, Theorem 4.2 (i)]. Hence we may
assume t > 6.

Let k be the only integer such that ez 41 <t < e3 . Since Z(3,¢) is irreducible,
it is sufficient to find A,B € Z(3,¢) such that h'(I4(k)) = 0 and h°(Iz(k — 1)) = 0.
To prove the existence of A it is sufficient to prove N(3,k) (or the stronger statement
A(3,k)) (Lemma 8). Hence A exists if k =5 (Lemma 15), k = 6 (Lemma 21), k =7
(Lemma 16), k = 8 (Lemma 22), k =9 (Lemma 19), k = 10 (Lemma 24), k = 11
(Lemma 20), k = 14 (Lemma 28), k = 17 (Lemma 29), k = 20 (Lemma 31), k = 23
(Lemma 33), k = 26 (Lemma 35), k = 29 (Lemma 37). Since A(3,9) and A(3,10) are
true (Lemmas 19 and 24), Lemma 12 gives that A(3,k) is true for all k£ > 9 such that
k=0,1 (mod 3). Since A(3,29) is true (Lemma 37), A(3,k) is true for all kK > 32 such
that k =2 (mod 3) (Lemma 11). Hence A exists for all # > 6.

The scheme B exists if B(3,k— 1) is true (Lemma 9). Hence B exists if k— 1 =5
(Lemma 17), k—1 =6 (Lemma 21), k— 1 =7 (Lemma 18), k — 1 = 8 (Lemma 23),
k—1=9 (Lemma 19), k—1 =11 (Lemma 20), k— 1 = 14 (Lemma 28),k—1 =17
(Lemma 29),k—1 =20 (Lemma 31), k— 1 =23 (Lemma 33),k— 1 =26 (Lemma 35)
and k — 1 =29 (Lemma 37). The scheme B exists if A(3,k— 1) is true (Lemma 8). We
proved that A(3,k — 1) is true for all k£ > 30 such that k =0 (mod 3) (Lemma 11) and
for all k > 10 such that k = 1,2 (mod 3) (Lemma 12). If k = 5 the scheme B exists,
because A(3,4) is true (Lemmas 8 and 10). Hence B exists for all 7 > 6. O]

6. Proofs of Propositions 1 and 2

LEMMA 38. Fix integers k > m > 0. Assume h'(Iy(k)) = 0 for at least one
A€ Z(m,epy) and h°(Ip(k)) = O for at least one B € Z(m, e+ 1). Then A(m,k) is
true.

Proof. By the semicontinuity theorem we have h'(Ix(k)) = O for a general
X € Z(m,enyx) and h°(Iy(k)) = O for a general Y € Z(m, e, + 1). First assume
Sfmk =0. In this case for any line L the triple (A,Q,L) satisfies A(m,k). Now as-
sume f,,x > 0. Fix a general Y € Z(m, e, x+ 1) and write Y = W UL with L a line.
Since Y is general, W is a general element of Z(m, e, ). Hence h'(Iw(k)) =0, i.e.
RO (L (k)) = fux. Since h°(Iyur(k)) =0, we have h°(Iyys(k)) = O for a general
S C L such that §(S) = fiux. The triple (W, S, L) satisfies A(m, k). O

Proof of Proposition 1. A(m,m+ 1) is true (Lemma 10). Lemma 38 gives that A(m, k)
is true for all k such that m +2 <k <m(m+1)(m+2)/2—1. Lemmas 11 and 12 give
that A(m, k) is true for all k > m(m+1)(m+2)/2. Apply Lemma 8. O
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Fix an integer m > 4. Set e;mmﬂ =m+2, e;mmﬂ :=m+3 and e;merS =
2m+ 4. For each integer k > m+ 4 set e;n,k 1= €, . +eok—eoc, where c € {m+1,m+
2,m+ 3} is the integer with k = ¢ (mod 3). Since m > 4, we have ¢,, . < e for all
ce{m+1,m+2,m+3}. Hencee, , <eo forall k >m. Notice that e, ; = €k — Cln k-
For all integers k > m + 1 we define the following assertion E (m, k):

E(m,k),k>m+1: h'(Ig(k)) = 0 for a general E € Z(m, €], ).

REMARK 4. E(m,m+ 1) is true, because it is equivalent to A(m,m+ 1) and we
may quote Lemma 10, i.e. [3, Theorem 4.2 (i)(c)].

LEMMA 39. E(m,m+2) is true.

Proof. Fix a plane H, a line D C H and (A, S,L) satisfying A(m,m+ 1) (Lemma 10).
Hence S = 0 and A = mPUA’ with deg(A’) = m+ 2. By the semicontinuity theorem
for cohomology ([4,111.12.8]), we may assume P ¢ H and that AN H is a general union
of m+ 2 points of H. Hence h'(H, Ipuanmy(m+2)) = h'(H, Iy (m+1)) = 0. The
Castelnuovo’s inequality gives that AU D is a solution of E(m,m+2). O

LEMMA 40. E(m,m+3) is true.

Proof. Fix a smooth quadric Q and a general A = mP UA’ € Z(m,m+2). We have
h'(I4(m+1)) =0 (Lemma 10), P ¢ Q and AN Q is a general union of 2m + 4 points
of 0. Let F C Q be a union of m+ 2 lines of type (1,0) with ANF = (. Since
h°(Q, 0g(1,m+3)) =2m+8>2m-+4 and ANQ is general, we have h!(Q, Tryang) (m+
3,m+3)) =h'(Q, Isno(1,m+3)) = 0. The Castelnuovo’s inequality gives that AU F
is a solution of E(m,m+3). O

LEMMA 41. Fix integers k > m > 4. If E(m,k) is true, then E(m,k+3) is true.

Proof. Fix a degree 3 ruled surface T. Fix a general X = mP LY € Z(m,e,, ) (hence
P ¢ T). Since E(m,k) is true, the semicontinuity theorem implies that 2! (Ix (k)) = 0.
Let F C T be a general union of k + 4 elements of F (T). We have h°(T, I (k+3)) =
WO(T, Or (k+3)) — (k+4)? (Lemma 6). We have €l ki3 — Oy = C0k+3 — €0k =k+4.
The case m = 0 of (3) gives

k+6 k+3
5 3eo i+ (k+4)(eo 3 —eox) + forts — fox = ( 3 ) - ( 3 )

Recall that B(T, Or (k+3)) = (*1°) — (*}?). Ifk=0,1 (mod 3), then fo 43 = fox =
0.Ifk=2 (mod 3),then fy 43— fox = 1. Since e;mk < eo.(5) gives that 3-deg(Y) <
hO(T, Ir (k+3)). Applying deg(Y) times Lemma 7 (for a general Y) and then applying

Castelnuovo’s inequality we get that mPUY UF satisfies E(m,k+3). O

Proof of Proposition 2. Remark 4 and Lemmas 39, 40, 41 give that E(m,x) is true
for all x > m. Fix a general element X = mPUY € Z(m,t). Since t < (k+2)(k+
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3)/6 — ok, we have t < | (k+2)(k+3)/6] — ok = €, .. Hence E(m, k) gives that
' (Ix (k) = 0.

Part (b) is true for the following reason. Set a := (k+3)(k+2)/6 if k=0,1
(mod 3) and a := (k* +5k+10)/6 if k =2 (mod 3), i.e. let a be the minimal integer
x such thatx > (k+4)(k+1)/6. Let Y be a general element of Z(0,x). By [5] we have
R (Iy(k)) = 0. Hence h°(Lypuyuc(k)) =0 for any P € P? and any union G of t —a
lines. O
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