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ON WALKER TYPE IDENTITIES LOCALLY CONFORMAL
KAEHLER SPACE FORMS

Abstract. The notion of locally conformal Kaehler manifold (1.c.K-manifold) in Hermitian
Geometry has been introduced by I. Vaisman in 1976. In this work, we present results on
l.c.K-space forms satisfying curvature identities named Walker type identities.

1. Introduction

Let (M,g,J) be a real m = 2n-dimensional Hermitian manifold with the structure (J,
g), where J is the almost complex structure and g is the Hermitian metric. Then

J}=—1d, g(JX,JY) =g(X,Y),
for any vector fields X and Y tangent to M. The fundamental 2-form Q is defined by
QX,Y)=¢g(X,Y)=-Q(Y,X).

The manifold M is called a locally conformal Kaehler manifold (an l.c.K-manifold) if
each point x in M has an open neighborhood U with a positive differentiable function
p : U — R such that

g=egly
is a Kaehlerian metric on U. Especially, if we can take U = M, then the manifold M is
said to be globally conformal Kaehler.

A Hermitian manifold whose metric is locally conformal to a Kaehler metric is called
an l.c.K-manifold. I. Vaisman gives its characterization as follows [10] :
A Hermitian manifold M is an l.c.K-manifold if and only if there exists on M a global
closed 1-form o such that

dQ=20/NQ,

where o is called the Lee form.
A Hermitian manifold (M, g,J) is an l.c.K-manifold if and only if

(A.D) Vidij = —Bigkj + Bjgri — 0iJij + i

where
-
B] = —Otr]j,

An l.c.K-manifold M is called an L.c.K-space form if the holomorphic sectional curva-
ture of the section {X,JX} at each point of M has a constant value. Let M(c) be an
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l.c.K-space form with constant holomorphic sectional curvature c, then the Riemannian
curvature tensor R;jnx with respect to g;; has the form [8]

C
Ryijk = 1 (8nk8ij — &nj&ik +Inkdij — InjJie — 20nid jic)

3
+ 7 (Phkgij + Pijgnk — Pnjgik — Pikgnj)
1~ _ _ - _ -
(A.2) v (Puicdij + Pijdnk — PujJix — Pidnj — 2Pnid je — 2PjaJ i),
where f’ij =-hJ;,

2
o
(A.3) Pj=-Vo;— oo+ llod® 2” 8ij

is hybrid, i.e., PJ; + PjJ] =0, P;j = Pj; and ||| denotes the length of Lee form.
Contracting (A.2) with ghk , we have
1 3
(A4) Sij = g (m+2)c+31rPYgij+ 7 (m—4)P;,
where S denotes the Ricci tensor with respect to g.

PROPOSITION 1. [9] If the tensor field P is hybrid and the trace of the tensor field P
is constant in a 4-dimensional l.c.K-space form M(c), then M(c) is Einstein.

THEOREM 1. [9] A real m-dimensional (m # 4) L.c.K-space form M(c) in which the
tensor field P is hybrid and the trace of the tensor field P is constant is Einstein if and
only if the tensor field P is proportional to g.

2. Preliminaries

Let (M, g) be an n-dimensional, n > 3, semi-Riemannian connected manifold of class
C= with Levi-Civita connection V. The Ricci operator S is defined by g(SX,Y) =
S(X,Y), where X, Y € E(M), E(M) being the Lie algebra of vector fields on M.

We define the endomorphisms X A4 Y, R(X,Y)Z and C(X,Y) of E(M) by

(A5) (XAaY)Z = A(Y,2)X -AX,2)Y,
(A.6) R(X,Y)Z = VxVyZ—-VyVxZ -Vixy/Z,
CXY)Z = R(XY)Z
1 K
(A7) - m(X/\gSY—i—SX/\gY—mXAgY)Z,

respectively, where X, Y, Z € E(M), A is a symmetric (0,2)-tensor, k the scalar cur-
vature and [X,Y] is the Lie bracket of vector fields X and Y. In particular we have
(XNgY)=XAY.
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The Riemannian-Christoffel curvature tensor R, the Weyl conformal curvature tensor
C and the (0,4)-tensor G of (M, g) are defined by

R(X1,X2,X3,X4) = g(R(X1,X2)X3,X4) ,
C(X17X27X37X4) = g(C(XlaXZ)X37X4) )
(A.S) G(X],X27X3,X4) = g((X1 /\gX2)X3,X4) R

respectively, where X;,X»,X3,X4 € E(M).
A tensor B of type (1,3) on M is said to be a generalized curvature tensor if

Y Bxi.X)x = 0,
X1,X2,X3
@(Xl,Xz)-i-@(Xz,Xl) = O7
(Ag) B(X17X27X37X4) = B(X3:X47X17X2) )

where B(X1,X>,X3,X4) = g(B(X1,X2)X3,X4).
For symmetric (0,2)-tensor E and F we define their Kulkarni-Nomizu product E A F by
(ENF)(X1,X2,X3,Xs) = E(X1,X4)F (X2,X3) +E(X2,X3)F(X1,X4)
- E(X\1,X3)F(X2,X4) — E(X2,X4)F (X1, X3).

For a symmetric (0,2)-tensor E and a (0,k)-tensor T, k > 2, we define their Kulkarni-
Nomizu product E AT by [3]

(EAT)(X1, X0, X3, X0, Y3, Y) = E(X1,X)T (X0, X3,Y3, 0.0, Yi)
+ E(X,X3)T(X), X4, Vs, Yi)
- E(X1,X3)T (X2, X4,Y3,...,Y)
— E(X,X3)T(X1,X3,Y3, ..., Yi).

For symmetric (0, 2)-tensor E and F we have [6]
(A.10) Q(E,ENF)=—Q(F,E),
where E = %E AE. We also have [7]

(A.11) EANQ(E,F)=—-Q(F,E).

For a (0,k)-tensor field T, k > 1, a (0,2)-tensor field A and a generalized curvature
tensor B on (M, g), we define the tensors B- T and Q(A,T) by

(B’T)(X17...,Xk;X7Y) = 7T($(X,Y)X1,X27...,Xk)
(A.12) — o =T(X1, X2, .., X1, B(X,Y)X),
OAT)Xy,... Xis X, Y) = —-T(XMY)X1,X2,..,Xx)

(A.13) - ...—T(Xl,XQ,...,Xk_],(X/\AY)Xk),
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respectively, where X, Y, X1,Xa, ..., Xy € E(M).

Putting in the above formulas B=2R or B=C,T=RorT=CorT =S,A=gor
A = §, we obtain the tensors R-R,R-C,R-S,C-S,Q (g, R), Q (S, R), Q (g, ©), Q (g,
S) and Q (S, C) respectively.

Let (M,g) be covered by a system of charts {W;xk}. We define by gij, Rpijk, Sijs
Ghijk = gnk&ij — &nj&ik and

1
Chijk = Ruijk— p— (8nSij — &njSik + &ijSnk — &ikShj)
K
A.14 ————Gpii
( ) + (n—l)(n—Z) hijk »

the local components of the metric tensor g, the Riemannian-Christoffel curvature ten-
sor R, the Ricci tensor S, the tensor G and the Weyl tensor C, respectively. Further, we
denote by S;; = S;-g’; and ST = girs,,.

The local components of the (0,6)-tensors R- T and Q (g, T) on M are the following:

(A- 15) (R . T)hijklm = grs (Triijshlm + Thrijsilm + Thirkajlm + Thiersklm)a
0, Tnijim = —&mnTiijk — &miThijk — &mjThitk — mk Thiji
(A.16) +  &inTijk + &1iThmjk + &1 Thimk + &1k Thijm »

where Tj,; j are the local components of the tensor T.

In this part we present some considerations leading to the definition of Deszcz Symmet-
ric (Pseudosymmetric in the sense of Deszcz) and Ricci-pseudosymmetric manifolds.

A semi-Riemannian manifold (M, g) satisfying the condition VR = 0 is said to be lo-
cally symmetric. Locally symmetric manifolds form a subclass of the class of mani-
folds characterized by the condition

(A.17) R-R=0.

Semi-Riemannian manifolds fulfilling (A.17) are called semisymmetric. Here R- R is a
(0,6)-tensor with components

(R-R)nijkim = VuViRnijk — ViViuRniji
(A.18) = 8" (RrijtRsnim + RurjtRsitm + Rhirk Ry jim + RhijrRkim) -

A more general class of manifolds than the class of semisymmetric manifolds is the
class of Deszcz Symmetric manifolds.

A semi-Riemannian manifold (M, g) is said to be Deszcz Symmetric [2] if at every
point of M the condition

(A.19) R-R=LgQ(g,R)

holds on the set Ug = {x € M | R— ﬁG # 0at x}, where Lg is some function
on Ug. There exist various examples of Deszcz Symmetric manifolds which are not

semisymmetric.
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A semi-Riemannian manifold is said to be Ricci-semisymmetric if we have R-S =0 on
M.

A semi-Riemannian manifold (M, g) is said to be Ricci-pseudosymmetric ([2], [5]) if
at every point of M the condition

(A.20) R-5=LsQ(g.5)

holds on the set Us = {x € M | S — ¢ # 0 ar x}, where Lg is some function on Us.
The class of Ricci-pseudosymmetric manifolds is an extension of the class of Ricci-
semisymmetric manifolds as well as of the class of pseudosymmetric manifolds. Ev-
ery pseudosymmetric manifold is Ricci-pseudosymmetric. The converse statement is
not true. Evidently, every Ricci-semisymmetric (R- S = 0) is Ricci-pseudosymmetric.
There exist various examples of Ricci-pseudosymmetric manifolds which are not pseu-
dosymmetric.

3. On Walker Type Identities Locally Conformal Kaehler Space Forms

In this section, we present results on 1.c.K-space forms satisfying curvature identities
named Walker type identities.

LEMMA 1. [1] For a symmetric (0,2)-tensor A and a generalized curvature tensor ‘B
on a semi-Riemannian manifold (M,g), n > 3, we have

(A21) O(A, B)pijkim + O(A, B) jkimni + O(A, B) imhiji = 0.
It is well-known that the following identity
(A22) (R R)pijkim + (R~ R) jkimni + (R - R) imhijk = O

holds on any semi-Riemannian manifold. The equation (A.22) is called the Walker type
identity.

On any semi-Riemannian manifold (M,g), n > 4, the following three identities are
equivalent to each other [4]:

(A.23) (R-Cpijiam + (R~ C) jramni + (R - C)mahij = 0,
(A24) (C-R)ijkim + (C - R) jximni + (C - R) tyuhije = 0
and

(A.25) (R-C—C-R)pijkim + (R-C—CR) jiimni + (R-C = C - R)ymnijk = 0.

The equations (A.23) - (A.25) are named the Walker type identities. We also can con-
sider the following Walker type identity

(A.20) (C-COijiam + (C - C) jxtmni + (C - C) impiji = 0.
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THEOREM 2. Let M(c) be a 4-dimensional l.c.K-space form, such that the tensor field
P is hybrid and the trace of the tensor field P is constant. Then the Walker type identities
(A.23) - (A.25) and (A.26) hold on M(c).

Proof. In view of (A.15), we have

(A-27) (R . C)hijklm = grs (Criijshlm + Chrijsilm + Chirkstlm + Chiersklm)v

(A.28) (C- R)pijkim = 8" (RyijxCashim + Rir jkCsitm + RnirkCs jim + Rhi jrCskim) -

Using (A.14) in (A.27) we obtain

1
(R-Chijkim = (R-R)pijkim — =2 RikimSij — R jnimSik + R jitmShk

—  RiitimSnj — RujimSik + RijimSnk + RinimSij — RikimSh j
+ gijSiRshlm + ghijRsilm + ghkastlm + gijSstklm

= 8ikSiRsnim — 8njSiRsitm — §ikSyRsjim — &n jszsklm}

K
+ m [thlmgi i — Rjnim&ik + Rjitm&nk
—  Riiim&nj + Rijin&nk — Rujim&ik + Rukim&ij — Rikim&n j}
1

= (R-R)nijkim — m=2 [gij (Aknim +Ankim) + 8k (A jitm + Aijim)
(A.29) — il + Anjin) = 81 (Axion +Aian) |
where
(A.30) Amijk = SpRsijk-

Applying, in the same way, (A.14) in (A.28) we get

1
(C-Rnijkim = (R-R)pijkim — mQ(s JR) hijiim
+ - 0(8. R
(m*l)(m*z) g7 hljklm
1
T m—2) (81nAmijk — 8mhAiijk — 81iAmh jk + EmiAinjk
(A.31) +  81jAmkhi — &mjAikhi — &kiAmjhi + &kmAljhi)-

Substituting (A.4) into (A.29) and (A.31) we get

B

m-2)"

(A32) (R-C) = (R-R)-
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and

B

(m—2)a—BtrP
(m—2)

(CR) = RB) - -1

B ,
m-2)"

0(g:R) - Q(P.R)

(A.33) -

where T and 7 are the (0,6)-tensor fields whose local components are given by

Thijim = &ij(Exnim + Eniim) + &k (E jitm + Eijim)

(A.34) — &ik(Ejnim ~+ Enjim) — &nj(Exitm + Eitim)
Thijiim = (glhEmi ik — mnEiijk — &1iEmnji + &miEinjk
(A.35) +  &iiEmkni — 8mjEikni — ki Emjni + &kmEl jhi) )

Epijk = PiRyji, = 2{(m+2)c+3trP} and p = 2 (m—4).
Then by direct computation, one obtains:

Y (T+T)(X1,X2,X3,X4,X,Y) = 0.
(X1,X2),(X3.X4),(X.Y)

Hence (A.23) (equivalently (A.24), (A.25) ) holds if and only if

B
(m—2)(

T(X1,X>,X3,X4,X,Y) = 0.
X1,X2),(X3,X4),(X,Y)

In particular, if m = 4, then § = 0, so (A.23) holds.
Further, we note that (A.14) turns into C = R — WG. This gives

2c+trP
cc = c.R-"Co ¢
2c+trP 2c+trP
(A.36) — R G) R—R-R- 2T e R).
Now using (A.21) and (A.22) we complete the proof. O

THEOREM 3. Let M(c) be an m-dimensional (m > 4) l.c.K-space form. If the tensor

field P is proportional to g and the trace of the tensor field P is constant, then the
Walker type identities (A.23) - (A.25) and (A.26) hold on M(c).

Proof. In view of Theorem 1., the m-dimensional 1.c.K-space form M(c) is Einstein,
so (A.23) - (A.25) hold on M(c). Substituting S = %{(m—i— 2)c+ WtrP}g into
(A.14), we have

1

C:R—m {(m+2)c+

MtrP} G.
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This gives
cc = C~(Rfﬁ{(m+2)c+wﬁ1>}c)

C-R

- (R774(m1_1){(m+2)c+

1
R~R7m {(m+2)c+

76('"’%_ 2)er} G)-R

wtrp} 0(g,R).

Using (A.21) and (A.22), we get the result. O

LEMMA 2. Let M(c) be an m-dimensional (m > 4) Lc.K-space form such that the
tensor field P is hybrid. Then, we have

(m—2) ((R “C)pijkim + (R - C) jkimni + (R - C)lmhijk)

(A37) =-B ((g A (R P))nijkim 4 (& N (R P)) jkimni + (g N (R- P))tmhijk) .
Proof. Substituting (A.4) into (A.14), we obtain

_ B
(A38) C=R— "5 (g\P)~

o(m—2)—PtrP

CEDICE

where o= 2{(m+2)c+3¢rP} and =2 (m—4).
From (A.38), we get

—rr__ P R
(A.39) R-C=R-R—-———gN(R-P).

Using (A.22) the proof is completed. O

LEMMA 3. Ifone of the Walker type identities (A.23) - (A.25) holds on an m-dimensional
(m > 4) Lc.K-space form M(c) and the tensor field P is hybrid, then on M(c) we have

(A40) (A (R-P))nijkim + (8N (R-P)) jkimni + (8 A (R - P))imnijk = 0.
Proof. Lemma 2. completes the proof. O

THEOREM 4. On any Ricci-pseudosymmetric l.c.K-space form M(c), (m > 4) such that
the tensor field P is hybrid, the Walker type identities (A.23) - (A.25) hold on U;CM.

Proof. In view of (A.20) and (A.4), m-dimensional Ricci-pseudosymmetric (m > 4)
l.c.K-space forms satisfy

(A.41) R-P=LsQ(g,P).

Using (A.41) and (A.37), we obtain the following identity on Us
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(m—2) ((R “C)pijkim + (R C) jtamni + (R - C)Imhijk)

= —BLS<(8/\ (8, P))nijkim + (8 NQO(8,P)) jkimni + (g A Q(g,P))lmmjk)-

Making use of (A.11) and (A.21), we obtain on Us
(m—2) ((R “Cpijiim + (R-C) jrtmpi + (R C)lmhijk)

= —PBLs (Q(R G)ijkim + Q(P,G) jkimni + O (P, G)lmhijk) =0.
Hence (A.23) (equivalently (A.24), (A.25) ) holds on M(c). O
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