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STRUCTURE EQUATIONS OF LEVI DEGENERATE
CR HYPERSURFACES OF UNIFORM TYPE

Abstract. We explicitly determine the structure equations of 5-dimensional Levi 2-non-
degenerate CR hypersurfaces, using our recently constructed canonical Cartan connection
for this class of CR manifolds. We also give an outline of the basic properties of absolute
parallelisms and Cartan connections, together with a brief discussion of the absolute paral-
lelisms for such CR manifolds existing in the literature.

1. Introduction

Let M be a (2n+ 1)-dimensional CR hypersurface, that is a manifold endowed with a
pair (D,J) formed by

a) a distribution DCTM of codimension 1,

b) asmooth family J of complex structures J; : D, — D, satisfying the integrabil-
ity condition, i.e. the complex distribution D'°CTCM of the (+i)-eigenspaces
of the J, is involutive.

‘We recall that the Levi form of M is defined as follows. For x € M, let 3 be a 1-form
on a neighbourhood U of x with ker®, = D, at each point y of U. The Levi form at x
is the symmetric bilinear map

Ly: D XD, — R, Le(v,w) :=dOx(v,Jw),

which is well known to be Jy-invariant and independent on the choice U, up to a scalar
multiple. If the dimension of ker £, is constant over M, we call the CR hypersurface of
uniform type. The case dimker £, = 0 occurs if and only if the distribution 9D is contact
and in this case (M, D,J) is called Levi-nondegenerate. If D is of uniform type with
dimker £, > 0 at all points, we call it uniformly Levi-degenerate.

The simplest examples of uniformly Levi degenerate CR hypersurfaces are given by
the cartesian products M x S of a Levi-nondegenerate CR hypersurface (M, D,J) and
an m-dimensional complex manifold (S,J%). The natural CR structure of M x S is the
pair (D,J) defined by

Dy =D+ T,S,  Jo:=J:xJS forall x = (%,5) € M x S.

If a CR hypersurface is locally CR equivalent with a cartesian product of this kind
around any point, we say that it admits local CR straightenings.
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Under appropriate uniformity assumptions on the CR structure, any uniformly Levi
degenerate CR hypersurface (M, D,J) is equipped with a nested sequence of complex
distributions

(1  CRCRCFCF 1CF0=TM,

in which 7_; := D'0 and all other subdistribution %, i > 0, are inductively defined in
a special way that implies that

(Fi, F;]CFiy;  foreachi,j>—2

(here, we assume that F; ; := TCM if i+ j < —2). This nested sequence of distribu-
tions necessarily stabilises after a finite number of steps and, by a result of Freeman
([11]), it has the following crucial property: (M, D,J) admits local CR straightenings
if and only if the first stabilising distribution F, that is such that Fi.¢ = Fi for all
? >0, is non trivial.

The uniformly Levi degenerate CR hypersurfaces with trivial stabilising distribution
F (hence, with no CR straightenings) are called Levi (k + 1)-nondegenerate. This
notion extends the concept of Levi nondegeneracy, since the Levi 1-nondegenerate
hypersurfaces are precisely the Levi nondegenerate hypersurfaces in the usual sense.

The smallest dimension for a CR hypersurface to be uniformly Levi degenerate and
with no CR straightenings is 5. By dimension counting, any such 5-dimensional CR
hypersurfaces is 2-nondegenerate. For conciseness, we call the CR manifolds of this
kind girdled CR manifolds.

The class of girdled CR manifolds and the associated equivalence problem has been the
main object of investigation in several recent papers. In particular, in [14] we proved
the existence of a canonical Cartan connection for any girdled CR manifold, obtaining
in this way a solution to the equivalence problem and a complete set of invariants for
this class of CR manifolds. Independently and with preprints posted almost at the same
time, Isaev and Zaitsev presented in [13] an alternative solution, hence another set of
invariants, for the same equivalence problem. Isaev and Zaitsev’s solution is however
not corresponding to a Cartan connection. Shortly after, a third solution and another
set of invariants has been given by Pocchiola in [16].

Due to this, in several occasions, the following question has been posed: Is there a way
to compare one to the other such solutions to the equivalence problem of girdled CR
manifolds?

Having this question in mind, in this paper we newly present our solution to the equiva-
lence problem for girdled CR manifolds, in a way that allows an immediate comparison
with the other existing solutions. More precisely, we first provide a quick review of the
notions of equivalence problems, absolute parallelisms and Cartan connections. The
intention of such overview is twofold: to fix unambiguously the meaning of all terms
of our discussion and to clarify the main reasons of interests for solutions to equiva-
lence problems coming from canonical Cartan connections. We then describe in detail
the canonical Cartan connections of girdled CR manifolds introduced in [14], giving
the explicit expressions of the corresponding structure equations and making manifest
all curvature restrictions that characterise such connections.
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2. Equivalence problems and Cartan connections

Let G be a class of geometric structures, that is of pairs (M,.S) formed by a manifold
M with some geometric datum S of fixed type (as, for instance, a Riemannian metric g,
a distribution D, a CR structure (D,J), etc.). Given two geometric structures (M,.S),
(M',S") in G, the local equivalences around points x € M and x' € M’ are the local
diffeomorphisms f : U — U’ between neighbourhoods U, U’ of x, X/, transforming
Sla into §’|¢y. The equivalence problem for the class G it is the query for an algorithm
that establishes when, given two points, there exists a local equivalence around such
two points.

A standard approach to such problem consists in looking for constructions that give for
each (M,S) in G a unique triple (P, (X;), (-)) made of:

i) a bundle & : P — M over the manifold M;

ii) an absolute parallelism (X;) on P, i.e. an ordered N-tuples of vector fields
(Xi,...,Xn) that gives a frame at each tangent space T, P;

iii) an operator (-) which maps each local equivalence f : U — M’ into a bundle
diffeomorphism f : VCP — P’ that projects onto f,

such that the following holds: a local diffeomorphism F : VCP — P between the
bundles P,P' of two structures (M,S), (M',8") in G maps the associated parallelisms
(Xi), (X!) one into the other if and only if F = f for some local equivalence f.

Triples (P, (X;), (-)) with this property are called canonical absolute parallelisms for
the class G and any algorithm that provides canonical absolute parallelisms solves the
equivalence problem for G in the following sense.

Any absolute parallelism (X;) is uniquely determined by the N-tuple of its dual 1-

forms (@!,...,@") and a local diffeomorphism transforms one absolute parallelism

into another if and only it it transforms the corresponding dual coframe fields one
into the other. We now observe that the differentials d®' admit unique expansions
of the form do' =Y ; c’jkmf A k. These are the so-called structure equations of the

parallelism (X;) and the functions c;k are the associated first order invariants. Note that
the invariants c?k can be explicitly determined from the vector fields X; by recalling that

() ¢l = o' (X, %) = — o (X}, X))

Their differentials have the form dc;k = ci.k‘ Elmé’l and the functions cj.kl ;, are called
second order invariants. Their differentials dcj.k‘ 0= Cj'kl 0o ®” define the third order
invariants cj.k‘ 0o and so on. By a fundamental result of Cartan and Sternberg, if ap-
propriate constant rank conditions hold, there is an m,, such that all invariants of order
: o) e (o i i . No :
r<my+1 give a map Fm) := (c’jk, ‘ljk\ll’ Cljk\Mz’ ’Cljk\é’l»-ﬁmn) : P — RN which
completely characterises the pair (P, (X;)) up local equivalences ([24], Thm. VIL4.1;
see also [12, 17, 23]). So, any question on existence of equivalences between canonical
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absolute parallelisms of G is in principle completely solvable by studying the invari-
ants of the parallelisms up to some finite order. This is the reason why any algorithm
that provides canonical absolute parallelisms for G is considered as a solution to the
equivalence problem for this class.

Solutions of this type to the equivalence problems are usually not unique. For instance,
the so-called G-structures of finite type admit canonical absolute parallelisms, deter-
mined via a finite number steps, each of them based on choices of certain normalising
conditions ([24, 12, 25, 15, 1, 17]). Different choices lead to non-equivalent canon-
ical absolute parallelisms, hence to distinct solutions to the same equivalence prob-
lem. Other examples are provided by the celebrated absolute parallelisms of Chern and
Moser ([9]) and of Tanaka ([26, 27]) for the Levi-nondegenerate CR hypersurfaces,
whose first order invariants are actually constrained by non-equivalent sets of linear
equations. There exists also three distinct solutions to the equivalence problems for the
elliptic and hyperbolic CR manifolds of codimension two, which have been determined
in [10, 18, 20].

Amongst all canonical absolute parallelisms that one might associate with the struc-
tures of a given class, there are sometimes some special ones that correspond to Cartan
connections. As we will shortly see, parallelisms of this kind have several very impor-
tant additional features.

We recall that a Cartan connection on a manifold M, modelled on a homogeneous
space G/H, is a pair (P,®), formed by a principal H-bundle &t : P — M and a g-valued
I-form ® : TP — g = Lie(G) such that:

a) foreachy € P, the map ®, : 7, — g 1s a linear 1somorphism and (®@y) |5 : h —

(a) for each y € P, the map @, : T,P — g is a linear isomorphism and (@)~
TyVP is the standard isomorphism, given by the right action of H on P, between
b = Lie(H) and the tangent space T, P of the fiber,

(b) R;® = Ad,-10® forany h € H.

Given a class of geometric structures G, a correspondence between the structures in
G and Cartan connections on the underlying manifolds, is called canonical if there is
an associated bijection between the local equivalences f : U — U’ between manifolds
M, M’ of G and the local diffeomorphisms f : P|¢ — P’|¢y between the bundles of the
associated Cartan connections (P,®), (P',®'), that satisfy the condition f*@' = @.

Note that if there is a canonical Cartan connection (P, ®) for any manifold M of G, each

basis (E?) for g = Lie(G) determines a canonical absolute parallelism (P, (E;), (-)),
formed by the bundle P and the absolute parallelism (E;) given by the vector fields

) Ejl, =, (E?), ucP

Hence, any construction of canonical Cartan connections for a class G automatically
provides a solution to the corresponding equivalence problem.

However, the interest for Cartan connections is by far much wider than their uses for
equivalence problems. For an introduction to the variety of possible applications, see
e.g. [12,22,6,7,8,4, 19, 2, 28] and references therein.



Structure equations of Levi degenerate CR hypersurfaces 131

One of the most basic reasons of interest for Cartan connections is given by the fol-
lowing fact: If (P,®) is a Cartan connection on M modelled on G/H, the associated
g-valued curvature 2-form = d® + %[(ﬁ, ®| on P vanishes identically if and only if P is
locally equivalent to the Lie group G and M is locally equivalent to the homogeneous
model G/H. This means that if the elements of a class G of geometric structures admit
canonical Cartan connections modelled on a given homogeneous spaces, for each of
them there exists a very informative indicator (namely, the curvature ) of how it locally
deviates from the homogeneous model.

From this and other facts on Cartan connections, one has also that geometric struc-
tures admitting canonical Cartan connections are equipped with distinguished families
of appropriate curves or submanifolds of higher dimension, which are invariant under
local equivalences and play the same role of geodesics and chains in Riemannian ge-
ometry and in geometry of Levi non-degenerate hypersurfaces, respectively (see e.g.
[3, 18]). Such distinguished curves and submanifolds can be also combined and de-
termine systems of normal coordinates, which allow to reduce several questions to
geometric properties of the homogeneous models (see, for instance, [18, 19]).

At the best of our knowledge, the first methodical study on the possibilities of con-
structing canonical Cartan connections was done by Tanaka in [27]. There he proved
the existence of canonical Cartan connections for an important family of classes of ge-
ometric structures, modelled on homogeneous spaces G/H of (semi)simple Lie groups
and with parabolic isotropy subgroups HCG. His results were later extended in vari-
ous senses by T. Morimoto in [15] and éap and Schichl in [5]. For a concise review of
Tanaka’s results, see [1].

We conclude this short discussion of Cartan connections recalling that in [1], Alek-
seevsky and the second author proved that Tanaka’s method of construction of Cartan
connections can be considered as a derivation of a more general method of construction
of absolute parallelisms, also invented by Tanaka ([25]). This second method applies to
a wider range of geometric structures, called Tanaka’s structures of finite type, and pro-

duces canonical parallelisms (P, (X;), (-)), formed by bundles  : P — M that in general
are not principal bundles and by parallelisms (X;) that in general are not determined
by a g-valued 1-form ® satisfying the properties of Cartan connections. Nonetheless,
for a special class of Tanaka structures, modelled on homogeneous spaces G/H of a
semisimple G and parabolic subgroup H CG, the general construction can be performed
in such a way that it produces a bundle  : P — M, which is a principal H-bundle, and
an absolute parallelism (X;) on P, which is determined by a Cartan connection ® (see
[1] for details).

3. Cartan connections of girdled CR manifolds and corresponding structure
equations

Now we focus on girdled CR manifolds (M, D,J), i.e. on 5-dimensional CR hypersur-
faces of uniform type, which are Levi 2-nondegenerate. As we already mentioned in
the introduction, any such CR hypersurface is Levi degenerate and yet admits no local
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straightenings. The name girdled has been chosen to allude to such lack of straighten-
ings.

One of the most important examples of girdled CR manifolds and, as we will shortly
see, a model for these geometric structures is given by the following homogeneous
manifold. Consider the bilinear form (-,-) and the pseudo-Hermitian form < -,- > on
C° defined by

) (t.s)=Thas,  <ts>=(s), Iha= (-3 0 ).
' ' 0 712

and the corresponding semi-algebraic subset M, CCP* defined b
P g g y
(1,1) = (00 + (' ? + (P = (72— (14 =0,
@ <t >=[OP P[RR =[PP = [P =0,
3 (t374) >0.
It is known (see e.g. [21]) that M, is a SO%’ﬂz—homogeneous, 5-dimensional CR sub-

manifold of CP* (here, S04 , is the identity component of SOj3 ») and contains T, =

M,N{3(3(t9+4)) > 0} as open dense subset, which is CR equivalent to the so called
tube over the future light cone in C, i.e. to the real hypersurface

(3) T={(2.2)eC: (P+(¥)? - ) =0,x>0}.

It turns out that M, is girdled and its group of CR automorphisms coincides with
Aut (M,)) = SOS3 ,. Hence, if we denote by HCSO , the isotropy subgroup of Aut (M,)
at some point, M, is CR equivalent to the homogeneous space SOS , /H, equipped with
an appropriate invariant girdled CR structure. '

The homogeneous CR manifold M, = SO%,/H is a modelling space, of which any
girdled CR manifold can be considered as a local deformation. This is a consequence
of the main theorem of our paper [14], namely

THEOREM 1. For any 5-dimensional girdled CR manifold (M,D,J), there exists a

canonical Cartan connection (Q,®), modelled on the homogeneous CR manifold M, =
SO3 ,/H described above.

The proof of this theorem is constructive and provides an explicit description of the
bundle 7 : O — M and of the 503 >-valued 1-form @ (more precisely, of a collection
of vector fields, by which @ is uniquely determined). Our construction is based on a
modification of Tanaka’s general scheme for building up absolute parallelisms. The fact
that our collection of vector fields actually defines a Cartan connection is a consequence
of an appropriate tuning of each step of the construction.

As itis shown in [1] (see also above, end of §2), even the classical Tanaka’s method can
be used to produce Cartan connections, provided that appropriate algebraic conditions
are satisfied. Such conditions certainly occur for the parabolic geometries [5], i.e. the
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geometric structures modelled on homogeneous spaces G/H of semisimple Lie groups
G with parabolic H. Since the girdled CR manifolds are modelled on a homogeneous
space G/H of the semisimple Lie group G = SO‘3’12 with a non parabolic H, our re-
sult shows that the above conditions might occur for a wider and interesting class of
homogeneous models.

As pointed out in §2, the absolute parallelism, that is determined by the canonical
Cartan connection (Q,®) and a basis of 5035, provides a solution to the equivalence
problem for girdled CR manifolds. At the best of our knowledge, at the moment there
are two other absolute parallelisms for girdled CR manifolds, hence two other solutions
to the same problem ([13, 16]), but none of them corresponds to a Cartan connection.

In the next sections, we select a special basis for s03 > and we write explicitly the struc-
ture equations of the absolute parallelism corresponding to such special basis. Such
explicit expressions also allow immediate comparisons with the structure equations of
the parallelisms provided by the other solutions to the equivalence problem for girdled
CR manifolds.

3.1. A convenient basis for s03 >

The Lie algebra g = s03 > has a natural structure of graded Lie algebra, which can be
explicitly described as follows. Consider a system of projective coordinates on CP*, in
which the scalar product (-, -) defined in (1) assumes the form

00[00 1
00010
4) (t,s)=t"Is  with I=|T0o0[i[00
0 1]0[0 0
10[0[0 0

By means of these new coordinates, the Lie algebra 503, of the isometries of (-,-) can
be identified with the Lie algebra of real matrices A such that A” I + IA =0, i.e., of the
form

ay ap as ay 0
as ay ag | 0 —ay
A= ag a9 | 0 [—as —as |, for some a; € R.
apy 0 |—ay|—as —ay
0 —ajp|—ag|—az —a;

This shows that 503 > is the direct sum of the vector subspaces

_ o _ 0 0 _ 0 0 0 0
g2=<e_p>,8-1=<e€_ ;€ jp > 00=< eo“aeo\zan“:Eo\z >,

(5)
g1 =< Elo‘laEi)‘z >, g2 =< E20 >,
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spanned by the matrices

00 (0]0 0 00[0]00 00[0]00
000[00 00[0]00 00[0]00
0 0 0
eZy=| 0010j00 |, el =[10[0]00 |, el;p,=f01]0]00 |,
1.0 0/00 00[0]00 00[-1]/00
-1]0]0 0 00[-1]0 0 00[0]00
10000 01[0] 00
0 —1/0/ 00 10[0] 00
o __ o __
€= 000l00 |,e=|00/0] 00 [,
00 0]1 0 00[0]0 —1
00 |0]0 -1 00[0]-1 0
©)
1ojof 00 0 10|00
01/0] 00 —-10[0/ 00
o __ 4
Egp=]00J0f 00 |, Egp=| _00J0j0o0 f,
00/0|-1 0 00 [0]0 —1
00[0] 0 -1 00[0]1 0
00[1/ 00 00[0] 00 00[0|1 0
00[0]00 00J1]00 00/0j0 —1
o __ o 0__
=000 -t f, Ef,=| 00]0[-10 |, Ey=| 00]0] 00
00[0] 00 00[0] 00 00[0] 00
00[0] 00 00[0] 00 00[0] 00

We will refer to the collection B° of these matrices as standard basis of 03 5.

Note that the each gy in (5) is the eigenspace of the adjoint action of the grading element
Z:= Eg‘ I with eigenvalue k, so that

[givgj}cgl#j for all i7j7

where, by convention, we assume g; = {0} for any k ¢ {—2,—1,0,2,2}. In other
words, §03 2 has a natural structure of graded Lie algebra.

We note that also the Lie algebra h = Lie(H) of the isotropy subgroup HCS04, at
Xo=[1:i:0:0:0] is natural graded. Indeed, it decomposes into the direct sum
h="bho+ g1+ g2 with o := <E0|1,E0‘2>.

We conclude this section introducing another convenient basis for s03, which is a
technical modification of B°, more suitable for several arguments concerning the CR
structure of the model space SO ,-x, ~ SO, /H. Indeed, in many places it is more
appropriate to consider instead of the four elements ;Ij’ e’ e {=0,1, j=1,2, the
four complex matrices in (503,2)(C

_ 1 : _Fo
Ez?(m) =2 (E;’“ - ’Ef\z) J EZ(m) = Ef 10>

0 _ 1,0 _ 350 0 __ 0
€ 110) = 2 (674\1 ’efm) v € g01) = €=r(10)

@) (=0,1.

So, in the following, instead of expanding the elements of s03 > in terms of the standard
basis B, we often expand the same elements in terms of the standard CR basis

®) BH= (63276‘11(10)76‘11(01>7"8(10)7eg(m)vEg(lo)’E(‘))(m)’Ef}(lo)’ET(OI)vEg)-
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Since the elements X € s03 > are real matrices, their expansion in the standard CR basis
has the form X = ZAef; +Y ,uAEX, with coefficients satisfying the reality conditions

A2 p2eR  and  ATHOD = -0010) 0D — 010) for =0, 1.

A table of all Lie brackets between elements in B¢K can be found in [14].

3.2. The absolute parallelism associated with the standard basis

Consider now a girdled CR manifold (M, D,J) and its canonical Cartan connection
(Q,®) modelled on M, = SO% ,/H. As we discussed in §2, the relation (2) associates
with each element ef or Ep of the standard basis B° of 503 a vector field that we de-
note by e or Ep, respectively. The ordered 10-tuple (e4, Ep) is the absolute parallelism
corresponding to the basis B°.

As we observed, in place of these (real) vector fields, it is often more convenient to
consider the collection of (real and complex) vector fields

) (e—2,e_1(10)>€—1(01)>€0(10) €0(01)> Eo(10)» Eo(o1)> E1(10), E1(01), E2) »
with 8_5(10)76_3(0]),Eg(]g),E[(Ol), ¢ =0,1, defined by

(10) B0 =1 (Bq =iEip)s  Eoni=Ewopr

e_u10) =3 (e—ep —ie_gp) . e_go1) = C—q(10):

This is the collection of complex vector fields that corresponds to the elements of the
standard CR basis B°R by means of (2). From now, we will use the notation e4 and Ep
to indicate just these vector fields.

The vector fields e4, Ep uniquely determine their dual (real and complex) 1-forms
9 , B, defined by
(11) ¥ (ec) =8¢, ¥ (Ep)=0, 0°(ea)=0, wP(Ep)=25}.

Note that the g-valued 1-form ® can be written in terms of such 1-forms as

(12) o=Y 4o +Y Epoo’.
A B

The vector fields (es,Ep) and the dual 1-forms (94, ®?) have several geometric fea-
tures, which derive from the special step-by-step construction of the Cartan connection
® given in [14]. Let us briefly recall them.

First of all, we remind that the girdled CR manifold (M, D,J) is naturally equipped
with a J-invariant, 2-dimensional, involutive subdistribution £ of the distribution D,
defined at each point x € M by (see e.g. [14], §2.1):

(13)  E:= {v € D, : there is vector field X in D
such that X, = v and [X,Y]y € D, for all vector fields ¥ in ’D}.
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In other words, ‘E is the J-invariant distribution of vector spaces, generated by the real
vectors that are in the kernels of the Levi forms of (D, J).

In [14], the bundle 7t : Q — M is obtained as the last step of a tower of three principal
bundles, one defined over the other, as in the diagram

2 !l 70 .
Q:P2—>P1—>P0—>M, with w:=n’ont! o 2.

In turn, each bundle P’ is defined as a quotient P! = Pé / Nji by the action of a special

group of matrices NZ, of an appropriate principal bundle P’ of linear frames of the lower
order bundle

Fr(P) Fr(P°) Fr(M)

U U U
2 1 0
P; \ P] \ P \
P? p! P M
I I Il

P} [N} P}/N| P)/N;

The absolute parallelism (es, Eg) on Q = P? is defined as the unique frame field that
takes values in a very special trivial subbundle P; of the linear frame bundle Fr(P?)

of P2.
Each bundle of linear frames Pui cF r(P"’l), 0 <i< 3 (here, we set M = P’l), is deter-

mined by all linear frames of Pi~! that are adapted to the natural distributions of P!
(for instance, when Pi—1 = M, the frames are adapted to the J-invariant distributions ‘£
and D) and satisfy three sets of conditions:

a) if the base point of the frame is u = [(f;)] € P! = Pé_l/Ni’l, the first vectors
of a frame in Pé | are constrained to project onto one of the linear frames (f;) in
Pj’”, which belong to the equivalence class u = [(f7)];

b) the other vectors of a frame in Pé | must be vertical with respect to the projection
ni . Pi—l _ Pi—Z.

¢) any linear frame in Pé | is constrained by an appropriate set of normalising con-
ditions; such conditions depend on which bundle Pé of linear frames we are con-
sidering — we refer to [14] for the explicit formulation of such normalising con-
ditions.

Due to (a), the frames in Pj" not only satisfy the normalising conditions quoted in (c),
but also all conditions that are residuals of the three types of conditions for the frames in
Pé’l ,in Pé’z, etc. In particular, the frame field in ij that gives the absolute parallelism

(ea,Ep) on Q = P? satisfies a set of conditions that inherits from the three types of
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constraints on the linear frames of the previous steps. Amongst such conditions one
has that

1) (the real and imaginary parts of) the vector fields E4 are the infinitesimal trans-
formations associated with (the real and imaginary parts of) the elements E},
determined by the right action of H on Q; in particular, they are generators of
the vertical distribution VCT Q, i.e. the distribution of the tangent spaces of the
fibresof t: Q — M,

2) the distribution # CT Q, generated by (the real and imaginary parts of) the vector
fields ey, is such that for any u € Q the projection .|, : 7,0 — T.M, x = w(u),
gives a linear isomorphism T, : H,, — T.M between H, and T,M,

3) for any u € Q, the complex subspaces of H"

H H

(14) D, = (e_1(10)lu»€0(10)lu)> g . (e0(10) |u)+
H H

(15) ARES {e_1(01)lu»€oo1)lu)> £ = {eo(o1)lu)s

project isomorphically onto the holomorphic spaces Q);Ociﬂ)f, ZA}OCZ}CC, X =
7(u), and the antiholomorphic spaces D' = D10, £ = E10_ respectively.

The other conditions correspond to constraints on the curvature 2-form « of the Cartan
connection and will be discussed in the next section.

3.3. The curvature constraints on the Cartan connection

Consider now the curvature 2-form x of the Cartan connection (Q,®), that is the s03 »-
valued 2-form on Q, defined by

K= d®+ 1 [®,@].

From basic properties of Cartan connections and the fact that the vector fields E4 are
infinitesimal transformations on Q, corresponding to the elements E§ € h = Lie(H ), the
expansion of k in terms of the pointwise linearly independent 2-forms (94 A 95,94 A
o°, ®° A ®P), determined by the dual coframe (11), has necessarily the form

(16) K =d®+ [®,®] = ¥ TjeG @ 98 AN0C + L REE) @95 A0°,

for appropriate (real and complex) functions Tj- and RE,..

The curvature components Té*c and Rgc are determined by the Lie brackets of pairs of

vector fields e4 as follows. Let us denote by (-)% : 503, — (¢4) and (-)E# : s03, —

(e%) the standard projections of 503 > along the vectors of the basis B and by = ([¢§, e2])%
and 05.:= ([e4,e2])ED the structure constants of 03, in the basis BK. Then, by

Koszul formula for exterior derivatives and the definition of k, we have

(17) TI?C = dﬂA(ereC) + ([e%veg])ez = _GA([ereCD + clg’Cv
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(18) Rpc = doP (ep,ec) + (e§,e2])D = —0P ([es, ec]) + -

By comparison with (1), we immediately see that, modulo the structures constants of
503 2, the curvature components Té‘c and RBPC of the curvature 2-form X are nothing but
the structure functions of the absolute parallelism (e, Ep). In fact, this is a well known
general fact on Cartan connections.

As mentioned above, besides the conditions (1) — (3) of §3.2, the absolute parallelism
(ea, Ep) is constrained by other normalising conditions. They are conditions on the Lie
brackets between the vectors e4 and, through (17) and (18), they can all be expressed
in terms of the curvature components T and RE.. For reader’s convenience, we give
here the complete list of such constraints and we refer to [14] for further details.

Integrability of the complex structure and involutivity of EC.

From (17) and the fact that the complex distributions F10H) 4 gOlH) apg PIOH),
defined in (14) and (15), project onto the involutive distributions ZC and D0 of M,
one has

Titioyo01) = 0 for A € {=2,~1(10), ~1(01)},

T =T =0fori,je {—1,0}, A’ € {-2,—-1(01),0(01)}.

(19) 7
i(10)j(10) — 7i(10)j(10)

The distribution E' is in the kernel of Levi forms.
From (17) and the fact that the spaces TM]O(H), Z}? 1(H) project into the kernel of the
Levi form, one has

(20) T2 =T

2 —0
1(01)0(10) — “—1(10)0(01) — "

Normalising conditions on the frames in Pé).
From (17) and condition (5.2) in [14], one has

_ - lon

—~1(10)0(01) — 0.

) _ —1(10)
@b T71(10)71(01) - T71(01)0(10)
Normalising conditions on the frames of Pﬁl.

From (17) and the normalising conditions in [14], given by formula (6.7) and condition
Bx = 0 after Lemma 6.5 of that paper, one has

) T 1]<(1Io(;)0(10) =T, 11((110(;)()@1) = T—_ll((()oll)>0(01) =T, 1](%01]))0(10) =0,
TB(11<8)1)0(01) = Ti)g(z}()))o(lo) =0.

Property of the strongly adapted frames in Pul.

From (17) and Lemma 6.6 (ii) in [14] one has

(23) T2 =T2 =0

—20(10) = *—20(01)
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Normalising conditions on the strongly adapted frames in Pf.
From (17) and the normalising conditions (7.2) on Yk in [14], one has

24) 7° 10) 0(01)

Normalising conditions on the strongly adapted frames in Pf.
From (18) and the normalising conditions (8.2) on €k in [14], one has

) —0.

(25) R0 o = RO = R0 = R0

1 1
~20(10) —20(01) ~20(10)

Besides (19) — (25), the absolute parallelism is subjected to three further conditions of
cohomological nature. They are

a) the condition given in (6.21) of [14], which is equivalent to a system of linear
1(10)

equations on 72 T2 and T:l(ll()) ~1(01)°

—2-1(10)> {=2-1(01)

b) the condition given in (7.4) in [14], which is equivalent to a system of linear

. ~1(10) ~1(10) 0(10) 0(10) .
equations on T—2—1(10)’ T—2—1(01)’ T—1(10)—1(01)’ R—1(10)—1(01) and their complex

conjugates;

¢) the condition given in (8.4) in [14], which is equivalent to a system of linear
. 0(10) 0(10) 0(10) 0(10) 1(10)
equations on 7_; 50 725 " 01y R5(10)—1(01)> RZ2Z1(01) Rov(10)—1(01) 20
their complex conjugates.

The explicit expressions for the linear systems corresponding to the constraints (a),
(b), (c) can be determined with straightforward computations. An exposition of such
computations, which uses only elementary tools, can be found in the appendix. The
result is that the constraints (a), (b) and (c) are equivalent to the linear equations

1(10)

-2 -2 -
26) () T—2—1(10) = T—2—1(01) = T—1(10)—1(01) =0,
—1(10) _ —1(10) _ ,0(10) _—1(01)  _ —1(01)
en  ® T, 500y = T o0 = Toao)—1on = Toa 1o = T i (10) =
0001 _,0(10) _0(01) B
=T 100)-1001) = R 1310y —1001) = R 110~ 1001 = 0,
0(10) 1, 0(10) 1 _o(10)

28) () R =T —-R

—2-1(10) 7 -2-1(100 ~ 32 -1(01)
1(10) I,.0(10)

_ I 0(10)
—1(10)—1(01)—§T —5R

R —2-1(10) — 3 *-2-1(01)

and to the equations that follows from (28) by complex conjugation.
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3.4. The structure equations of a girdled CR manifold

The projections of the values of the curvature k along each element of the basis BCF
give explicit expressions for the exterior differentials d9* and d®® in terms of the
pointwise linearly independent 2-forms (94 A 9,94 A @, 0 A @?), i.e. the structure
equations of the absolute parallelism (ea,Ep) (see §2). Here is the complete list of
these structure equations, where we set equal to 0 all terms Té“c that are bound to vanish
by the curvature constraints in §3.3.

29) do 2+ éﬁ*“lo) AB1OD (m‘)(m) + m°<°1>) AD2 =0,

(30)  do1010) _g0(10) \ g=1(01) _ (,0(10) o §=1(10) 4 ;y1(10) 5 §=2

=1(10) q—2 \ q0(10 —1(10) q—2 . q0(01
=T o000 > A0 T 7501 2 A0,

31) a0 _ (mO(IO) _m()(m)) /\130(10)4_%(0](]0)/\13—1(10) _

__ 70(10) —2 A a—1(10 0(10) —2 A q—1(01
=T 1 A ( >+T7271(01>19 AOD 4
0(10)  o—2 , 40(10 0(10)  o—2 , 40(01 0(10) —1(01 0(10
+T50(10)0 Ao >+T720(o1)ﬁ Ao >+T71(o1)o(1o)‘9 O 790001

0(10) 0(10 0(01
+To(1o)o(o1)‘3( ) 900y

)

32) da(1 —ﬁo('o)/\13°<°1>+%m‘(°‘)/\ﬁ“<‘°>+m2/\ﬁ‘2 _

_ 0(10) —2 A q—1(10 0(10) —2 » q—1(01
= R, 072A0TMOLREY 9P Ae Oy
constrained by (28)

0(10) —1(10 0(10 0(10) —1(10 0(01
TR (10)0(10) 0 (107 A 9% )+R71(10)o(01>ﬁ (107 A 001 4
0(10) —1(01 0(10 0(10) —1(01 0(01
TR 01)0(10) 0 O A% >+R71(01)o(01>‘9 O A 900 4

0(10) 0(10 0(01
+Ro<1o)o(01)ﬁ( ) 9001,

(33)  da'(19) — 101 A §0010) _ 31010) o (001) 4 2 A 5=1(10) —

_ pl(10) -2, q—1(10 1(10)
=R, 190 “AD ( >+137271(01)

1(10) —2 A 10(10 1(10) —2 » 10(01
+R 01108 AR L R H 972 A0

¥ 2A9 1004

+ RY §1010) o g=1001) 4

10)
1(10) —1(01)
constrained by (28)

0) —1(10 0(10 1(1
(10)0(10)® 1OI A 90010 4 R

0)

—1(10 0(01
(10)o01) ¥ (107 A 9001 4

101
+R



Structure equations of Levi degenerate CR hypersurfaces 141

1(10) —1(01 0(10 1(10) —1(01 0(01
TR 01y0010) 0 oD A )+R71(01)o(01)‘9 O A 9000 ¢

(34) do? — 20V !¢ (19 4 0 po? =
:Rz—z—l(lo)ﬂiz/\ﬁil(m)+R2—2—1(01)ﬁ72/\‘971(01)+
+R320(10)ﬁ*2Aﬁ0(10> Jr1;32720(01)@72Aﬁo(m)Jr
+R271(10)71(01>13—1(10)/\,'3—1(01)+
R ooy ® IO A B0 4R (o g1010) £ 9000
+R2_](01)0(10)1371<01) A 50(10) +R2_1(01)0(01)ﬁ*1(01>/\190<01)+

+R§(1o)0(01)ﬁ0(10) A0,

3.5. Comparison with other absolute parallelisms

As we already mentioned, other canonical absolute parallelisms for girdled CR man-
ifolds, not associated with Cartan connections, have been recently given in [13, 16].
Note also that the absolute parallelism in [16] is defined only for the girdled CR mani-
folds admitting no local equivalence with the homogeneous girdled CR manifold M,.

Let us now focus on the canonical absolute parallelism (P, (X;), (+)), defined in [13]
for an arbitrary girdled CR manifold (M, D,J). There, the bundle @ : P — M has 5-
dimensional fibers, but it has no natural structure of principal bundle over M. The
absolute parallelism (X,-)ili)l on P is associated with a dual coframes field, given by the
real and imaginary parts of ten C-valued 1-forms, denoted by (o, o' ,@, (pz,@, 92,@,
¢! ,a, V) and with ® and y taking only imaginary values.

Since the bundle P and the principal bundle Q of our Cartan connection have the same
dimension, if we consider them as mere bundles with no further structures, we may
locally identify them. From the construction of P, we may also assume that, under this
identification, the 1-form ® is equal to ® = —2i972, where 02 is the 1-form of our
parallelism, defined in §3.2.

We now recall that the 1-forms of the absolute parallelism in [13] are characterised by
the fact that they satisfy an appropriate set of structure equations. The first two of this
set are

(35) do=—-0' Ao'— oA (¢*+¢?),
(36) do' =0* Ao —0' Ag*— oA
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Comparing them with our structure equations (29) and (30) and through a tedious but
straightforward computation, one can check that the equations (35) and (36) are satis-
fied by the 1-forms on P ~ Q, defined by

®:=—2i%"2,
1._ a—1(10 —1(10) q—2
o =900 Tzo(lo)ﬁ

(P21 (1o)+ T #—1(10) )13 1(01)7

5 " =20(10)
37 2. 0 1(10) —1(10 —1(10) q—2
02 := 9010 ;7 o) | ® ( LTQO“O)& ,

1 _ _ _
1._ 10 1(10) q0(01 1(10) »—1(10) §—1(10
¢ =50 110y _ 2 ET—zo(m)ﬁ oy — 2T 20010) T —20(10)® (104

1 ~1(10) —1(10) 01 ~1(10)__o(01 ~1(10)
+ZT720(10)T 20(10)19 ! )*§T720(10) X >*’dT720(10)

Now, we expect that if the 1-forms (37) are appropriately modified with additional
terms involving ®'19, ') and w?, they will satisfy not only the first two structure
equations of the absolute parallelism in [13], but also all other structure equations of
that parallelism.

On the basis of this expectation, the construction in [13] seems to start diverging from
ours precisely when the absolute parallelism is required to satisfy (36). In fact, this is a

constraint that amounts to impose that the curvature components 7 2(5(103) and T 2(5(01))
are absorbed into the definition of the vector fields of the absolute parallelism. Since
these curvature components are not invariant under the right action of the structure
group of T : Q — M, the constraint given by (36) is plausibly one of the main reasons
for the fact that the constructive process in [13] does not produce a Cartan connection.
An analogous comparison between our canonical Cartan connection and the paral-
lelism in [16] might be done following the same line of arguments. We leave this
task to the interested reader.

Appendix

A.1. The Cartan-Killing form of s03 >

For the following computations, it turns out that the standard basis B° of s03 5, defined
in (6), is not very convenient. In place of that basis, it is by far more useful to consider
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anew basis B = (fu)o=1,...,10, With elements
1 1 i
fi:= %e_z, = 7(6 1(10) +e— 1(01)) f3= %(e 1(10) — €- 1(01))
1 i
Ja=—=/(eo(10) +eo01)), S5 := —=(eo(10) — €o(o1))
(A.1) \/F \/ﬁ
fo 1= ﬁ(EO(IO) +Epo1)), f1:= ﬁ(Eomo) —Eo(o1));
1 i [
= —(F +F , = —(E —E s =—=E".
/8 \@( 1(10) 1(01)) fo \/6( 1(10) 1(01)) Jio V6

The main motivation for considering such new basis comes from the fact the entries of
the Cartan-Killing form (-, -) of 503, in this basis are equal to 1 or 0. More precisely,
using Table 1 in [14], one can check that the components of (-,-) in the basis B are

0000O0OO0O O OO1
000000 O 100
00000O0O O OT10
000100 0 O0O0O0
000010 0 O0O0OO
(A.2) 000001 O O0OO0OO
0000O0O0-1000
010000 O O0O0O0
001000 0 O0O0O0
100000 O O0O0O

A.2. The space ker8*|c% (m.g)

We now want to show that the action of the codifferential 0* of s03, on the bilinear
maps of shifting degree 41 in Hom(E*>m_,g), m_ := g_» +g_1, has trivial kernel.
As above, we denote by (-,-) the Cartan-Killing form of s03,, by B = (fy) the basis
defined in (A.1) and by B* = (f%) its dual basis. Finally, for each element f, € B,

we denote by fo the unique element in B such that f* = i(fa, -) and by F% the corre-
sponding dual element in B*. The rest of the notation is taken from [14].

Consider a bilinear map t € Hom(E?m_, g) of shifting degree +1:

(A3) 1=1H AR AL+ AR AL+ LR (AL + 10 (P AL).
By definition of 9*, this tensor is in kerd* if and only if

(A4 (0"1,A) = —(1,04) =0

for any A = Agf(x ® f® € Hom(h,g). From (A.3), equation (A.4) is equivalent to a

linear equation on the 7', whose non trivial coefficients are

Fl@A(f1.22)), Fl@A(fLS)), FOARF). FPOARR).
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The computation of f! (BA(f] ,fz)) is straightforward and gives
F1@A(f1. 1)) = £ (A (fio. fy) =
= (flo -A(fs) — fs-A(f0) —A([flo,fs})> =

= A (ad s (fu)) — ASof " (ad s (fo) — £ 2(A([fr0, £5])) =
1 1

=AM g
Similar computations give all other coefficients of the equations and (A.4) reduces to
(- %Agw Jeto) +eh (- J5As— Al
(A5) (- ; T AAS g A g AL T A Al
+135 (——=A) — LA LAG LA“ ! —A}) =0.

Zf SRR R RV Y3

By arbitrariness of A, it follows that T € kerd* if and only if T}, = T{; = 13; = T3, =0,
meaning that ker 9*| Cmg) = 0, as claimed.

A.3. The space (ol')*

We recall that, according to Lemma 6.5 in [14] and the definition of the (abelian) group
L', the abelian Lie algebra [' = Lie(L') can be identified with the real vector space
generated by the linear maps
B, = €_1(10) ®672 +e 101 ®€72,
By :=ie_ 110 Qe 2— ie_1(o1) ®e?
Bj: (60(10)—E0(01))®671(10)+(60(01)—E0(10))®67'(0')~,
By :=i(eo(10) — Eo(o1)) Qe 110 _; (eoo1) — Eo10)) ®e 10D,
:=1i(eo10) +E0(01)) @e 'l )*1(6‘0(01) + Eo(10)) ®e 'OV,
Bg == (eo(10) + Eoory) ®@e 110 — (60(01)+E0(10))®67'(0')~,
= (Eo(10) + Eo(o1 ) + (Eo(10) + Eoqon) ®e 'OV,
By := i (Eo(10) +E0(01)) ®e 'l )*l(Eo(lo) + Eg(or)) ®e 'O,

(A.6)

We also recall that the elements t' € Tor! (m) have the form

ol = Tj_l(lo)e,z@e—zm—uw) +T:§_1(10)672®e—2Ae—1<01)+

~1(10) —1(10) x —1(01)
1 (10)—1(01)¢-1(10) @€ (10 g =101

=T —1(10)% , _—1(01)%
+171(10)71(01)e*1(01)®e (105 = 1(01)
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Now, let us choose as adEg-invariant inner product on the space Tor!(m) the sum of

an arbitrary inner product on m_, and the standard Hermitian inner product of C ~
m_1. This implies that, in order to determine the subspace (dI')*CTor! (m), the only
relevant components of the generators 0B; of 9! are the components

‘We now observe that

(333)3,1(10) = e ?([e—2.B3(e_1(10))] — le_1(10), B3(e—2)]) = —1,
(334):3,1(10) =e? (le—2,Ba(e_1(10))] — le_1(10), Ba(e—2)]) = —i,

meaning that dI' contains the 2-dimensional real subspace generated by

e r@e 2ne 10 fo e 2 e 1(10),

ie_s@e 2 Ne 10 _je s @e 2 Ne1010),
This yields that if t! € (3(')*, then 1:371(10) = 1:5—1(10) = 0. Similar computations
show that ) |
—1(10) _ ! —1(01) .
(331)_1(10)_1(0])——5, (332)—100)_1(01)——57

hence that 9l! contains the 2-dimensional real subspace generated by

871(10) ®€_1(10) /\6_1(01) +€71(10> ®gil<10) /\g*l(OI),

ie_i(10) Qe 1(10) A o= 1(01) _ ie_1(10) ®e~1(10) p g=1(01)

10) 1(10)
10 10

- 1(01) = 1:1( —1001) = 0. We therefore

and therefore that if t! € (9I')*, then T:}E
conclude that (3l')+ = 0.
Since kera*\clz(m %) is trivial as well (see §A.2), condition (6.21) in [14] is equivalent

to requiring that the c-torsion c is identically equal to 0.

A.4. The space ker8*|C%<m7_ o)

Here, we want show that the space of the bilinear maps in Hom(E?m_, g) of shifting
degree +2 that are in kero*| G(m.g) is trivial. This amount to say that condition (7.4)

of [14] reduces to c%( =0.
A bilinear map t© € Hom(E>m_, g) of shifting degree 42 has the form

T=h(f AL+ LA AL +THA(F AL+ (f AL+

A7
A7) +53f1@ (PAL) 4850 (P AL) 4555 /6@ (P AL+ /@ (P A L),
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As in §A.2, this tensor is in ker0* if and only if (9*T,A) = —(t,0dA) = 0 for any element
A= Agfa ®fB € Hom(h,g). By (A.7), this corresponds to a linear equation on the

components rj.k with coefficients

FEALR), FRALR), FOAAA), FPOAA)).
FHEA ), PRAS.S), POARA)). [ ORALf)).

With the same computations of §A.2, we compute all these coefficients and get that the
equation (T,0A) = 0 has the explicit expression

1 1
2 3 2 7
T —Ag + —A +13 A+ —A —=Aj | +
12( \/’ 2\/’ 2\/’ 10) 12 <\/’ 2\[ 2\/’ 10)
1 1 1 1
478 [ ——=A+ —=AS + —=A4] )+1: ( Al — ——=Al+ A">+
13 ( \[ 2\[ 10 2[ 10 13 \@ 9 2\[ 10 2\[ 10
1 1 1 1
+T§3 ( \/*Ag + \/*AB + fAAI‘O) +1:23 (2\/§ 2\[‘42 \/’A?O) +
1 1 1 1
+185 ( —=A— —=AF + A6)+r (—— Ay — —=As — —=A] ) =0.
23 (2\/§ 2\/’ \[ 10 23 2\/§ 2\[ \f 10
Since this has to be satisfied for each A, factoring the components of A we get that
T € ker0*| C(m.g) if and only if its components satisfy the system

(A.8)

1 1 1
b= =T — =T =0, T, — \ffzs \[ 8=

T T
12 \/Z 23 \/E 23

1 1
T+ 7‘533 + 7’523 =0, T3 — ffzs +—= \[ =0,
T+ \[112 \[’513 0, B3+ \/J«'lzJF \f =0,
T+ \[leJf T13 0, T3+ \[le \/4712 0.
A simple check shows that this system has just the trivial solution. This means that
kero* |C2 =0 and that (7.4) of [14] is equivalent to cK =0.

A.5. The space kera*|C%(mﬂg)

In this section we determine explicitly the bilinear maps in Hom(Lzm,,g) of shifting
degree +3 that are in kerd*.

A bilinear map t© € Hom(E>m_, g) of shifting degree 43 has the form

T=ThfA ([ AL) RO (AL + i@ (AL o (f A L)+
A AL+ s @ (AL +ihsfe@ (I AL+l h @ (F Af)+
s @ (AL +Tafo@ (AL,

As in the previous sections, this is in kerd* if and only if (0*1,A) = —(1,04) = 0 for

(A.9)
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any A = Agfa ® fB € Hom(h, g). From (A.9), this condition is a linear equation in the
components ‘cj.k with coefficients

FHEAfLR),  FRALR)),
FHEALA),  FRAL ),
PEAR.B)). PEAR.A).

We explicitly compute these coefficients with the same standard computations indi-
cated in §A.2. Then we obtain that the condition (T,0A) = 0 has the explicit form

1 1
@ ( )—M ( A3>+r ( Al A2)+
12 2\[10 2| 5 A0 LAV Wl

v} () ()
+18; (%Aé 2\[%) +r,g< 21?/4%0) +
o (Al = i)+ (- 7ath) o

Since this needs to hold for each A, factoring the components of A we get that T €

QA(f,£), FAA.A)),

7
FPOEARL ), FEAKLA)),

(A.10)

kero*| C¥(m o) if and only if its components satisfy the system for
R L R A
2\/’ 12 2\[ 12 2\[ 1”5 2\[ 13 \/6 23 ’

—=Ts+ 6123 =0,

+ +
2\/’lZ 2\/‘12 2\/’l} 2\[

le"l‘ 6T23 :07 0.

f ﬁTIS + ﬁ’fzs =
Using the last two equations to simplify the first two, the system reduces to
Th+T; = =31 — 13, T3 — T2 =315 — T,
Ty = —V21),, By = V215
This means that the space kera*|c§(m,g) is 6-dimensional and that condition (8.4) of
[14] correspond to a system of linear equations on the curvature components

70010) 70010) 0(10) 0(10) 1(10)
—2-1010) T-2-1001) F2-10000 K2-1001) K-1020)-1(01)"

(A.11)

R R R

In order to make explicit these equations, we have to convert the system (A.11) on the
components of T in the basis B into a system on the components of T in the standard
CR basis BCR. For this purpose, we recall that

6
2 =V6f1, e_i0) = £(fz —if3), e_jon) = f(ferlf%)

2

eo(10) = \ﬁ(f4—lf5) eoo1) = \ﬁ(f4+lf5) Eomo)=£(f6—if7),

€o(01) = \ﬁ(f6+lf7) Eiq0) = f(f8—1f9) Eyon = \[(f8+lf9)



148 C. Medori - A. Spiro

and that, for the dual vectors,

S0 = (Frif). = \/%(f“—ifsx B0 = (i),
BV = (i), BN = (i), O = (i)
From this we get that
3
T = %(f“wﬁ)(r(fhfz) —in(fi. f3) =
' 3 3
= Dyt i (e k),
3
gy T = g(f“rifs)(f(fl,fz)+iT(f1,f3)) -
(41 YRR P
= 7(712*T13)+17(T13 +112),
(A.14) R(i(ZIO)l(lO \[(f6+lf7)(f(f17f2) n(fi,f3) =
' 3 3
= %(T?z +TZ3)+i§(*T?3 +11),
A.15 R(i(ZIO)l(Ol f(f6+lf7)( (S, f2) +it(f1,f3)) =
(A1 Ve oy Ve o
= 7(”512—’513)‘“7(’513 +112),
3
(A.16) R o) 101 \i(fgﬂfg)(n(fz,fg)) \E(éﬁn‘a’s)-

From this we see that

1 2000) 0(10) V2 1(10) § L .0
%(R 2100 TR 1(01)) ™, +itly, —i \/§R 1(10)—1(01) =23 T 1T23;

which yields that the last equation in (A.11) is equivalent to

1(10)
—1(10)—1(01)

0(10)

o 0(10)
=—iR>, ")

(A.17) R —2-1(01)"

—iR
On the other hand, since

2 010
3 _(2 1(10) (th+133) —i(th — ),

2 (0010) 0(10) 2 o(0) 7
\/§<R 2-100) TR Do +$R 2 1(10)_3112"‘113""(3713 ),
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we immediately see that the first two equations in (A.11) are equivalent to

_ _op0010)

0(10)
—2-1(10) R

0(10)
(A.18) ") S on)

—2-1(10)

Rearranging in an appropriate way the equations (A.17) and (A.18), we conclude that
condition (8.4) in [14] is equivalent to the following equalities:

0(10) I ) 1 _ox10)
(A.19) R2 20y = *577271(10) - 51?7271(01)7
R0 _ Lpoa0) i p0(10)

—1(10)=1(01) — p*-2-1(10) T 3 -2-1(01)’
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